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Abstract. Freight flows which consist of multiple products transported by different modes of transport in a multimodal
network get more and more attention in recent years. In this article a model for modelling flows of multiple products in the
multimodal network is presented. The multimodal aspect of considered transport system is accounted by the chosen
means of network representation. The multiproduct aspect is estimated by the solution procedure which is a Gauss-

Seidel-Linear Approximation Algorithm. The article is closely connected with the following topics:
» the representation of the network chosen for the reflection of transportation and transfer operations;

the formulation of a multimode multiproduct model;
the analysis of average and marginal cost functions;
the development of the solution algorithm;

the development of the algorithm used to compute the shortest path.
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1. Introduction

Flows which consist of multiple products that move
in a multimodal network get more and more attention in
recent years. The class of models that has to do with the
prediction of interregional freight flows was well studied
in the past and is so-called the spatia price equilibrium
models[1]. Such modelswerewidely used for theanalysis
of freight flows between different regions. This class of
model s determines simultaneously the flows between pro-
ducing and consuming places as well as the selling and
buying prices. But the transportation network is usually
modelled in a simple way (elementary bipartite connec-
tions) [1, 2]. For exampleinthe Harvard M odel which prob-
ably isthefirst published type of amodel that interests us
physical network is presented like elementary direct links.
Also the congestion effect of the network in thismodel is
not considered. L ater, the Multi-State Transportation Cor-
ridor Model went astep further in representing an explicit
multimodal network, but again without any consideration
of network congestion. Also there was an Transportation
Network Model which does not consider network con-
gestion effect either [1].

The first model that considers the network conges-
tion effect as well as the shipper-carrier interaction and
was adopted in the field of transport, is the Freight Net-
work Equilibrium Model [1-3]. It combines the variable
demand modelling approach from spatial equilibrium mod-
els with the detailed description of the behavior of ship-
persand carriers by mathematical formulations.

So the class of models that we consider is Network
Models. They enable the prediction of flows that consist
of multiple productsinamultimodal network, when physi-
cal network ismodelled at alevel of detail appropriate for
acountry or alarge region and reflectsthereal infrastruc-
ture with relatively little abstraction. Also in this class of
model s the shippers and the carriers are not considered as
distinct actors in the decisions made in shipping freight.
Very often the strategic analysis of freight transport is
determined by the data sources (nationa freight flow sta-
tistics) which permit to identify the mode used, but do not
provide any information about separate shippers. How-
ever, even with the data which is available and with the
forecast made the behavior of the shippers can bereflected
[1-3].

In the model an assumption that products are trans-
ported at minimum total generalized costismade[4].

Also there is an assumption that a certain type of
products can be transported only by the appropriate mode
of transport due to service availability or some kind of
normative restrictions. This means that in most common
situation thereis no competition between transport modes.
In other situation, when transport modes compete between
themselves for the shipments of products, it is possible to
include the components which reflect the shippers objec-
tivesin to the generalized cost functions. This means that
the generadized cost function gives sufficient modelling
flexibility and adequately reflects awide variety of situa-
tions and circumstances[4, 5].
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The multimode multiproduct model isformulated in
the most general way permitting in principle non-convex
and asymmetric cost functions. Nevertheless, certain as-
sumptions (regarding the structure of cost functions) are
madein order to simplify the problem.

2. The Network Representation

The physical network infrastructure represented by
the chosen means reflects the transportation of different
products by severa different transport modes.

A product isany good or collection of goods of simi-
lar nature which creates a freight flow that moves over a
particular link [4, 6, 7].

A transport mode isagroup of transport meansthat
hasits own characteristics such as vehicle type, capacity,
and a specific cost function. Depending on the detailed
level of study our model mode can represent a particular
carrier, or apart of hisservice on aspecific network, or an
aggregated service of severa carriersin specific transport
infrastructure networks[4, 6-8].

M odelled network is anetwork that consists of the
nodes, links and modes of transportation that show all
possible movements on the available infrastructure. In
our modd alink isdefined asatriplet (i, j, m), wherei isthe
originnode, i belongsto N (N isthe set of the nodes of the
network), j isthe destination node, j belongsto N, misthe
mode of transport that has permission to operate between
nodesi and j and belongsto M (M is the set of transport
modes available on the network). Example of such net-
work isshownin Fig 1. Hereare 3 transport modes: road
transport R, diesal train D, electrified train E, and three
nodes of the network A, B, C. All 3 transport modes oper-
ate between points A and B, between A and C road and
diesel train services can be found, and between B and C -
only road transport service can be found.

