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Bandwidth selection in kernel density estimation: oracle
inequalities and adaptive minimax optimality

Alexander Goldenshluger® Oleg Lepski'

Abstract

We address the problem of density estimation with L,-loss by selection of kernel
estimators. We develop a selection procedure and derive corresponiding L, —risk oracle
inequalities. It is shown that the proposed selection rule leads to the minimax estimator
that is adaptive over a scale of the anisotropic Nikol’ski classes. The main technical
tools used in our derivations are uniform bounds on the IL,,-norms of empirical processes
developed recently in Goldenshluger and Lepski (2010).
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1 Introduction

Let X be a random variable in R? having density f with respect to the Lebesgue measure.
We want to estimate f on the basis of the i.i.d. sample X, = (X1,...,X,,) drawn from f.
By an estimator f we mean any measurable real function f (t) = f (Xp;t), t € RL Accuracy
of an estimator f is measured by the L,—risk:

1/q
) s 6 [1700)7 q 2 17

Rolf, 1] = [EglF = F]
where E ¢ is the expectation with respect to the probability measure Py of the observations
X,,. The objective is to develop an estimator of f with small Lgrisk.

Kernel density estimates originate in Rosenblatt (1956) and Parzen (1962); this is one
of the most popular techniques for estimating densities [Silverman (1986), Devroye and
Gyérfi (1985)]. Let K : R? — R be a fixed function such that [ K(z)dz =1 (we call such
functions kernels). Given a bandwidth vector h = (hq,...,hg), h; > 0, the kernel estimator
fh of f is defined by

filt) = %ZK(t‘hXﬁ = LS Kt - X0, (1)
i=1 i=1
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where V), = Hle hi, u/v for u,v € R? stands for the coordinate-wise division, and
Kp(+) = Vh_lK (-/h). Tt is well-known that accuracy properties of f, are determined
by the choice of the bandwidth A, and bandwidth selection is the central problem in kernel
density estimation. There are different approaches to the problem of bandwidth selection.
The minimax approach is based on the assumption that f belongs to a given class of
densities F, and accuracy of fh is measured by its maximal Lg—risk over the class [F,

Rl fn: F] := sup R[fn; f].

feF

Typically F is a class of smooth functions, e.g., the Holder functional class. Then the
bandwidth h is selected so that the maximal risk Rs[ fh; F] (or a reasonable upper bound
on it) is minimized with respect to h. Such a choice leads to a deterministic bandwidth h
depending on the sample size n, and on the underlying functional class [F. In many cases the
resulting kernel estimator constructed in this way is rate optimal (or optimal in order) over
the class F. The minimax kernel density estimation with L, risks on R? was considered
in Bretagnolle and Huber (1979), Ibragimov and Khasminskii (1980, 1981), Devroye and
Gyorfi (1985), Hasminskii and Ibragimov (1990), Donoho et al. (1996), Kerkyacharian,
Picard and Tribouley (1996), Juditsky and Lambert—Lacroix (2004), and Mason (2009)
where further references can be found.

The oracle approach considers a set of kernel estimators F(H) = { fh, h € H}, and aims
at a measurable data-driven choice h € H such that for every f from a large functional
class the following L¢-risk oracle inequality holds

Rslfi; f1<C jnf Rl fni f]+ On. (2)

Here C' is a constant independent of f and n, and the remainder d,, does not depend on
f. Oracle inequalities with ”small” remainder term 9, and constant C' close to one are of
prime interest; they are key tools for establishing minimax and adaptive minimax results
in estimation problems. To the best of our knowledge, oracle inequalities of the type (2I)
were established only in the cases s = 1 and s = 2. Devroye and Lugosi (1996, 1997, 2001)
established oracle inequalities for s = 1. The case s = 2 was studied by Massart (2007,
Chapter 7), Samarov and Tsybakov (2007), Rigollet and Tsybakov (2007) and Birgé (2008).
The last cited paper contains a detailed discussion of recent developments in this area.

The contribution of this paper is two—fold. First, we propose a selection procedure
for a set of kernel estimators, and establish the corresponding Ls—risk, s € [1,00), oracle
inequalies of the type ([2]). Second, we demonstrate that our selection rule leads to a minimax
adaptive estimator over a scale of the anisotropic Nikolski’s classes (see Section [ below for
the class definition).

More specifically, let h™ = (hrlnm, e ,hglax) and pMe* = (hrlnax, e ,hzlnax) be two fixed
vectors satisfying 0 < h;™" < AP <1, Vi, and let

d
Y = ® hmm hmax ] (3)
i=1

Consider the set of kernel estimators

F(H) = {fn,h € H}, (4)



where fh is given in (). We propose a measurable choice h € H such that the resulting
estimator f = f; satisfies the following oracle inequality

Rolfyid] < jnf {1+ 81K Rulfai £+ CulnVi) ™ | + 61 (5)

The constants Cs, s, and the remainder term d, ; admit different expressions depending
on the value of s.

e If s € [1,2) then (@) holds for all densities f with vs =1 — %, Cs depending on the
kernel K only, and with

Ons =ci(In n)n'/% exp {- 03n2/s_1}
for some constants ¢;, i = 1,2, 3.

o If s € [2,00) then (@) holds for all densities f uniformly bounded by a constant fs,
with v = %, (s depending on K and f, only, and with

1/2 exp { - C3V_2/S}a Vmax = thax,

Ons = c1(Inn)?n s

for some constants ¢;, i = 1,2,3. We emphasize that the proposed selection rule is
fully data-driven and does not use information on the value of f...

