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T2.-COBORDISM OF QUASITORIC 4-MANIFOLDS
SOUMEN SARKAR

ABSTRACT. We show the T?-cobordism group of the category of 4-dimensional quasitoric
manifolds is generated by the T?-cobordism class of CP?. The main tool is the theory of
quasitoric manifolds.

1. INTRODUCTION

Cobordism was explicitly introduced by Lev Pontryagin in geometric work on manifolds.
In the early 1950’s René Thom [[Thd] showed that cobordism groups could be computed
by results of homotopy theory. Thom showed that the cobordism class of G-manifolds
for a Lie group G are in one to one correspondence with the elements of the homotopy
group of the Thom space of the group G C O(n). We consider the following category: the
objects are all quasitoric manifolds and morphisms are torus equivariant maps between
quasitoric manifolds. We compute the T?-cobordism group of 4-dimensional manifolds in
this category. We show the T2-cobordism group of the category of 4-dimensional quasitoric
manifolds is generated by the T?-cobordism class of CP2. The main tool is the theory of
quasitoric manifolds.

Quasitoric manifolds and small covers were introduced by Davis and Januskiewicz in
[DJ. A manifold with quasitoric (small cover) boundary is a manifold with boundary
where the boundary is a disjoint union of some quasitoric manifolds (respectively small
covers).

We give the brief definition of some manifolds with quasitoric and small cover boundary
in a constructive way in section B There is a natural torus action on these manifolds
with quasitoric boundary having a simple convex polytope as the orbit space. The fixed
point set of the torus action on the manifold with quasitoric boundary corresponds to the
disjoint union of closed intervals of positive length. Interestingly, we show that such a
manifold with quasitoric boundary could be viewed as the quotient space of a quasitoric
manifold corresponding to a certain circle action on it. This is done in the subsection B.J.

In section f| we show these manifolds with quasitoric boundary are orientable and com-
pute their Euler characteristic.

In the subsection .9 we show the T2-cobordism group of 4-dimensional quasitoric man-
ifolds is generated by the T?-cobordism class of the complex projective space CP?, see
theorem [.4. Following [OR] we discuss the classification of 4-dimensional quasitoric man-
ifolds in subsection [p.]. This classification is needed to prove the theorem (.4

2. EDGE-SIMPLE POLYTOPES

An n-dimensional simple convex polytope is a convex polytope where exactly n bounding
hyperplanes meet at each vertex. The codimension one faces of a convex polytope are called
facets. We introduce a particular type of polytope, which we call an edge-simple polytope.

Definition 2.1. An n-dimensional convex polytope P is called an n-dimensional edge-
simple polytope if each edge of P is the intersection of exactly (n — 1) facets of P.
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Example 2.1. (1) Ann-dimensional simple convex polytope is an n-dimensional edge-
simple polytope.
(2) The following convex polytopes are edge-simple polytopes of dimension 3.

(3) The dual polytope of a 3-dimensional simple convex polytope is a 3-dimensional
edge-simple polytope. This result is not true for higher dimensional polytopes, that
is if P is a simple convex polytope of dimension n > 4 the dual polytope of P may
not be an edge-simple polytope. For example the dual of the 4-dimensional standard
cube in R* is not an edge-simple polytope.

Proposition 2.2. (a) If P is a 2-dimensional simple convez polytope then the suspension
SP on P is an edge-simple polytope and SP is not a simple convex polytope.

(b) If P is an n-dimensional simple convex polytope then the cone CP on P is an
(n + 1)-dimensional edge-simple polytope.

Proof. (a) Let P be a 2-dimensional simple polytope with m vertices {v;: i € I =
{1,2,...,m}} and m edges {e;: i € I}. Let a and b be the other two vertices of SP.
Then facets of SP are the cone (Ce;), on e; at © = a,b. Edges of SP are {zv;: z = a,b
and i € I} U{e; : i € I}. The edge zv; is the intersection of (Ce; ), and (Ce;,), if
v; = e;, Neg, for x =a,b and e; = (Ce;), N (Ce;)p. Hence SP is an edge-simple polytope.
If v is a vertex of the polytope P, v is the intersection of 4 facets of SP. So SP is not a
simple convex polytope.

(b) Let P be an n-dimensional simple convex polytope in R x 0 C R"*! with m facets
{F;:ieI={1,2,...,m}} and k vertices {v1,va,...,vr}. Assume that the cone are taken
at a fixed point a in R®*! — R” lying above the centroid of P. Then facets of C'P are
{(CF;):i=1,2,...,m} U{P}. Edges of CP are {av; = C({vi}):i=1,2,...,k} U{e :
e; is an edge of P}. Since P is a simple convex polytope, each vertex v; of P is the
intersection of exactly n facets of P, namely {v;} = Nj_1F;, and each edge ¢ is the
intersection of unique collection of (n—1) facets {F,,..., [}, ,}. Then C{v;} = N7_,C'F};
and g = PNCF, NCF,N...NCF,,_,. That is C{v;} and {e;} are the intersection of
exactly n facets of C'P. Hence C'P is an (n + 1)-dimensional edge-simple polytope. O

Cut off a neighborhood of each vertex v;,7i = 1,2,..., k of an n-dimensional edge-simple
polytope P C R™ by an affine hyperplane H;,i = 1,2,...,k in R" such that H; N H; N P
are empty sets for i # j. Then the remaining subset of the convex polytope P is a simple
convex polytope of dimension n, denote it by Qp. Suppose Py, = PN H; = H; N Qp for
it =1,2,... k. Then Pp, is a facet of ()p called the facet corresponding to the vertex v;
for each ¢ = 1,..., k. Since each vertex of Pp, is an interior point of an edge of P and P
is an edge-simple polytope, Py, is an (n — 1)-dimensional simple convex polytope for each
1=1,2,...,k.