The most compact way to represent the physical net-
work would be to connect all the points by direct links and
to allocate transport modes as link attributes exactly as
shown in Fig 2a.

But this network representation has some major dis-
advantages.

Road Diesel Electrified
rail rail

Fig 1. Physical network

If a single flow is associated with a specific link, it
must be the total flow on that link. But then the flows
specific to each transport mode are not determined explic-
itly.

If flows are separate one for each mode and are asso-
ciated with each link, then these flows can vary in number
from link to link depending on the number of transport
modes operating on a given link. In addition, the physical
difference of infrastructure modeled is not explicit in such
representation. Thus the specification of cost functions
for each transport mode possesses the same problem as
that mentioned above for the flows [3, 6, 9-11].

In order to overcome these drawbacks it is a must to
choose a network representation which permits the iden-
tification of the flows and the cost functions by the sepa-
rate transport mode. This would mean the establishment
of the detailed network “copy” for each separate trans-
port mode used in the movements of products. However,
this type of network representation becomes hard enough
to put into practice, if large networks with many transport
modes have to be considered [12].

That’s why the best way for multimodal network rep-
resentation is to permit the parallel links, one for each
permitted transport mode that can move between each
pair of nodes. In this way the network model becomes
similar to real network because, for example, even though
rail and road transport networks are located between the
same two points, they are physically different. Besides
that, if on a physical link, such as rail road, there are two
different types of services (diesel and electrified trains),
separate links must be assigned for each service, since
they have different cost functions [4]. All this is shown in
Fig2b.

D,E,R B

a)

R, road E, electrified
transport rail

Fig 2. Network representation: (a) compact and (b) parallel
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When the network representation is chosen, in order
to model intermodal shipments further it is necessary to
associate the appropriate cost functions for transfer op-
erations from one mode to other at the certain network
nodes. All this can be done expanding a node: add as
many extra nodes (and links between them) as there are
possible transfers between transport modes that serve
that node. Example is shown in Fig 3.
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Road Diesel Electrified
transport rail rail

Fig 3. Explosion of a node

It must be noted, that:

*  Such expanding of nodes increases the number of
links in the network;

*  Only new nodes do not reflect the real network and
new links in the node do that;

*  New (transfer) links unlike the other network links
reflect the transfers from one transport mode to an-
other, so they can not be attributed to one or another
transport mode;

*  The representation chosen to reflect the transport
operations does not require the explicit modification
of a network.

It is of great importance to point out several advan-
tages of the chosen network representation. In such net-
work the total path consists of a sequence of links of the
first transport mode, a possible transfer links to another
mode, a sequence of links of the second transport mode,
and so on. This means that transport mode change is pos-
sible only at transfer nodes. This representation also per-
mits to restrict the movements of a certain type of prod-
ucts only by the appropriate transport modes [8].

3. Formulation of Multimodal Multiproduct Model

The most efficient way to use the transport infra-
structure is to transport the freight at the least total cost.
Unfortunately, a variety of circumstances prevents the
achievement of that goal [3, 9, 10, 13, 14]. So with the
model that we are trying to formulate there is a try to mini-
mize total costs.

The network that we consider consists of a set of
nodes N, aset of links A, A [N x N x M, aset of modes
M, and set of transfer linksT, T [Alx A. We denotetheir
cardinality Ny N, Ny, if Ny respectively. With each link

o [AMwe associate a cost function sy (.) which depends

on the volume of goods on that link or possibly, on the
volume of goods on the other links of the network. Simi-
larly, a cost function s(.) is associated with each transfer
linkt,t CT1

Products that are the part of the freight flow trans-
ported over a multimodal network are denoted by p, p [Pl
where P is a set of all products and its cardinality is N o

Every product is transported from origino,o @ [1
N to destinationd,d [Dl [ Nlpoint. The demand of each
product for all origin/destination points pairs O/D is speci-
fied by the set of O/D matrices. The transport mode choice
for the transportation of each product is indicated defin-
ing a sub set of transport modes permitted to transport
the corresponding demand for each of these O/D matri-
ces.

