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Abstract

The Rankin-Cohen bracket of two Eisenstein series provides a kernel yielding products of the
periods of Hecke eigenforms at critical values. Extending this idea leads to a new type of Eisen-
stein series built with a double sum. We develop the properties of these series and their non-
holomorphic analogs and show their connection to values of L-functions outside the critical

strip.

1 Introduction

In 1952, Rankin introduced the fruitful idea of expressing the product of two critical values of
the L-function of a weight & Hecke eigenform f for I' = SL(2,Z) in terms of the Petersson scalar

product of f and a product of Eisenstein series:

ki1k
(Bpy By, f) = (1) /22870 22 15(F 1)L (f, k)
Bk1Bk2

for k = ki + ko, the Bernoulli numbers B; and the completed, entire L-function of f,

(2m)
Zagier [25, p. 149] extended (I.1)) to get

L*(f,s) = ot > QJ:LT) = /Ooof(iy)ys‘ldy-
m=1

([Bry, Bryln, f) = (—=1)"/2(2mi)n25~F (k - 2> krks

n Bkl BkQ
where k = k; + k2 + 2n and [g1, g2],, stands for the Rankin-Cohen bracket of index n
o - (ki +n—=1\(ka+n—1\ ) (a-r
91, g2]n == Tz::o( 1) < n—r >< - )gl 92 .

The periods of f in the critical strip are the numbers

L*(f,1),L*(f,2),...,L*(f,k —1).

(1.1)

(1.2)

(1.3)

(1.4)

Zagier in [25] §5] and Kohnen-Zagier in proved important results of the Eichler-Shimura-
Manin theory on the algebraicity of these critical values using (1.2). We describe this in more

depthin §8.1]

On the face of it, the techniques of [25], employing ([I.2), apply only to critical values; an ex-
tension to non-critical values, L*(f, j) for integers j < 0 or j > k, would seem to require Rankin-
Cohen brackets of negative index n or holomorphic Eisenstein series of negative weight, neither of
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which are defined. Analyzing the structure of the Rankin-Cohen bracket of two Eisenstein series
in §flreveals a natural construction which we call a double Eisenstein seriedl:

S (eys) i 2) (8, 2) R (15)

v, 8€l 00\l
¥~ 140

where, for v € T, we write
b )
v = (Zj d1>7 J(7:2) i= cyz + dy.

By comparison, the usual holomorphic Eisenstein series is

Ep(z) = Y jn2)7h (1.6)

YEL s\

The double Eisenstein series (L5) converges to a weight k; + ks cuspform when ! > 2 — k1,2 — ks.
For positive integers [ it behaves as a Rankin-Cohen bracket of negative index, see Proposition[2.4l
This allows us to further generalize (1.1, (I.2) and in §8 we begin to extend the Eichler-Shimura-
Manin theory outside the critical strip by characterizing the field containing the ratios of non-
critical values in terms of double Eisenstein series and their Fourier coefficients.

An extension of Zagier’s kernel formula (I.2)) in the non-holomorphic direction is given in §9.31
There we show that the holomorphic double Eisenstein series have non-holomorphic counterparts:

Z |CA/571|_S_S,Im(72)81m(52)8/.
¥, €T o \T
Y6 1#T oo
These weight 0 functions possess analytic continuations and functional equations resembling those
for the classical non-holomorphic Eisenstein series. As kernels, they produce products of L-functions
for Maass cusp forms, see Theorem 2.8l The main motivation for this construction was its potential
use in the rapidly developing study of periods of Maass cusp forms [16) 1} 18} [19].

2 Statement of main results

2.1 Preliminaries

All our notation is as in [3]. Throughout, I' is the modular group SL(2, Z) acting on the upper half
plane H. Let Si(T") be the C-vector space of holomorphic, weight k cusp forms for I" and M, (") the
space of modular forms. These spaces are acted on by the Hecke operators T,,,, see (3.6). Let B, be
the unique basis of S, consisting of Hecke eigenforms, normalized to have first Fourier coefficient
1. We assume throughout this paper that f € By. Since (T}, f, f) = ( f, T f ) it follows that all the
Fourier coefficients of f are real and hence L*(f,s) = L*(f,3). Also, recall the functional equation

L*(f.k —s) = (~1)*2L*(f,s). (2.1)

We summarize some standard properties of the non-holomorphic Eisenstein series, see for ex-
ample [7, Chapters 3, 6].

Definition 2.1. For z = x + iy € Hand s = o + it € Cwith o > 1, the weight zero, non-holomorphic
Eisenstein series is

E(z,s) := Z Im(vyz2)® = yE Z lcz +d| 2. (2.2)
7€M\l o

'In the context of multiple zeta functions, the authors in [4] give a different definition of ‘double Eisenstein series’.
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This function satisfies the bound
E(z,8) =y +O0(y'™7) as y — oo (2.3)

for an implied constant depending on s. Let 6(s) := 7 °I'(s)((2s). Then E(z,s) has a Fourier
expansion [7, Theorem 3.4] which we may write in the form

%yl_s + Z ¢(m, 8)|m|_1/2Ws(mz) (2.4)
m#0

E(z,s) =y +
where Wy(mz) = 2(|m|y)1/2KS_1/2(27r|m|y)e2”mx is the Whittaker function for z = x + iy € H and
0(s)p(m, s) = o9s_1(|m|)|m|/?>~5. As usual, oy(m) := >_djm @° is the divisor function.

We will also need the weight k € 2Z, non-holomorphic Eisenstein series. Generalizing (2.2), set

. —k
Ex(z,s) := Z Im(vyz)* < 1 2) > . (2.5)

e 50 2)]

Then (2.5) converges to an analytic function of s € C, and a smooth function of z € H, for Re(s) > 1.
Also y~*/2Fy,(2, s) has weight k in z. Define the completed non-holomorphic Eisenstein series as

Ej(z,8) :=0i(s)Ex(z,s) for 6Ok(s):=7n"°T(s+ |k|/2)((2s).

With (2.4), we see that E(z, s) has a meromorphic continuation to all s € C. The same is true of
Ei(z,s), see [3, §2.1] for example. We have the functional equations

0s/2) = 0((1—5)/2) 26)
Ei(z,s) = Ei(z,1—5s). (2.7

2.2 Holomorphic double Eisenstein series
Define the subgroup
Y= {(41)ln ez}, 28)

Then I' ., the subgroup of I fixing oo, is I's, U —I'%_. For v € I';o\I' the quantities ¢, d, and j(v, 2)
are only defined up to sign (though even powers are well defined). For v € T} \I there is no
ambiguity in the signs of ¢,, d, and j(v, 2).

Definition 2.2. Let z € Hand w € C. For integers k1, ko > 3 we define the double Eisenstein series

Ek1,k2 (Zv ’LU) = C(w + kl)g(w + k2) Z (676*1)_10 ](77 z)_klj(57 z)_kQ : (29)

v, 8ETENT
€ 5—1>0

As we see in Proposition 4.1} this series is well-defined and for Re(w) large enough converges
to a holomorphic function of z that is a weight k = k; + ko cusp form. It vanishes identically when

k1, k2 have different parity. Also, it is important to note that ¢,5-1 = Z} ZZ .
To get the most general kernel, we set
—w (az+ b\ K
Egj_s(z,w) = d—be)™" d)~". 2.10
iz = 3 (ad =) (B0} (e @10

a,b,c,d€Z
ad—bc>0



For w € C/(—00,0] and s € C define w® := ¢*!°5% using the principle branch of log. Note that

ad — be > 0 implies (az + b)/(cz + d) € H for z € H and so ((az + b)/(cz + d))* in @.I0) is well-

defined. We will see in §6.1]that E; ;,_s(z, w), defined in (2.10), converges absolutely and uniformly

on compact sets for which Re(w) > 0 and 2 < Re(s) < k—2 and agrees with Ej, 1, (2, w) for s = k.
Define the completed double Eisenstein series as

eST20 (s)D(k — $)T(w + k — 1)
2“’+27T“’+kf(k‘ _ 1)

E;k_s(z,w) = E;—s(z,w). (2.11)

Theorem 2.3. Let k € Z=¢. The series E’, ;. .(z,w) has an analytic continuation to all s,w € C and as a

function of z is always in Si(I"). We have o
(B s w), f) =L (f,s) L7 (f, 1 - w) (2.12)
forany f in By. We also have the two functional equations:
Shes(zw) = (F1) B (5 w), (2.13)
Shes(zw) = (CPE (52— k- w). (2.14)

The next result shows how EY __ is a generalization of the Rankin-Cohen bracket [Ej, , E, |n.

Proposition 2.4. For n € Z>1 and even ki, ko > 4,

B 2(—1)k1/ 27k (k — 1) . B
"Bk Bl = G e CORa D (R D (o D — o — 1) ka0

Another way to understand these double Eisenstein series is through their connections to non-
holomorphic Eisenstein series. Any smooth function, transforming with weight &£ and with poly-
nomial growth as y — oo may be projected into S;, with respect to the Petersson scalar product.
See [3] §3.2] and the contained references. Denote this holomorphic projection by 7.

Proposition 2.5. Let k = ki + ky > 6 for even ki, ko > 0. Then for all s,w € C

a1 = w) = Mt (< )52 B (2, 0) B (2, 0)/(2712)]

s,k—s
where

u=(s+w—k+1)/2, v=(—s+w+1)/2.

2.3 Non-critical values of L-functions.
Let m € Z satisfy m < 0 or m > k. We have, according to [13} §3.4] and the references therein,
L*(f,m) € Z[1/n]

where & is the ring of periods: complex numbers that may be expressed as an integral of an
algebraic function over an algebraic domain. In contrast to the periods (I.4), we do not have much
more precise information about the algebraic properties of the values L*(f, m). A special case of a
theorem by Koblitz shows, for example, that

L*(f,m) & Z-L*(f,1)+Z-L*(f,2)+---+2Z-L*(f, k= 1).

However, we can prove the following theorem, giving the link between Fourier coefficients of
double Eisenstein series and values of L-functions inside and outside the critical strip.
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Theorem 2.6. Let K, be the field obtained by adjoining to Q the Fourier coefficients of E;j in(2,0) and
B3 5(2,n) for all even n. Then for each f € By there exist wi (f), w—(f) € R such that

L*(fvs)/w—i-(f)v L*(fyw)/w—(f) 6I(alll(vf
for all s even, w odd.

Therefore, we would like to know more about the Fourier coefficients of the double Eisenstein
series in Theorem See the further discussion in §8.2] with the aim of fully characterizing the
field K, all-

In §7lwe also prove results analogous to Theorem 2.6 for non-critical values of the (completed)
L-function of f twisted by e2™/4 for p/q € Q:

L (fosipfa) = Gk S e

627rzmp/q

p = /OOO fliy+p/qy* " dy. (2.15)

m=1
As a side result in §7, we uncover a connection between twisted and non-twisted L-functions:
(2m)w+h—1 > 1 =
mL (f,)L*(frw+k—1) =) P uz::OCu,u(w + s)L*(f, s;u/v) (2.16)

v=1

when f € By, Re(w) > 0 and 2 < Re(s) < k — 2. The term ¢, ,, is the Dirichlet series

n

Conls) =Y Tl (Re(s) > 2) 2.17)
n=1

Note that (Z.16) is similar in structure to a formula of Manin [I8, Theorem 2.2], expressing L-
functions as a natural sum over rationals.

2.4 Non-holomorphic double Eisenstein series

Definition 2.7. For z € H, w, s, s’ € C, we define the non-holomorphic double Eisenstein series as

I ST s'
E(z,w;s,8") = g m(y2) miéz) ) (2.18)
~, §€T 0o\’ |C'Y‘571|
¥~ 14T oo

A simple comparison with 2.2) shows it is absolutely and uniformly convergent for Re(s),
Re(s’) > 1 and Re(w) > 0. (This domain of convergence is improved in Proposition4.2]) The most
symmetric form of (2.18) is when w = s + s'. Define

E(z8,8) = 4n 5 T(s)[(s")C(3s + ') (s + 35)E(z, s + 5 5, 8')
+20(s)0(s)E(z,s + ). (2.19)

Theorem 2.8. The completed double Eisenstein series £*(z; s, s') has a meromorphic continuation to all
s,s' € C and satisfies the functional equations

EXz;8,8") = E%(z¢,3), (2.20)
E*(z;8,8) = E(z;1—-s,1-34). (2.21)

For any even Maass Hecke eigenform u;,

(E*(zy8,8),u;) = L*(uj, s + 8" — 1/2)L*(uj, 8" — s +1/2).



3 Further background results and notation

We need to introduce two more families of modular forms. First, recall our notation I' from 2.8).
Suppose h ((§1)7) = h(v) forall n € Z and € I'. Then, ignoring convergence for now,

Yookt =)0 r((Ea)-

* €L
YETEND e

Also

POIVIOEE N SRIC)

Y€ oo \T VELEAT
when h(y) = h(—~) forall y € T

Definition 3.1. For z € H, k > 4 in 2Z and m € Z= the holomorphic Poincaré series is

e27r2m'yz 1

Pi(z;m) = Z : Fo= 3 Z

eET J(v,2) AT

e27rzm~/z

- 3.1)

J(v,2)

For m > 1 the series Py (z;m) span Si(I'). The Eisenstein series Ej(z) = Py(2;0) is not a cusp
form but is in the space My(T").

Definition 3.2. The generalized Cohen kernel is given by

1

Chlz5ip/9) =5 D _(vz+p/a) "5 (7, 2)7" (3.2)
vyel

forp/q € Qand s € Cwith1 < Re(s) < k — 1.

In [3, Section 5] we studied Ci(z, s;p/q) (the factor 1/2 is included to keep the notation con-
sistent with [3] where I' = PSL(2,7Z)). We showed that, for each s € C with 1 < Re(s) < k — 1,
Ck(z, s;p/q) converges to an element of S ("), with a meromorphic continuation to all s € C. From
[3| Prop. 5.4] we have
Ik —1)

Y _ 2—kﬂ_e—si7r/27
(Ck(v ap/Q)7f> 2 F(S)F(k’—s)

L*(f,k —s:p/q). (3.3)
For simplicity we write Cy(z, s) for Cx(z, s;0). The twisted L-functions satisfy

L*(f,s;p/q) = L*(f,3;,—p/q). (3.4)

and
L (f,50/q0) = (V)¢ L (f,k — 5= /q) (3.5)
forpp’ =1 mod g, as in App. A.3].
Define M,, := {(gg) ( a,b,c,d € Z,ad—bc:n}.Thule —T.ForkeZand g: H — C set

(9lk7)(2) = g(v2)j(7,2) 7"

for all v € I'. The weight k Hecke operator 7}, acts on g € M}, by

Tog:=n""1 3" (ghy)=n""1> a* > g <az; b)- (3.6)

d= 0<b<d
'YEF\Mn 2,d>7(L) <




4 Convergence of double Eisenstein series

To first determine where the Eisenstein series E, 1, (z, w), defined in (2.9), is absolutely convergent
we consider

> () i 27 (1)

v, SETENT
¢ 5—1>0

Set u = Re(w). Recalling that Im(yz) = y|j(v, 2)| =2 we deduce that @) equals

y—(k1+k2)/2 Z |675—1 ‘—u Im(’yZ)kl/2Im(5Z)k2/2

v, §ELENT
51 >0

— gy~ (hithk2)/2 Z |c,y571|_uIm(’yz)k1/2Im(52)k2/2. 4.2)
v, €l \I
76~ 1# o

For u = Re(w) > 0, we have |c,5-1|7* < 1 when 40! & I's.. Hence @.2) is bounded by

2y_(k1+k2)/2 Z Im(vz)kl/211@1(62)}‘32/2

7, 0€ 00 \T
Y6 1#T oo

— gy~ (ka+ha)/2 (E(z, k1 J2)E(2, k2 /2) — Bz k1 /2 + ko /2)) (4.3)

on noting that Im(yz) = Im(dz) for v6~! € I's. Recalling (2.2), these non-holomorphic Eisenstein
series are absolutely convergent for kq, ky > 2.

We next examine the case Re(w) < 0. Set (7, 2) := j(7,2)/|i(7, 2)| = 802, Tt is easy to
verify that, for all 7, § € ' \I" and z € H,

Cys-1 = C»yj((s,Z)—ng(’Y,Z)
_ (j(% z>2;yj<%z>> 62— (j(a, ) —iG z)) i)
= (e(0.2)7% —e(7,2)7%) (1, 2)5 (0, 2) / (2iy).
Therefore
~ely,2)  ed,2) _ _
ol = |25 - S0 ) oty 22

= ‘Im <i((?;; 3) ‘ Im(yz)~Y?Im(6z)~1/2
< Im(yz)”Y2Im(62)" 12, (4.4)

Hence, with u = Re(w) < 0, using (4.4) in .2) we have that (&.1)) is bounded by

gy~ (ki-+h2)/2 <E <Z7 u—;/ﬂ) g <27 uJ;k2> B <Z7u I @)) , (4.5)

Therefore the series is absolutely convergent for u + k1, u + k2 > 2. We have shown that 2.9) is
absolutely convergent for k1, k2 > 3 in Z and Re(w) > max(2 — k;,2 — kg). This convergence is
uniform for z in compact sets of H and w in compact sets in C satisfying the above constraint.




We next verify that Ey, .|k 15,7 = Eg, k, forall 7 € I':

Ek k (TZ,U)) w e »
SEEER = X () ilma 2
I v, €TENT
c75,1>0
J— —w . _kl . 6 —]{,‘2
- Yo (comnen-) il 2) M, 2)
v, 8ETENT

“(rmy(em) =170

= Ek17k2(z7w)'

We finally show that Ey, , is a cusp form. By (2.3),
k1+k
v~ (B k2B ko f2) — Bz by f2 4 ko 2)) = Oy 4y he g y2ohoke)

and approaches 0 as y — oo. Thus, by @.3), the function Ej, j,(z, w) vanishes at the cusp co and
is therefore a cusp form if Re(w) > 0. The argument for Re(w) < 0 is similar. Assembling these
results, we have shown the following:

Proposition 4.1. Let ki, ko > 3 be in Z and z € H, w € C. The series Ey, i,(z,w) is absolutely and
uniformly convergent for z and w in compact sets with Re(w) > max(2 — k1,2 — k). For each such w we
have Ey,, j,(z, w) € Sk, +x,(I') as a function of z.

The same techniques prove the next result, for the non-holomorphic double Eisenstein series.

Proposition 4.2. Let z € H, s,s',w € C with 0 = Re(s) and o' = Re(s"). The series E(z,w;s,s"),
defined in (2.18) is absolutely and uniformly convergent for z, w, s and s' in compact sets satisfying

o,0' >1 and Re(w)>2max(l —o,1—0').

Unlike Ey, 1, (z, w), the series £(z, w; s, s’) will have polynomial growth as y — oo.

5 Applying the Rankin-Cohen bracket to Poincaré series

The main objective of this section is to show how double Eisenstein series arise naturally when
the Rankin-Cohen bracket is applied to the usual Eisenstein series Ej. Proposition 2.4l will be a
consequence of this. In fact, since there is no difficulty in extending these methods, we compute
the Rankin-Cohen bracket of two arbitrary Poincaré series

[P/ﬁ (z; ml)v Pk2 (Z; m2)]n

for my, ma > 0. The result may be expressed in terms of the double Poincaré series, defined below. In
this way, the action of the Rankin-Cohen brackets on spaces of modular forms can be completely
described. See also Corollary 5.5 at the end of this section.

Definition 5.1. Let z € H, kq, ko > 3 in Z and my, ma € Z=o. For w € C with Re(w) > max(2 —
k1,2 — ko), we define the double Poincaré series

w e27ri(m1’yz+m252)
Pioio (2w m1,ma) = Clw+ k)Q(w k) 0 ()™ S

v, §ETEND
¢ 5—1>0

(5.1)



The series (5.I) will vanish identically unless k; and k2 have the same parity. Clearly we have
By, 3y (2,0) = Py, 1,y (2,w;0,0). Since [e?™(m72+m202)| < 1 it is a simple matter to verify that the
work in f| proves that Py, x,(z,w;m1, mg) converges absolutely and uniformly on compacta to a
cusp form in S, 1, (I).

For | € Z> it is convenient to set

Qu(z1:m) {Pk(Z; m) if 1=0, .
k\Z,t5m) 1= 2mimaz (o . . ‘
%nyergo\r j(T)k(ﬁz) if 1>1.

As in the proof of Proposition[4.]} this is an absolutely convergent series for k even and at least
4. The next result may be verified by induction.

Lemma 5.2. For every j € Zx, have the formulas

Sa) = 06 o)

P pm) - ij(—l)lﬂ'@m‘m)@ P e —Lm) (> 0).
PR 2 T\ k11 g b

Set
(k1 +n—1)!(k2 +n—1)!

T ul(n— 1 —w)l(ky +1— Di(ky +u— 1)

Aky s (L uwn
Proposition 5.3. For my, mg € Z=1 we have

[Pkl (Z; ml)? Py, (Z;mQ)]n

(—2mimy)! (2mima )"
= Apy o (1 p B ) s
l;o ke (bW g e o g o 2y L Rt whatn—tu(Z, =1 L wim, ma)
l+u<n

+ Py tkyton(z3m1 + ma) Z Ay oy (L W) (—2mimy ) (2mima ).

L,uz0
I+u=n

Proof. We have

[P/ﬁ (Z; ml)v Pk2 (Z; m2)]n

n n

_ o v (R +n =Dk +n - 1)
_;;(27727%1) (2mims) Tk 1= Dk 10— 1)

n—u

ntirutr Qr21(z, 7 = 1;m1) Qrygou(2,n — 7 — uyma)
. Z(_l) o (r=0Yn—r—u)! - 63

r=l
The inner sum over r is
(—1)! e2mi(m1yz+m262)
4(n—1—u)! Z (v, )20 (5, 2)ka+2u

Y,0€T5\L J

33 ("5 (j(iﬂ))r_l (555) e



and, employing the binomial theorem, (5.4) reduces to

(_1)1 627ri(m1'yz+m262) ) ‘ el
T T 2 g e (63 (6:2) — ai(7,2) (5.5)
dn—l—ul A L i) 3(6, )%
forl +u < nand l i )
(_1) e mi(mi1yz+mooz
An—1—u)! Z (7, 2)F1 Pt (§, )k tn—ltu (5.6)
%661“2;0\1“] Vs 70,
for I + u = n. Noting that ¢, (9, 2) — ¢5j(7,2) = ZZ ZZ = ¢,5-1 means that (5.5) becomes
(=1)
Pkl—l—n—l—l—u,kz—l—n—l—l—u(za —n+ 1+ u;my, m2) (57)

(n—1—u)2¢(k1 + 21)C (k2 + 2u)
and (5.6) equals

(_1)l <Pk1+n+l—u,k2+n—l+u(«z, —n+1l+u;m, m2)
(n—1—u)! 2¢ (k1 + 20)C (ko + 2u)

Putting (5.7) and (5.8) into (5.3) finishes the proof. O

+ Py k20 (23m1 + m2)> . (58)

In fact, Proposition5.3lis also valid for m; or ms equalling 0 provided we agree that (—2mim; ) =
1 in the ambiguous case where m; = [ = 0 and similarly that (27img)" = 1 when mgy = u = 0.
With this notational convention the proof of the last proposition gives

Corollary 5.4. For m > 0 we have

(2mim)™
(k1)C (k2 + 2u)

+ Pk1+k2+2n(z§ m) : Ak17k2 (0’ n)n(2m'm)"

[Ekl (Z)7Pk2 (Z; m)]n = ZAk1,k2(Oau)n2<

u=0

Pkl—l—n—u,kz—l—n—l—u(za —n + u; O, m)

and
 Apy 1,(0,0),

—2¢(k1)C(k2)

Proposition[2.4] follows directly from (5.9). A basic property of Rankin-Cohen brackets has also
naturally emerged:

[E/ﬂ (2)7 Ekz (Z)]n Ek1+n,k2+n(27 _n) + Ek1+/€2 (Z) ’ 6”,0' (59)

Corollary 5.5. For g1 € My, (I') and go € My, (I') we have [g1, g2]n € Sk, +ky+2n (L) for n > 0.

Proof. The space My, (T') is spanned by Ej, and the Poincaré series Py, (z;m) for m € Zx1. So we
may write g, and similarly g, as a linear combination of Eisenstein and Poincaré series. Hence
(91, 92]n is a linear combination of the Rankin-Cohen brackets appearing in Proposition and
Corollary 5.4l By these results [g1, g2],, is a linear combination of double Poincaré and double
Eisenstein series which are in Sk, 1, +2,(I"), we have already shown. [l

It would be interesting to know if Py, ,(z, w;mi, m2) has a meromorphic continuation in w.
As a corollary of work in the next section we establish the continuation of Py, x,(z,w;0,0) to all
w e C.
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6 Further results on double Eisenstein series

6.1 Analytic Continuation

We first establish an initial domain of convergence for E; ;_(z, w), defined in (2.10). The elemen-
tary identity |w?| = |w|Re() . e~ are(@)Im(s) implies that

275 < |2|77-€e™ for s=oc+4+iteC, zcH.

Hence, for Re(w) > 0 we have

—w CLZ+b - —k a2+b -7 —k
Z (ad — be) g (cz+d) < Z p lcz + d
a,b,c,dEZ ¢z + a,b,c,dEZ ¢z +
ad—be>0 ad—bc>0
< Z laz + b |cz +d|"*9). (6.1
a,b,c,dEL
ad—bec>0

By comparison with (2.2) this last series is absolutely convergent for o > 2 and k—o > 2. Therefore
@.10) converges absolutely and uniformly on compact sets for which 2 < Re(s) < k — 2 and
Re(w) > 0. For these s, w we also have

E;;s(z,w) = Z Z (au-dv—bu-cv)™" <w> (cv -z +dv)~F

u,v=1 a,b,c,dEZ cv -z + d'U
(a,b)=(c,d)=1
ad—be>0
> —s
— —w—s, —w—k+s d— be)~™ az+b d _k
uzv;l ’ ‘ “ l;ez (a ) (cz +d (cz +d)
o (@) ()1
ad—bec>0
—w (JH2)\ T
= Cwrskwth-s) Y (o) (JER) ot 62
~, SETENT 710,
CW571 >0

Comparing (6.2) with (4.I) and arguing as in §4] completes the proof of the following extension of
Proposition 4.1

Proposition 6.1. Let z € H, k € Z and let s, w € C satisfy 2 < Re(s) < k— 2 and Re(w) > 0. The series
E; ;—s(z,w) is absolutely and uniformly convergent for s, w and z in compact sets satisfying the above
constraints. For each such s, w we have E j,_(z,w) € Si(I') as a function of z.

Replace s by k; in (6.2) to see that 2.10) agrees with (2.9).

Proof of Theorem Our next task is to prove the meromorphic continuation of E, j_(z,w) in s
and w. For s, w in the initial domain of convergence, we begin with

_ az+b\"° _k
Eg;_ = d — bc|™" d
lew) = S jad—pd () (e v
a’d’l;C>0

- an 3 <ij:2>_s(cz+d)—k

n=1 (abEMn

T,.Cr(z, 8)
- 22 T (63)

11



recalling (3.2). With Proposition[6.1] we see

Buses(ow) = 32 APty 223 o 5 e Py,

fEBy, (fF) n=1 fEBy, ’
Then

(TnCr(z,8), ) = (Ck(2,8), Tnf) = ar(n){Ck(z,5), f)
and with @3.3) we obtain

I'k—1)
I(s)T'(k—s)I'(w+k—1)

Es,k—s(za w) _ 2w+2ﬂ_w+ke—si7r/2

f(2)

X Y L*(f k= s)L*(fiw+k—1) . (6.4)
feB < f? f >
k
Define the completed double Eisenstein series E* with (Z.I1). Then (6.4) becomes
* _ * * f(Z)
El, (zw)= Y L'(fs)L*(f,1-w) T 6.5)

feBy

We also now see from (6.5) that E (2, w) has a analytic continuation to all s, w in C and satisfies

(2.12) and the two functional equations (2.13), (2.14). 0

Combining this result, Theorem[2.3] with Proposition2.4gives a new proof of Zagier’s formula
(L2). His original proof in [25] Prop. 6] employed Poincaré series.

Proof of Proposition Let F; ,(z) = (—1)"32/23/_’“/2EZ1 (z,u) %, (2, v)/(27F/2) withu = (s+w—k+
1)/2, v = (—s+ w + 1)/2 as before. Then Fj ,,(z) has weight k and polynomial growth as y — oc.
It is proved in [3} Prop. 2.1] that

(Fow, [) = L*(f,8)L"(f,w) (6.6)
forall f € By. Comparing (6.6) with @.12) shows that E;_ (-, 1—w) = Tl (Fs ) as required. [

6.2 Twisted double Eisenstein series

Letp/q € Q with ¢ > 0. In this section, we further extend our definition of double Eisenstein series
to

. (az+b p> oF —k
E,;_(z,w; = ad — be)™Y + = cz+d 6.7
iesewipfa) = Y e (S ) e 67)
a;iLb’c>0
and establish its basic required properties.
Writing
wfaz+b p\? —w [((aq+ cp)z + (bg +dp)\ °
d—be)™" - =q¥t* d—(bg+d
(ad — be) <Cz+d+q> q""*((aq + cp)d — (bg + dp)c) < e d
we see that

a'z+ U
cz+d

Bopo(z,wiplg) =" Y <a'd—b’c>‘“’<
a’ b c,de
a’d—b'e>0

>_S@z+dy*

12



with @’ = ¢p mod gand ¥ = dp mod ¢. Hence (6.7) is majorized by (6.I) and so E (2, w; p/q)
converges absolutely and uniformly to an element of S, (as a function of z) for 2 < Re(s) < k — 2
and Re(w) > 0.

The analog of (6.3) is
T C zZ,8,p/q
Fop—s(erwip/0) _QZsu}Tl/)- 6.8)
Hence, with (3.3),
i I'(k—1
Eqp_s(z,w;p/q) = 20 H2pwthe=sin/2 (k—1)

T(s)D(k — s)D(w + &k — 1)

x Y L*(f k- sp/q)L*(fw+k—1)< (f)>. (6.9)
fEB

Define the completed double Eisenstein series E ; (2, w;p/q) with the same factor as (ZI1) and
we obtain

(Eg s wip/q), f) =L (f,k—sip/q) L7 (f,w+k —1) (6.10)

for any f in By. Then (€.9) implies EY ;,_(z,w;p/q) has an analytic continuation to all s,w in C. It
satisfies the two functional equations:

:,k—s(’z’Q—k_w;p/Q) = ( 1)k/2E8k s(z w;p/Q)a
CE;_, (z,wiplq) = (12" E%,_(z,w;—p'/q)

for pp’ =1 mod q using 2.I) and B.5), respectively.

7 The Hecke action

The expression (6.3), giving E _, in terms of Cj, acted upon by the Hecke operators, can be stud-
ied further and yields an interesting relation between E ;,_ (2, w) and the generalized Cohen ker-

nel Cy,(z, s;p/q)-
For each p € I'\M,, and y € T, there is a unique p’ € '\ M,, and v’ € I" such that py = +/p’ (see,
e.g. [24], Prop. 3.36] or [6, §6.2] ). Therefore

TuCi(z sip/a) = ' Y- (

pEF\Mn

D) Z(szJrg)_sj(mz)_k

pel\M,, vel'

S Z<p’yz+§>_sj(/7%z)_k

pel\M,, vel'

= oy At Y Z( Y2+ o >_8j(%z)"“.

ad=n 0<b<d el
a,d>0

=)

vel

j(%pZ)k) jlp.2) 7"

Hence

O R S D (L Ly ]

an
dln 0<b<d

13



For 2 < Re(s) < k — 2 and Re(w) > 0 we find

1 2 T,Ci(z, s
—E,p_s(z,w) = ZL

9 nw-l—k—l
n=1
o
1 o bd
ST WA DR O
n=1 dln 0<b<d
o0 o0 1
. 2s—k
D S DR
d v=1 0<b<d
o0 o
1 b 1
- Yo (2n]) X mm
v=1 b=0 d>b
e ) v—1 oo
1 b+ rv 1
- Y ya(ant) ¥ s
v=1 b=0 r=0 d>b+rv

We have Ci(z,s;1 4 p/q) = Cr(z, s;p/q) and, recalling (2.17),

Co,o(s Z Z

r=0 d>b+rv

since 0 < b < v. Consequently, for 2 < Re(s) < k — 2 and Re(w) > 0

oo v—1
E;j_s(z,w) =2 zz:l # ;}Cu,v(w — s+ k)C <z, 8; %) : (7.1)

Taking the inner product of both sides of (Z.I) with f and rearranging with 2.1)) yields (2.16). Look-
ing to simplify (ZI)) leads to the natural question of whether there are further relations between

the Ci(z, s; u/v) for rational u/v in the interval [0, 1). For example, it is a simple exercise with (3.3)
and B.5) to show that

G °Crlz,8,p/q) = e g FCL(2, k — ;- /q)

for pp’ =1 mod ¢. With s = k/2 at the center of the critical strip we get an even simpler relation:

Crlz,k/2:p/q) = (=1)"?Ch(z,k/2; —p' [q). (7.2)

A more interesting, but speculative, possibility would be to argue in the reverse direction in
order to derive information about L-functions twisted by exponentials with non-rational exponents.
Specifically, if we established, by other means, relations between the Ci(z, s; x) for z ¢ Q, then (Z1)
and other results proven here might lead to relations for L-functions twisted by exponentials with
non-rational exponents. That would be important because such L-functions play a prominent role
in Kaszorowski and Perelli’s programme of classifying the Selberg class (see e.g. [10]). Relations
between these L-functions seem to be necessary for the extension of Kaszorowski and Perelli’s
classification to degree 2, to which L-functions of GL(2) cusp forms belong.

8 Periods of cusp forms

8.1 Values of L-functions inside the critical strip

We first review the proof of Manin’s Periods Theorem. This exhibits a general principle of proving
algebraicity we will be using in the next sections.

14



For all s, w € Citis convenient to define H, ,, € S}, by the conditions
(Hsuw, f)=L"(f,s)L*(f,w) forall f € By.
This defines Hy ,, uniquely, giving

(Hsw: f) L*(f,s)L*(f, w)
Hyw= ) L= f. (8.1)
fes (L) feB. (f,[)

By @.I) and .I) we obviously have H; ,, = H, sand Hy,, = (—1)*/?H_,,, = (~1)*/?H ;. _,,. We

need the following result.

Lemma 8.1. For g € S}, with Fourier coefficients in the field K, and f € By, with coefficients in Ky,
<gvf>/<f7f> € KgKf

Proof. See Shimura’s general result [23, Lemma 4]. It is also a simple extension of [3| Lemma
4.3]. O

Let K. iticar be the field obtained by adjoining to Q all the Fourier coefficients of
{H&k_l,Hk_g’w ‘ 1<s,w<k—1,seven,w odd }
Thus, with f € By, and employing Lemma[8.T]

L*(f,k = 1)L*(f, k —2) = (Hp—1 -2, [) = ¢/ ([, [) (8.2)

for ¢y € Kepitica K¢ and the left side of (8.2) is nonzero because the Euler product for L*(f,s)
converges for Re(s) > k/2 + 1/2. Set

_ b ) )
wi(f) = ma w-(f) = m

Then wy (f)w—(f) = (f, f) and we have:
Lemma 8.2. Foreach f € By,
L*(fv s)/w-l-(f)v L*(faw)/w—(f) € Kcm'ticale

forall s,wwith1 <s,w < k—1and s even, w odd.

(8.3)

Proof. For such s and w,

L) _ DEALGk=1) _ (Huend)  GUAD e

W+(f) Cf<f7f> cf<f7f> Cf<f7f>
L(fw) _ LGl (k=2 (Hswf) _ GUED _
o) e ) T N D R O

To deduce Manin’s Theorem from Lemma[8.2] we use Zagier's explicit expression for H ,,. For
n>0,even ki, ke >4 and k = k1 + ko + 2n, (L2) implies

o kiky (k=2 [Eky s Eryln
—1)h/2g3k L2 Hyp1pshy = ke 8.4

The Fourier coefficients of Ey, , Ey, are rational and hence the right side of (8.4) has rational coeffi-
cients. Then H,,;1 5,1, has Fourier coefficients in Q (and also for ki, k» = 2 as described in p-
214]). It follows that K.,;ticat = Q and Lemma [8.2becomes

Theorem 8.3. (Manin’s Periods Theorem) For each f € By, there exist wi(f), w_(f) € R such that
L*(f7s)/w+(f)7 L*(f7w)/w—(f) EZ{f

forall s,wwith1 <s,w <k —1and s even, w odd.
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8.2 L-values outside the critical strip

We will now apply the technique of the last section to incorporate values of the L-function outside
the critical strip. Let K,;; be the field obtained by adjoining to Q all the Fourier coefficients of

{Hsk—1,Hp—2. | seven ,wodd }.
Then, as in the proof of Lemma[8.2]
L*(f,s)/w(f), L*(f,w)/w-(f) € KauKy

for each f € By and all s even, w odd. We may characterize the field K,; using double Eisenstein
series. By Theorem[2.3] we have H; ,(z) = E% (2,1 —w) and so

Hypa(2) = (-DF2H 1(2) = (-1)"E;
Hy2u(2) = Ej_95(2,1—w).

(2,0),

s,k—s

We have proved:

Theorem 8.4. Let Ky be the field obtained by adjoining to Q the Fourier coefficients of Ey, ., (2,0) and
E;_55(2,n) for all even n. Then for each f € By,

L*(fvs)/w-l-(f)v L*(fyw)/w—(f) 6I(alll(vf
for all s even, w odd.

We indicate briefly how the Fourier coefficients required in Theorem may be calculated
using a slight extension of the methods in [3] §3]. We wish to find the I-th Fourier coefficient,
asw(l), of Hy (2) = E% (2,1 —w) for s even and w odd (and we assume s, w > k/2 > 1). With

s,k—s

Proposition25 this is (—1)*2/2/(27%/2) times the I-th Fourier coefficient of
ot [y B, (2, 0) B (2,0)
foru=(s+w—k+1)/2andv = (—s+w + 1)/2 bothin Z. Let

F(z) =y "B}, (z,0) Y, (2,0)

9161( )9162( ) - Hkl(u)9k2(v) - *
G T B s+ 1-k/2) - g S ey B (2 w + 1 - k/2).

Then o (y"/2E}, (2,u)E}, (2,0)) = Tho (F(2)) because mho (y~¥/2Ef(2,5)) = 0 for every s. We
have constructed F' so that F(z) < y~° as y — oo and we may use [3, Lemma 3.3] to obtain

k2/2 47Tl k—1 - B
unll) = e [ B2 ay

on writing F(z) = 3, e2™y~#/2F)(y). The functions F)(y) are sums involving the Fourier coef-
ficients of E}; (z,u) and E} (z,v) with u,v € Z. As shown in [3, Theorem 3.1] these coefficients are
simply expressed in terms of divisor functions, Bernoulli numbers and a combinatorial part. For
s,w in the critical strip, this calculation yields an explicit finite formula for a ,,(!) in [3| Theorem
1.3] (and another proof that Hy ,, in (8.4) has rational Fourier coefficients and that K. iticat = Q).
For s, w outside the critical strip, we obtain infinite series representations for a; ,,(!), but again in-
volving nothing more complicated than divisor functions and Bernoulli numbers. Further details
of this computation will appear in [20].
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8.3 Twisted Periods

There is an analog of Manin’s Periods Theorem for twisted L-functions. Let p/¢ € Q and let
u be an integer with 1 < u < k — 1. Manin shows in (13)] (see also Chapter 5]) that

7 fé’/q f(iy)y“~! dyis an integral linear combination of periods i fooo fly)yy'~tdyforv=1,... k—
1. With (2.15) this proves

“q" 2L (fousip/q) € Z-iL*(f,1) +Z-2L*(f,2) + -+ Z-iFTILA(f, k- 1),
Therefore, Theorem[B.3limplies the next result.
Theorem 8.5. Forall f € By, p/q € Qand integers uwith1 < u < k —1,
L*(f,usp/q) € Ky(i)wi(f) + Kyp(i)w-(f).
Going further, for all s,w € C, p/q € Q we now define H, ,,(z;p/q) € Sk by the conditions
(Hsw(3p/q) ) =L*(f,sip/q)L*(f,w) forall f € By.

Hence

L*(f,sp/q)L"(f,w)
(f, 1)

Let K, be the field obtained by adjoining to Q all the Fourier coefficients of

Hyw(zip/0) = ) f(2).

feBy

{Hox1(5:0/0), Hup(2:p/0) | 5 even wodd ,p/q € Q}.

Arguing as in the proof of Lemma[8.2]again, for each f € By and all s even, w odd, p/q € Q

L*(f,sip/@)/wi(f),  L*(f,wip/a)/w-(f) € Koy K.
We may characterize the field K/, using double Eisenstein series. By (6.10), we have

Hyw(zp/q) = By s(2,1 —wip/q).
Theorem 8.6. Let K, be the field obtained by adjoining to Q the Fourier coefficients of
By nn(2.2=kip/q), Ej_,_ i ,41(23—kip/q)

for all even nand all p/q € Q. Then for each f € B,

L*(f,sip/@)fwi(f),  L*(fowip/a)/w-(f) € KKy

forall s even, w odd and p/q € Q.

9 The non-holomorphic case

9.1 Background results and notation
We will need a non-holomorphic analog of the Cohen kernel C(z, s):

Definition 9.1. With z € H, s, s’ € C define the non-holomorphic kernel K as

1 Im(yz)sts
K(z;s,s") := 3 Z % (9.1)
vyel v
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This series is absolutely convergent, uniformly on compacta, for =z € Hand Re(s), Re(s") > 1/2,
as shown in [3} §5.2]. It resembles the hyperbolic Eisenstein series, see [22].

For I' = SL(2,Z), the discrete spectrum of the Laplace operator A = —4y29,0; is given by uy,
the constant eigenfunction, and u; for j € Z-; an orthogonal system of Maass cuspforms (see e.g.
[7, Chapters 4,7]) with Fourier expansions

uj(z) = Y Inl = 2u(n) Wy, (n2)
n#0

where u; has eigenvalue s;(1 — s;) and by Weyl’s law [7, (11.5)]
#{j: Im(s;)| < T} = T?/12 + O(Tlog T). 9.2)

We may assume the u; are Hecke eigenforms normalized to have v;(1) = 1. Necessarily we have
vj(n) € R. Let ¢ be the antiholomorphic involution (wu;)(z) := uj(—%). We may also assume
each u; is an eigenfunction of this operator, necessarily with eigenvalues 1. If tu; = u; then
vj(n) = vj(—n) and v, is called even. If vu; = —u; then v;(n) = —v;(—n) and v; is odd.

The L-function associated to the Maass cusp form u; is L(u;,s) = > -, vj(n)/n®, convergent
for Re(s) > 3/2 since v;(n) < n'/? by [7, (8.8)]. The completed L-function for an even form u; is

L*(uj,s) :=m °T <w> r <w> L(uj, s) (9.3)

and it satisfies
L*(uj,1 —s) = L*(uj,s) = L*(uy,3). (9.4)

See [2, p. 107] for (©.3), (9.4) and the analogous odd case.
To E(z,w) (recall (2.4)) we associate the L-function

¢(m, w)

ms

L(E(-w),s) =Y

m=1

The well-known identity > >° | 0,(n)/n® = ((s){(s — =) implies

27% ((w+s—1/2)((w — s + 1/2).

LEG 8)w) = 5735 {(25)

(9.5)

9.2 The non-holomorphic kernel K

Throughout this section we use s = o + it, s = o’ + it'. Recall K(z;s,s) defined in (@.1) for
Re(s), Re(s’) > 1/2. Our goal is to prove the meromorphic continuation of K(z;s,s’) in s and s
using its spectral decomposition. See [7| §7.4] for a similar decomposition and continuation of the
automorphic Green function.

A routine verification (using [8, Lemma 9.2] for example) yields

AK(z;5,8) = (s+8)(1 — s —8)K(2;5,5) +4ss'K(2z;5 + 1,5 +1). (9.6)
Put 1
éZ(Z, S) = Z m
mEeZL
Then
K(zs,8) = > