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PRIMITIVE DIVISORS OF CERTAIN ELLIPTIC
DIVISIBILITY SEQUENCES

PAUL VOUTIER AND MINORU YABUTA

Abstract. We establish conditions necessary for the n-th element of
any elliptic divisibility sequence generated by points on Ea : y2 = x3+ax

to not have a primitive divisor. As a consequence of this, along with our
explicit and uniform version of Lang’s conjecture for the relevant curves,
we show that if a < 0 and fourth-power-free and n > 3, then n-th element
of any such elliptic divisibility sequence always has a primitive divisor.

1. Introduction

A sequence C = (Cn)n≥1 is called a divisibility sequence if Cm|Cn when-

ever m|n. For such a sequence C, a prime p is called a primitive divisor of

the term Cn if p divides Cn but does not divide Ck for any 0 < k < n. Prim-

itive divisors have been studied by many authors. In 1892, Zsigmondy [20]

showed that for the sequence Cn = an − bn the term Cn has a primitive

divisor for all n > 6, where a and b are positive coprime integers. In 1913,

Carmichael [3] showed that if n > 12 then the n-th term of any Lucas se-

quence has a primitive divisor in the case of positive discriminant. Ward [17]

and Durst [5] extended Carmichael’s result to Lehmer sequences. In 2001,

Bilu, Hanrot and Voutier [1] proved that if n > 30 then every n-th Lu-

cas and Lehmer number has a primitive divisor, and listed all Lucas and

Lehmer numbers without a primitive divisor. The results of Zsigmondy,

Carmichael, Ward, Durst and Bilu, Hanrot and Voutier are all best possi-

ble (in the sense that for n = 6, n = 12 and n = 30, respectively, sequences

whose n-th element has no primitive divisor do exist).

Let E be an elliptic curve defined over Q and denote by E(Q) the additive

group of all rational points on the curve E. Let P ∈ E(Q) be a point of
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infinite order, and for any non-zero integer n write

(1.1) x(nP ) =
An(P )

Bn(P )
,

in lowest terms with An(P ) ∈ Z and Bn(P ) ∈ N. The sequence (Bn(P ))n≥1

is known as an elliptic divisibility sequence.

Ward [16] first studied the arithmetic properties of elliptic divisibility

sequences. Silverman [12] first showed that for any elliptic curve E/Q in

long Weierstrass form and any point P ∈ E(Q) of infinite order, there exists

a positive integer NE,P such that the term Bn(P ) has a primitive divisor

for all integers n ≥ NE,P . The bound given by Silverman is not explicit and

not uniform. Everest, Mclaren and Ward [6] obtained a uniform and quite

small bound beyond which a primitive divisor is guaranteed for congruent

number curves y2 = x3 − T 2x with T > 0 square-free.

Theorem 1.1 (Everest, Mclaren, Ward [6]). With E : y2 = x3 − T 2x with

T > 0 square-free, let P ∈ E(Q) be a point of infinite order. If Bn(P ) does

not have a primitive divisor, then

(a) n ≤ 10 if n is even

(b) n ≤ 3 if n is odd and x(P ) is negative.

(c) n ≤ 21 if n is odd and x(P ) is a rational square.

Ingram [7] sharpened the bounds obtained in [6] as follows.

Theorem 1.2 (Ingram [7]). Let E and P be as Theorem 1.1. If Bn(P )

does not have a primitive divisor, then 5 ∤ n, and either n is odd or n = 2.

Furthermore, if

(a) x(P ) < 0, or

(b) {x(P ), x(P ) + T, x(P )− T} contains a rational square,

then n ≤ 2.

The purpose of this paper is obtain results on the existence of primitive

divisors in the more general case of Ea : y2 = x3 + ax with a ∈ Z, fourth-

power-free.

In the case of a < 0, we use the ideas in [6], along with our explicit

version of Lang’s conjecture for such curves to prove that for n > 3, the

n-th element of any such elliptic divisibility sequence always has a primitive

divisor.
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2. Results

Denote by h the absolute logarithmic height on Q and by ĥ the canonical

height on E(Q), for an elliptic curve E/Q.

We let ω(n) denote the number of distinct prime divisors of n.

Further, we define

(2.1) ρ(n) =
∑

p|n

p−2 and η(n) = 2
∑

p|n

log p,

where the sums range over all prime divisors of n. We set the following

notation:

(2.2) K =
1

2
log |a|+ 2.542 and L =

1

2
log |a|+ 1.040.

In the remainder of this work, a will denote a non-zero integer which is

fourth power free and Ea : y
2 = x3 + ax will be an elliptic curve.

Then we obtain the following theorem.

Theorem 2.1. Let P ∈ Ea(Q) be a point of infinite order. Let n be a

positive integer and assume that the term Bn(P ) does not have a primitive

divisor.

(a) If n is odd and x(P ) is a rational square or if n is even, write n = 2eN

where e is a non-negative integer and N is an odd integer, then n = 1, 2, 4

or N ≥ 3 and

0 < 2

(
1

3
−

1

3N2
− ρ(n)

)
ĥ(P )n2 ≤ η(n) + ω(n)K +K + L.

(b) Let p be an odd prime. If n is odd, divisible by p and x(P ) is a rational

square, or if n is even and divisible by p, then

0 < 2

(
(p+ 1)2

4p2
− ρ(n)

)
ĥ(P )n2 ≤ η(n) + ω(n)K + L.

(c) Suppose a < 0. If n is even and divisible by an odd prime, p, then

0 < 2

(
5p2 + 6p+ 5

16p2
− ρ(n)

)
ĥ(P )n2 ≤ η(n) + ω(n)K + 2L+ log |a|.

Remark 2.2. Note the condition that the left-hand sides of these inequalities

must be positive. This is the reason for the inclusion of part (c). If the

positivity condition prevents our use of parts (a) or (b), then the conditions

of part (c) will be satisfied.
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By using estimates for ρ(n), ω(n) and η(n), we obtain the following

corollary.

Corollary 2.3. Let P ∈ Ea(Q) be a point of infinite order.

(a) Let n ≥ 3 be an odd integer and assume that x(P ) is a rational square.

If Bn(P ) does not have a primitive divisor, then

0.482ĥ(P )n2 < 2 log(n) +
1.3841 log(n)

log log(n)
K +K + L.

