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Traction force and train movement stability  de-
pendence on division of forces involved in wheel/rail
contact area are the main subjects of this article.

There is a general trend to increase train speed of railway
transportation all over the world. The fast development of
modern railway vehicles and increasing travelling speeds
are associated with phenomena of wheel running profile
and corrugation of rails [1, 2]. There are at least four
dynamic problems with the existing track structures caused
by raising train speed. Firstly, increased speed brings about
impacts and vibrations on turnout structures. Because of
the existence of rail discontinuity in fixed frogs, impacts
between wheels and frogs are becoming more severe when
a train passes through a fixed frog at higher speed which
may shorten the life of turnout. Secondly, much attention
needs to be paid to welded rail joints on the speed-raised
lines because the short-wavelength irregularities on the
welded rail joints may lead to intense wheel–rail dynamic
effects at higher speeds. The third problem lies in the
bridge–subgrade transition sections. When a train passes
through these sections at high speed, the dynamic wheel
loads will fluctuate and the vehicles will vibrate strongly,
influencing the riding comfort. This is because the track
stiffness and deformation are different with the different
supporting conditions on the bridge and on the subgrade
soil. In addition, a prominent problem is the effect on track
of wheel flats [3].

The running of a steel wheel on a steel rail is still the
original feature of all forms of guided rail systems. The
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respective shapes of these two components have been
adapted for the dual function of support and guidance.
Materials are selected so as to minimise wear and risk of
breakage which obviously could have catastrophic
consequences. The characteristics likely to influence the
wheel/rail contact properties significantly in the areas of

vehicle dynamics and adhesion are investigated here.
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The Hertz theory still remains valid and is intended to
calculate the dimensions and shape of the contact area
between two elastic bodies that are pressed against each
other and to calculate the elementary pressures in this
contact area. The increase in the contact force, as compared
with the static force (vertical load Fz), is of the order of
100% at 70 km/h and 200% at 150 km/h [4].

Hertz demonstrated that the contact area is elliptical
and that the intensity of the unit pressures is represented

by an ellipsoid bounded by the contact ellipse [5]:
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where a, b – semi axes of the Hertz contact ellipse, mm;
Fz – vertical load, kN.

The semi-axes a and b of the ellipse are determined
by:
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The purpose of dynamic analysis is to calculate the
forces involved in the contact area. The two bodies in
contact are moved in relation to each other with a running
and pivoting movement:
– running only: the quotient of the tangential force Ftr

and the normal force Fz is a function of reduced slip υ,
i.e. the ratio of the slip velocity slipv to the forward
velocity :v

v

vslip=υ ( ���

In the range of low slip (several ‰) Ftr/Fz can be
considered as being proportional to v. If the slip increases,
a saturation effect occurs.

The maximum value of adhesion coefficient ψ
depends on the physical state of the body that is in contact
(dry, wet, lubricated, etc.), the tracking pressure, forward
velocity v, etc. (Fig 1).
– pivoting only: the quotient of the moment of torsion

ozM  and the transverse force Fy is a function of the

spin or the ratio of the normal component of the angular
speed of rotation ωn to the forward locomotive velocity

v:

v
nω

=Φ ( �9�

The appearance of this function is similar to the
previous function, but is nevertheless less familiar at an
experimental level.

The theoretical adhesion coefficient ψ for Diesel

locomotives is calculated by the formula:
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tr

F

F
=µ is presented in Fig 2. It is seen that the value of ψ

falls more slowly than ratio µ when the train speed in-
creases up to 160 km/h.

The possible tangential force Fx=Fzψ is compared
with real traction force Ftr (Fig 2). It is seen that the
difference Fx-Ftr grows faster when the speed is greater
than 50 km/h. It is the reserve to increase the traction force
Ftr to get over the aerodynamic resistance Fair, which rises
up rapidly when velocity of vehicle exceeds 150 km/h. (Fig

3). The aerodynamic resistance is calculated by the formula:

2$0.5 AvcF xair = W �H�

where xc – „stream line“ coefficient; ρ – density of air, kg/

m3; A – front area of locomotive, m2; v – speed of train, m/s.
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where x – the generalised co-ordinates of the system (or
degrees of freedom); M – the mass; K – the stiffness; C –
the viscance; {F} – the system of forces applied to the
vehicle.