Lemma 2.3. Let I' be a codimension | < n face of P. Then F is the intersection of
unique set of | facets of P.

Proof. The intersection F'NQp is a codimension [ face of @ p not contained in U¥_ { Py, }.
Since Qp is a simple convex polytope, FNQp = ﬂélei’j for some facets {Fj ,..., Fj } of
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Qp. Let Fj; be the unique facet of P such that FZ’] C F;;. Then F' = ﬂllFZ-j. Hence each
face of P of codimension [ < n is the intersection of unique set of [ facets of P. O

Remark 2.4. Ifv; is the intersection of facets {F;,, ..., F;,} of P for some positive integer
l, the facets of Py, are {Py, N F;,,..., P, N Fy}.

3. CONSTRUCTION OF MANIFOLDS WITH BOUNDARY

Let P be an edge-simple polytope of dimension n with m facets Fi, ..., F}, and k vertices
v1,...,Uk. Let e be an edge of P. Then e is the intersection of unique collection of (n — 1)
facets {F;, : j =1,...,(n—1)}. Suppose F(P) = {F,..., Fn}.

Definition 3.1. The functions \: F(P) — Z"~! and \*: F(P) — F5~" are called the
istropy function and Fo-istropy function respectively of the edge-simple polytope P if the
set of vectors {\(Fy,), ..., N(F,_,)} and {\*(F},), ..., \*(F;,_,)} form a basis of Z"~' and
Fg_l respectively whenever the intersection of the facets {F;,,..., F; _,} is an edge of P.

The vectors A == A(F;) and X; := X°(F;) are called istropy vectors and Fo-istropy vectors
respectively.

We define some istropy functions of the edge-simple polytopes I and Py in examples
B.J and B4 respectively.

Remark 3.1. It may not possible to define an istropy function on the set of facets of all
edge-simple polytopes. For example there does not exist an istropy function of the standard
n-simplex A" for each n > 3.

3.1. Manifolds with Quasitoric Boundary. Let F' be a face of P of codimension I < n.
Then F'is the intersection of a unique collection of [ facets F;,, F;,, ..., F;, of P. Let T be
the torus subgroup of T"~! corresponding to the submodule generated by A;,, A, - . 2 Ai
in Z"1. Assume T, = T for each vertex v of P. We define an equivalence relation ~ on
the product T"! x P as follows.

(3.1) (t,p) ~ (u,q) if and only if p= ¢ and tu™' € Tp

where F' is the unique face of P containing p in its relative interior. We denote the quotient
space (T" ! x P)/ ~ by X(P,\). The space X (P, ) is not a manifold except when P is a
2-dimensional polytope. If P is 2-dimensional polytope the space X (P, \) is homeomorphic
to the 3-dimensional sphere.

But whenever n > 2 we can construct a manifold with boundary from the space X (P, \).
We restrict the equivalence relation ~ on the product (T"~! x Qp) where Qp C P is a
simple polytope as constructed in section P corresponding to the edge-simple polytope P.
Let W(Qp,\) = (T" ! x Qp)/ ~ C X(P,\) be the quotient space. The natural action of
T?~! on W(Qp, \) is induced by the group operation in T"~!.

Theorem 3.2. The space W(Qp,\) is a manifold with boundary. The boundary is a
disjoint union of quasitoric manifolds.

For each edge e of P, ¢/ = eN Qp is an edge of the simple convex polytope Qp. Let
U, be the open subset of Qp obtained by deleting all facets of @ p that does not contain
¢ as an edge. Then the set U. is diffeomorphic to I° x Rgal where I° is the open
interval (0,1) in R. The facets of I° x Rgal are [V x {x1 =0},..., 1% x {x,,_1 = 0} where
{z; =0, j=1,2,...,n — 1} are the coordinate hyperplanes in R"~1. Let F{,...,F  be

the facets of @ p such that ﬁ;‘:_llFi’j = ¢/. Suppose the diffeomorphism ¢: Uy — I9 x Rgal
sends E‘/j NUg to 10 x {z; =0} for all j =1,2,...,n — 1. Define an isotropy function A,
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on the set of all facets of I° x Rggl by Ae(I° x {z; = 0}) = Aij forall j=1,2,...,n—1.
We define an equivalence relation ~, on (T" 1 x I? x Rggl) as follows.

(3.2) (t,b,x) ~¢ (u,c,y) if and only if (b,z) = (¢,y) and tu™! € Ty(r)-

where ¢(F) is the unique face of I° x Rgal containing (b, z) in its relative interior, for
a unique face F' of Uy and Typy = Tp. So for each a € I 0 the restriction of A\, on
{({a} x {z; =0}):j =1,2,...,n — 1} define a characteristic function (see definition [5.1))
on the set of facets of {a} x Rggl. From the constructive definition of quasitoric manifold
given in [DJ] it is clear that the quotient space {a} x (T"~! x Rggl) / ~e is diffeomorphic
to {a} x R2"=1_ Hence the quotient space

(TP x IO x RZGY)/ ~e = IO x (T x R/ ~e 22 10 x RHOTD,
Since the quotient maps 7 : (T" ! xUy) — (T" ! xUy)/ ~ and 7. : (T" 1 x 19 x Rggl) —
(T 1x1° ngal) / ~¢ are open maps and ¢ is a diffeomorphism, the following commutative
diagram ensure that the lower horizontal map ¢, is a homeomorphism.

