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In the case under discussion we may examine the
rotating system as a two-mass system with two degrees
of freedom considering that its generalized coordinates
are the angle of rotation of the first shaft with the half-
coupling 1 ϕ

1
 and the angle of rotation of the second shaft

with the half-coupling 2 ϕ
2
 (Fig 2).

Taking into account that the angle of rotation γ of
the coupling in respect of the direction of misalignment
may be interpreted as

,
2
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+ω+α=ϕ

ω+α=ϕ
�2�

where α
1
, α

2
 – the initial angles of rotation, ω - the angular

speed, t – time, x
e 
 - the value (angle) that characterizes

the unevenness of rotation of the second shaft.
According to Dalamber’s principle rotation of the

second shaft is described by the following equation:

022 =−ϕ pMI �� � �3�
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where: I
2
 – the moment of inertia of the second shaft.
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If we suppose that at the moment t0 ye (t0) = αy,( ) ye ty β=0� ��we find:

yeyeee AyAy α−β+±= cos2cos2 2
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Then after the corresponding transformations:
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the expression (14) turns into an elliptic integral of the

first degree:
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that may be solved in respect of x
e
.
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where δ0, δ1 – constants.
After the insertion of the expression (19) into the

expression (17) and usage of the expression (11), the gen-
eralized coordinate ϕ2, describing rotation of the second
shaft will be equal to:

( )δ+ω
ω

+ω+α=ϕ t
RI

EIe
t 2sin

25,39
3

2
2

2

22 ( ����

The last member of the expression (20) indicates that
the rotation of the second shaft is uneven, its angle of
rotation is supplemented with a periodic component of
the double frequency of rotation (Fig 3).

Another very important circumstance: the amplitude
of this periodical part decreases increasing the angular
rotational speed (ω2 is included into the denominator).
This indicates an increase of the evenness of the move-
ment.

3,�
-)�	)�#& '# �"����� #-)��..� '�# �"����� #-)��!���

��&�!)#)&��)#-��

The presence of the angular rotational speed in the
denominator of the expression of the amplitude indicates

Fig 3. The dependence of the amplitude of rotational
vibrations of the second shaft on the angular rotational speed

when the diameter of the wire of the ring d=3 mm,
I2=0,05 kgm2, e=3 mm, ω=100 s-1, α2=0, δ0=0
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that the small parameter method cannot be applied for a
solution of the equation (12) in all cases (when ω → 0,
the amplitude is growing up to the infinity).

Fig 4. The dependence of the amplitude of rotational
vibrations of the second shaft on the angular rotational speed,
when the diameter of the wire of the ring d=3 mm, ′ -R=0,1

m, ′′ -R=0,2 m, ′′′ -R=0,3 m

The problem on the application of the expression (20)
may be settled on a base of the following considerations.
The positive angle of shifting of the half-couplings in
respect of each other upon an impact of the moment of
resistance to rotation Mp may be found from the following
expression:

s

p
e c

M
x = � ��8�

where cs – the rotational stiffness of the coupling.
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2
8,1

max 
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
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R

e
xe ( ����

So, on the comparison of the expressions (22) and
(20) according to the condition of non-exceeding xemax,
we find the lower limit value of the angular speed appli-
cable to the expression (20) (the stroked zone in Fig 4).
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