(b) Suppose a < 0. Let n be a positive even integer. If Bn(P ) does not have

a primitive divisor, then either n ≤ 4 or n is not a power of 2 and

0.039ĥ(P )n2 < 2 log(n) +
1.3841 log(n)

log log(n)
K + 2L+ log(|a|).

Remark 2.4. We can obtain a version of part (b) for a > 0 as well, subject

to ρ(n) < 4/9.

Applied to Q, Lang’s conjecture states that

ĥ(P ) ≥ C1 log |∆(E)| − C2

holds for any elliptic curve E/Q and any point P ∈ E(Q) of infinite order,

where ∆(E) denotes the discriminant of the curve E and C1 > 0 and C2

are absolute constants. Silverman [9] showed that Lang’s conjecture holds

for any elliptic curve with integral j-invariant (note that this includes our

curves, Ea, since their j-invariant is 1728), but provided no explicit evalu-

ation of the constants.

We provide an explicit version for Ea here for a < 0.

Proposition 2.5. Let a be a negative fourth-power-free integer. Let P ∈

Ea(Q) be a nontorsion point. Denote by ĥ the canonical height on Ea. Then

(2.3) ĥ(P ) ≥
1

16
log(|a|) +





1

16
log(2) if a 6≡ 4 mod 16

−
1

16
log(2) if a ≡ 4 mod 16.

Using these estimates, we obtain a uniform and explicit bound such that

for n exceeding this bound, the n-th element of elliptic divisibility sequences

obtained from Ea always has a primitive divisor.
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Theorem 2.6. Let a be a negative integer which is fourth power free. Let

P ∈ Ea(Q) be a point of infinite order. Let n be a positive integer, and

assume that Bn(P ) does not have a primitive divisor.

If n is even or if n is odd and x(P ) is a rational square, then n ≤ 3.

It is easy to show that there are infinitely many values of a and points

P ∈ Ea(Q) such that x([3]P ) is an integer (i.e., B3(P ) = 1), so this theorem

is best-possible. E.g.,

a P a P
−2 (2, 2) 28 (2, 8)
−12 (6, 12) 180 (6, 36)
−420 (30, 120) 5850 (30, 450)

From calculations performed using Ingram’s ideas in [7], it appears that

Theorem 2.6 is also true for a > 0 and without any conditions on x(P ).

3. Preliminary Lemmas

Let P ∈ Ea(Q) be a point of infinite order. Write

nP =

(
An

Bn

,
Cn

B
3/2
n

)

in lowest terms with An, Cn ∈ Z and Bn ∈ N.

Lemma 3.1. Let p be any prime divisor of the term Bn. Then

ordp(Bkn) = ordp(Bn) + 2 ordp(k).

Proof. This is Lemma 3.1 of [6]. �

Lemma 3.2. For any m,n ∈ N,

gcd (Bm, Bn) = Bgcd(m,n).

Proof. This is Lemma 3.2 of [6]. �

Lemma 3.3. If the term Bn does not have a primitive divisor, then

(3.1) log (Bn) ≤ 2
∑

p|n

log(p) +
∑

p|n

log
(
Bn/p

)
.

Here the sums range over prime divisors of n.

Proof. This is the first part of Lemma 3.3 of [6]. �
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For a rational number s/t in lowest terms, we define the logarithmic

height by h(s/t) = logmax{|s|, |t|}. For a rational point P ∈ E(Q), we

define the logarithmic height of P by h(P ) = h(x(P )), and the canonical

height of P by

ĥ(P ) =
1

2
lim
n→∞

h(2nP )

4n
.

Let E/K be an elliptic curve in long Weierstrass form over the number

field K,

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6.

We define as usual

b2 = a21 + 4a2,

b4 = 2a4 + a1a3,

b6 = a23 + 4a6,

b8 = a21a6 + 4a2a6 − a1a3a4 + a2a
2
3 − a24.

Let MK be the set of valuations of K and for v ∈ MK, let nv be the local

degree at v. For x ∈ K and v ∈ MK, we define v(x) = − log |x|v. Let

λv = min
{
v (b2) ,

1

2
v (b4) ,

1

3
v (b6) ,

1

4
v (b8)

}
,

λ =
−1

[K : Q]

∑

v∈MK

nvλv.

Lemma 3.4 (Zimmer [19]). Let E/K be an elliptic curve in long Weier-

strass form over the number field K. Let h and ĥ be the logarithmic height

and the canonical height on E/K respectively. Then for all points P ∈ E(K),

1

2[K : Q]

∑

v∈MK

nv min{0, λv} −
1

2
log(2)

≤
1

2
h(P )− ĥ(P ) ≤

1

2[K : Q]

∑

v∈MK

nv max{0, λv}+ λ+
4

3
log(2).

We now apply this theorem to Ea.

Lemma 3.5. For all points P ∈ Ea(Q),

−
1

4
log |a| − 0.520 ≤

1

2
h(P )− ĥ(P ) ≤

1

4
log |a|+ 1.271.
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Proof. If v is an archimedean absolute value, then

λv =
1

2
v (b4) = −

1

2
log(2)−

1

2
log |a|.

If v is a non-archimedean absolute value, then

λv =
1

4
v (b8) = −

1

2
log |a|v.

Since nv = 1 for all v ∈ MQ, we have

λ = −
∑

v∈MQ

λv =
1

2
log(2).

Substituting these values into Zimmer’s result, we obtain

−
1

4
log |a| −

3

4
log(2) ≤

1

2
h(P )− ĥ(P ) ≤

1

4
log |a|+

11

6
log(2).

Thus we obtain the lemma. �

Lemma 3.6. If the term Bn does not have a primitive divisor, then

log (Bn) ≤ 2
∑

p|n

log(p) +
∑

p|n

(
2

(
n

p

)2

ĥ(P ) +K

)
(3.2)

= η(n) + 2n2ρ(n)ĥ(P ) + ω(n)K.

Here the inequality (3.2) is analogous to the inequality (9) of [6].