(T x Uy) 22 (1 x I° x R%Y)

(3.3) wl wel
(Tr! X Uy)/ ~ =2 (T x I° x R%GY)/ ~e —— 10 x R2(-1)

Let v} and v} be the vertices of the edge ¢’ of Qp. Suppose H; Ne' = {v}} and HyNe' =
{vh}, where Hy and Hs are affine hyperplanes as considered in section f corresponding to
the vertices v1 and vy of e respectively. Let Uy, and U,y be the open subset of @ p obtained
by deleting all facets of Qp not containing v] and v respectively. Hence there exist
diffeomorphism ¢! : Uy, — [0,1) x Rgal and ¢ : Uy, = [0,1) x Rgal satisfying the same
property as the map ¢. We get the following commutative diagram and homeomorphisms
¢l for j =1,2.

(T xUy) =5 (T x [0,1) x RYGY)

(3.4) di |
(T*! % Uy)/ ~ O (T [0,1) x RYGY)/ ~e — [0,1) x R2(»=1)

Hence each point of (T"~! x Qp)/ ~ has a neighborhood homeomorphic to an open
subset of [0,1) x R2»=D_ So W (Qp,\) is a manifold with boundary. From the above
discussion the interior of W (Qp, \) is

Ue/ (Tn_l X Ue’)/ ~ = W(va)‘) ~ {(Tn_l X ui:lpHi)/ N}

and the boundary is U {(T"~! x Py,)/ ~}. Let F(H);, be a facet of Py,. So there exists
a unique facet F; of P such that F'(H); ;= FjNQpN H;. The restriction of the function A
on the set of all facets of Py, ( namely A\(F'(H);;) = A; ) give a characteristic function of a
quasitoric manifold over Py,. Hence restricting the equivalence relation ~ on (T"~! x Py, )
we get that the quotient space W; = (T"~! x Py.)/ ~ is a quasitoric manifold over Pj,.
Hence the boundary OW (Qp,\) = I_If: Wi, where W; is a quasitoric manifold.

Example 3.3. An isotropy function of the standard cube I® is described in the following
figure [1. Here simple convex polytopes Py, ..., Pu, are triangles. The restriction of the
isotropy function on Py, gives that the space (T? x Py )/ ~ is the complex projective
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space CP? for each i € {1,...,8}. Hence the disjoint union |_|§:1<CP2 1s the boundary of
(T? X Qr3)/ ~.

(O, 1) I v7
: (1,0)
Uy I Us /
N | Us N
R N RN
Ulj V2 (17 1)

(Qr2,A)

FIGURE 1. An isotropy function X of the edge-simple polytope I°

Example 3.4. In the following figure B we define an isotropy function of the edge-simple
polytope Py. Here simple convex polytopes Py, , Pr,, Ph,, Pa, are triangles and the simple
convex polytope P, is a rectangle. The restriction of the isotropy function on P, gives
that the space (T?x Py,)/ ~ is CP? for eachi € {1,2,3,4} and (T?x Py,.)/ ~ is CP*xCP*.
Hence the space U}_;CP? LI (CP! x CP') is the boundary of (T? x Qp,)/ ~.

(1,0) P,

(0,1)
Py,

FIGURE 2. An isotropy function A of the edge-simple polytope P

3.2. Manifolds with small cover boundary. We assign each face F' to the subgroup
Gr of Fi~! determined by the vectors Ajs- -+ A, where F is the intersection of the facets

Fy, ..., F;,. Let ~ be an equivalence relation on (Fy ' x P) defined by the following.
(3.5) (t,p) ~s (u,q) if and only if p=¢q and t —u € Gp
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where F' is the unique face of P containing p in its relative interior. The quotient space
(Fr~ ! x Qp)/ ~s C (F3~! x P)/ ~g, denoted by S(Qp, \*), is a manifold with boundary.
This can be shown by the same arguments given in the subsection B.J. The boundary of
this manifold is {(F5 ™t xU¥_, Py,)/ ~s} = UE_ {(Fh~' x Pp,)/ ~s}. Clearly the restriction
of the Fa-isotropy function A\* on the set of all facets of Py, gives the characteristic function
of a small cover over Py,. So (Fy ! x Pp,)/ ~ is a small cover for each i = 0, ..., k. Hence
S(Qp,A°) is a manifold with small cover boundary.

3.3. Some observations. The set of all facets of the simple convex polytope QQp are
F(Qp)={Pu;:j=1,2,...,k}U{F/:i=1,2,...,m}, where Fj = F; N Qp for a unique
facets F; of P. We define the function n: F(Qp) — Z" as follows.

[ (0,...,0,1) € Z" if F=Py andj €{1,...,k}
(3.6) n(F)_{ N €ZM L x {0} cz" ifF:FZ-JandiG{l,Z...,m}

So the function 7 satisfies the condition for the characteristic function (see definition [p.1))
of a quasitoric manifold over the n-dimensional simple convex polytope (Qp. Hence from
the characteristic pair (Qp,n) we can construct the quasitoric manifold M (Qp,n) over
Qp. There is a natural T" action on M(Qp,n). Let Ty be the circle subgroup of T"
determined by the submodule {0} x {0} x...x {0} x Z of Z". Hence W (Qp, \) is the orbit
space of the circle Ty action on M(Qp,n). The quotient map ¢r: M(Qp,n) — W(Qp,\)
is not a fiber bundle map.