For transverse dynamics, these forces act on the pro-
perties of the wheel/rail contact in contrast to vertical
dynamics, which only depends on flaws in the track [7].

The roots of the system of equations are of the form:

j	
p,exx pt
0 ±== W �)�

where p – the root, generally complex, of the characteristic
equation of which the degree equals twice the number of
degrees of freedom.

If the real part α is negative, the system is stable, i.e.
it returns to its position of equilibrium after a disturbance
by making a certain number of oscillations that depend on
the rate of damping.

In contrast, if the real part is positive, the system is
unstable, i.e. it deviates indefinitely from its position of
equilibrium following a disturbance. In reality the amplitude
of movement is limited by non-linearity in the system (if it
were not for the presence of wheel flanges that limit the

play of axles in the track).
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where v – velocity of locomotive, km/h.
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The forces and accelerations corresponding to these
movements affect the subsystems differently depending
on their frequency. Generally speaking, one can state that
accelerations in the vehicle body determine the comfort of
passengers whereas the forces exerted by the axles on the
track determine safety. Here only two phenomena that must

be avoided as far as safety is concerned are specified:
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21 zzz FFF += W
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The purpose here is obviously not to describe the
complete physical model but simply to show that the origin
of instability is located at the level of wheel/rail contact.
Analysis of the axle subsystem is sufficient to explain the
phenomenon without making claim to precise (or even
approximate) numeric results. Thus only running in
alignment (or on a curve having a large radius) is
considered here, since this makes it possible to assume
that the properties of wheel/rail contact are linear.
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This asymmetry with respect to the transverse axis

means that the resultant of the transverse forces Fy does
not pass through the centre of the ellipse and that there is
an additional (resistance motion) moment compared with
the moment due to pivoting.

Similarly, pivoting creates unbalanced distribution of
contact forces which geometrical sum is not zero. By
integrating the tangential stresses over the contact area,
Prof. Kalker [5] established the relationship between forces,

moments and slip in the range of low slip (less than 1%):
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where a, b - the semi axes of the Hertz contact ellipse, G -
the transverse modulus of elasticity: ( );&12 += E/G  for
steel: E ≈ 210 000 MPa and 0.25;& = hence G ≈ 84 000
MPa; 33232211 ,,, CCCC  – coefficients calculated by Prof.
Kalker that do not depend on the ratio a/b.
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Note that the influence of the vertical load Fz is
implicitly contained in the product ab, which is propor-
tional to 32/

zF .
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The axle has two degrees of freedom:
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tion, become )r(r 01 > on the right and )r(r 02 <  –
on the left (Fig 6).
For a conical profile, the variation in the radius is

proportional to y:

y;rr '221 =− �8��

where γ – the angle of the vertex of the cone.
C������-�����
���
I����
������������ γ′ is defined

by linearising the relationship )(yfr =∆ measured point-
by-point over the track and on the axle by means of spe-
cial rules.
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The slip velocity of the wheel relative to the (statio-
nary) rail is the absolute velocity of the point which coincides
with the point of contact. This equals the sum of the drive
velocity (translational motion at velocity v and rotation at
angular velocity around the centre of gravity) and the

relative velocity (angular velocity 0v/r	 = ).
By limiting oneself to the first order, after division by

speed v to obtain reduced slip, we have in Fig 6:
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inertia moved by a translational motion parallel to the track
of velocity v.
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The force that can be transmitted for a given load
increases with reduced slip in accordance with the
characteristics shown earlier in chapter 2.2., but beyond a
certain value υ

o
 (which is referred to as optimum slip), it

decreases sharply and skidding occurs.
��
��J��������
�ψ ��� ztr FF / �and the correspond-
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1 UIC – International Union of Railways, formed 1922 to
standardise and improve railway equipment and operating methods,
with special regards to international traffic.

2 TGV – high speed passengers electric trains and train service in
French.
3 ORE – Research and Trials Office. A UIC organisation which
pools the means and results of research and trials carried out by
member railway administrations.
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ing slip υo depends, to varying extents, on:
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ztr FF / has reached 0.07 without any skidding, thus prov-
ing that the limit was not reached.
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1. It should be emphasised that adhesion at train high
speed is still sufficient to allow the necessary traction forces
because during arising velocity the adhesion coefficient ψ
falls more slowly than ratio

r

tr

F

F
=µ (Fig 2).
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