Proof. Recalling that K = (1/2) log |a|+2.542, Lemma 3.5 implies that for

any prime divisor p of n,

log
(
Bn/p

)
≤ h

(
n

p
P

)

≤ 2ĥ

(
n

p
P

)
+K = 2

(
n

p

)2

ĥ(P ) +K.(3.3)

The last equality is a property of the canonical height (see Theorem 9.3

of [10]). Combining (3.1) and (3.3), we obtain the lemma. �

Lemma 3.7. Let P ∈ Ea(Q) be a point of infinite order.

(a) Let x(P ) = uv2 with u ∈ Z square-free and v ∈ Q. If n is even, then

x(nP ) is a rational square. If n is odd, then x(nP ) = uw2 for some w ∈ Q.

(b) Suppose x(P ) = A1/B1 is a rational square. Writing x(2P ) = A2/B2

in lowest terms, we have ord2 (B2) > ord2 (B1).
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Proof. (a) Let Q∗ be the multiplicative group of non-zero rational numbers,

and let Q∗2 denote the subgroup of squares of elements of Q∗. We define a

map α from E(Q) to Q∗/Q∗2 by

α(O) = 1, α((0, 0)) = a,

α((x, y)) = s if x = st2 with s square-free,

where O is the zero element in E(Q). Then α is homomorphism (see p.85

[14]). Let x(P ) = uv2 with u ∈ Z square-free and v ∈ Q. Then

α(2P ) = α(P + P ) = α(P )2 = 1,

α(3P ) = α(2P + P ) = α(2P )α(P ) = u.

Using induction shows that if n is even, then α(nP ) = 1, and if n is odd

then α(nP ) = u. Therefore, if n is even, then x(nP ) is a rational square,

and if n is odd, then x(nP ) = uw2 for some w ∈ Q.

(b) Since x(P ) is a rational square, we can write P = (b21M
2/e2, b21MN/e3)

in lowest terms, where a = b21b2 with gcd(M,N) = gcd (e,N) = 1 (see [14],

p. 93).

Suppose a prime p divides both b1 and N . Since a is fourth power free,

we observe that p2‖b21. Since P ∈ Ea(Q), we can write N2 = b21M
4+b2e

4. As

gcd (e,N) = 1, it follows that p2|b2, therefore p
4 divides a, which contradicts

the assumption that a is fourth power free. Hence gcd (b1, N) = 1.

For any Q = (x, y), by the duplication formula, we have

x(2Q) =
(x2 − a)2

4y2
=

(2x3 − y2)
2

4x2y2
.

Applying that with the expression we just found for P we have, we obtain

x(2P ) =
(b21M

4 − b2e
4)

2

4M2N2e2
=

(2b21M
4 −N2)

2

4M2N2e2
.

If N is odd, then 2b21M
4 − N2 is odd and so ord2 (B2) > ord2 (e

2) =

ord2 (B1). If N is even, then b21M
4 is odd, since we saw that gcd (b1, N) =

gcd(M,N) = 1. Hence, 22|| (2b21M
4 −N2)

2
, but 23|4M2N2. So, in this case

too, ord2 (B2) > ord2 (e
2) = ord2 (B1). �

Lemma 3.8. Let P ∈ Ea(Q) be any point of infinite order. Let m and n

be positive integers and write x(mP ) = Am/Bm, x(nP ) = An/Bn in lowest

terms. If m is even, n is odd and x(P ) is a rational square or if m and n
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are both even with ord2(m) > ord2(n) > 0, then

(3.4) 0 < (AmBn − AnBm)
2 ≤ Bm+nB|m−n|.

Proof. Since P is of infinite order, x(mP ) 6= x(nP ) and hence AmBn −

AnBm 6= 0.

Assume that either m is even, n is odd and x(P ) is a rational square or

that m and n are both even with ord2(m) > ord2(n) > 0. Write

mP = (xm, ym) =

(
Am

Bm
,
Cm

B
3/2
m

)
, nP = (xn, yn) =

(
An

Bn
,
Cn

B
3/2
n

)

in lowest terms. By the addition formula on the curve Ea, we have

x(|m± n|P ) =

(
ym ∓ yn
xm − xn

)2

− xm − xn(3.5)

=

(
CmB

3/2
n ∓ CnB

3/2
m

)2

BmBn (AmBn −AnBm)
2 −

AmBn + AnBm

BmBn

.(3.6)

Substituting ym = x3
m + axm and yn = x3

n + axn into (3.5), we have

x((m+ n)P )x(|m− n|P )

=
((xm + xn) (xm + xn + a)− 2ymyn) ((xm + xn)(xm + xn + a) + 2ymyn)

(xm − xn)
4

=
(xm + xn)

2 (xm + xn + a)2 − 4 (x3
m + axm) (x

3
n + axn)

(xm − xn)
4

=
(xmxn − a)2

(xm − xn)
2 =

(AmAn − aBmBn)
2

(AmBn −AnBm)
2 .

Therefore, we have

(3.7) (AmBn − AnBm)
2Am+nA|m−n| = (AmAn − aBmBn)

2Bm+nB|m−n|.

So, to complete the proof, it suffices to prove that AmAn − aBmBn and

AmBn−AnBm are coprime, as this implies from (3.7) that if pk| (AmBn − AnBm)
2,

then pk|Bm+nB|m−n| as well.

Step 1: p = 2. Under the hypotheses of the lemma, we will prove that

2 ∤ gcd (AmAn − aBmBn, AmBn − AnBm).

Assume thatm is even and n is odd. Then B2|Bm and hence ord2 (Bm) ≥

ord2 (B2) and gcd (B2, Bn) = Bgcd(2,n) = B1, from Lemma 3.2. Hence,

by Lemma 3.7(b), ord2 (Bn) = ord2 (B1) < ord2 (B2) ≤ ord2 (Bm). If

Bn is odd, then Bm is even and so Am is odd, since Am and Bm are
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coprime. Therefore AmBn − AnBm is odd. If Bn is even, then Bm is

even and so AmAn is odd, and again AmAn − aBmBn is odd. Hence

2 ∤ gcd (AmAn − aBmBn, AmBn − AnBm).

Next assume that m and n are both even with ord2(m) > ord2(n) > 0.

From Lemma 3.7(a), x
(
2kP

)
is a square for k ≥ 1, so by Lemma 3.7(b)

applied to 2kP rather than P , we find that ord2 (B2k+1) > ord2 (B2k). Hence

ord2 (Bm) > ord2 (Bn). By the same argument as in the case when m is

even and n is odd, we obtain 2 ∤ gcd (AmAn − aBmBn, AmBn − AnBm).