Remark 3.5. The manifold S(Qp, As) with small cover boundary constructed in subsection
[5-3 is the orbit space of Za action on a small cover.

4. ORIENTABILITY OF W (Qp, )

Suppose W = W (Qp, A). The boundary OW has a collar neighborhood in W. Hence by
the proposition 2.22 of [Had] we get H;(W,0W) = H;(W/dW) for all i. We show the space
W/OW has a CW-structure. Realize Qp as a simple convex polytope in R"™ and choose
a linear functional ¢ : R — R which distinguishes the vertices of (Qp, as in the proof of
Theorem 3.1 in [DJ]. The vertices are linearly ordered according to ascending value of ¢.
We make the 1-skeleton of @Qp into a directed graph by orienting each edge such that ¢
increases along edges. For each vertex v of @Qp define its index, ind(v), as the number of
incident edges that point towards v. Suppose V(Qp) is the set of all vertices and £(Qp)
is the set of edges of @p. For each j € {1,2,... ,n}, let

Ij = {(v,ey) € V(Qp) x E(Qp) :ind(v) = j and e, is the incident edge that points

towards v such that e, = eNQp for an edge e of P}.

Suppose (v,e,) € I;. Let F, be the unique face of Qp containing e, such that ind(v) is
the dimension of F),. Let U., be the open subset of F, obtain by deleting all faces of F;,
not containing the edge e,. The restriction of the equivalence relation ~ on (T"~! x U,,)
gives that the quotient space (T"~! x U,,)/ ~ is homeomorphic to the open disk B%~1.
Hence the quotient space (W/OW) has a CW-complex structure with odd dimensional
cells and one zero dimensional cell only. The number of (2j — 1)-dimensional cell is |},
the cardinality of I; for j = 1,2,...,n. So we get the following theorem.

Pz ifi=2j—1andje{l,...,n}

Theorem 4.1. H;(W,0W) = |ij‘ Fi=0
ifi =

0 otherwise
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When j = n the cardinality of I; is one. So Hay,—1(W,0W) = Z. Hence W is an oriented
manifold with boundary. In [DJ] the authors showed that the odd dimensional homology
of quasitoric manifolds are zero. So Hy;—1(0W) = 0 for all i. Hence we get the following
exact sequences for the collared pair (W, 0W).

(4.1)
0= Hop (W) —2 Hop 1 (W,0W) —2— Hap o(OW) —2— Hop o(W) — 0

0= Hy(W) —2 Hyw,ow) —2o H@0W) —2s HyW)—=0

0= H(W) —2 mw,ow) —2 Hy@w) —“s Hy(W)—>Z

Where Z = Hyo(W,0W). Let (hiy,...,hi, ,) be the h-vector of Py,, for i =1,2,... k.
The definition of h-vector of simple convex polytope is given in [DJ]. Hence the Euler
characteristic of the manifold W with quasitoric boundary is EleE?;Olhij — E?:_11|I il

5. TorUS COBORDISM OF QUASITORIC MANIFOLDS
5.1. Classification of 4-dimensional quasitoric manifolds.

Definition 5.1. Let Q be an n-dimensional simple convex polytope and F(Q) be the set
of all facets of Q. A map n : F(Q) — Z" is called a characteristic function if the span
of n(Fyj,),...,n(F},) is a l-dimensional direct summand of Z"™ whenever the intersection of
the facets Fj,, ..., F}, is nonempty. The vectors n; = n(Fj) are called characteristic vectors
and the pair (Q,n) is called a characteristic pair.

In [DJ] the authors show that we can construct a quasitoric manifold from the pair (Q, )
and given a quasitoric manifold we can define a characteristic pair. There is a bijective
correspondence between quasitoric manifolds and characteristic pairs modulo the sign of
characteristic vectors.

Example 5.1. Let Q be a triangle A in R%. The possible characteristic functions are
indicated by the following figures [} The quasitoric manifold corresponding to the first

A] A2

(0,1) (L1) 0,1)

By (1,0) el B (1,0 &

F1GURE 3. The characteristic functions corresponding to a triangle.

characteristic pair is CP? with the usual T? action and standard orientation. The second
correspond to the same T? action with the reverse orientation on CP?, we denote it by
CP2.

Example 5.2. Suppose that Q is combinatorially a square in R?. In this case there are
many possible characteristic functions. Some examples are given by the figure [§.

The first characteristic pairs may construct an infinite family of 4-dimensional qua-
sitoric manifolds, denote them by M,‘g for each k € Z. The manifolds {M,;l :k €Z} are
equivariantly distinct. Let L(k) be the complex line bundle over CPY with the first Chern
class k. The associated projective bundle is the Hirzebruch surface P(L(k)®L(k)). In [Dd4]
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(1,k) (1,-2)

0,1)

B (1,0) c B (1,0) c
FIGURE 4. Some characteristic functions corresponding to a square.

the author shows that with the natural action of T? on P(L(k) @ L(k)) it is equivariantly
homeomorphic to M,‘g for each k.

On the other hand the second combinatorial model gives the quasitoric manifold
CP? # CP?, the equivariant connected sum of CP2.

Remark 5.3. Orlik and Raymond ( [OR|, p. 558) show that any 4-dimensional quasitoric
manifold M* over 2-dimensional simple convex polytope is an equivariant connected sum
of some copies of CP?, CP? and M;' for some k € Z.