Let g™® be the demand matrix associated with the
productp, p [PJand m(p) is a sub set of transport modes
that belongs to M(p) - set of all sub sets of transport
modes that are used to transport product p.

The flow of product p in a multimodal network is
denoted by UP and consists of the flows of this product on
links and transfer links.

p
p_Wal @
0 P t% @
t )r

The flow of all products in a multimodal network is
denoted by U and is a vector of dimension No NA+Np-

The average cost function sP (U) on links and sP (V)
on the transfer links correspond to a given flow vector.
The average cost function for the product p is denoted
similarly to the denotation used for the flows - sP:

Pl a
p,t% @

And so s is a vector of average cost function of
dimension n NURIIN

The total cost of the flow of all products p on the link
a is a product sP(u)uf, and the total cost of flow of
product on the transfer link t is product s} (0)uf. So the
total cost of the flows of all products in the multimodal
network is the function F, which expression is:

F=% pl:Az arafh (VLR + Y tDiﬁtp(U)Utp)' 3

F is that function that we are seeking to minimize. But
it is well known that in order to do this we must have some
constraints. In our case this can be the conservation of
the flow and non-negativity constraints. In order to write
these two constraints we shall use the following denota-
tion. Let K (r)g(p) denote the set of paths that goes from the
origin point o to the destination point d using only trans-
port mode m(p). Then the equation of the conservation of
flow is expressed:

sP =

> kEK'J&(p) hy = gcr)nd(p)’ @)
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h, is the flow on the path k.
Non-negativity constraints then are:

he =20 . Q)

Let Q be the set of flows that satisfies (4) and (5).
Since the constraint (4) is stated in the space of path al-
lows, for notational convenience the specification of Q
requires the relation between link flows and path flows,
which is:

V8 =3 ks Sakhk, @ CAl p [P1 ©)

K P =Unm(p) matp) UorotJd ED:,Kg&(p) is a set of
all paths through which product p can be transported.
_Mje alkl
~ o] other way

identifies the links of particular path.
Similarly, the flows on a transfer links are:

dak istheindicator function which

0P =3 | ey Ohe, t [T p [P @)

. 5 _[ojel tOd
e Pak % other way.

So in conclusion it can be said that we developed an
optimal multiproduct multimodal assignment model which
consists of a function (3) that we are seeking to minimize
regarding constraints (4) and (5).

It should be noted that the model is sufficiently gen-
eral. But it is clearly understood that the purpose of stra-
tegic planning is not the detail model that identifies ship-
pers and carriers explicitly. The goal was to develop a
model that is adequate for the comparison of scenarios —
a model which helps to study the process of distribution
of multiple products with the help of different modes of
transport in a multimodal network.

4. Analysis of Average and Marginal Cost Functions

In the model formulated in the previous section the
average cost functions S, (U)and s (V)in principle may
depend on any or all the components of the vector U. Yet,
the actual cost functions on the network links and trans-
fer links are in principle different (exception is transporta-
tion services that share the same facilities, e.g. rail ser-
vices that operate in both directions on a single track) [5,
9,10,13,14].

Next we state the simplified form of the average cost
function. The most general expression form of the mar-
ginal costs for transporting product p onlink ais:

P —P a P p
C; =S5 + —=0U3 + —0U
a0 pXEEI CA10LY ? t%iﬁug t H ®)

The expression of the marginal costs for transport-
ing products P on the transfer link ft is:

p
=¥+ % e s 6i“tp@@)
pEEIEAIO0 e U

Next we make the following assumptions regarding
the average cost functions:

1. The link cost functions do not depend on the
flows on the transfer links.

2. The transfer link cost functions do not depend
on the flows on the network links.

3. The transfer links cost functions do not depend
on the flows on the other transfer links.

These assumptions are quite natural and result in the
simplification of equation (8) to expression:

P=sP+y ¥ BsP P
a a mBUP a- (10)
pEla a

The same simplification can be done with the equa-
tion (9):

_ _ 5Sfp
cP=sP+5y ——mp.
P o™ ®

The equivalent of the third assumption cannot be
made to the cost functions of the links. It is very often the
case that two distinct modes of transport (for example
diesel and electrified trains) use the same infrastructure.
That’s why it is reasonable to assume that the interac-
tions are limited to links which are parallel between two
adjacent nodes [8, 14].