Step 2: p, odd. Next we will prove, under the hypotheses of the lemma,

that AmAn−aBmBn and AmBn−AnBm have no common odd prime divisor.

The proof is by contradiction.

Suppose that AmAn − aBmBn and AmBn − AnBm have a common odd

prime divisor p. Then

AmAn − aBmBn ≡ 0 mod p(3.8)

AmBn − AnBm ≡ 0 mod p.(3.9)

If Bm ≡ 0 mod p, then, from (3.9), AmBn ≡ 0 mod p. Since Am and Bm

are coprime, we have Am 6≡ 0 mod p, therefore Bn ≡ 0 mod p. From (3.8)

we have AmAn ≡ 0 mod p, and since Am 6≡ 0 mod p, it follows that An ≡

0 mod p. But this contradicts our assumption that An and Bn are coprime.

Hence Bm 6≡ 0 mod p. By the same argument, we obtain Bn 6≡ 0 mod p.

Next from (3.8) and (3.9) we have

aB2
mBn ≡ AmAnBm ≡ A2

mBn mod p.

Since Bn 6≡ 0 mod p, we have aB2
m ≡ A2

m mod p. In the same way, we

obtain aB2
n ≡ A2

n mod p. Therefore,

C2
m ≡ A3

m + aAmB
2
m ≡ 2A3

m mod p(3.10)

C2
n ≡ A3

n + aAnB
2
n ≡ 2A3

n mod p.(3.11)

Since AmAn − aBmBn and AmBn − AnBm have a common odd prime

divisor p, from (3.6) it must be the case that

CmB
3/2
n − CnB

3/2
m ≡ CmB

3/2
n + CnB

3/2
m ≡ 0 mod p.

Therefore 2CmB
3/2
n ≡ 0 mod p. From Bn 6≡ 0 mod p, we have Cm ≡

0 mod p and then Cn ≡ 0 mod p. Hence from (3.10) and (3.11) we have

Am ≡ An ≡ 0 mod p. Since gcd (Am, Bm) = gcd (An, Bn) = 1, we have
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BmBn 6≡ 0 mod p, so from (3.8) a ≡ 0 mod p. It follows that Ea has

additive reduction at p and mP has bad reduction at p.

On the other hand, using Tate’s algorithm (see [13, Section IV.9]), we

determine that Ea has reduction type I0, III, I
∗
0 or III

∗. From the character-

isation of E(Q)/E0(Q) in Table 4.1 of [13, p. 365], we see that 2P has good

reduction at p. So mP has good reduction at p, since m is even. This is a

contradiction. Hence AmAn − aBmBn and AmBn−AnBm have no common

odd prime divisor.

It follows that 0 < (AmBn − AnBm)
2 ≤ Bm+nB|m−n|, as desired. �

4. Proof of Theorem 2.1

We are now ready to prove Theorem 2.1. Our proof is based upon ideas

found in [6].

4.1. Proof of part (a). Assume that either n > 1 is an odd integer and

x(P ) is a rational square or n is even.

If B2m(P ) does not have a primitive divisor, thenm ≤ 2 (see Theorem 1.2

of [18]). Hence we may assume that n is not a power of two, and write

n = 2eN , where e is a non-negative integer and N is an odd integer with

N ≥ 3.

Write N = 3k+ r with r = 0,±1, and put m = 2e(2k+ r) and m′ = 2ek.

Since N > 1, we have k > 0 and so m′ > 0 and m − m′ = 2e(k + r) > 0.

Also n = m+m′.

If r = ±1, then k is even and 2k + r is odd. If n is odd, then m

is odd and m′ is even. If n is even, then m and m′ are both even with

ord2 (m
′) > ord2(m) > 0.

If r = 0, then k is odd and 2k + r is even. If n is odd, then m is

even and m′ is odd. If n is even, then m and m′ are both even with

ord2 (m) > ord2(m
′) > 0.

In both cases, by Lemma 3.8, we have

(AmBm′ − Am′Bm)
2 ≤ Bm+m′Bm−m′ .

Taking the logarithm of both sides gives

(4.1) 2 log |AmBm′ −Am′Bm| ≤ log (Bn) + log (Bm−m′) .
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Assume that the term Bn does not have a primitive divisor. Then, by

Lemma 3.6, we have

(4.2) log (Bn) ≤ η(n) + 2n2ρ(n)ĥ(P ) + ω(n)K.

Lemma 3.5 gives

log (Bm−m′) ≤ h((m−m′)P )

≤ 2ĥ((m−m′)P ) +K = 2(m−m′)2ĥ(P ) +K.(4.3)

Combining (4.2) and (4.3) with (4.1) gives

2 log |AmBm′ − Am′Bm|

≤ η(n) + 2n2ρ(n)ĥ(P ) + ω(n)K + 2(m−m′)2ĥ(P ) +K.(4.4)

Lemma 3.7(a) implies that Am and Am′ are both squares, so we can write

Am = a2m, Am′ = a2m′ Bm = b2m and Bm′ = b2m′ . Thus

2 log |AmBm′ −Am′Bm| = 2 log
∣∣a2mb2m′ − a2m′b2m

∣∣

≥ 2 log (|ambm′ |+ |am′bm|)

≥ 2 log (|am|+ |bm|)

≥ 2 logmax{|am|, |bm|}

= h(mP ) ≥ 2ĥ(mP )− L,

recalling from Lemma 3.8 that AmBm′ − Am′Bm 6= 0. Note that the last

inequality is obtained by Lemma 3.5 and the definition of L in (2.2). Since

ĥ(mP ) = m2ĥ(P ), we have

2 log |AmBm′ − Am′Bm| ≥ 2m2ĥ(P )− L.

Combining this estimate and (4.4) gives

2m2ĥ(P )− L

≤ η(n) + 2n2ρ(n)ĥ(P ) + ω(n)K + 2(m−m′)2ĥ(P ) +K.