5.2. T%-cobordism of quasitoric manifolds. Let ¢ be the following category: the ob-
jects are all quasitoric manifolds and morphisms are torus equivariant maps between qu-
asitoric manifolds. We are considering torus cobordism in this category only. Quasitoric
manifolds are orientable manifolds, see [DJ].

Definition 5.2. Two 2n-dimensional quasitoric manifolds My and My are said to be T"-
cobordant if there exist an oriented T™ manifold W with boundary OW such that OW is T"
equivariantly homeomorphic to My U (—Ms) under an orientation preserving homeomor-
phism. Here —Ms represent the reverse orientation of Ms.

We denote the T"-cobordism class of quasitoric 2n-manifold M by [M].

Definition 5.3. The n-th torus cobordism group is the group of all cobordism classes of
2n-dimensional quasitoric manifolds with the operation of disjoint union. We denote this
group by CG,,.

Let M — @ be a 4-dimensional quasitoric manifold over the 2-dimensional simple convex
polytope @ with the characteristic function 7 : F(Q) — Z2. Suppose the number of facets
of Q is m. We construct an oriented T? manifold W with boundary OW, where OW is
equvariantly homeomorphic to M L Ly, CP? LI U, CP2 for some integer ki, ks. To show
this we construct a 3-dimensional edge-simple polytope Pe such that Pe has exactly one
vertex O which is the intersection of m facets with P N Hp = () and other vertices of Pg
are intersection of 3 facets. We define an isotropy function A, extending the characteristic
function 1 of M, from the set of facets of Pg to Z2. Then W(Qp.,A) is the required
oriented T? manifold with quasitoric boundary. To compute the group CGs we use the
induction on the number of facets of 2-dimensional simple convex polytope in R2. We
made explicit calculation for 4-dimensional quasitoric manifold on rectangle.

Let ABCD be a rectangle ( see figure {| ) belongs to {(z,y,2) € R ,:z +y+2z =1}
Let n : {AB,BC,CD, DA} — Z? be the characteristic function for a quasitoric manifold
M over ABCD such that the characteristic vectors are

n(AB) = m, n(BC) = n2, n(CD) = n3 and n(DA) = 1.
We may assume that 1 = (0,1) and 72 = (1,0). From the classification results given in
subsection .|, it is enough to consider the following cases only.
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(5.1) s = (0,1) and 74 = (1,0)
(5.2) ns = (0,1) and g = (1,k), k=1or —1
(5.3) ns = (0,1) and ny = (1,k), k € Z — {—1,0,1}
(5.4) ns = (—1,1) and ny = (1, -2)

For the case [} In this case the edge-simple polytope Py, given in figure fl. is the
required edge-simple polytope. The isotropy vectors of P; are given by

MOGH) =m, N(OHI) =mn3, MOIJ) =n3, N(OGJ) =n4 and A(GHIJ) = + 1.
So we get an oriented T? manifold W (Q B A) with quasitoric boundary where the boundary

is the quasitoric manifold M U L, CP? L Uy, CP? for some integers ki, k. Since [CP2] =
—[CP?], [M] = k3|CP?] for some integer ks.

For the case [.2: In this case |det(n,m4)] = 1. Let O be the origin of R3. Let
Cg be the open cone on rectangle ABCD at the origin O. Let G, H,I,J be points on
extended OA, OB, OC,OD respectively. Let E and F' be two points in the interior of the
open cones on AB and C'D at O respectively such that |OG| < |OFE|, |OH| < |OE| and
|OI| < |OF|, |OJ| < |OF|. Then the convex polytope P; C Cg on the set of vertices
{O,G,E,H,I,F,J} is an edge-simple polytope (see figure f]) of dimension 3. Define a
function, denote by A, on the set of facets of P; by

MOGEH) =mn1, NMOHI)=mn2, N(OJFI) =n3, NOJG) = na,

(5:5) MHIFE) = n; and N(GJFE) = 1.

Hence A is an isotropy function on the edge-simple polytope P;. The boundary of the
oriented T? manifold W (Qp,, \) is the quasitoric manifold M UL, CP? UL, CP? for some
integers k1, ko. Hence [M] = k3[CP?] for some integer k3.

;
)
.

””” {
A D H,

B,

~ /
P, P A

FIGURE 5. The edge-simple polytope P, P; and the convex polytope Pj respectively.

For the case [.J: Suppose det(n2,ns) = k > 1. Define a function AL on the set of
facets of P, except GEFJ by
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E;
H
NGy
! 9
E ‘v Ui H, B
\\\\G/ : \\\ ;
H o ! g
! | = /
I ! //
A w | Py
RS | ! Gy
-7, | ‘ ! . !
| | : o |
l ! | i !
| | | |
2200 N N N :
N S / I BV
- //’ ) N
,/i/'/'/—[1 ; Fy
I F
P I h g+ 2m
2
T2+ M
P

FIGURE 6. The edge-simple polytope P with the function A2,

AXD(OGEH) =n1, \D(OHI) = ny, \O(OIFJ) = n3, \D(OGJT) =4,

(56) and \O(EHIF) = ny +n.

So the function AV satisfies the condition of an isotropy function of the edge-simple
polytope P; along each edge except the edges of the rectangle GEF'.J. The restriction of
the function A(!) on the edges GE, EF, F.J,GJ of the rectangle GEFJ gives the following

equations,

|det N (GE), ANV (EF)]| =1, |det N\ (EF), AV (FJ)]| = 1,
(5.7) |det N (FI), \D(GT)]| = 1, [detA\D(GT), \D(GE)]| =1
and det \V(EF), \1(G )]—k;—1</<;.

Let P be a 3-dimensional convex polytope as in the figure [} Identifying the facet
GEFJ of P, and A1B1C1D; of P| through a suitable diffeomorphism of manifold with
corners such that the vertices G, E, I, J maps to the vertices Ay, By, C1, Dy respectively,
we can form a new convex polytope P», see figure [l After the identification following
holds.

(1) The facet of P; containing GE and the facet of P| containing A By make the facet
OHH1E1G1 of P2.

(2) The facet of P; containing EF and the facet of P| containing B;C make the facet
HH1[1] of Pg.

(3) The facet of P; containing F'J and the facet of P| containing C';1 D; make the facet
OIIlFlJl of Pg.

(4) The facet of Py containing JG and the facet of P{ containing D1 A; make the facet
OJlGl Of Pg.

The polytope P, is an edge-simple polytope. We define a function A on the set of
facets of Py except Gy F1F)J; by
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AD(OHH\E\Gy) =m1, \®(OIH) =, \B(OITFLJy) = ns,
(5.8) /\(2)(0J1G1) = N4, )\(2)(HH1[1]) =1 +m
and )\(2)(H1]1F1E1) =12+ 2n1.

So the function A\(?) satisfies the condition of an isotropy function of the edge-simple
polytope P, along each edge except the edges of the rectangle G1 Fq F Ji. The restriction of
the function A on the edges namely G1Ey, E1Fy, F1J1,G1J; of the rectangle G1 E1 FyJy
gives the following equations,

]det[)\z(GlEl),)\2(E1F1)H = 1, ‘det[)\2(E1F1),)\2(F1J1)” = 1,
(5.9) ]det[)\z(FlJl),)\2(G1J1)]\ = 1, ]det[)\z(Gljl),)\2(G1E1)]\ =1
and det[)\z(ElFl),)\z(GlJl)] =k—-2<k-1.
Proceeding in this way, at k-th step we construct an edge-simple polytope P with the
function A¥), extending the function A*~1) on the set of facets of P, such that

A (Hy o Hy 1Ty 1Iy—0) = mo + (k — L) = A"V (Hy oIy o Fjy 2 Ej_»),
(5.10)  AR(OGR_1Jk—1) = ma = A"V (0G—2Jp—2),

AO (Hy Iy 1 Fy 1 Eg—1) = ng and A¥) (G _1Ey_1Fy_1J;1) = 2 + (k — ).
Observe that the function A := A\*) is an isotropy function of the edge-simple polytope P.
So we get an oriented T?-manifold with boundary W(Qp,,A) where the boundary is the

quasitoric manifold M U Uy, CP? L U, CP? for some integers ki, ko. Hence [M] = k3[CP?]
for some integer ks.

FIGURE 7. The edge-simple polytope P” and an isotropy function A\ asso-
ciated to the case p.4.

For the case p.4: In this case |det[n,ns]| = 1. Following case .9, we can construct
an edge simple polytope P” and an isotropy function A over this edge-simple polytope,
see figure []. Hence we can construct an oriented T? manifold with quasitoric boundary
W (Qpr, ) having the desired property.

Now consider the case of a quasitoric manifold M over a convex 2-polytope P with
m facets, where m > 4. By the classification result of 4-dimensional quasitoric manifold
which is discussed in subsection p.1], M is one of the following equivariant connected sum.

(5.11) M = N, #CP?
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(5.12) M = Ny#CP?

(5.13) M = Ny#M;}

The quasitoric manifolds N1, Ny and N3 are associated to the 2-polytopes @Q1,Q2 and
(3 respectively. The number of facets of @Q1,Q2 and QY3 are m — 1, m — 1 and m — 2
respectively. The quasitoric manifold M. ;1 is defined in subsection p.1]

Suppose for a quasitoric manifold N over a convex 2-polytope () we have constructed a
3-dimensional edge-simple polytope Pg¢ such that

(1) Pg has exactly one vertex O with Ps N Hp = @, where Hp is an affine hyperplane
corresponding to the vertex O as we considered in section [,

(2) all other vertices of Pg are intersection of 3 facets,

(3) there exists an isotropy function A, extending the characteristic function 7 of N,
from the set of facets of Pg to Z2.

Definition 5.4. We call the pair (Pg,\) an isotropy pair associated to the quasitoric
manifold N.

We have already constructed an isotropy pair associated to N over a convex 2-polytope Q)
with |F(Q)| = 4. Now we construct an isotropy pair associated to M for the cases p.11),
and p.1J. We use the induction on m, the cardinality of the set of facets of 2-polytope
Q. Let for any quasitoric manifold N over a convex 2-polytope @ with |F(Q)| = j < m,
we have constructed an isotropy pair associated to V.

For the case [.11: In this case Ni#CP? is a quasitoric manifold over the 2-polytope

! = Q1#A1B1Cy. Here the triangle Ay B;C} is the orbit space associated to CP? with
the characteristic function given in the figure . We may assume that the characteristic
vectors of facets meeting at x € @y are (1,0) and (0,1) as given in the figure §. Suppose
the connected sum of N; and CP? take place at the fixed points corresponding to the
vertices x of @1 and By of A;B1Cy, see figure J.

(0,1) (0,1) (0.1)
Q .
1 # = ,
x B (1,1) @ 5
Cy
] (1,0) (1,0) L
G

FIGURE 8. Connected sum of ()1 and the triangle A; B1Ch.

Let Pg, be the 3-dimensional edge-simple polytope associated to the quasitoric manifold
Ni. Let X : F(Pg,) — Z? be an isotropy function such that the oriented T2 manifold with
boundary W(ngl ,\') has the boundary Ny U Uy, CP? L LJ;QW for some integers ki, ko.

Let OCs5 be the edge of Pg, containing the vertex x of @1 in its relative interior. Let Az
and B3 be two points belongs to the relative interior of the edges e; and eo respectively,

see figure f]. Let H 1’43 p, be the closed half space of an affine hyperplane Hy4,p, such that

(1) the plane Ha,p, passes through the points Az, B3 and O,
(2) the point C3 does not belongs to HélsBs‘

Let
(5.14) Pél =P N H;;SBS.
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So Pg is an edge-simple polytope and Fa,p, = Pg N Ha,p, is a facet of Pg . Let Iy, F,
and Fy, be the facets of Pg, meeting at C3. So N(F,,) = (1,0) and X (F},) = (0,1). Since
det[ N (Fy,), N (Fy,)] = 1, we do the following.

Let D3, F3,G3 and Hs be the points in the relative interior of the edges e; N Pél, OAs,
OBj and ez N Pg, respectively, see figure 0. Let H Dap, and He, o be closed half space of
affine hyperplanes Hp, g, and Hg,m, respectively satisfying the following

(1) D3, E5 € HD3E37 As Qé HbsEs and Bj € H/DSES’
(2) G, Hs € HG3H37 Az € HéBHa and B3 ¢ H,GBHB’
(3) the intersection A3B3 N Hp,, p, N He,y, is empty.

Pe, P,

FIGURE 9. The edge-simple polytope Pg, and Pél.

Let
So the polytope Pr is a 3-dimensional edge-simple polytope in R3. Let

(5.16) FélngﬂFxl, F£2:PgﬂFx2, FggS:PgﬂFxS,
’ 1“_';13133 = P¢ ﬂHAngy Fll)gEg = Pe ﬁ]{DSE3 and FéSH3 = Pe mHGgHg'

The facets of Pg are
(517) "F(Pg) = {‘F(Pgl) - {FZ'UFSUZ?FS%}} U {F5217F1/‘27F1/‘37F23B37F,D;3E37F63H3}'

Define a function X : F(Pe) — Z? as follows,

F) if F e {F(Pg)—{Fu, Fuy Fuy}}
F,) fF=F,, i=123
(5.18) MF)={ (1,1) if F = Fu,p,

N(F,,) if F = Fp,p,

N(F,,) if F = Fg,p,

Observe that A is an isotropy function on Pg such that the restriction of A on the set
of facets of Q) = Pz N Hp is the characteristic function for M over Q). Hence we get
an oriented T? manifold with boundary W (Q Pe» A) where the boundary is the quasitoric
manifold M Ul Ly, CP? U Ly, CP? for some integers ki, ko.

For the case p.13: In this case the construction of an isotropy pair associated to
M = No#CP? is similar to the case [.11]

For the case [p.13 In this case the construction of edge-simple polytope and an
isotropy function is almost similar to the case with some exceptions. The manifold
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M = N3#M ,;1 is a quasitoric manifold over the 2-polytope Q4 = Q3#ABCD. Here the
rectangle ABCD is the orbit space associated to M ,;1 with a characteristic function given
in the figure [l Assume that the characteristic vectors of facets meeting at z are (1,0)
and (0,1). Suppose the connected sum of N3 and M,ﬁ‘ take place at the fixed points
corresponding to the vertex z of Q3 and the vertex B of ABCD, see figure [I(.

(1,0)

F1cure 10. Connected sum of Q3 and the rectangle ABCD.

Let Pg, be the 3-dimensional edge-simple polytope associated to the quasitoric manifold
N3. Let ) : F(Pg,) — Z? be an isotropy function such that the oriented T2 manifold with
boundary W(ngg,)\’) has the boundary N3 Ll L, CP? LJ LJ;QW for some integers ki, ko.

Let OCs be the edge of Pg, containing the vertex z of 3 in its relative interior. Let
As and D5 be two points that belong to the relative interior of the edges e; and eg
respectively, see figure [[]. Let Bs be a point belongs to the relative interior of the triangle
As;CsDs C F. 29-

Let H'\ p_ and Hp j,_ be the closed half spaces of affine hyperplanes H4,p, and Hp;p,
respectively such that

(1) the points O, A5, Bs belong to H 4, p, and the points O, Bs, D5 belong to Hp, p.,
(2) the point C5 does not belongs to H'y, p_ and Hp p,_ .
Let

(5.19) Pi, =Pg,NH) g NHp p,.

So Pég is a 3-dimensional edge-simple polytope in R3. Let the facets F,,, F., and F., of
Pg, meet at Cs, see figure [[1. So N (F%,) = (0,1) and X (F,,) = (1,0). Let

F = ng NF,, F,,= ng NF,, F,, = ng N F,,

Ff/15B5 = Pég N HAsBs and F/B5D5 = Pc‘/:s N HBst’

The facets of Pé3 are
(521) ‘F(Pég) = {]:(ng) - {FZ17F227F23}} U {F217F;27F;37F1/45B57 FE5D5}'
Define a function X : F (Pe,) — 72 as follows,

)‘/(F) ifFE{f(Pg3)—{le,Fzz,Fz3}}
X(in) ifF:F;i, 1=1,2,3

(0.1) it F=Fyp
(1Lk) if F=F} p,

So the function A is an isotropy function of P¢, if and only if |det[\(F,), (1,K)]| = 1. If
|det[A\(FL,), (1,k)]| # 1, then we do the following.

Let E5, Fy, I be points in the relative interior of the edges e5 N Pé3, OAs and eg N Pég
of Pég respectively as given in the figure []l. Let Hc be an affine hyperplane in R3 passing
through the points {Ej5, F5, I5}. Clearly the points G5 = OBs N Hg and H; = ODs N He
belong to the relative interior of OB5 and ODj respectively. Let H/, be the closed half
space of He such that the points {As, Bs, D5} does not belong to H..

(5.20)

(5.22) AMF) =
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PEs PE/%

FIGURE 11. The edge-simple polytope Pg, and Py, .

Let
(5.23) Pg = Pg, N H.
So P¢ is a 3-dimensional edge-simple polytope. Let
F! =P NF,, F, =P NF,, F/, =P NF,

(524) I 7 = !/ 1 =) 1/ / ) 7
A5B5: (E'BQHASBE\’ FB5D5: €3ﬁHB5D5 andFC:P53ﬁHC.

The facets of Pé; are
(525) ]:(Pfi'g) = {]:(Pgs) - {FZ17F227F23}} U {Fzﬂlvqu27lengxstyFﬂng‘aFC}‘

The restriction 1 of A on the set of facets of F¢ is given in the figure [3. Note that nc
is the characteristic function of a quasitoric manifold N¢g over F¢. Since the number of
facets of F¢ is 5, by the case or we can construct an edge-simple polytope Pg,
and an isotropy function A\¢ : F(Pe.) — Z? of Pe, such that

(1) there exists a unique vertex O¢ of Pg, with Pg, N Hp, = ﬁc >~ Fo see figure [,
where Ho,, is an affine hyperplane corresponding to the vertex O¢ as we considered
in section [,

(2) all other vertices of P, are intersection of 3 facets,

(3) the restriction of A¢ on ﬁc is the characteristic function nco of Ne.

(LK) G (0,1)
H F
01 ) (1,0)
I
I E
N(F2,)
(Fe,ne)

FIGURE 12. The polytope F and the edge-simple polytope Fg,,.
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Let H, /Oc be the closed half space of Hp, not containing O¢ € Pg,. Let
(5.26) P, = Pe, NHp, and Fy, = Fo, N Pg, fori=1,...,5.

Now we construct an edge-simple polytope Pe by identifying the facets Fro of ng and ﬁ(;
of Péc via a suitable diffeomorphism. We can define a diffeomorphism f from Péc onto
its image in R3 such that following holds,

(1) P N f(Pe,) = Fe,

(2) Pg, U f(Pg,) = Pe is an edge-simple polytope,

(3) FLUF(FG,), Fi g, UF(FD,), Fi,p, U (), 2, U f(Fp,) and F U f(Fp,) are

facets of Pe containing FsFy, F5Gs, GsHs, Hs15 and I5E5 respectively.

Let F(Pe.) = {f(F) : F € {F(Pe.) — {Fo, : i = 1,...,5}}}, Foz, = FI, U f(F}),
Foz, = Fj g U f(Fp,), Fozy, = Fpp, U f(Fp,), Foz, = F., U f(F,) and Foz, =

Hence the facets of Pe are
(5.27) F(Pe) = {F(Pey) = {F, Fop, Fog}} U{Foz, 1 i =1,... .5} U{F(Pe.)}-

Define a function \ : F(Pg) — Z? as follows,

( )‘/(F) ifFE{f(Pg3)—{le,Fzz,Fz3}}
(1,0) if F=Fpy

(0,1) if Fe€{Foz, Foz}

(Lk) if F=Fopg,

/\’(F_Z2) if F'=Foz,

Ae(F) it F = f(F) e F(Pe.)

Observe that A is an isotropy function on Pe such that the restriction of A on the set
of facets of Q4 = Pz N Hp is the characteristic function for M over Q5. Hence we get
an oriented T? manifold with boundary W (Q Pg, A) where the boundary is the quasitoric
manifold M U I_I,yfl(CP2 U U, CP? for some integers ki, ks. Hence we have proved the
following theorem.

(5.28) A(F) =

Theorem 5.4. The oriented torus cobordism group CGo is an infinite cyclic group gen-
erated by T?-cobordism class of complex projective space CP?.

Acknowledgement. I would like to thank my supervisor Professor Mainak Poddar
for helpful suggestions and stimulating discussions. I thank Indian Statistical Institute for
supporting my research fellowship.

REFERENCES

[DJ] M. W. Davis and T. Januszkiewicz: Convex polytopes, Coxeter orbifolds and torus actions, Duke
Math. J. 62 (1991), no.2, 417-451.

[Hat] A. Hatcher: Algebraic topology, Cambridge University Press, Cambridge, 2002.

[OR] P. Orlik and F. Raymond: Actions of the torus on 4-manifolds. I., Trans. Amer. Math. Soc. 152
(1970), 531-559.

[Oda] T. Oda: Convex bodies and algebraic geometry. An introduction to the theory of toric varieties.
Translated from the Japanese. Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Results in
Mathematics and Related Areas (3)], 15. Springer-Verlag, Berlin, 1988.

[Tho] R. Thom: Quelques propriétés globales des variétés différentiables, Comment. Math. Helv., 28
(1954), 17-86.

THEORETICAL STATISTICS AND MATHEMATICS UNIT, INDIAN STATISTICAL INSTITUTE, 203 B. T. ROAD,
KorkaTa 700108, INDIA
E-mail address: soumens_r@isical.ac.in