Thus the oracle inequality (Bl) holds with negligibly small (in terms of dependence on
n) remander 0, s (by choice of Viax in the case s € [2,00)). We stress that explicit non—
asymptotic expressions for Cs, ¢1, ¢o and cg are available. It is important to realize that the
term Cy(nVy,) ™7 is a tight upper bound on the stochastic error of the kernel estimator fh.
This fact allows to derive rate optimal estimators that adapt to unknown smoothness of the
density f. In particular, in Section [B] we apply our oracle inequalities in order to develop
a rate optimal adaptive kernel estimator for the anisotropic Nikol’ski classes. Minimax
estimation of densities from such classes was studied in Ibragimov and Khasminskii (1981),
while the problem of adaptive estimation was not considered in the literature.

The paper is structured as follows. In Section 2] we define our selection rule and prove
key oracle inequalities. Section [B] discusses adaptive rate optimal estimation of densitites
for a scale of anisotropic Nikol’skii classes. Proofs of all results are given in Section Hl

2 Selection rule and oracle inequalities

Let F(H) be the set of kernel density estimators defined in ({l). We want to select an
estimator from the family F(#). For this purpose we need to impose some assumptions
and establish notation that will be used in definition of our selection procedure.
2.1 Assumptions
The following assumptions on the kernel K will be used throughout the paper.
(K1) The kernel K satisfies the Lipschitz condition

K (z) = K(y)| < Li|lz —yl, Va,yeR%

where |- | denotes the Euclidean distance. Moreover, K is compactly supported, and,
without loss of generality, supp(K) C [~1/2,1/2]¢.



(K2) There exists a real number ko, < 0o such that ||K|lco < keo-

Assumptions (K1) and (K2) are rather standard in kernel density estimation. We note
that Assumption (K1) can be weaken in several ways. For example, it suffices to assume
that K belongs to the isotropic Holder ball of functions Hy(a, Lx) with any o > 0 (in
Assumption (K1) o =1).

Sometimes we will suppose that f € F, where

F.= {p:]Rd—HR:sz,/pzl, Hp|]00§foo<oo},
and f, is a fixed constant. Without loss of generality we assume that foo > 1.

2.2 Notation
For any U : R? — R and s € [1,00) define
A5 (U, s €11,2),
ps(U) = —1/2
w2 Ul, s=2,

and if s € (2,00) then we set

pe(U) = {n/( / [ / U2<t—:v>f<x>dwr/2dt>l/s+2n1/s—1||Uus},

where c¢; := 15s/In s is the best known constant in the Rosenthal inequality (Johnson,
Schechtman and Zinn 1985). Observe that ps(U) depends on f when s € (2,00); hence we
will also consider the empirical counterpart of ps(U):

n s/2 1/s
ps(U) = cs{n_1/2</FZU2(t—Xi)] dt) +2n1/s_1HUH8}.
n
=1

We put also
rs(U) = ps(U) V0 2|U 2, #5(U) = ps(U) V0~ 2|U |2,

and
32ps(U), s€ll,2),

gs(U) :== %pg(U), s=2,
32rs(U), s> 2.

Armed with this notation we are ready to describe our selection rule.

2.3 Selection rule

The rule is based on auxiliary estimators { fh,n, h,n € H} that are defined as follows: for
every pair h,n € ‘H we let

Fun®) = = S (Ko Ko = X,
i=1



where * stands for the convolution on R%. Define also

ms(h,n) := gs(Kp) + gs(Kp * Ky), Vh,neH,

mi(h) == supms(n,h), Vh € H. (6)
neH
For every h € H let
Ry = o [Hfhm—ans—ms(h,??)]Jr—FmZ(h). (7)
ne

Then the selected bandwidth & and the corresponding kernel density estimator are defined
by
h = arg f}l&f{ Ry, f=f; (8)

The selection rule (@)—(8) is a refinement of the one introduced recently in Goldenshluger
and Lepski (2008, 2009) for the Gaussian white noise model.

Remarks.

1. Tt is easy to check that Assumption (K1) implies that Ry, and m*(h) are continuous
random functions on the compact subset H C R?. Thus, h exists and measurable (Jennrich
1969).

2. We call function my(-,-) the majorant. In fact, if , and &, denote the stochastic
errors of estimators fh and fhm respectively, i.e., if

&n(t) = %Z[Kh(t—Xi)—Eth(t—X)],
=1

Enn(t) = %Z{[Kh*Kn](t—Xi)—Ef[Kh*Kn](t—X)},
i=1

then it is seen from the proof of Theorems [l and 2] below that ms(h,n) uniformly “majo-
rates” [|{n,,—Enlls in the sense that the expectation Ef sup(p, n)epxu [11€n.n—Enlls—ms (R, 77)](_11_
is “small.”