Now we shall introduce few additional notations. The
link a = (i, j, m) connects node I with the node j with the
help of transport mode m. LetM, be the sub set of transport
modes which we bear in mind in the computation of marginal
costs for link a. Also let A, ={a CAla =(i, j,m") or
a=(j,i,m), m CMI,}U{a} be the set of links that
must be considered in the gomputation of marginal costs
for link a. Thus s¥ () =s§(u51)‘? a [A], p CPT8,13,14].

Iflink & [A], then dsf /3LE =0. This permits the
simplification of the equation (10) to the expression:

5_ 5525’
f=fry 5 Hmwp

prPalFy dU P (12

In this expression Hz ={a CAJa [A}} The set
H 5 can be get by scanning links parallel to @ in both
directions. This can take some time, particularly if
H, ={@}for the majority of the links. That’s why we
make the last assumption that the cost of links depends
only on the flows of links that share the same head and tail
nodes and are in both orientations. This assumption is
equivalentto H, = A_for al a CAT8]. So after all that the
marginal cost of the links can be written as:
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A few words about the several assumptions that we
made. First of all these assumptions simplify the specifi-
cation of the cost functions for the model and decrease
the burden of computing the marginal costs. They also
correspond to actual practice and data availability, since
the significant part of cost functions used in transport
industry are defined for particular facility (road segment,
rail link, etc). The total transport cost is the sum of these
link costs and, possibly, a fixed cost component (this cost
component varies with the volume of goods, but does not
depend on a distance traveled) needed to start the trip on
aparticular mode. [8, 13, 14]

5. A Solution Algorithm

The problem that we consider may be written in a
compact form as:

MinF (v), v Q1 (14)

It is assumed that F(U) is a convex function, once
differentiable on an open space that contains Q. This as-
sumption is satisfied, for example, by average transfer link
cost function of the type:

52 = ;a; b +ue V. o >0, B >0, 0= 7)< .(15)

This example demonstrates that average cost func-
tion is not to be convex (0 < z(i)<1) for F(u)to be con-
vex[4-6, 10, 13].

To solve this problem the first order method (linear
approximation method) is used. This method which is used
for solving large scale network equilibrium problems has a
sub-linear rate of convergence in the vicinity of the opti-
mal solution. But it is proved to be robust in application
which does not require a very precise solution [5]. Also,
its straightforward adaptation for our model poses the
problem of dimension. The vector U is of dimension
np(Na+nr). The sameis the dimension of the feasible
direction of descent generated by the linear approxima
tion method. Thismay render the application of thelinear
approximation method impracticable in many computa-
tions.

The structure of the model suggests natural decom-
position by a product. Q is the product [1,Q P where
QP is a set of feasible flows of product p on the sub net-
works m(p) [Mlp). The descent direction of the linear
approximation method is found minimizing the linear ap-

proximation of the objective function which in this case is
=< " D) i
FPIF =y o E P ). This means that one would have to
solve n_ minor problems in one cycle of algorithm.

The algorithm can be characterized as Gauss-Seidel-
Linear Approximation Approach. For each product p a

descent direction is computed for UP, which is of dimen-
sion (n, + np). When considering a particular product all
the flow variables pertaining to the other products remain
at their previous value. For each product p a single itera-
tion of the linear approximation algorithm is carried out.
So the algorithm looks like that:

Step 0. Initialization

Determine U (initial feasible solution)

Step 1. Major cycle

L~ U; foreachp [Péarry out (1p).

(1p) Minor cycle

Compute cP(U) (marginal costs)

Find wP (extreme point found by shortest path com-

putation)
DP=wp—-uP  (descent direction)
Compute Ap (optimal step size)
UP=UP+ A pdp (update flow for p).

Step 2. Stopping criterion

If(L=uv,,), return to Step 1

Since the algorithm is stated in a rather compact form,
some comments on the details of some steps should be
made.

The minor cycle (1p) implements one iteration of the
linear approximation method in the sub-space of flows
related to the product p. A descent direction is found
minimizing the linear approximation of F? on QP , which is:

Min [E®(v)y, where y [QP. (16)

Since F(v)=s(u)" v, it follows that [F{u)=
s(u)+us'(v). If marginal costs are defined as
cP(L)=sP(L)+sP () u, then sub problem of linear
programming is:

MincP(v)"y, where y [COP. (17)

As it is well known, the solution of this problem is
obtained assigning the demand g™® on the shortest path
corresponding the modes that belong to m(p) computed
with link costs cP(V).

The optimal step size 7\p is obtained by minimizing
T
the function F in the direction @, .,dP 0 % . Excep-

tion is a case when

cP(L)" dP =0. Then A,=0.

The initial solution is obtained carrying out a major
cycle with initial marginal costs corresponding to U = 0
(which means ¢ (0)) and setting )\p =1 in each minor cycle
(1p).

The algorithm is stopped when the flows U change
after a major cycle was carried out. This means that the
current solution is optimal [5, 8].

6. The Algorithm for the Shortest Path Computation

In the multimodal network that we use for the formu-
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lation of multiproduct flow modeling the path on which
more than one mode of transport operates can be con-
structed only if a mode to mode transfer is permitted at a
node that belongs to the path [4, 5, 12-14].

In order to introduce the algorithm for the shortest
path computation we introduce the following notation.
Letc,a [CAirc,t [Thbe the “lengths” of links and
transfer links. The shortest path algorithm finds the short-
est path from an origin point o [Oto all destination points
d [Dlin the sub networks defined by the sub set of trans-
port modes m(p) [MIp). In this algorithm the shortest
path is retracted by means of pointing out the preceding
link. In the algorithm the following notations are used: b,
is the access link to the destination point d, b, is the pre-
decessor of link O; the lengths of the shortest paths are
given by variables u, ir u , where u , is a the length of the
shortest path from the origin point o to link a, inclusive of

c,. A representsthe set of links which were labeled, but
gtill do not have permanent labels. So then an agorithm
for the shortest path (including transfer links) computa-
tion can be stated as:

Step 0. Initialization

Lengths:

Ug =c, d D, uy =0; Ug ==, a [Al

Predecessors:

ba =-1 d [DJ by =0: by =0, a [l

Links to be labeled:

A=D

Dummy link:

a=(,j,m) with i =0, ] =d,m =m(p);

uz =0

Go to step 4.

Step 1. Choice of the link to be labeled

If A=@, then STOP.

Choose a =G, is m)ofA such that uz < uj, for all

a Al

Link a receives a permanent label: A=A- {5}

If |is a transfer node, go to step 3; if | is a regular
node, go to step 4; otherwise continue.

Step 2. Test of a “head” node | (for destination
node);

If Uz <Uj then Uj =Uz; b; =a Return to step 1.

Step 3. Test of successorswith transfers

Foreach a =(i, j,m), such that i =j and m [m{p)
do:

If there is a transfer t =(@,a) do:

if Ug +C +C4 <Ug, -

then u, =uz +¢; +c53b, =a A=A [{a},

otherwise, if m=m, do:

if ug +C4 <ug, o

then U, =ugz +c,; by =a; A=A [{a}.

Return to step 1.

Step 4. Scan of successors without transfers

For each a=(i, j,m), such that i :] and m=m
do:

if Ug +C4 <Ug, -

then U, =Uz +C4; b =a; A=A [{a}.

Return to step 1

A few remarks regarding this shortest path algorithm
should be made.

As arule, each link corresponds to only one mode of
transport.

The dummy link that has to do with the origin node o
has its own set of transport modes m(p), that have a per-
mission to operate on this link.

The calculations are done in the way so that the first
time when Step 4 is carried out all the links that go from o
belong to the network. Thus, the first time that Step 4 is
executed, the test m=m is m Cml=m(p).

In Step 3 links are scanned in an increasing order, so
the transfer links of type (@, .) are sorted in an increasing
order as well.

The links that belong to the node i are sorted by
mode of transport in the “link table”. Such an efficient test
must preclude the scan of all the successors links in Step 4.

7. Conclusions

In the article a model for modelling freight flows that
consist of multiple products transported by different means
of transport in a multimodal network is formulated. This
model can be used for the purpose of strategic freight
flows planning. Besides, this model is enough general-
purpose, so it can be adapted for modeling national as
well as regional freight flows. The original features of the
model are:

+ the way of network representation;

+  the algorithm of mathematical solution;

» the adaptation of the shortest path search algorithm;

+  the coupling of all that was mentioned above into the
whole, what permits easy and effective analysis of
flows of multiple products that move in a multimodal
network.

Besides, the model is flexible enough to be used in
various contexts. The most important thing is that model
can be applied in a case of analysis of very large networks
and freight flows.
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