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EXAMPLES OF MINIMAL DIFFEOMORPHISMS ON T2
SEMICONJUGATED TO AN ERGODIC TRANSLATION

ALEJANDRO PASSEGGI, MARTIN SAMBARINO

ABSTRACT. We prove that for every e > 0 there exists a minimal diffeomorphism f : T? — TZ of
class C37¢ and semiconjugate to an ergodic traslation, and have the following properties: zero
entropy, sensitivity with respect to initial conditions, uncountable number of Li-Yorke pairs.
These examples are obtained through the holonomy of the unstable foliation of Mané’s example
of derived from Anosov diffeomorphism on T?.

1. INTRODUCTION.

The classical result of Denjoy ([D]) can be stated as follows: if f : ST — St is a C? diffeomor-
phism semiconjugated to an ergodic rotation then it is indeed conjugated to it. One may ask to
what extent Denjoy “s theory on S' can be extended to higher dimensional tori. In particular
one may ask: Does there exist r so that if f: T2 — T? is a C" diffeomorphism semiconjugated
to an ergodic translation then f is conjugated to it? This seems to be a very difficult question.
Nevertheless, KAM theory provides a particular result when f is close to an ergodic translation
of diophantine type. There are also some indications that if the above question has a positive
answer, then 7 = 3 (see for instance [McS] for C3~¢ examples with wandering domains and [N9]).

One may ask if there are extra restrictions on the differentiability class of a Denjoy type map
f:T? — T? (i.e. semiconjugataed -but not conjugated- to an ergodic traslation) if we also
assume that f is minimal (i.e. every orbit is dense). In this paper we give examples of this type
of class C3~¢ for any € > 0. If we denote by h the semiconjugacy then, if f is minimal, the fibers
h~Y(z) have empty interior and we may ask how they look-like. We show that the fibers are
points or arcs. The first (topological) example of this kind was given by M. Rees in [R1] in order
to construct a non-distal (but point distal) homeomorphism of T2. Recall that f is non-distal if
there exist x # y such that inf _7{dist(f"(z), f"(y))} = 0 and f is point distal if there exists
x such that for any y # z,inf 7 {dist(f"(z), f"(y))} > 0.

The dynamics on the nontrivial fibers by the action of the map f has a chaotic flavour: it
compress them to an arc of lenght arbitrarily small and then stretches to an arc of fixed length
and then compresses them and so on. This will imply interesting properties: sensitivity with
respect to initial conditions (that is, there exists some € > 0 so that for any = € T? and any
nieghborhood U(z) there exists y € U and n > 0 such that dist(f"(x), f"(y)) > €) and the
existence of Li-Yorke pairs (i.e, pair of points x # y such that liminf, dist(f™(z), f*(y)) = 0
and lim sup,, dist(f"(x), f"(y)) > 0).

It is also interesting to ask about the ergodic properties of these Denjoy type maps. Unfortu-
nately, our examples are simple from this point of view: they have just one invariant measure,
i.e., are uniquely ergodic. Neverhteless we post the question: does there exist minimal diffeo-
morphism semiconjugated to an ergodic translation not uniquely ergodic? For homeomorphisms
the answer is positive (see [R2]).

Our result is the following;:
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Main Theorem. For all r € [1,3) there exists a diffeomorphism f : T> — T? of class C" such
that:

e f is minimal.

e [ is isotopic and semiconjugated (but not conjugated) to an ergodic traslation. If we
denote by h the semiconjugacy, then h='(x) is either a point or an arc. Moreover, there
are uncountable points x such that h=1(z) is a nontrivial arc.

o f preserves a minimal and invariant foliation with one dimensional C* leaves. The fibers
h=Y(x) are contained in the leaves of this foliation.

e f has zero entropy.

e [ has sensitivity with respect to initial conditions

e There is an uncountable number of Li-Yorke pairs.

e f is point-distal and non-distal.

o f is uniquely ergodic.

The proof of our theorem is inspired by [McS|]. There, the examples are constructed through
the holonmy map from a cross section to itself of the unstable foliation of a derived from Anosov
diffeomorphism obtained through a Hopf’s bifurcation. In this paper we use instead Mané’s
example of derived from Anosov diffeormphism ([M]) where we prove that the unstable foliation
is minimal. However, there is a main difference with [McS|: while there the starting linear
Anosov map is fixed and for any € a modification is taken so that the unstable foliation is
C3~¢ we have to do it the other way around, that is, given € > 0 we have to find the linear
Anosov map to begin with so that a modification can be done such that the unstable foliation of
the resulting diffeomorphism is C3~¢. This modification also includes the existence of periodic
points of different unstable indices and the existence of transversal homoclinic points associated
to them.

The paper is organized as follows: in Section2lwe give our construction of Mané’s derived from
Anosov diffeomorphism and we prove the minimality of the unstable foliation (see Section 2.1])
and the minimality of the central foliation through the semiconjugacy with the linear Anosov
map (see Section [2.2)); in Section [ we give the topological version of our main result and in
Section [ we prove the differentiability of the unstable foliation through the C" Section Theorem
(IHPS)).

Acknowledgements: We would like thanks Alejandro Kocsard, Andres Koropecki and spe-
cially to Tobias Jager for useful conversations and comments.

2. ON MANE’S DERIVED FROM ANOSOV DIFFEOMORPHISM

In [M] R.Maiié construct an example on T? which is robustly-transitive but not Anosov. This
is known as Mane’s Derive from Anosov diffeomorphisms due to the construction: it begins with
an Anosov linear map on T® with partially hyperbolic structure E® @& E¢ @ E* and modifis it
in a neighborhood of the fixed point in order to change the unstable index of it (and preserving
the partially hyperbolic structure). See Figure [1l

Let us be more precise. Let T3 = R3 / 73 be the three dimensional torus and denote by
7 : R3 — T3 the canonical projection, and set p = 7(0).

Consider B € SL(3,7Z) with eigenvalues 0 < Ay < A: < 1 < A, and denote also by B
the induced Linear Anosov system on T with hyperbolic structure TT® = E* @& E¢ @ E%
(corresponding to the eigenspaces associated to As, A, and A, ). For the sake of simplicity to do
our calculations we will define an Euclidean metric on R? so that E%,E% and EY are mutally
orthogonal.
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FIGURE 1. Modfication.

Let p be small and consider B(p,p) the ball centered at p. Let Z : R — R be a C*° bump
function such that Z(0) = 1, sop[Z] C (—5,5) and |Z'(2)| < %. (See Figure [2)
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FIGURE 2. The bump function Z.

For our construction of the Mane’s Derived from Anosov@ we need an auxiliary function as in
the next lemma.

Lemma 2.0.1. For all k > 0 arbitrarily small there exist a function B : RT U {0} — R such
that:

(1) By is C°, decreasing and such that —k < B; (t)t < 0.
(2) sop[Bk] C [0, k].
(3) As+ Br(0) <1< Ao+ Br(0) <1+k.

FicUure 3. The function .

LOur contruction is slighty different because we need to keep control of the relation between E° and E° to
obtain higher differentiability of the unstable foliation
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Proof. We may assume that 0 < k < A\, — A\s and take b such that 1 — A\, <b<1— A+ k. Let
ro < k. Since fom Eat is divergent we may ﬁnd a C'* non negative function ¥ with support in
[0, 7] such that f t)dt = b and ¥(t) < 7 (in other words the graph of 1 is below the graph

of h(t) =
t)="> —/0 Y(s)ds

Define
This function satisfies the lemma. O

Finally, define gp , : T3 — T3 defined by:

(1) 9Bk(§) = B(§) for ¢ B(p,p)
and for £ € B(p, p) in local coordinates with respect to E*B & Ef & ER, & = (z,y, 2)
(2) 98,1(§) = (As, Ay, Auz) + Z(2)Br(r) (2,9, 0)

where r = 22 + y2.
Proposition 2.0.1. If k is sufficiently small, then gpy, : T3 — T3 defined above is a diffeomor-
phism with partially hyperbolic structure TT? = E;B . D EgB . D Ey,, where E7 B s uniformly

contracting and Ey,_  is uniformly expandmg Moreover, given cones C?, CC and C* around
e C* E¢ € C¢and EY € C". Furthermore,

gB k 9B,k 9B,k
the same is true for any g in any sufficiently small C' neighborhood U of 9B k-

E%,E% and B} respectwely we have that E

Proof. First of all, the C? distance between ¢ B,k and B is smaller than vk and hence (assuming k
small) we conclude that gp , is a differentiable homeomorphism. To avoid notation, set g = gp i
for the time being.

For £ ¢ B(p, p) we have dge = B. For £ € B(p, p) we have (with respect to the decomposition
E* @ E° @ EY)

As + Z(2)(B(r) + B'(r)22?) Z(z)B'(r)2zy Z'(2)B(r)x
() dge = Z(z)B'(r)2zy Ae+Z(2)(B(r) + B'(r)2y*)  Z'(2)B(r)y
0 0 Au
We may write dge = A¢ + M (and agreeing that Z and 8 are identically zero outside B(p, p))
where
As + Z(2)8(r) 0 0
(4) Ae = 0 Ae+Z(2)B(r) 0
0 0 Au
and
250" 2@ ey 2500
o) Me= [ 2802y 2GR 20

0 0 0

Since |B'(r)r| < k it is straighborward to check that || M| < max{2k,83(0)v'k/p}. Therefore,
choosing k arbitrarily small we get that [[M|| is also arbitrarily small. Since the co-norm

(= HAgl [~1) of A¢ is bounded away from zero we have that dge is an isomorphism and hence g
a diffeomorphism. On the other hand, Ag(EjjB) = E%, j=s,c,u and

o X < [ Ag/ps |l < As + Br(0) <1
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From this it is easy to conclude the proof of the proposition, taking k sufficiently small (and so
| M¢|| is sufficiently small) and taking U sufficiently small.

0

For gp 1 : T3 — T3 with & small and g € U (9B,k) so that the above proposition applies we set:

* As(9)(8) = lldge/; ||, and As(g) = maz, s {As(9)(€)}-
* A(9)(§) = lldge/pe ||, and Ac(g) = max e {Ae(9)()}-
* Mu(9)(§) = lldge gy, and Au(g) = mmgeTS{/\ (9)(©)}-

Notice that, given € > 0 small, the following conditions hold for g € U(gp ) with k£ and U
sufficiently small:

(1) 0 < A(9)(E) < Ae(g)(€) < Mu(g)(€) for all € € T5.

(2) As(g) < As + B(0 )+e<1.

(3) Acly )<>\ +ﬁ( )+

(4) Au(g) > Ay —e> 1.

Once we know that g € U(gp ) is partially hyperbolic, by well known results (see [HPS]) we

get that the bundles Ej and Ey uniquely integrate to foliations /7 and F called the (strong)
stable and unstable foliations respectively.

Moreover, since Ej and Eg are contained in tiny cones around Ef and Ej we conclude that
F, and F' are quasi isometric and hence, by [B] (see also [BBI]), we also conclude that Ej
is uniquely integrable. We denote by JF¢ this central foliation. And therefore, the bundles
E;® Eg and E @ Ey are uniquely integrable and leads to the central stable and central unstable
foliations. We also remark that in the particular case g = gp x it holds that Ej & Ej = EL @ ER
and so the central stable foliation of gp ;. coincides with the two dimensional stable foliation of

B.

In the following subsections we are going to study properties of the invariant foliations and also
consequences of the semiconjugacy with the linear Anosov map. These results are fundamental
for our purposes.

Theorem 2.0.1. For all k sufficiently small and U(gp ) sufficiently small as well, the central
and unstable foliations Fg, Fg of g € U(gp,k) are minimal, i.e., all leaves are dense.

The minimality of 7' can be obtained from [PS], and the minimality of F is kind of folklore
result. We are going to give a complete proof of the theorem in Sections 2.1] (see Theorem 2Z.1.T)
and (see Corollary 2.2.3]). Neverhteless, let us state and proof the following

Corollary 2.0.1. Let k and U(gp i) be as in the above theorem. Then, there exists g € U(gp k)
of class C'*° having p as a fixed point with unstable index 2 and such that g has a transversal
homoclinic point associated to p.

Proof. Notice that for gpj the fixed point p = m(0) has unstable index equals to 2 since
dgpk/pe = Ac + B(0) > 1. On the other hand, since Fg , (p) is dense (and hence accumu-

lates on F7_  (p)) by the Hayashi’s connecting lemma (see [H|)) we can perturb gpj (with

9B,k

support disjoint from a ball at p) and find g as in the conditions of the statement. O
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Remark 2.1. Indeed, a stronger results holds: using the notion of blenders, the minimality of
Fg and Fy, we may find g € U(gp ) of class C°° and such that F;(p) is dense in T3 (see [DR]
and also [BDV]). However, for the time being we won "t make use of this fact.

2.1. Minimality of the unstable foliation. In this subsection we will prove that F¢' is min-
imal for g € U(gp ) for k and U small enough. The proof is based on the ideas and methods in
[PS]:

Theorem 2.1.1. For all k sufficiently small and U(gp ) sufficiently small as well, the unstable
foliation F§ of g € U(gp k) is minimal, i.e., all leaves are dense.

Proof. Recall that 0 < Ay < A, < 1 < A, are the eigenvalues of B. Choose 0, 1—(A.—X;) < 0 < 1.
We may assume that p (the radius of the ball centered at p where the modification of B is
performed) is small so that any arc I° in F3, of length one has a subarc I} of length at least 1/3
with empty intersection with B(p,2p).

Let ng so that

(6) o "0 > 3.
Let €,0 < € < p be such that 1 — (A, — \;) + € < 0 and
(7) A=A (1+6€)" < 1.

Let us denote by Dg*(x,€) a disc centered at = and radius € in the central stable leaf through

z, F(z).

Now, we may assume that k and U are so small so that the following holds for g € U(gp i) :

(i) As(g) <o

(i) Aclg) < 1+

(i) g, pge(ll < Aell + €) i € ¢ B(p, p),

(iv) Any arc I° of F of length at least one has a subarc I7 of length at least 1/3 with empty
intersection Wlth B(p,2p).

(v) Any leaf of 7' has nonempty intersection with Dg*(x,¢) for any x (since Fj is minimal
and for £ and U small the bundles £ and Ej are close).