Substituting m = 2e(2N + r)/3 and m′ = 2e(N − r)/3 gives

η(n) + ω(n)K +K + L ≥ 2

(
1

3
−

r2

3N2
− ρ(n)

)
ĥ(P )n2

≥ 2

(
1

3
−

1

3N2
− ρ(n)

)
ĥ(P )n2.(4.5)
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4.2. Proof of part (b). Assume that n is a positive integer divisible by p

and x(P ) is a rational square, if n is odd. Write n = pk for some positive

integer k. Assume that Bn does not have a primitive divisor. Then by

Lemmas 3.6 and 3.8, we have

2 log
∣∣A(p+1)k/2B(p−1)k/2 − A(p−1)k/2B(p+1)k/2

∣∣

≤ log (Bn) + log (Bk) ≤ η(n) + 2n2ρ(n)ĥ(P ) + ω(n)K + log (Bk) .(4.6)

On the other hand,

2 log
∣∣A(p+1)k/2B(p−1)k/2 −A(p−1)k/2B(p+1)k/2

∣∣

= 2 log
∣∣a2(p+1)k/2b

2
(p−1)k/2 − a2(p−1)k/2b

2
(p+1)k/2

∣∣

= 2 log
∣∣∣∣a(p+1)k/2b(p−1)k/2

∣∣−
∣∣a(p−1)k/2b(p+1)k/2

∣∣∣∣

+2 log
(∣∣a(p+1)k/2b(p−1)k/2

∣∣ +
∣∣a(p−1)k/2b(p+1)k/2

)∣∣

≥ 2 log |bk|+ 2 log
(∣∣a(p+1)k/2

∣∣+
∣∣b(p+1)k/2

∣∣) since bk | b(p±1)k/2,

≥ log (Bk) + h([(p+ 1)k/2]P )

≥ log (Bk) + 2((p+ 1)k/2)2ĥ(P )− L.(4.7)

Combining (4.6) and (4.7) gives

2((p+ 1)k/2)2ĥ(P )− L ≤ η(n) + 2n2ρ(n)ĥ(P ) + ω(n)K.

Substituting k = n/p, we obtain

(4.8) 2

(
(p+ 1)2

4p2
− ρ(n)

)
ĥ(P )n2 ≤ η(n) + ω(n)K + L.

We have thus completed the proof of part (b).

4.3. Proof of part (c). Assume that n is a positive even integer divisible

by p. Write n = 2pk for some positive integer k. Assume that Bn does not

have a primitive divisor. Put m = (p + 1)k and m′ = (p − 1)k. Then by

Lemmas 3.6 and 3.8, we have

2 log |AmBm′ − Am′Bm| ≤ log (Bn) + log (Bm−m′)

≤ η(n) + 2n2ρ(n)ĥ(P ) + ω(n)K + log (B2k) .(4.9)
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On the other hand,

2 log |AmBm′ −Am′Bm|

= 2 log
∣∣a2mb2m′ − a2m′b2m

∣∣

= 2 log ||ambm′ | − |am′bm||+ 2 log (|ambm′ |+ |am′bm|)

≥ 2 log |b2k|+ 2 log (|ambm′ |+ |am′bm|) since b2k | bm and b2k | bm′ .

Since m′ is even, x(m′P ) is a rational square and hence x(m′P ) is non-

negative. If x(m′P ) = 0, then since x(m′P ) = (x(m′P )2 − a)
2
/ (2y(m′P ))2,

we must have y(m′P ) = 0. But if (x, 0) ∈ Ea(C), then [2](x, 0) = O, the

zero element. So x(m′P ) > 0, and therefore x(m′P ) ≥
√
|a| (this is the

place in the proof where we require a < 0). Hence Am′ ≥
√

|a|Bm′ .

Then

2 log (|ambm′ |+ |am′bm|) ≥ 2 log (|ambm′ |+ |bm′bm|)

≥ 2 log |bm′ |+ 2 log (|am|+ |bm|)

≥ log (Bm′) + h(mP ).

Thus we have

2 log |AmBm′ − Am′Bm| ≥ log (B2k) + log (Bm′) + h(mP ).

Now we can write (m′/2)P =
(
sU2/B, sUV/B3/2

)
in lowest terms, where

s|a and gcd(U, V ) = 1 (see [14], p. 93). By the duplication formula, we have

x (m′P ) =
(2sU4 − V 2)

2

4U2V 2B
.

Since gcd(U, V ) = 1, we have U2B|Bm′ , therefore

Bm′ ≥ |s|−1Am′/2Bm′/2 ≥ |s|−1max
{∣∣Am′/2

∣∣ ,
∣∣Bm′/2

∣∣} .

Hence

2 log |AmBm′ −Am′Bm|

≥ log (B2k) + h ((m′/2)P )− log |s|+ h(mP )

≥ log (B2k) + 2(m′/2)2ĥ(P ) + 2m2ĥ(P )− 2L− log |s|.(4.10)

Combining (4.9) and (4.10) gives

2 (m′/2)
2
ĥ(P ) + 2m2ĥ(P )− 2L− log |s| ≤ η(n) + 2n2ρ(n)ĥ(P ) + ω(n)K.
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Substituting m = n(1 + 1/p)/2 and m′ = n(1− 1/p)/2, we obtain

0 < 2

(
5p2 + 6p+ 5

16p2
− ρ(n)

)
ĥ(P )n2 ≤ η(n) + ω(n)K + 2L+ log |s|.

Part (c) follows, completing the proof of the Theorem. �

5. Proof of Corollary 2.3

To prove Corollary 2.3, we use Robin’s estimate for ω(n) (see Théorème

11 of [8]):

(5.1) ω(n) <
1.3841 log(n)

log log(n)
for all n ≥ 3.

Furthermore, we use the following estimate for ρ(n):

ρ(n) <
∑

p<106

p−2 +


ζ(2)−

∑

m≤106

m−2


 < 0.452248 + 0.000001

< 0.45225,(5.2)

where the first sum is over primes, p, and the second sum over positive

integers, m.

5.1. Proof of Corollary 2.3(a). Let P ∈ Ea(Q) be a point of infinite

order. Let n ≥ 3 be an odd integer, and assume that x(P ) is a rational

square. We will distinguish three cases.

Case 1. Assume that n is not divisible by 3 and 5. Then n ≥ 7 and

ρ(n) < 0.45225− 1/4− 1/9− 1/25 < 0.052. Here we apply Theorem 2.1(a),

so we have N = n and

2

(
1

3
−

1

3N2
− ρ(n)

)
> 0.549,

and the Corollary follows in this case.