3. It is important to realize that majorant mg(h,n) does not depend on the density f to
be estimated. The majorant is completely determined by kernel K and observations, and
thus it is available to the statistician.

2.4 Oracle inequalities

Now we are in a position to establish oracle inequalities on the risk of the estimator f = fﬁ
given by ([@)—-@&)). Put

d

Az =TT [V In (B /h™)], By o= [1V10gy (Vinax/ Vanin) ]
i=1

where from now on
d d
. min o max
Vin == [ [ 2™, Vinax == [ [ "™
i1 i=1

The next two statements, Theorem Ml and Theorem 2] provide oracle inequalities on the
Lg-risk of f in the cases s € [1,2] and s € (2,00) respectively.



Theorem 1. Let Assumptions (K1) and (K2) hold.
(i) If s € [1,2) then for all f and n > 4%/(s=2)

Rilfif] < gnf [(1 + 3||K|1)Rs[fn, f] +Cl(th)1/s_1]
eH

2/s—1
2n37q }

—i—CA/q /exp{—

(ii) If s = 2 and 2 Vipax + 4012 < 1/8 then for all f € F

Rolfif) < inf [(1+ 31K R £+ Conti) 2]
€EH

1
C4 Ay 2 - . (10

Here C1 and C5 are absolute constants, while Cy and Cy depend on Ly, koo, d and q only.

Theorem 2. Let Assumptions (K1) and (K2) hold, f € F, s € (2,00), and assume that
for some C; = C1(K,s,d) > 1

nvmin > Cla Vmax Z 1/\/ﬁ

If n > Cy for some constant Co depending on Ly, Koo, oo, d, and s only, then

Rolfif] < inf [(L+ 31K IR £+ Cofl(nVa) 2]
+ C4A;1_L/qB71{/qn1/2 [exp{—C5bn78} + exp{ — Cef 1Vr;a2X/SH, (11)

where by, ¢ 1= nts1if s € (2,4), and b, s = [me£éi]_1 if s > 4. The constants Cj,
i1=3,...,6 depend on Lk, ks, d, g and s only.

Remarks.
1. All constants appearing in Theorems [[] and [2] can be expressed explicitly [see Lem-
mas[land 2 below and corresponding results in Goldenshluger and Lepski (2010) for details].
2. We will show that for given h the expected value of the stochastic error of the
estimator fj, ie. (E|]§hHg)1/q, admits the upper bound of the order O((nV;)Y*~!) when
€ [1,2), and O((nV})~'/2) when s € (2,00). It is also obvious, that

Rslfusi f1 < IIBulls + Egllénl$),

where By (f,t) = [ Kp(t —z)f(z)dx — f(t), t € R% Thus, our estimator attains, up to a
constant and remmder term, the minimum of the sum of the bias and the upper bound on
the stochastic error. This form of the oracle inequality is convenient for deriving minimax
and minimax adaptive results [see Section B]. Indeed, bounds on the bias and the stochastic
error are usually developed separately and require completely different techniques.

3. We note that Ay, < O([Inn]?) and By < O(Inn) for any set H C [0,1]¢ such that
RN > O(n=¢), ¢>0,Vi=1,...,d. If s € (2,00), and if the set of considered bandwidths
H is such that Vijax = [5In n]_s/ 2 for some s > 0 then the second term on the right hand
side of (I0)) and (II) can be made negligibly small by choice of constant s». Observe that



conditions ensuring consistency of fh are nV, — oo and Vj, — 0 as n — oo; thus the
requirement Viyax = [221nn]7%/2 is not restrictive. Note also that in the case s € [1,2) the
second term on the right hand side of (@) is exponentially small in n for any H.

4. The condition Vipax > 1/4/n is imposed only for the sake of convenience in presen-
tation of our results. Clearly, we would like to have the set H as large as possible; hence
consideration of vectors h™** such that Vipax = Vimax < 1/4/n has no much sense.

5. It should be also mentioned that if for s € [1,2) we impose additional conditions
on f [e.g., such as the domination condition in Donoho et al. (1996, p. 514)], then the
order of stochastic error of f, can be improved to O((nV4)~Y2). It is well-known that
smoothness condition alone is not sufficient for consistent density estimation on R% with
L;-losses (Ibragimov and Khasminskii 1981).

2.5 L,—risk oracle inequalities

As it was mentioned above, the oracle inequalities of Theorems [Il and [ are useful for
derivation of adaptive rate optimal estimators. Moreover, they are established under very
mild assumptions on the density f. However, traditionally oracle inequalities compare the
risk of a proposed estimator to the risk of the best estimator in the given family, cf. (2]).
The natural question is whether an Ls—risk oracle inequality of the type (2] can be derived
from the results of Theorems[land[2l In this section we provide an answer to this question.
We will be mostly interested in finding minimal assumptions on the underlying density f
that are sufficient for establishing the IL,—risk oracle inequality. It will be shown that this
problem is directly related to establishing a lower bound on the term (E f||£h||g)1/ 7,

Let € (0,1) and v > 0 be fixed real numbers. Denote by F,, , the set of all probability
densities p satisfying the following condition:

3B e B(RY) : mes(B) <v, /pz,u.
B

Here B(RY) is the Borel o-algebra on R?, and mes(-) is the Lebesgue measure on R?.

Below we will assume that f € F,, for some pu and v. This condition is very weak.
For example, if F is a set of densitites such that either (i) F is a totally bounded subset
of L1(R%); or (ii) the family of probability measures {Pf, f € F} is tight, then for any
i € (0,1) there exists 0 < v < oo such that 7 C F,,. The statement (i) is a consequence
of the Kolmogorov-Riesz compactness theorem.

Theorem 3. Let s € [2,00) and suppose that assumptions of Theorem[1(ii) and Theorem[2
are fulfilled. If s > 2 then assume additionally that f € F, , for some p and v, and

_ K2 2
Vi < 271 {”—} .

If n > Cy = C1(Lk, koo, oo, d, 8) then there exist a constant Cy > 0 (Co = Cy(K) if s = 2,
and Cy = Co(K, p, v, s) if s > 2) such that

Rlfif] < Co jnf Ry[fs f]

+ 0214;1{‘1371{/‘1”1/2 [exp{—Cgbms} + exp { — C’4f_1V_2/SH ,

[e.9] max

where by, ¢ := ntslifs e (2,4), and b, s == [fooVIﬁéf(]_l if s > 4. The constants C; depend
on Li, kso, d, q and s only.



The proof indicates that Theorem [ follows from the fact that for any s € [2,00) one
has
[Egllénll?] Y > e(nVi)~"/?, vh, (12)

where ¢ > 0 is a constant. This lower bound holds under very weak conditions on the
density f (for arbitrary fis s =2 and f € F,, if s > 2). In order to prove the similar L,
risk oracle inequality in the case s € [1,2) it would be sufficient to show that [E ;|| ]|4]'/¢ >
c(th)_Hl/ % for any h. However, the last lower bound cannot hold in such generality as
(). In particular, according to remark 5 after Theorem @] [E ;||&,]|4Y/9 < c(nV},) /2 for all
h under a tail domination condition (e.g., for compactly supported densities). Under such a
domination condition the corresponding L —risk oracle inequality can be easily established
using the same arguments as in the proof of Theorem [3

3 Adaptive estimation of densities with anisotropic smooth-
ness

In this section we illustrate the use of oracle inequalities of Theorems [l and 2] for derivation
of adaptive rate optimal density estimators.
We start with the definition of the anisotropic Nikol’skii class of functions.

Definition 1. Let o = (v, ...,aq), a; > 0 and L > 0. We say that density f : R* — R
belongs to the anisotropic Nikol’ski class N 4(o, L) of functions if

(i) ||DimiJf||s < L, foralli=1,...,d;
(ii) for alli=1,...,d, and all z € R}

1/s
{/|DiLaiJf(t1,...,ti—i—z,...,td)—DiLaiJf(tl,...,ti,...,td)fdt} < L|z|i Lol

Here fo denotes the kth order partial derivative of f with respect to the variable t;, and
lavi | is the largest integer strictly less than «;.

The functional classes Ny 4(cv, L) were considered in approximation theory by Nikol’skii;
see, e.g., Nikol’skii (1969). Minimax estimation of densities from the class Ny 4(cv, L) was
considered in Ibragimov and Khasminskii (1981). We refer also to Kerkyacharian, Lepski
and Picard (2001) where the problem of adaptive estimation over a scale of classes N 4(cv, L)
was treated for the Gaussian white noise model.

Consider the following family of kernel estyimators. Let u be an integrable, compactly
supported function on R such that f u(y)dy = 1. As in Kerkyacharian, Lepski and Picard
(2001), for some integer number [ we put

w(y) == kZi: <]i> (_1)k+1%u<%),

1

and define .
K@) :=[Jw(t), t=(t1,... ta). (13)
i=1



The kernel K constructed in this way is bounded and compactly supported, and it is easily
verified that

/K(t)dt =1, /K(t)tkdt =0, Vk[=1,...,1—1,

where k = (ki,...,kg) is the multi-index, k; > 0, |k| = ky +--- + kg, and tF = t]fl e tfld for
t=(t1,... ta).
For fixed o = (aq,...,aq) let & be defined by the relation 1/a = Z?Zl(l/ozi). Define

also
1-1/s, se(1,2],
1/2, s € (2,00).
Theorem 4. Let F(H) be the family of kernel estimators defined in (), (3) and {J)) that
is associated with the kernel (I3). Let f denote the estimator given by selection according
to our rule [@)—(8) from the family F(H).