Given z € T? let I*(x) an arc of length one such that = € I°(z) C Fy(z). We know that
there exists a subarc I of length at least 1/3 such that I N B(p,2p) = 0. Now, by (@), we
conclude that g7"(I7) C F;(g~"°(z) is an arc of length at least one. Therefore, there exists a
subarc I§ C g~ " (I7) of length at least 1/3 such that I§ N B(p,2p) = 0. Arguing by induction,
we conclude that for each j > 1 there exists I3, C g~"°(I7) such that 5., N B(p,2p) = 0.

Define
= (g™ Lj11).
j=1
Notice that

(8) 20 € I(2) and g9™(z,) ¢ B(p,2p) ¥ j > 0.

In other words, in any arc of length one on any leaf of FJ there exists a point whose g™
backward orbit never meets B(p,2p). Let z = z, be such a point and let j > 1. Then we have
that

D (g7 (2),€) N B(p,p) =0
and so, for any y € D5*(g77"0(z),€) we have that, by (@), () and (i)

ldgr || < A(1+ €)™ =A< 1
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and therefore
(9) 9" (Dg* (977 (2),€)) € Dy (g~ U710 (2), Ae)
and so, for any 1 < m < j we have
g™ (DG (g7 (2),€)) € Dy (g7 70 (2), ).
Now, we are ready to conclude the proof of the minimality of 7' (for the argument see Figure
d). Let £ € T and U some open set in T?. We want to prove that
FHONU #0.

Let y € U, and consider an arc J, C Fj(y), J, C U. There exists mg so that g~ (J,) has length
grater than one. Let z € g7™°(J,) the point constructed above, and let p be such that

(10) g"(DE(2,1)) C U,
Let my be such that A™'e < p. From (@) we conclude that
gm™ " (Dg* (g™ (2), €) C D (2, )

Des(g=mm(2), )

Fylg o )

FIGURE 4.

On the other hand, from (@) we know that Fy'(g="1"0~™0(&)) N D% (g~ ™" (2), €) # 0. Using
([IQ)), iterating ming + mo times we conclude that

FHONU #0

as we wished. This completes the proof of the minimality of Fj for g € U (9B,k) with k and U
small enough. O

2.2. Semiconjugacy with the linear Anosov System. In this subsection we establish a
well known result about the semiconjugacy of any map isotopic to an Anosov map on the torus
(see for instance [S]) and also we derive some consequence of it. Indeed, we establish it in the
universal cover R3,

Theorem 2.2.1. Let B : R? — R? be a linear hyperbolic isomorphism. Then, there exists C' > 0
such that if G : R® — R? is homoemorphism such that sup{||G(z) — Bz| : x € R} = K < o0
then there exists H : R — R3 continuous and onto such that:
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(1) BoH=HoG.
(2) |H(z) — z|| < CK for all z € R®.
(3) H(z) is characterized as the unique point y such that

|B"(y) — G"(x)|| < CK VY n €Z.

(4) H(x) = H(y) if and only if |G"(x) — G"(y)|| < 2CKVn € Z and if and only if
sup,cz{1G" () — G ()} < oc.

(5) If B € SL(3,Z) and G is the lift of g : T3 — T3 then H induces h : T3 — T3 continuos
and onto such that Boh = ho g and distco(h,id) < Cdistco(B, g).

We will prove some consequence of the above theorem to our B € SL(3,7Z) and our con-
struction of Mane’s derived from Anosov diffeomorphism ggy, : T3 — T3 and any g € U (9B.k)-
Let G : R® — R3 the lift of g such that sup{||G(z) — Bz| : € R®*} = distco(B,g) (that we
may assume that is less than \/E) Denote by F7,j = s, ¢, u, cs, cu the lift of the stable, central,
ustable, central stable and central unstable foliation respectively.

Theorem 2.2.2. With the above notations we have:

(1) H(Fg'(x)) = F§'(H(x)) and H(Fg (2)) = Fg (H())

(2) H(F5(x)) = F5(H(). ) ~

(3) H(Fi(x)) = Fp(H(x)) = H(x)+Ef and H : Fé(x) — Fi(H(x)) is a homeomorphism.
(4) For any x,y € R?® hol

d
HFE (@) NFEW)} =1 and HFE (x) NF&y)} = 1.

Proof. For the first item we only prove that H(F&'(z)) = F&'(H(x)), the other one is similar.
Let us prove first that H(F&(z)) C Fg(H(z)) = - H(z)+ EFg'. Arguing by contradiction, assume
that there exists y € F&(x) such that H(y) ¢ Fg(H(z)) let z = F5(H(y)) N F(H(z)). By
backward iteration we have that

IB™"(H(y)) = B™"(H(x))[| = [[B"(H(y)) = B™"(H(2))| = [[B™"(H(2)) = B™"(H(2))|
> NIH(y) — H(2)|| = A" H (2) — H(z)|
On the other hand, since y € F&'(z) and (for k and U small) HdG/_é&u | < (A — €)' we have

IB™"(H(xz)) —B™"(H(y)ll < [B™"(H(z)) -G ()]
+GT (@) - G (W)l
+1B7"(H(y) -G W)l
< 20VE A+ (A — &) " dist ) (2,9).

For n large enough we arrive to a contradiction with the previous equation.

Now, since |H — Id|| < Cvk we have:

o F&(x) C{z: distps(z, H(z)+ Ef') < CVk} (that is, roughly speaking, F&* is a surface
in a sandwich of size Cv/k with central slice the plane H(x) + E. See Flgure Bl
o F&'(x) is transversal to Ep.

° .7:"5“(36) is a complete manifold

and it is not difficult to see that .7:"5”(35) is a graph of a map Ef* — E%. Then, since |H —Id|| <
Cp is follows that H : F&'(x) — Fg'(H(x)) is onto.

Let us prove the second item. From the first one it follows that:

H(F&(x)) = H(FE (2) N F&'(x)) © Fi(H(x)) N FF'(H(x)) = Fi(H(x)).
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H(z)+ Cpes + Eg'

H(z) — Cpes + EG

FIGURE 5. The Fg' leaf

Since ||H —Id| < CVk we have that F& () ia in a cylinder of radius Cv/k with axe H(z)+E% =
F&(H(x)). Since ES is in tiny cone around E% we may assume that E is always transversal
to B © E% and moreover fé(m) is the graph of a map F§ — Ej @© Ef. Using again that
|H — Id|| < CVk we conclude that H : F&(x) — Fg(H(z)) is onto.

For the third item item observe also that H (F&(x)) C Fi(H(x)) since for y € F&(x) we have
that [|G"(y) — G™(z)|| =#n——o0o 0 and hence the distance between H(G"(y)) = B"(H(y)) and
H(G"(x)) = B"(H(x)) is bounded for n < 0 which implies that H(y) € H(x) + E}. By similar
arguments as in the previous item we have that H : F&(z) — F&(H(x)) is onto. On the other
hand, Hz, ) is injective: otherwise, if for some z,y € F&(x) we have that H(z) = H(y) by
forward iteration we have that ||G"(y)—G™(2)|| goes to infinity (recall that Fg is quasi isometric)
and so ||[H(G"(y)) — H(G™(2))|| also goes to infinity by forward iteration, this is imposible since

H(G"(y)) = B"(H(y)) = B"(H(z)) = H(G"(2)).
For the fourth and last item observe that
HFE (@) N Fé(y)} < 1.
Otherwise, let z,w € F&(z) N F&(y) and iterating forward we have (since F* is quasi isometric)
that [|G"(2) — G™(w)|| ~ dist #,(G"(z), G™(w)) which grows with exponential rate ~ \,. On the
other hand, since z,w € F° the distance can grow at most with rate A\.(g) < 1+¢€ < A, and

we get a contradiction.

To see the intersection is nonempty just recall that F¢(z) is a graph of a (bounded) map
E¢ — EY% and F"(y) is a graph of a (bounded) map E}, — E.

The second part of this item is very similar to what we already done. Nevertheless (for the very
last argument) it worth to mention that it is not true in general that H(Fg(x)) = F5(H(x)),
and so we can not be sure that F&(x) is at a bounded distance of H(x) + E% but still it is
not difficult to see (since EZ, is in a tiny cone around E%) that Fg(zx) is the graph of a map
B3 — B,

([l

Corollary 2.2.1. With the above notations, assume that H(z) = H(y). Then x,y belongs to
the same central leaf F&(x) = F&(y). Moreover, if we denote by [x,y]® the central arc in F&(x)
with ends x and y then H([z,y]®) = H(z) = H(y) and the diameter of [x,y|° is bounded by
20Vk. In particular, for any z, H-'(z) is either a point or an arc.

Proof. Let x,y be such that H(z) = H(y). We claim that y € F&(z). Otherwise, from the last
theorem we may consider z = F§&' (x) N F4(y). By similar arguments as before, since by forward
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iteration the distance between G™(z) and G"(y) grows with a rate much higher than the one
between G"(z) and G™(x) could do, we conclude that

1G™(x) = G* (Y| =n-so0 00
This is impossible due to H(G"(y)) = H(G"(x)) and so G™(z) and G™(y) are at bounded
distance for every n.

In a similar way we prove that y € .7:"5“(36) Therefore

y € F&(2) N FE'(x) = F&().

Now, recall that F°(z) is the graph of a map H(z) + E4 — H(z) + E5 @ E% and bounded
by CVk (in particular F¢(2) is quasi isometric) for any 2. We shall denote by T : R® — E$,
the projection along Ef @ E%.

Now, if w € [z,y]¢ it follows that for any n that II**(G"(x)) < II**(G™(w)) < II**(G™(y)).
From this it follows that sup, .7{||G" () — G"(y)||} < oo and so H(x) = H(w). Finally, if
H(w) = H(2) then ||z — w| < 2CVk.

U

Let us set the following notation: for 2 € R3let [z] = {y € R3: H(y) = H(z)} = H Y(H(x)).
In other words [z] is the equivalent class or the equivalence relation x ~ y if and only if H(x) =
H(y). From the above lemma we have that [z] is a point or an arc contained in the central leaf
F&(z). In particular from the fact H : F&(z) — Fi(H(z)) is a homeomorphism, we have (see

Figure [6]):
Corollary 2.2.2. Let v € R® and let z € F(z). Then

(11) = U Fw | Fe2)

y€lz]
~c Z
]:G(Z [ ] EY
’ H(z)
7 e
H
H(z
) D "
¢
H(z)+ E4 & EY
FIGURE 6.

Now, going back to the induced linear anosov diffeomorphism on the 3-torus by B € SL(3, 7Z)
and the Mané’s DA g € U(gp ;) and applying the previous results we get the following

Theorem 2.2.3. There exists h: T° — T3 continuous and onto such that

(1) Boh=hog
(2) distco(h,id) < CVE.
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(3) h(]:g(x)) = ]:é(h(x)) where j = cs,cu,c,u and h : F(x) — Fp(h(z)) is a homeomor-
phism.

(4) If h(z) = h(y) then y € Fg(z).

(5) h=Y(z) is either a point or an arc contained in a central leaf (with diameter less than
2CVk).

(6) If we set [x] = h~(h(z)) = {y € T*: h(z) = h(y)} then, for z € Fg(x) we have

=1 U Few) | () Fs(2).
y€(z]

Corollary 2.2.3. Let g € U(gp) as above. Then, Fy is minimal, i.e., every leaf is dense in
T>.

Proof. Let x € T3 and let U C T be an open set. We want to prove that Fg(x)NU # 0. Consider
S C U asmall two dimensional disk transverse to Ey. We know that h/g is injective and hence
h(S) is a two dimensional topological manifold transverse to E%. Since Ff is minimal, we get
that F(h(z)) Nh(S) # 0, that is, there exists y € S such that h(y) € F(h(x)) = h(Fg(z)).
Therefore y € Fg(x) and so Fy(x) N U # 0. O

2.3. Further analysis on the semiconjugacy. In this section we give a more detailed conse-
quences of the semiconjugacy with the linear Anosov diffeomorphism B and on the equivalent
classes [x] = h=Y(h(z)) = {y : h(y) = h(z)}. Let us begin with the following

Lemma 2.3.1. For g € U(gp) as above the following hold:
(1) If
| n
%fgifgg log Hdg/Eg(m)H >0

then [x] = h=1(h(z)) 2 {x}.
(2) The set A= {z € T3: h~Y(2) is a point } has full Lebesgue measure.

Proof. For the proof of the first item, let ~,
| n
lim inf o log Hdg/Eg(z)H >v>0.

Then, for n large enough we have
1Dgglill < e n

and therefore, by standard arguments, there exists a central arc I¢ containing x such that the
length of ¢g=™(I€) is uniformly bounded for n > 0 (indeed, I¢ C W"(x)). We claim that ¢"(I°)
has bounded length for n > 0. We will denote by ¢(I) the length of I.

We may assume that p is small (recall that the support of the modification of B is in B(p, p))
so that if J¢ is a central arc such that 4p < £(J¢) < 6p then J¢ N B(p,p) has at most one
connected component of length at most 2p. Recall also that A.(9) < 1+ € where € is small
(taking k small) (for instance, e <1 — A, and € < 1/2.)

To prove the claim we may assume that ¢(I¢) < 2p and arguing by contradiction, consider
the case where the length of ¢ (I¢) is unbounded for n > 0. Let ng be the first time such that
0(g"(I¢) > 6p. Since 4pA.(g) < 4p(1 + €) < 6p it follows that

4p < U(g™H(I%)) < 6p.
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Set J¢ = g"0~1(I¢). By the above condition on J¢ and recalling that ||dge|| = ||B|| = A if
¢ ¢ B(p, p) we get
oJe eJe
6p < L(g™(I°) =L(g(J%)) < (1+ e)% + Ac% < U(J°) < 6p,

a contradiction. Now since, ¢(¢"(I¢)) is bounded for all n € Z we conclude that h(I¢) = h(x)
(this can be seen by lifting to R? where inmediately follows that ||G™(z) — G"(y)|| is bounded
for all n € Z and y € I¢.)

For the proof of the second item, we may assume that A.(1 + €)A\.(g) < 1 and also that
m(B(p,4p)) < %, where m is the lebesgue measure in T3, Since B : T3 — T3 preserves measure
and it is ergodic there is a full measure set R such that if y € R we have

i 207 <nBW) €BWADY _ | po, 4y < L

n—oo n 2

We will show that R C A. Arguing by contradiction, let y € R such that h=!(y) is a
nontrivial center arc I°. Recall that £(¢"(I°)) is bounded (by 2CVk < p) for all n € Z. Thus,
whenever we have that B~/ (y) ¢ B(p,4p) then g7 (I¢) N B(p, p) = (. Since dg/ree) < Ae(1+¢)
for £ ¢ B(p,p), if J°N B(p,p) = O then £(g~1(J)) > (A(1+€)) " 4(J,). And in any case
Uy~ (I%)) = Aelg) ()

Now, for n large enough we have:

g™ (I%) = I o+ ™ I 2elo)™' | e
J:B=i¢B(p,4p) j:B=I€B(p,4p)
> (Ae(1+ 6))‘0(9))_%6([6) —Fn—o0 00,
a contradiction. O

The following lemma says that in any unstable leaf there is a point whose forward orbit never
meets B(p,2p) and is similar to what we have done in Section 2.1l Notice also that F' is
orientable and choose an orientation. For z € T® denote by Fi""(z,t) an arc of length t in
Fg(x) starting at x in the chosen orientation.

Lemma 2.3.2. Assume that A > 3. Then for p,k and U small the following holds for g €
U(gBk) : for any x € T3 there exists a point zy € ]:;"Jr(x, 1) such that g"(z) N B(p,2p) =0 for
any n > 0.

Proof. We may assume that p is so small that any segment I* in Fj of length one has a
subsegment I} of length 1/3 such that I} N B(p,2p) = 0. Now, if k is small and U(gp ) as well
we may assume that the same property holds for g € U, that is, any arc I in Fj of length one has
a subarc I} of length 1/3 such that I{*N B(p,2p) = (). Moreover, we may assume that \*(g) > 3.
Now, ¢(I}') has length at leat one and so it has a subarc I¥ such that I N B(p,2p) = 0. By
induction, for any n we have that g(I}*) contains I}, | such that I'!, ; N B(p,2p) = 0. Therefore,

z € () g " (L)
n>0
satisfies the lemma. O
Corollary 2.3.1. Let g € U as above and let x € T3 be such that [x] 2 {x}. Then, given ay

n > 0 there is point y € Fy'" (z) (the positive side of Fg in the chosen orientation) such that
the length (([y]) < n.
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Proof. Recall that for g € U we have ||dg/pe(e)l| < Ac(1+€) <1if § & B(p,p). Also, if k is small
then 2CVk < p. Let n be given and let ng be such that

Ae(1+ €)™ 2CVE < 1.

Consider z such that [z] 2 {z}. From the above lemma, consider z € F'(g~"(x), 1) such that
g"(z) ¢ B(p,2p) for any n > 0. Notice that, since [¢~"°(x)] is not trivial, the same is true for z.
On the other hand [2] is a central segment of length at most 2C'v/k. Therfore, g™([2])NB(p, p) = 0
for n > 0. Therefore,

Ug"2]) < (Ae(L + €)"20VE.
Finally, setting iy = g"°(z) € Fo"" () we have

[y = £g™ =) < (Ae(1+€)™2CVE <.
O

The next result is fundamental for our purpose on the behavior of the holonomy map along
the unstable foliation. The main tool is the existence of a transversal homoclinic point (recall

Corollary 2.0.1)).

Lemma 2.3.3. Let g € U(gp ) having a transversal homoclinic point associated to the fized
point p of unstable index two. There exists eg and z, € .7-";’+(p) such that
lim sup £(g" [2p]) > eo.

n—o0

Proof. Recall that [p] si the central segment between qi,qs. Let €9 < min{¢[q1,pl|°, £[p, q2]°}.
Notice also that

Wi = |J F).

y€(q1,92)¢

Let z be a homoclinic point associated to p, that is z € fgs(p) N W¥(p). We know that

=1 U Faw) | () Fs2)
y€E(p]

We may assume that the orientation in F,' is such that z, = [z] N F(p) € Fg"F(p). Since
[z] = [2], 2 € F*(p) and [2] C Fj(2) C F;*(p) by forward iteration g"([z] must approach at leat
o [q1,p] or [p,q1] (see also Figure[N), and the lemma follows. O

Indeed, a more extensive result holds:

Proposition 2.3.1. Let g € U(gp ) having a transversal homoclinic point associated to the
fixed point = p of unstable index two. Then there exists an uncountable set Ay such that:

(1) If 2,y € Doy £ y then F4(x) # Fo(y).

(2) For any x € Ay, [z] is nontrival.

(3) There exists eg such that for any x € Ay and any t > 0 there exists z, € .7:;’+(x)\]:;‘ (z,t)
such that £([z5]) > €o.

Proof. From the existence of a transversal homoclinic point associated to p of index two we
conclude the existence of a non trivial hyperbolic compact invariant set A (of unstable index 2)
and with local product structure. In particular, from Lemma 23Tl we get that for any x € A, [z]
is nontrival.

Notice that for z € A, W*(z) is two dimensional and contained in F;*(z) and there exists
some 0 > 0 such that Wj'(x) has uniform size. We will denote by W' () the component of



14 ALEJANDRO PASSEGGI, MARTIN SAMBARINO

Wit(x) \ Fg(x) which is in the positive direction of F(z). Moreover, there is an uncountable
number of disjoints unstable manifolds W*". Furhtermore, there is some L such that (setting
Fa(p, L) = W;(p)) we have that

Folp, L)yNWs(z) 0 ¥V x € A.
Indeed, it is not difficult to see that if = is not in a central stable periodic leaf, then
Filp, L) N Wt (z) # 0.

Let us see a consequence of the above fact. Let z € F;(p, L) N W;’Jr(x) and let g < £([p])/2.
Since ¢"(z) —n p we conclude that ¢(g"[z]) = ¢([¢g"(2)]) > € for n large enough (see Figure
7). Indeed, [z] is a central arc of uniforme size and therefore, and since exists mg such that
g™ (z) € W _.(p) we have that g0 ([z]) is central arc of uniform size in F (p) Now, by forward
iteration, we have that ¢(¢"([z])) > € for all n > m; for some m; (which is independent of x).

@p g
W% / 7"(2)

FIGURE 7.

Now choose an uncountable set Ag C A such that for = # y € Ag we have F*(x) # F;"(y)
and that for any x € Ay then z is not in a periodic central stable leaf. It remains to prove (3).
Let x € Ag and let t > 0. Choose n; bigger than m; such that g™ (Fo' " (x,t)) C Wit(g~ (x))
where 7 is such that W(g7" (z)) N Fg(z, L) = 0. Let w € F; (p, )ﬂW“’+( M (x ))) It follows
that [w]NFy"" (97" (z))) # 0 and set y the point of intersection. Notice thaty ¢ g~ (Fo " (x,1))
and therefore 2z, = g™ (y) € Fo'" (2) \ Fo"* (z,t). On the other hand

U([z2]) = (g™ (v)]) = (g™ ([y])) = £(g™ ([2])) > eo-

3. THE INDUCED HOLONOMY MAP ON TZ2.

Let B € SL(3,7Z) (with eigenvalues 0 < Ay < A\ <1 < \,) and gp, defined in () and (2)
and let g € U(gp,) with k and U small, and having a transversal homoclinic point associated
to the fixed point p of unstable index 2 so that all results of the last section hold.

Consider a bidimensional torus transversal to F3 and (assuming k and U small) also transver-

U : : 2 3
sal to fg. For instance, we may consider T2 R/Z2 C R/ZS T-.

The foliations F and JF' are orientable and choose similar orientation on both (that is, take
unit vector fields Xp = e* and X, close to Xp).
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Definition 3.1. For g as above we define f = f : T? — T? the holonomy map on T? induced
by the unstable foliation Fj. In other words, f(z) is the first return map of F(z) to T? in the
given orientation. Moreover, we can define F : T2 — T? as the first return to T? of any z € T3
along the positive orientation of F ().

Remark 3.1. Notice that the induced map f = f, is a homeomorphism. Morevoer, f is of class
C" if the unstable foliation F' is of class C". Furthermore, the unstable foliation F7' is of class
C" if the unstable bundle E7 is of class C".

Besides, if we consider the holonomy map T : T? — T? induced by F% we obtain that Ty is
a minimal (and hence ergodic) translation. Moreover, f = f, and Tp are close as we wish if k
is small.

If we apply the results on the previous section we obtain the topological version of our main
result:

Theorem 3.0.1. For g : T3 — T3 as above and f = fg: T? — T? and Tg : T?> — T? as above
we have:

(i) f is minimal.

(ii) f is isotopic and semiconjugated to the ergodic translation Tpg. If we denote by h the
semiconjugacy, then B_l(az) 1s either a point or an arc. Moreover, there are uncountable
points x such that h=(z) is a nontrivial arc.

(iii) f preserves a minimal and invariant C° foliation with one dimensional C' leaves. The
fibers B_l(az) are contained in the leaves of this foliation.

(iv) f has zero entropy.

(v) f is point-distal non-distal.

(vi) There is an uncountable number of Li-Yorke pairs.

(vii) f has sensitivity with respect to initial conditions.

(viii) f is uniquely ergodic.

Proof. () follows from the minimality of the unstable foliation F' (see section 2.I).

Let’s prove (). Since f and T are C° close, we get that f and T are isotopic. Recall h to
be the semiconjugacy between g = gp and B : T3 — T3 given in section

Since distco(h,id) < Cvk (which we may assume less than 1/4), then for every point of
h(T?) we can define a natural projection P : h(T?) — T? along the unstable foliation F%, that
is P(h(z)) is the closest within F%(h(z) in T? to h(x). Define

h:T?2 = T? h(z)=P(h(z)).

Clearly, h is continuous and close to the identity (if k£ is small) and hence onto (and isotopic to
the identity as well).

Now, if we take 2 € T? and f(z) € T? we have that they are the ends of an arc I* C Fy ()
and when lifted to R? their coordinates have z-difference equal to one.

On the other hand h(I") is an arc (segment) of Fi(h(z)) so that, when lifted to R® the ends
have coordinates whose z-difference is between 1—2CVk and 1+2C k. Therefore P(h(f(x)) =

Tg(h(z) that is
iL o f = TB 9] iL
Notice that

o If h~'(2) = {y} then clearly holds that h~!(x) is a unique point.
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e If h~!(x) is a non trivial central arc, then the projection (by P) on T? is a non trivial
arc and it is h~1(x).

Moreover, by Proposition 2.3.1], we get that there are an uncountable number of points z such
that h~!(x) is a nontrivial arc. This finishes the proof of ().

To prove (@), for = € T? let C(z) the connected component that contains z of Fgi(x) N T2
It follows that C is a continuous foliations with C'' dimensional leaves (recall that Fo(x) is a
C' manifold) and obviously invariant by f, the holonomy map. Furhtermore, since h(Fg')(z) =
Fe(h(z)) it follows that h(C(z)) is the connected component of F&*(h(z)) N'T2 which contains
h(z). Since this foliation by lines on T? is minimal we also conclude that C is minimal (similar
proof as in Corollary Z223)). Since h~!(z) live in a central unstable leaf, we get that h~! live in
the leaves of this foliations.

The proof of (Iv)) is rather easy. Indeed, by Bowen’s formula ([Bo]) we have

htop(f) S htop(TB) + sup htop(f7 Eil(x))
zeT?
where hyop(f, K) = lime_,o limsup,,_, % log N(e,n, f, K) and N(e,n, f, K) is the minimum car-
dinality of (n,e€) separated set in K. Since for all #, h=!(z) is either a point or an arc (with
bounded length in the future and in the past) we have the result (see also [BESV]).

Let us prove (@). Recall that f is point distal if there exists 2 € T? such that for every y #
there exists r, > 0 so that r, < inf{dist(f™(x), f"(y)) : n € Z} and f is non distal if there exists
a pair of points z,w such that inf{dist(f"(z), f"(w)) : n € Z} = 0. We will show first that f
is point distal. Let 2 € T2 be such that A~ (h(x)) = {z} and consider any y € T2. Let o =
dist(h(z), h(y)). By the (uniform) continuity of &, there exists r such that if dist(z,w) < r then
dist(h(z), h(w)) < a for any z,w € T2 We claim that inf{dist(f"(x), f*(y)) : n € Z} >r > 0.
Otherwise, if for some n we have dist(f™(x), f"(y)) < r then we get (since Tp is an isometry):

a> dist(h(f"(2)), h(f"(y))) = dist(T(h(x)), T (h(y))) = dist(h(x), h(y)) = a.

We will prove now that f is non-distal. We will go back to ¢ =: T3 — T® and let z
such that [z] = h~Y(h(z) D {z}. Let I, = F([z]) the first return map to T? of [z] along
the unstable foliation F' if [z] N T? = (), otherwise, set I, = P([z]). From Corollary 2311
we know that for any 7 there exists y € Fy""(2) such that £([y]) < 1. On the other hand,
since [y] = U .F;“Jr(z)ﬂ]:;(y) we have that there exists n, such that f"(I;) = I,. It
follows thagel[igﬁr]ninfnﬁoo(f"(lx))) = 0. Finally, if we take z # w € I, we conclude that
inf{dist(f"(z), f*(w)) : n € Z} =0, i.e., f is non-distal.

We prove now (). Consider I, = h~'(p). As we argue above, by Corollary Z:31] we have
that liminf,, o £(f™(Iy)) = 0. On the other hand, notice that given ¢ there exists €; such that
if I is an arc contained in a central leaf F of length €y then its projection on T? under the
first return map F' (or under the projection P) has length at least ¢;. Now, if we apply Lemma
233 we get that limsup £(f™(I,)) > €. In particular, the ends of I, (which are P(q1), P(g2)) is
a Li-Yorke pair. In a similar way, if z € Ag as in Proposition 2:3.1] and denote by I, = F([z])
the first return map to T? of [z] along the unstable foliation F if [] N T? = () and otherwise
I, = P([z]), we get from Corollary 231l and Proposition 2.3.1] that

lirginfé(f"(lgﬁ)) =0 and limsupl(f"(l,)) > €
n—0oo n—00

and therefore the ends of I, are a Li-Yorke pair.

For the proof of (i), recall that f has sensitivity with respect to initial conditions if there
exists some ey such that for any € T? and any open set U containing z there exist y € U
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and n > 0 such that dist(f"(x), f"(y)) > €. So, given €; let €2 be such that any arc in C
of length €; then the endpoints are at distance at least 2e5. Let © and U be given. Assume
first that A~ '(h(z)) = {x} which is the same as [z] = {z}. Since f is minimal we have that
there is my, such that f™*(p) —; =. We claim that for k large enough f"*(I,) C U. Indeed, it
follows that ¢(f"*) — 0, otherwise we conclude that [z] # {z} (the equivalent classes are lower
semicontinuous). Thus, choose some m so that f™(I,) C U. Since limsup £(f"(1,)) > €1 we get
the result taking y as the appropriate end point of f(I,). Now, if [x] is non trivial we can argue
as before, since in U there are points z such that [z] si trivial and so for some m we have that

fm(I,) cU.
It is left to prove (iil). Consider the set
A={zeT?:h~!(z) is a point}.
Observe that h~!(x) is a point if and only if A~ '(z) is a point. Moreover, if h~'(z) is just a
point the same is true for any y € F}(z). Therefore, since
A={zcT?: h'(z) is a point }
has full lebesgue measure on T® by Lemma 2.3.1] we get that A has full lebesgue measure on T2.

Denote by M(f) the set of invariant probabilities of f. Given p € M; we may define a
measure v € My, by v(A) = u(h1(A)). Since Tp is uniquely ergodic, v = m (the lebesgue
measure on T?). That is, for every borelean set D and u € M; we have u(h~!(D)) = m(D).
And therefore, for every pu € My, setting D = h~!(A) we have

w(D) = p(h™'(A)) = m(A) = 1.
Observe that for any Borel set A we have AND = h~'(h(AND).
Given puq, 2 € My and A any Borel set we have
m(4) = p(AND) = (ki (W(AN D)) = m(h(AND))

— (i (AN D)) = pa(AN D)

= p2(A).
Thus f is uniquely ergodic.

O

Remark 3.2. If f were of class C? and the leaves of the foliation C also were of class C? one is
tempted to use Schwarz’s argument ([Sch]) to show that non trivial fibers h~! are not possilbe.
However, in our case there is extra difficulty: we don“t know a prior: that the sum of the length
of the iterates of a nontrivial fiber (if exists) does converge. In our examples, this sum does not
converge!

Let us point out as well that with our method, the differentiability of th sysetm and of the
foliation are like the dishes on a balance. More differentiability ensured for the system implies
less ensured for the folliation.

4. ON THE SMOOTHNESS OF Eg.

From Theorem B.0.1] and Remark Bl the only thing that is left to prove for the proof of our
Main Theorem is the following: given r € [1,3) there exists g so that the unstable bundle E} is
of class C".

In order to establish the differentiability class of Ej we recall a classical result from [HPS]
that is very useful for these type of problems.
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Theorem 4.0.2. C"-section theorem.

Consider M a compact C"-manifold and g : M — M a C"-diffeomorphism. Let m: L — M
be a finite-dimensional Finslered vector bundle and let D be disc subbundle, m(D) = M. Let
F: D — D be a homeomorphisms such that F'(L¢) = Ly, and let l¢ = l¢(F, g) be the Lipchitz
constant of F' |, for § € M.

Then if le¢ < 1 for every & € M there exists a unique continue section o : M — L such that
Foo=o0o0g (an invariant section).

Moreover, if m: L — M is a C"-vector bundle (with some estructure wich is compatible with
the Finslered estructure), F is C" and setting ¢ = 7¢(g9) = ||(dge) ™| we have le.Ty <1, then
the invariant section o : M — L is C".

Let B € SI(3,7Z) be a linear transformation with eigenvalues 0 < Ay < Ac < 1 < A, and
invariant hyperbolic structure E% © Ef @ E}, as we have been considering and the euclidean
metric on R3 such that the above spaces are mutually orthogonal. Consider the vector space

L(E%,Ef @ ER) ={t: E} - E} ® Ef,t linear}
endowed with the natural norm structure.
Consider the (trivial) vector bundle
(12) L={(t): €T3 tec L(EY, ES @ ES)).
Then 7 : L — M given by 7(&,t) = £ is a (finite dimensional) C'*° Finslered vector bundle.

Now, for g = g1 : T3 — T we define the associated vector bundle map F = Fpgy:L — L
as follows: for (§,t) € L,

(13) F(&,t) = (9(&,s)),s € L(ER, Ep ® ER) such that graph(s)) = dge(graph(t)).

Recall that E} © E% is invariant by dge for any § € T3 and so F is well defined vector bundle
homeomorphism. Neverhteless, for g close to gp the associated map F' : L — L may not be
well defined on the whole L. To overcome this difficulty just set

D={(1t):£€T’ te L(ER ER @ ER),||t] <1}
and from the above theorem we have

Corollary 4.0.2. Assume that for some r, B and k we have

le(Fogpr) <1, le(Fogx) (T(9Bk))" < 1.

Then, there exists U(gp i) such that for any g € U(gp k) of class C> we have that the associated
map Fg : D — D is well defined, l¢(F) < 1 and l¢(F)7(g)" < 1. In particular there exists a
unique tnvariant section in D and it is of class C.

Remark 4.1. Observe that if o : T — L is an invariant section by F, i.e., F oo = ¢ o g then it
holds that graph(o(§)) = Ej(§). So, in order to find the differentiability class we will apply the
C" Section Theorem to our F': L — L over g.

Remark 4.2. If we use the C"-section theorem to calculate the differentiability of the unstable

vector bundle of the Anosov system induced by B, then we will have differentiability less than
Ae 1
Au A3
order to have proximity to C? differentiability we must find linear Anosov systems with \, close
to A.. This will be done in Section E.1]

C3: Let r = 3, then compute letf = = % > 1. Moreover, the last estimate shows that in
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Through the rest of this subsection and to avoid notation we set g = gp ;. We want to estimate
l¢(F,g) and 7¢(g) for the graph transform F' associated to g = gp k. Recall that the differential
of g in the decomposition £} © ES @ EY is given by:

As 0 0
dge=| 0 X O for £ € T3\ B(p, p)

0 0 X\
and

As + Z(2)(B(r) + B'(r)22?) Z(z)B'(r)2zy Z'(2)B(r)x
dge = Z(z)B'(r)2zy Ae+Z(2)(B(r) + B'(r)2y*)  Z'(2)B(r)y

0 0 Ay
for £ € B(p, p).

Lemma 4.0.4. With the above notations we have
I Tl
Au

le = 1e(F) <
Moreover the following estimations hold:

(i) For & ¢ B(p,p) we have lg < ;\‘_Z
At Z(2)B(r)+k
A

U

(i) For & € B(p,p) we have l¢ <

In particular l¢(F) < 1 for all € € T® (if k is small).

Proof. 1If we write

T A
dae — 3 £
= (5 3)
then it is not difficult to see that

F(E0(0) = 1 (Te(t(0) + Aev)

and therefore

T
IF(&t1) — F(& )] < @Htl —to
which implies le < L. Since for ¢ ¢ B(p, p) it holds that | T¢|| = A. we obtain ().

In order to prove (), set Tz = D + S¢ where D = ( )(‘)8 )(\) > and
C

G — < Z(2)(B(r) + B'(r)22?) Z(2)B (r)2xy >
‘ 228 (r2wy  Z()(Br) + 5 (1)2”)
Observe that S is selfadjoint and has eigenvectors (when & # p) (z,y),(—y,x) and eigenvalues

(14) A=Z()(B(r)+28(r)r) Ao =Z(2)B(r).

When, £ = p then S = Z(0)5(0)Id. From the definition of g (recall Lemma 0.1l and ([2)) we
have —k < A1 < Ao < B(0) and Ay > 0, 2 — Ay < k. Then, ||Se| < max{|Ai],|Xo]} < Ao+ k=
Z(2)B(r) + k and so | Te| < Ac+ Ao + k.

0
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Lemma 4.0.5. Let \; = A\, : T? — R be the function defined by: A1 4(€) = 0 if € & B(p, p)
and M\ ¢(&) = Z(2)(B(r) + 25" (r)r) for & € B(p,p). Then, we have

1
1y _ _ P
I(ge)™" Il = 7 = 7o) < 3=

Proof. Write
_ (Tt A
a9 = ( 0 A >

_ ' - \ITTA
(dg£)1=< % /\_51 5)-

u

Then

Since || Ag| is small, A} < 1 and ||T§_1|| > 1 it follows
Te < HT{IH-

So we want to estimate ||(T¢)~!||. If £ ¢ B(p,p) then

ST 1
”5H_2_&+M©'
If £ = p then
[ As+ Z(0)8(0) 0
P 0 e + Z(0)5(0)
and so
I = =1
PN+ Z(0)B(0) A+ Ai(p)

For £ € B(p, p),€ # p write

Te = Cg + 55
where
(M O e [ ZEBE) B2 A 2(2)8(r) 2y
Q‘( 0 0> d&‘< ()8 (r)2zy wam+amwa+&>'

The selfadjoint 55 map has eigenvectors (x,y),(—y,x) associated to eigenvalues A\; + A\, and
A2 + A where Aj, Ag are as in ([I4)).

Let £ the elipse with axis in the (z,y) direction and (—y,x) direction, with vértices of norm
ﬁ and m respectively. We have Sg(€) = S* (the unit circle). Thus

)‘c >\s Ac_)‘s
T 11— < <1
deyc {uin- S <ol <1+ 3

. Setting R=1— i‘zjri‘i = ﬁji‘i, we have that

Q%www:Rncmw»c%ﬂWfAﬁmj

. Then
1 1 1

T < = =
I(Te) H_R)\H—)\c As + A1
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4.1. A special family of linear Anosov diffeomorphism on T2. In order to construct
elements with E* bundle of class C” with r close to 3 we have seen that we need B € Si(3,Z)
with eigenvalues A; and A, arbitrary close. For this we will find a special family of matrices in

SL(3,2).

Let us begin with the following family J = {Ma}aEN\{O 1,2y of matrices in SL(3,Z) (inspired
form the one in [McS]):

0 -1 0
(15) My=[1 a*>-1 a
0 a®+a 1

Lemma 4.1.1. For every a € N\ {0,1,2}, M, has eigenvalues oy, Bq, Ve such that
2
aa<T<—1<ﬁa<0<a < Yq.

Furhtermore, we have

2 2 2
(16) - % < < —% and  a® < 7y, < 2d°.

Proof. The characteristic polinomial of M, is given by P,(A) = —A3 + a?)\? + a*\ + 1. The

derivative of P, is P.(\) = —3A? + 2a%\ + a* and has one negative root \ = 7Ta2 and a positive

one A\ = a?. On the negative root of P! the polynomial P, has relative minimum, and on the
positive root where there is a relative maximum of P,. The value of P, on such roots are:

3 27

Thus, P,()\) is as in Figure § and the eigenvalues of M, (i.e. the roots of P,(\)) satisfies
2
aa<Ta<ﬁa<0<a2<%.

2 _56
pa<_a>: ? 11<0 and Pya*)=a*+1>0

For the proof of the other inequalities in (I€) just do some computations:

24 2 6 2 6
P, —5 ) = 3¢ +1>0 and F,(2a°)=—-2a"+1<0.

FIGURE 8. The graph of P,(\)

We are ready to define our special family of linear Anosov maps:

(17) I:{Ba: (Mg)‘leaej,aeN\{o,m}}
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Notice that B, € SL(3,Z) and the eigenvalues of B, are the inverse of the square of the
eigenvalues of M, and we have:

We summarize this in the following
Corollary 4.1.1. For B, € T the following holds:

(i) By € SI(3,Z) and has eigenvalues 0 < As(a) < Ae(a) <1 < Ay (a).
(ii) For every a € N\ {0,1,2} we may write

1 1

(18) As(a) = K“g and  Ac(a) = K(;g
here — < K, < K < 10. In particular Ay(a) = «
wnere 10 a a . AN particuilar Ayla) = KaK(Il

With the next result we will conclude the proof of our Main Theorem:

Proposition 4.1.1. For each r € [1,3) there exists B, € T such that for g, = gp, 1 as defined
in @) and @) with k sufficiently small the following holds: for the map F = Fp, 4, : L — L as
defined in (I2) and [I3) and l¢(F),7¢(ga) as defined in Theorem [{.0.3 we have:

le(F)(1e(ga))" < 1 for all £ € T3,

Proof. For the sake of simplicity, for £ € T? set l¢ o = l¢(Fp, g,) and T¢ o = 7¢(ga)-

Fix ;1 <r < 3. It is enough to prove the proposition to show that

alLr& l&aTg,a =0

uniformly on ¢ € T?. To do so, from Lemmas B0.4] and EE0.5, we have for £ ¢ B(p, p):

Ac(a) 1 Ae(a)? K!a*r=1) a*r=1)
1 LA fr e a <1
(19) T T N @@ AT Keas S

a8
and for £ € B(p, p) :

o Ac(a)+Z(Z)5(7“)+k[ ! ]
¢aT¢a Aa() As(@) + A, (€)

_ 1 [ Ael@) + A1, (§) K+ Z()B(r) - )\179(1(5)]
Au(a) [(As@) + A6, (€))7 (As(@) + Aug, ()7

Since Z(2)B(r) — Ai,9,(§) < 2k we have

. 1 Ac(@) + A1, (§) 3k
feaTea < Au(a) [(As(a) + A6, (€)" " (As(a) + Al,ga(g))r}
< 1 |:)\s(a) + Al,ga(g) + (Ae(a) — As(a) + 3]?)}
= ula) (As(@) + A1,g,(£))"
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We may assume, for fixed a that 3k < Ag(a) < 10Z. From the fact that 0 < A.(a)—As(a) < 104
and also that A\q 4, (§) > —k we have

lo 7T < 1 —)‘8(@) + A, (6) + 20(%4
Sefte = 3@ | N0 F g ©)
< 1 [ 1 n 20 ]
= (@) L@ F A (@) T @ (@) + A, (6)7
< 1 [ 1 20
= 0@ [Osl@) =k T @i (h(a) = k)r]
< 100 2 40
= E [(As(a))"‘l " a4<As<a>>r}
< 1(%0 |:8a4(r71) +40a4(r71)]
< 1&@

From this and (I9) and taking into account that 1 < r < 3 we have for a € N large enough that
l&aT g,a <1

for any & € T2. This completes the proof of the proposition.
O

We can conclude the proof of our Main Theorem: let r,1 < r < 3 and choose B, € T and gp,
from the above Proposition. From Corollary we find U(gp, ) and we choose g € U(gB, k)
of class C*° and having a homoclinic intersection associated to the fixed point p of unstable
index two. From Theorem [£0.2] Corollary and remark [L1] the unstable foliation F' is
of class C" and so, by remark 3.1l the induced map f = f; : T? — T? is of class C”. Finally,
Theorem B.0. 1] implies our Main Theorem.
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