Case 2. Assume that n is divisible by 3. Then ρ(n) < 0.45225− 1/4 <

0.203. Here we apply Theorem 2.1(b) with p = 3, so

2

(
(p+ 1)2

4p2
− ρ(n)

)
= 2

(
4

9
− ρ(n)

)
> 0.482,

and the Corollary follows in this case.
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Case 3. Assume that n is divisible by 5, but not by 3. Then ρ(n) <

0.45225− 1/4− 1/9 < 0.092. Here we apply Theorem 2.1(b) with p = 5, so

2

(
(p+ 1)2

4p2
− ρ(n)

)
= 2

(
9

25
− ρ(n)

)
> 0.536.

Therefore, the Corollary follows in this case too, completing the proof of

part (a).

5.2. Proof of Corollary 2.3(b). Let n be a positive even integer and

assume that Bn(P ) does not have a primitive divisor. If n is a power of

two, then n ≤ 4, so by excluding these values of n in the hypotheses of

the Corollary, we may assume here that n is not a power of two. We will

distinguish three cases.

Case 1. Assume that n is not divisible by 3 and 5. From (5.2), ρ(n) <

0.45225− 1/9− 1/25 < 0.302.

Here we apply Theorem 2.1(a) and write n = 2eN with e ≥ 1 and N ≥ 7

odd. In this way, we obtain

2

(
1

3
−

1

3N2
− ρ(n)

)
> 0.049,

and the Corollary follows in this case.

Case 2. Assume that n is divisible by 5, but not by 3. Then ρ(n) <

0.45225− 1/9 < 0.342. Here we apply Theorem 2.1(c) with p = 5, so

2

(
5p2 + 6p+ 5

16p2
− ρ(n)

)
= 2

(
2

5
− ρ(n)

)
> 0.116,

and the Corollary follows in this case.

Case 3. Assume that n is divisible by 3. Then ρ(n) < 0.45225. Here we

apply Theorem 2.1(c) with p = 3, so

2

(
5p2 + 6p+ 5

16p2
− ρ(n)

)
= 2

(
17

36
− ρ(n)

)
> 0.039,

and the Corollary follows in this case.

We have thus completed the proof. �

6. Proof of Proposition 2.5

The proof is similar to [2, Proposition 2.1]: based on the decomposition

of the canonical height into a sum of local canonical heights. The proof is
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slightly more complicated by the fact that in this case 2P does not always

have good reduction.

6.1. Archimedean Estimates. We will estimate the archimedean contri-

bution to the canonical height by using Tate’s series. In order to describe

Tate’s series for our curve Ea (see [11] or [19]), let

t(P ) = 1/x(P ), w(P ) = 4t(P ) + 4at(P )3, z(P ) = (−at(P )2 + 1)2,

where P ∈ Ea(R).

Then the archimedean local height of P ∈ Ea(R) is given by the series

λ̂∞(P ) =
1

2
log |x(P )|+

1

8

∞∑

k=0

4−k log |z(2kP )| −
1

12
log |∆a| .

Ea(R) has two components, and every point, (x, y), in the identity com-

ponent E0
a(R) satisfies x ≥

√
|a|. From Lemma 3.7(a), x(2P ) is a square

and hence x(2P ) is non-negative. If x(2P ) = 0, then since x(2P ) =

(x(P )2 − a)2/(2y(P ))2, we must have y(P ) = 0 (since x(P )2 − a = 0 has no

solution for x(P ) ∈ R). But if (x, 0) ∈ Ea(C), then [2](x, 0) = O, the zero

element). Hence x(2P ) > 0. Therefore, 2P , and 2kP for all k ≥ 1, is in

E0
a(R).

For any Q ∈ E0
a(R), we have

x(Q) ≥
√
|a|, 0 ≤ t(Q) ≤

1√
|a|

, 1 ≤ z(Q) ≤ 4.

Therefore, for every P ∈ Ea(R),

λ̂∞(P ) =
1

2
log |x(P )|+

1

8
log |z(P )|+

1

8

∞∑

k=1

4−kzk −
1

12
log |∆a| ,

where 0 ≤ zk ≤ log(4).

Using the definition of z(P ), we get

(6.1) 0 ≤ λ̂∞(P )−

(
1

4
log
(
x(P )2 − a

)
−

1

12
log |∆a|

)
≤

1

12
log(2).

6.2. Non-archimedean Estimates for v odd. Non-archimedean canon-

ical heights are computed using the algorithm presented in [11]. If v is an

odd prime number, then Tate’s algorithm (see [13], Section IV.9) can be

used to prove that Ea has reduction type:

• I0 at v when ordv(a) = 0;

• III at v when ordv(a) = 1;
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• I∗0 at v when ordv(a) = 2;

• III∗ at v when ordv(a) = 3;

From the characterisation of E(K)/E0(K) in Table 4.1 of [13] for these

reduction types, we see that 2P always has good reduction at v and we have

(6.2) λ̂v(2P ) =
1

2
max{0,−v(x(2P ))}+

v(∆a)

12
,

from Theorem 4.1 of [13, Chapter VI].

6.3. Non-archimedean Estimates for v = 2. For v = 2, Tate’s algo-

rithm shows that Ea has reduction type:

• II at 2 when a ≡ 1 mod 4;

• III at 2 when a ≡ 3 mod 4;

• III at 2 when ord2(a) = 1;

• I∗2 at 2 when a ≡ 12 mod 16;

• I∗3 at 2 when a ≡ 4 mod 16;

• III∗ at 2 when ord2(a) = 3;

Again, according to Table 4.1 of [13], we see that 2P has good reduction

unless the reduction type is I∗3 , which only happens for a ≡ 4 mod 16.

So for a 6≡ 4 mod 16, we can apply Theorem 4.1 of [13, Chapter VI]

again.

For a ≡ 4 mod 16, we appeal to the case of Kodiara type I∗m, m odd and

cv = 2 or 4 in the proof of Proposition 6 of [4]. Our 2P here must be of

order 2 in E (K2) (since 4P ∈ E0 (K2)) and hence it must equal P1 in their

proof of this case (namely, we are in the cv = 2 subcase). They calculate

that their λv (P1) = − log (qv) /nv. Since nv = 1 and qv = 2 here, their

λv (P1) = − log(2). As noted in Section 4 of [4] (see in particular, their

equation (11) there), their λv is twice the λv that we use here. Hence our

λv (P1) = − log(2)/2 and we must subtract log(2)/2 here.

So

λ̂v(2P ) =
1

2
max{0,−v(x(2P ))}+

v(∆a)

12

−

{
0 if a 6≡ 4 mod 16
1
2
log(2) if a ≡ 4 mod 16.

(6.3)

6.4. Conclusion. We compute the canonical height by summing local canon-

ical heights.
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Writing 2P = α/δ2 as a fraction in lowest terms and taking the sum of

(6.3) and (6.2) over all primes gives the exact formula

∑

v 6=∞

λ̂v(2P ) = log |δ|+
1

12
log |∆a| −

{
0 if a 6≡ 4 mod 16
1
2
log(2) if a ≡ 4 mod 16.

Adding this last equation to the lower bound (6.1) for λ̂∞(2P ), we obtain

ĥ(2P ) ≥
1

4
log |α2 − aδ4| −

{
0 if a 6≡ 4 mod 16
1
2
log(2) if a ≡ 4 mod 16.

Since 2P ∈ E0(R), α/δ2 ≥
√

|a| and therefore α2 − aδ4 ≥ |2a|δ4 ≥ |2a|.

This gives the lower bound

ĥ(2P ) ≥
1

4
log |2a| −

{
0 if a 6≡ 4 mod 16
1
2
log(2) if a ≡ 4 mod 16.

The proposition follows since ĥ(2P ) = 4ĥ(P ).

7. Proof of Theorem 2.6

7.1. n odd, n > 7. Let n be a positive odd integer and assume that x(P )

is a rational square. Assume that the term Bn(P ) does not have a primitive

divisor.

Part (a). Assume that a 6≡ 4 mod 16. From Proposition 2.5, we have

(7.1) ĥ(P ) ≥
1

16
log |2a|.

Assume further that a ≤ −5. Then

(7.2)
1

log |2a|
< 0.435,

K

log |2a|
< 1.454,

L

log |2a|
< 0.802.

Substituting (7.1) into Corollary 2.3(a) yields

0.482

(
1

16
log |2a|

)
n2 < 2 log(n) +

1.3841 log(n)

log log(n)
K +K + L.

Dividing both sides of this equation by log |2a| and substituting the

estimates (7.2) yields

0.030n2 < 0.870 log(n) + 1.454
1.3841 log(n)

log log(n)
+ 2.256

< log(n)

(
0.870 +

2.013

log log(n)

)
+ 2.256.

Using this inequality, we obtain the bound n < 18.6, so n ≤ 17.
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We will next give the better bounds by using the inequalities of Theo-

rem 2.1(b).

If n is odd and divisible by p, then, by Theorem 2.1(b), (7.1) and (7.2),

0 <
1

8

(
(p+ 1)2

4p2
− ρ(n)

)
n2 ≤

η(n) + ω(n)K + L

log |2a|

< 0.435η(n) + 1.454ω(n) + 0.802.

Using this inequality, we can eliminate n = 9, 11, 13, 15 and 17 (with

p = 3, 11, 13, 3 and 17, respectively) for a ≤ −5.

Next assume −5 < a < 0. Using PARI, we find that such Ea have rank

one for a = −2 and rank zero otherwise. If a = −2, then P = (−1, 1) is a

generator for Ea(Q). However, for n odd, we require that x(P ) is a rational

square. All such elements of Ea(Q) are generated by 2P = (9/4, 21/8) and

the torsion element of Ea(Q) (its torsion subgroup is of order 2).

Substituting a = −2 and ĥ(2P ) = 2.4348 . . . into the inequality in Corol-

lary 2.3(a), we find that K = 2.889, L = 1.387 and

1.173n2 <

(
2 +

4

log log(n)

)
log(n) + 4.276.

Using this inequality, we find that if a = −2, then n ≤ 3.

Part (b). Assume that a ≡ 4 mod 16. From Proposition 2.5, we have

(7.3) ĥ(P ) ≥
1

16
log |a/2|.

We first assume that a ≤ −44. Hence

(7.4)
1

log |a/2|
< 0.324,

K

log |a/2|
< 1.435,

L

log |a/2|
< 0.949.

Using the same argument as above, from Corollary 2.3(a) we have

0.03n2 <

(
0.648 +

1.987

log log(n)

)
log(n) + 2.384.

Using this inequality, we obtain the bound n < 17.95, so n ≤ 17.

Moreover, from Theorem 2.1(b), (7.3) and (7.4), we have

1

8

(
(p+ 1)2

4p2
− ρ(n)

)
n2 < 0.324η(n) + 1.435ω(n) + 0.949.

Using this inequality, we obtain n ≤ 7 for a ≤ −44.

Now consider the remaining cases with −44 < a < 0. We find that such

Ea have rank one for a = −12 and rank zero for a = −28.
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For a = −12, using PARI, we found that P = (−2,−4) is a generator of

Ea(Q). As above, we need to consider 2P = (4,−4) and ĥ(2P ) = 1.0023 . . ..

In the same way as in the case of a 6≡ 4 mod 16, first using the inequality in

Corollary 2.3(a) and then using the inequality in Theorem 2.1(b), we obtain

n ≤ 7 for a = −12, completing the proof of part (a) here.

7.2. n even, n > 22. Let n be a positive even integer and not a power of

two. Assume that Bn(P ) does not have a primitive divisor.

Part (a). Assume that a 6≡ 4 mod 16.

Suppose that a ≤ −12. Then

(7.5)
1

log |2a|
< 0.315,

K

log |2a|
< 1.191,

L

log |2a|
< 0.719.

By the same argument as above, substituting the estimates (7.1) and

(7.5) into the inequality of Corollary 2.3(b) implies that

0.002n2 <

(
0.63 +

1.649

log log(n)

)
log(n) + 2.22.

Using this inequality, we obtain the bound n < 69.8, so n ≤ 68.

We will next give better bounds. If n is even, we obtain

0 <
1

8

(
5p2 + 6p+ 5

16p2
− ρ(n)

)
n2 ≤

η(n) + ω(n)K + 2L+ log |a|

log |2a|

≤ 0.315η(n) + 1.191ω(n) + 2.22,

from Theorem 2.1(c), (7.1) and (7.5). Using this inequality, we find that if

a ≤ −12, then n ≤ 22, excluding n = 8 and n = 16.

Next assume −12 < a < 0. We find that such Ea have rank one for

a = −2, −5, −6, −7 and −10, and rank zero otherwise. The generators for

Ea(Q) with rank one and their canonical heights are as follows:

a P ĥ(P ) a P ĥ(P )
−2 (−1,−1) 0.6087 . . . −7 (4,−6) 1.6342 . . .
−5 (−1,−2) 0.6355 . . . −10 (−1,−3) 1.2815 . . .
−6 (−2,−2) 0.8442 . . .

Let a = −2. Substituting a = −2 and ĥ(P ) = 0.6087 . . . into the

inequality in Corollary 2.3(b), we have

0.023n2 <

(
2 +

4

log log(n)

)
log(n) + 3.467,

since K < 2.889 and L < 1.387.
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Using this inequality, we obtain the bound n < 30.6 and hence n ≤ 30.

Next substituting a = −2 and ĥ(P ) = 0.6087 . . . into the inequality in

Theorem 2.1(c), we obtain

1.217

(
5p2 + 6p+ 5

16p2
− ρ(n)

)
n2 < η(n) + 2.889ω(n) + 3.467.

Using this inequality, we can eliminate n = 24, 26, 28 and 30.

By the same argument, we can show that n ≤ 22 for a = −5, −6, −7

and −10 as well.

Hence n ≤ 22, excluding 8 and 16.

Part (b). Assume that a ≡ 4 mod 16.

Suppose that a ≤ −140. Then

(7.6)
1

log |a/2|
< 0.236,

K

log |a/2|
< 1.18,

L

log |a/2|
< 0.827.

From Corollary 2.3(b), we have

0.002n2 <

(
0.472 +

1.634

log log(n)

)
log(n) + 2.818.

By using this inequality, we obtain the bound n < 69.94, so n ≤ 68.

Moreover, from Theorem 2.1(c), (7.3) and (7.6), we have

1

8

(
5p2 + 6p+ 5

16p2
− ρ(n)

)
n2 < 0.236η(n) + 1.18ω(n) + 2.818.

Using this inequality, we obtain n ≤ 22, excluding n = 8 and n = 16, for

a ≤ −140.

Now assume that −140 < a < 0. We find that such Ea have rank one

for a = −12, −60, −76 and −124 and rank zero for a = −28, −44, −92 and

−108. The generators for Ea(Q) with rank one and their canonical heights

are as follows:

a P ĥ(P ) a P ĥ(P )
−12 (−2,−4) 0.2505 . . . −76 (2,−12) 1.0493 . . .
−60 (−6,−12) 0.5673 . . . −124 (18, 60) 1.9118 . . .

Using the same argument as in the case of a 6≡ 4 mod 16, we obtain

n ≤ 22, excluding n = 8 and n = 16, for these values of a, completing the

proof. �
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7.3. 4 ≤ n < 22. In this subsection and the following one, we use the ideas

and results in [7] to conclude the proof of Theorem 2.6.

In fact, Ingram has proven that there are no solutions for n = 5, 6, 7,

10, 12 (since there are none for n = 6), 14, 18 and 20 (since there are none

for n = 10). So it only remains to consider n = 22.

7.4. n = 22. In Ingram’s notation, we find that Ψ22(X, Y ) is of degree 90

and reducible. It has two irreducible factors over Q[X, Y ]. There is one

of degree 30 and another of degree 60. Let us call these irreducible forms,

F22,1(X, Y ) and F22,2(X, Y ), respectively.

Using Maple, we see that if 2|F22,1(X, Y ), then X + Y ≡ 0 mod 2. So in

this case, we put Y = 2Y1−X and find that if 2|F22,1(X, Y ), then 230 must

divide F22,1(X, Y ) (since 230 divides all the coefficients of F22,1(X, 2Y1−X)

expanded as a polynomial in X and Y1).

Writing F22,1 (X, 2Y1 −X) /22 = F22,1,1(X, Y1), we find that F22,1,1 (X, Y1) ≡

(X + Y1)
30 mod 2. Hence, if 231|F22,1(X, Y ), then Y1 = 2Y2−X and, in fact,

again by considering the content, 245 must divide F22,1(X, Y ).

Writing F22,1,1(X, 2Y2−X)/215 = F22,1,2 (X, Y2), we find that F22,1,2(X, Y2) ≡

X30 mod 2. And if 246|F22,1(X, Y ), then X = 2X1. This means that 2|X

and 2|Y , but we are assuming that gcd(X, Y ) = 1.

Hence F22,1(X, Y ) = ±2α11β where α = 0, 30, 45. Similarly, F22,2(X, Y ) =

±2α11β where α = 0, 60, 90.

Again, using Maple, we see that if 11|F22,1(X, Y ), then Y = 11Y1. Per-

forming this substitution, we find that the resulting polynomial has 11

as its content. Writing F22,1(X, 11Y1)/11 = F22,1,1(X, Y1), we find that

F22,1,1(X, Y1) ≡ X30 mod 11. Hence, if 112|F22,1(X, Y ), then 11| gcd(X, Y ),

which is not possible.

Hence F22,1(X, Y ) = ±2α11β where α = 0, 30, 45 and β = 0, 1. Similarly,

F22,2(X, Y ) = ±2α11β where α = 0, 60, 90 and β = 0, 1.

Using the gcdex command in Maple for each possible combination of

values of F22,1(X, Y ) and F22,2(X, Y ) to eliminate a variable and then search

for rational roots of the resulting single-variable polynomials, we find no

non-trivial solutions that lead to elliptic divisibility sequences whose 22-nd

element has no primitive divisor.

An alternative proof is possible by observing that for a 6≡ 4 mod 16, a <

−46 and for a ≡ 4 mod 16, a < −956, the inequalities in Section 7.2 hold.
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Hence we need only solve F22,1(X, Y ) = ±2α11β for X where α = 0, 30, 45,

β = 0, 1 and −956 ≤ a < 0.

This completes the proof.
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