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Fig 1. Connection of two misaligned shafts with a coupling
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where cR – radial stiffness, Π – potential energy, T –

kinetic energy, XR – the shift of the masses 3 in radial

direction. After an insertion of the expressions of

kinetic potential and the performance of differentiation,

we shall find from the expression (1) that

�&		W	 �0	S	 �ω
 	�																																																																																				� �

where cS – the stiffness of springs, m – the mass of

the masses 3, ω – angular rotational speed.

It may be concluded from the expression (2) that

when cS = mω2, the pivot 2 may be pushed in radial

direction practicably without a force, i.e. the system

has the “zero” radial stiffness.
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As it may be seen, the coupling connects the

misaligned shafts with the distance e between their

axes of rotation and because of this, the elastic ring 3

is a little deformed.

The potential energy of the coupling Π is ac-

cumulated in the deformed elastic ring and depends

on:

( ),,, ΨγΠ=Π e �(�

where e – the value of misalignement,  γ – the angle

of its direction,  Ψ – the angle of deformation of the

coupling.
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T=T0+∆T(e,γ,Ψ,R,γn,ω),                      (4)

where T0 – kinetic energy of the non-deformed ring,

∆T – the change of this energy depending on: R – the

radius of the curvature of the ring, γn – the apportioned

mass of the ring, ω – angular speed. Other symbols

are the same as above-mentioned.
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radial stiffness of the coupling is equal to zero and the

additional reactions R1, R2, R3 and R4 (Fig 1) do not

arise.

The performed research showed that the value of
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kinetic energy can be rather precisely approximated

with the following expression:

T=T0+0,131R2γnω
2e+35,85Rγnω

2e2 -

0,815R2γnω
2eΨ - 0,619 R3γnω

2Ψ-5,763 R3γnω
2Ψ2.

�2�

In Fig 4 the dependence of radial stiffness of the

coupling on various parameters is shown. The

calculations were performed for the case when the

radius of the curvature of the ring R = 0,15 m, the

modulus of elasticity E = 2 .1011 N/m2, the moment of

inertia of the cross-section of the ring I = 133.10-12 m4,

γn = 0,2 kg/m, ω = 0…400 s-1.
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where mR – the reduced mass of the elastic element, δ
– the position coordinate, describing the configuration

of the rotating coupling and specifying the shift of the

center of gravity of the elastic elements from the axis

of rotation.

Let us analyze the vibrations of the ring details in

radial direction when a misalignement of shafts takes

place. On a rotation the misalignement causes an

exciting force proportional to the value of misa-

lignement e that depends on the angular rotational speed

as well. The equation describing the vibrations may

be expressed as follows:

( ) ( ) ( ),sin 0γ+ω=ω+ tkeFxcxm RR �� �)�

where x – the shift of details of the construction in

radial direction, mR – the reduced mass of the elastic

elements, cR (ω) – the radial stiffness of the coupling

as a function of angular rotational speed, F(e) – the

amplitude of the exciting force proportional to mi-

salignement e, k – the coefficient depending on the

number of points of fixation of the elastic ring to half

couplings (k = 4, when the half couplings are with

two ends and k = 6, when they are with three ends

each), t – time, γ0 – the angle of the direction of

misalignement with one of the half couplings on the

initial moment.

If it is considered that on the initial moment γ0= 0,

the solution of the equation (8) is the following:

( )
( ) ,sinsin
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Equations of this type are widely used and well-

investigated in engineering [3].
In general we are interested in the angular speed

ranges where the coupling may operate as a damper

of vibrations and in the ranges where excited vibrations

will be amplified. In other words, it is necessary to

determine the ratio of the amplitudes of the engine

side half coupling and the pump side half coupling on

various rotational speeds. Such frequency response

may be found from the equation using the method of

finite elements [4]:

[ ][ ] [ ][ ] [ ][ ] ( ){ },,, Ψ=++ etRucuhuM ��� �//�

where [M]– the matrix of masses, [h], [c] – the

matrices of coefficients of damping and stiffness,

respectively, [u], [ ]u� , [ü] – the matrices of shifts,

speeds and accelerations of corresponding points,

{ }),,( ΨetR –  the vector of exciting forces.

Let us consider that the engine side half coupling

is affected by radial vibrations of the shaft. In this

case the exciting force shall be expressed as follows:

( ){ } [ ]{ },,, vuMetR ��−=Ψ �/ �

where vu��  – accelerations of radial shifts of the shaft.

Then the expression (11) turns into the following:

[ ][ ] [ ][ ] [ ][ ] [ ]{ },vrrr uMucuhuM ����� −=++ �/(�

where [ur] – relative shift of details of the construction.

.viri uuu −= (14)

This task may be solved in two ways.

In the first method a stepped integration of the

equation (13) is carried out. In the second method the

following fact is used: the reaction of a dynamic

construction to an exciting force may be described by

several lower eigen frequencies and shapes of

vibrations [5].
Using the transformation

[ ] [ ][ ],xu Φ= �/A�

where [ ]Φ – the normalized shapes of eigen vibrations,

[x] – shifts of details caused by the impact of the

exciting force, the expression (13) may be written as

follows:

[ ] [ ][ ] [ ] [ ] [ ] [ ]{ },2
vuMxxx �����

ΤΦ−=Ω+∆+ �/2�

where [∆] - matrix – column

[ ] ( ),2 iidiag ξω=∆ �/!�

where ω1 – the value of the corresponding eigen

frequency), ξi – the coefficient of damping of the

construction, [Ω] – the matrix, corresponding to the

following expression

[ ] ( ),22
idiag ω=Ω �/)�

[ ]ΤΦ – the transformed matrix of the shapes of the

normalized eigen vibrations.

The solution of the equation (16) enables to de-

termine a dynamic reaction to any excitation.

Herein, we present (as an example) the dependence

of the ratio of the amplitudes of the engine side half

coupling and pump side half coupling of the coupling

on the angular rotational speed (Fig 5). It was con-

sidered that the exciting force was sinusoidal and the

geometrical parameters of the coupling are the fol-

lowing: R = 0,1 m, the radius of the ring – 2 mm.
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The performed research allows to present the

following conclusions:

1. If rotating masses are located in a certain way,

it is possible to develop constructions of couplings

with radial stiffness equal to zero.

2. Radial stiffness of an elastic centrifugal ring

coupling depends on the value of the apportioned mass

of the ring and angular rotational speed.

3. The found expression of kinetic energy of

rotating system enables to find the dynamic component

of radial stiffness.
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4. The value and direction of misalignement as well

as the angle of deformation of the coupling, depending

on the transferred moment of rotation slightly impact

radial stiffness.

5. The increase of the apportioned mass of the

ring reduces the eigen frequencies of vibration of the

coupling.
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