(i) Let s € (1,2), and assume that K™ = 1/n and h"™ =1, Vi = 1,...,d. Then for

any class Ny 4(a, L) such that max;—; _g4|la;| <1—1, L >0 one has

lim sup {[tpn,s(@)]_l Rl f; Ns,d(a,L)]} < C < 0.

na(@) = L0/ @) =/ @) {

n—o0
(i) Let s € [2,00), and assume that h™™ = ¢ /n and BP™ = [pInn]~%/Cd) Vi =
1,...,d for some constants s and »o. Then for any class Ngq(o, L) such that

max;—1, qlei] <1—1, L >0 one has

lim sup {[tpn,s(@)]_l Rl f; Ns,d(a,L)]} < C < 0.

n—o0

It is well-known that ¢, ¢(@) is the minimax rate of convergence in estimation of densi-
tites from the class N g(a, L) [see Ibragimov and Khasminskii (1981) and Hasminskii and
Ibragimov (1990)]. Therefore Theorem H shows that our estimator f is adaptive minimax
over a scale of the classes Ny 4(cr, L).

4 Proofs

First we recall that accuracy of estimators fh and fh,m h,n € H is characterized by the
bias and stochastic error given by

Bu(f,t) == / Kt — 2)f(x)dz — £(),

En(t) = % En: [EKn(t — Xi) — EfKp(t — X)],
and -
Brglfit) =[x K)(t = ) f(a)da ~ 10,
Galt) = 23 {[Ks K - Xo) — Byl K- X))
respectively. .

The proofs extensively use results from Goldenshluger and Lepski (2010); in what follows
for the sake of brevity we refer to this paper as GL (2010).



4.1 Auxiliary results

We start with two auxiliary lemmas that establish probability and moment bounds on
Ls—mnorms of the processes &, and ¢ ,,. Proofs of these results are given in Appendix.

Lemma 1. Let Assumptions (K1) and (K2) hold.

(i) If s € [1,2) then for all n > 4>/~ one has

1/q 2n2/s 1
_ < 50 . 2/q 1/s _
{E; sup ligals 32,08(Kh)} P ol = A intexp { 7 b4
q\1/q
{Br sup [llgnalls — 320080 < )|} < o)
(h,n)EH XH +
2/s—1
— 4/a. 1/ _2n
= (A exp{ 374 } (15)
(ii) Let f € F, and assume that 8[f2 Vinax +4n~2] < 1; then for all f € F one has
25 qy1/q (1)
E — —p2(K <
{ fsgg[H&M2 5 P2( hﬂ+} < 02
_ 2/q 1/2 _ 1
C3A%"n exp{ 16g[Voel2. + 40 172] }7 (16)
25 q\1/q
(B swp [lnallz = Soatrn s k)] T < o)
(h)EHXH +
. 4/q 1/2 _ 1
= C4Ay " n exp{ 16012 Voo & An—172] } (17)

The constants C;, 1 = 1,...,4 depend on Lk, koo, d and q only.

Lemma 2. Let Assumptions (K1) and (K2) hold, f € F, s > 2, and assume that
n > 01, anin > 02, Vmax > 1/\/5
Then the following statements hold:
N 7\1/q 1)
{Ersup [lenlls - 327,(K0)] "} < o)
heH +
= CgAg_l/qB;{/qnlmexp{ —i}, (18)

) ay1/q
{Br sup  [Iunlle =327 (Knx )]} < 62
(h,n)EHXH +

CA4/qB1/q /exp{— Ce } (19)

10



In addition, for any Hy C H and Hy CH

Ef sup [Fs(Kp)|?7 < (14 8c4)? sup [re(Kp))?
heH; heHy

+ C7A,2;_l BH n‘](s_2)/(25) exp { —_ CSbTL,S}7 (20)

Ef sup  [Ps(Kp x Kp)]? < (1+8c,)? sup  [rs(Kp = Kp)]?
(h,n)EH1 X H> (h,n)EH1 X H>

+ CQA% BH nQ(S_2)/(28) exp{ — ClObW/,S}? (21)

where by s == nY*"1if s € (2,4), and by == [fooVrﬁéf(]_l if s € [4,00). The constants Cj,
1 =2,...,10 depend on Ly, Kso, d, q and s only, while Cy depends also on fx.

4.2 Proof of Theorems [1] and
The proofs of both theorems (which we break in several steps) follow along the same lines.

19, First we show that for any h,n € H
Brlf.e) = Byf)+ [ Koy —a)Bu(f.)dy (22)
— Bulf)+ [ Knly = 0)By(f.0)dy. (23)
Indeed, by the Fubini theorem
Jinme - apwat = [ | [ Ka K- )] e
= [ [ mate - w0t - 1)y - 21y + [ Kty — 011 )y
= /Kn(y —x)f(y)dy + /Kn(y —z)Bn(f,y)dy.

Subtracting f(z) from the both sides of the last equality we come to ([22)); (23] follows
similarly.

20, Let ms(+,-) and m?(-) be given by (@), and define

1/q
Ops =1 E sup Enn — &nlls —ms(hym 1 . 24
{Br, sup  {lghy = ol = ma(hm] (24)

Let f = f;} be the estimator defined in ([)-(8]). Our first goal is to prove that
Rolfif] < ing { (1+31KI) Rlfui £+ 2(Eg [mi(w)]) 7} + 360 (25)

By the triangle inequality for any n € H

”JE;} - st < ”JE;} - f;},n”s + ”Jaﬁm - ans + an - fH87 (26)

and we are going to bound the first two terms on the right hand side.

11



Define

Bi(f) = sup || [ 6,6~ B st

neH

heH.

)
S

We have for any h € H
Ry —=mi(h) = sup [ fug = folls = mo(h,m)]
neH

< sup [ 1Ban(£) = BylFMls + 16 = Ealls = ma(him)|
neH

< Bu(f)+sup [[6ny — &lls —mohm)| = Bu(f) +<.
neH +

Here the second line is by the triangle inequality and the third line is by (22)) and definition
of By(f). Therefore for any h € H one has

Ry, < Bu(f) + m*(h) + C. (27)
By 22), 23) for any h,n € H

1 Fhn = falls 1Buw(f,-) = Bu(f)lls + 11€n.n = &nlls

<
< By(f) + ¢+ sup mg(n, h)
neH

= By(f)+mi(h) +¢ < By(f) + B+,

where the last inequality is by definition of Rj. In particular, letting h = h we have that
for any n € H

1fiy = Fills < By(f) + Ry +¢
< By(f) + Ry + ¢ < 2By(f) +mi(n) +2¢, (28)

where we have used that RB < Rn’ Vn € H and ([21).
Furthermore, for any n € H

Hfil,n_fn”s = Hffw—ans—ms(ﬁm)ers(ﬁm)
< R < Ry < By(f) +mi(n) +¢, (29)

where the first inequality is by definition of Ry, the second inequality is by the definition
of h, and the last inequality follows from (27]).
Combining (26), (28) and (29) we get for any n € H that

1fs = Flls < W5 = Fuglls + 15y = Falls + 11Fy = £lIs
< | fy = Flls + 3By (f) + 2m3(n) + 3¢.

Taking this expression to the power g, computing the expectation and using the fact that
[E;[¢|1Y9 = 6, s we obtain

Rolfi £) < jnf {Rulfas £+ 3Ba(f) + 2(Eg [m3 (1)) /| + 35 (30)
By the Young inequality ||Bn(f)|s < (supne%HK,]H1)HBh(’,f)H5 = [|K[]1||Bn(-, f)lls- In

addition, see (30, A
||Bh(7f)||s < Rs[ffwf]v VheH

12



Combining this with ([B0) we complete the proof of ([25]).

3%, Lemmas [[ and @ lead to an upper bound on the quantity On,s given in ([24]). Indeed,
by definition of my(+,) [see (B)] we have

1/
sup Iy = &nlls = mathm]® )

Ons = {Ef
(hyn)EHXH

PRRN PR
B e Ry

5+ 0, (31)

IN

where expressions for 5%12; and 5%22; depending on the value of s € [1,00) are given in (I4)-

(EE% (m)f(m)v and (M),GIQD

In order to apply (23] it remains to to bound {E[m(h)]7}'/9.
49, We start with the case s € [1,2). Here, by definiton,
mg(h) = supmg(n,h) = gs(Kn) + sup gs(K; = Kp)
neH neH
= 1280 7| Ky s + sup || Kp * Ky ls) < 128[1 + || K1) (nV3) Y572
neH

Therefore applying (25]), and taking into account (31I), (I4]) and (5] we come to the state-
ment (i) of Theorem [

The statement (ii) of Theorem [I] dealing with the case s = 2 follows similarly by appli-
cation of (20 and (BII), (I6) and ([IT). This completes the proof of Theorem [

5. Now consider the case s € (2,00). Because

mg(h) = supmg(n,h) = gs(Kp) + sup gs(K, * Kp)
neH neH
= 3274(K}) + 32 sup s (K, * Kp), (32)
neH

it suffices to bound from above [Ef|#s(K})|7"9 and [Ef supy ey |75 (Kp * K,)|9"/9. Using
Q) of Lemma 2l with H; = {h} we have

[Ef|7s(Kn)| Y9 < errg(Kp) + ca A2 B n(=2/29) exp{—csby s}
In addition, by the Young inequality

_ 1/2 _
esn KR« 1125 + 0t/ TRl

Y2l Fls + (V)
AR S e TR AT

ps(Kn)

VANVAN

hence
[Ef|7s(Kn)| Y0 < esti2(nVi) ™2 + 427 By] "0t =2/9) exp{—csb, ;). (33)
Now, applying ([2I) with H; = {h} and Hy = H we obtain

[Ef suf[ |75 (K * Kyp)|7) Yo < C6 Sug rs(Kp * Ky) + @Ai{qB;{/qn(s_m/@s) exp{—cgbp s}
ne ne

13



In addition, similarly to the above

sup (K ;) < sup {ean™ V2K Kyllll /Pl 4+ G 5 K )
neH neH

c;;féf sug[n(vh vV V,])]l/2 < 09f¥2(nvh)_1/2.
ne

IN

Therefore the last two bounds yield

[Efsup |Fs(Kp * Ky)|] Ve < crof 2 (V)2 + C7A;1_L/qB71{/qn(s_2)/(2s) exp{—cgbp, s}
neH

This along with ([B3]) and ([B2]) results in
[Eflmi (K| < enflf2(nVi) ™2 + e A3 Byl n(=2/C%) exp{—cizb,, .}

Combining this bound with (I8]), (I9) and (3I), and applying ([25]) we complete the proof
of Theorem [2 |

4.3 Proof of Theorem [3

Throughout the proof we denote by cg, ¢y, ..., the positive constants depending only on the
kernel K, the index s and the quantity fo,. We divide the proof in several steps.

19. Let us prove that for any ¢ > 1 and h € H
3R [fns £1 2 1B(f)lls + Ellénlls- (34)
Indeed, in view of the Jensen inequality for any ¢ > 1
Rslfni £1 2 Efll fn = flls = Ef | Bu(f) + &nlls: (35)
Denote by B,(1),1 < p < oo, the unit ball in L, (]Rd). By the duality argument

S

Ef||Br(f) + &nlls = Ef sup)/e(t)[Bh(f,t)Jrgh(t)]dt, r=

LB, (1 s—1°
Let £y € B,(1) be such that ||By(f)||s = [ Lo(t)Bp(f,t)dt; then
B Ba(f) + s > B / 0o(t) [BalF,t) + Ex(1)] dt = | Bu(F)s. (36)

Here we have used that E¢&,(t) =0, Vt € R?. We also have by the triangle inequality
Efl|Br(f) + &nlls = EliSnlls = 1B (f)]ls- (37)
Summing up the inequalities in ([B6]) and ([37) we get
Ef[1Br(f) +&nlls > 27 Esinlls. (38)
Thus, in view of [36) and (B8)) for any « € (0,1)

Efl|Br(f) + &lls > (1= )| Ba(f)lls + 27 aEp[&nls- (39)

14



Choosing a = 2/3 we arrive to (34)) in view of (35).
In view (B4]), the assertion of the theorem will follow from the statement of Theorem

if we will show that
Ef||€nlls > co(nVi) ™2

20, Let b > 0 be a constant to be specified, and put a = b~'\/nV},. By duality

s
s—1°

IEf||fh||s—1[*3f Sup /f )En(t) r= (40)

Define the random event A = {a;, € B2(1)}, and note that if A occurs then by the Holder
inequality

agén € B,(1), Vg€ B o (1), (41)

Remind that s > 2 implies r € [1,2], and if r = s = 2 the we formally put 2 = 0.

T

If the event A occurs then B, (1) D {agé : g € B;fr( )}. Therefore, by (@Q]) and (41

Bl > o8 [14) s [g0gou] za s [H(A) / g<t>£ﬁ<t>dt]
gEB%(l) QEB%(D
— o _sw o) [Er 10 at = o[BGO 1),
QEB%(l) St2
> af[egio]., - [edora)]., ). (12)

where A is the event complementary to A.
Now consider separately two cases: s =2 and s > 2.

30, If s = 2 we get from (@2))

Eflénll > a [ R —E {nghn% I (ushug > w%) H | (43)
Note that
2
EE2(t) _I/Kh (t—2a)f(z)de —n~ [/Kh t—m)f(a:)da;] (44)

and, therefore,

/Efgg(t)dt _ % —n—l/ [/Kh(t—:n)f(x)dxrdt.

The application of Young’s inequality yields

[ | gttt dx} at < 1Kl 1713 < 1K £ (45)
Here we have used that f € F. Thus, we obtain, in view of V}, < Vjpax < 1/8 [see assumption
of the part (ii) of Theorem [I]

K3 K1 b :
2 - 1Kz 110 1
JEsghwar = T2 - IR > o ) (46)
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It follows from Theorem 1 of GL (2010) that for any = > 2

Al s
P > < ef2i—7 47
{‘|£h”2 = th s e ( )
and, therefore, putting b = y||K||2, y > 2, we obtain
?J”KH2>} 2 —1/Oo 1—
E 21 > < 2||K|j2(nV; c2(1=) 4. 48
f{”ﬁh”z <”§h”2 N < 2||K||5(nV4) i Te x (48)

Choosing y sufficiently large in order to make latter integral less than ¢; /(4] K||3) we obtain

from (@3], Q) and @)

Efllénllz > es(nVi) =2,
The theorem is proved in the case s = 2.

49, Return now to the case s > 2. Note first that

[escio] ., = ([ s

The last relation is obtained by Holder inequality. Taking into account that || g f(O)dt > p,
we get, using (44 and (@5),
plE(3 K]
n

/ E&2(t)dt > —
B

nVy

s5+2
25\ 25 s
+2 dt> > / E €2 (t)dt. (49)
B

> capu(nVy) L (50)

Here we have used that Vj, < 271u[|K|3/||K||?. On the other hand

B0 1(4) < (B ()]} {B(4)} ®
and, therefore,

2 < {Ef< 1€nll 1 > ¥ }2 {IP’(,Z{)}SZSQ. (51)

We derive from Theorem 1 in GL (2010) that there exists ¢5 such that

[ERSORIEY

4s
2s

By (el s, )™ < es(nti) 552, (52
Putting b = z||K||2, = > 2, we have in view of (47)
ﬁ c —x)(s—
(B} ™ <o,
It leads together with (BII) and (52) to the following estimate.

[EFSORIEY

ca(1-a)(s—2)

. < cg(nVy) e 2o . (53)

s5+2

We obtain finally from {2), (9), (50) and (G3])
_ ~1/2 2—s co(1—z)(s—2)
Egliénls = (@K 1) (0Va) ™2 (eanv ™ — ™3 ).

It remains to choose z sufficiently large and we come to the assertion of the theorem in the
case s > 2. B
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4.4 Proof of Theorem [4]

Let f € Ngq4(o, L). It easily checked [see, e.g., Proposition 3 in Kerkyacharian, Lepski and
Picard (2001)] that bias of the estimator f;, is bounded as follows

d
1Bl < Calud LS A,

i=1

Moreover, {Ef|]§h|]§}1/q < Co(nVy,) 77, If we set the “oracle bandwidth” h* := (h],...,h})
so that

L~/ (s t@)p—va/(vsta) 51 4

a/(vs+a)
= o]

C
then h* € H and fj,- € F(H) for large enough n. Hence, for any f € N, 4(, L) we have that
Rslfne; f] < C3pp s(@). Then we apply oracle inequalities of Theorems [l and 2l Observe
that by choice of constant s in definition of h™#* we guarantee that the remainder terms

are negligibly small in terms of dependence on n as compared with the first terms in (I0)
and ([IJ). This fact leads to the statement of the theorem. [

5 Appendix

Proofs of Lemmas[Iland Pl follow directly from general uniform bounds on norms of empirical
processes established in GL (2010). In our proofs below we use notation and terminology
of the aforecited paper.

Proof of Lemma [l The statement is a direct consequence of Theorem 4 of Section 3.3
in GL (2010).

To apply this theorem one should verify Assumptions (W1), (W4), and (L) for the
following classes of weights W) = {w = n"'K}, : h € H} and W) = {w = n (K, * K,) :
(h,n) € H x H}. The sets W) and W) are considered as images of H and # x H under
transformations h — n 1K} and (h,n) — n~ (K}, x K,)) respectively. The sets H and H x H
are equipped with the distances

h; V R
hi A1

dy(h,h') = ¢; max In (

i=1,....d )7 dQ[(hv h/)v (777 77,)] = C2{dl(h7 h/) \% dl(ny 7],)},

where ¢; and ¢ are appropriate constants depending on ko, Lx and d only [see formulae
(9.1)-(9.2) in GL (2010)]. With this notation Lemma 9 of GL (2010) shows that Assump-
tion (L) holds for both W) and W(?). Moreover, Assumption (W1) holds trivially both for
WM and W3 with 1, = Vinax and jus = 24Viax repsectively. Moreover, Assumption (W4)
for both W) and W® follows from formula (9.8) in GL (2010). Thus all conditions of
Theorem 4 are fulfilled.

(i). We apply this theorem with z = 1 and € = 1. We need to evaluate the constant
T, for W) and W), Tf Ny 4, (¢) denotes the minimal number of balls in the metric d;
needed to cover H, then formula (9.8) from GL (2010) shows that Ny q4,(1/8) < c3Ay,
where c3 depends on d only. Similarly, Ny/x7.4,(1/8) < C4A3_[. In addition, for

Lya,(€) i= Y exp {2111 Nyga,(e27%) — (9/16)2%‘2}
k=1
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we have Ly q,(1) < c5Ay. Similarly, Lyxpd,(1) < cGAg_L. Combining these bounds we
come to the statement (i).

(ii). The second statement follows exactly in the same way from the above considera-
tions. Theorem 4 of GL (2010) is again applied with z =1 and € = 1. [

Proof of Lemma 2. The proof is by application of Theorem 7 from GL (2010). We need
to calculate several quantities.

We start with the class W), Here for 19((]1) = 10c4foo (L v/ d)Y? we have

L+ 2000 { VBV + /29 4+ g1}
< 1+ 2000 {20Vl + wV),

CE,l(y)

where we have used that Vijax > 1/y/n. fwesety =g := [4Vriéf((19(()1) v1)]~! then C’gl(gj) <
4. We apply Theorem 7 with € = 1 and y = 7. Condition nVy, > C; = [256¢2](/)/(s/4=2)

implies that
1 (7) = 4[1 = 8¢y(nViin) /D12 7 < 8,
Moreover, we note that condition g < y£1) follows from definition of § and n > C5. In

addition, T 1(71) < cA3,By,. These facts imply (8] and (@20).

€

The bounds () and @) for W follow from similar computations. |
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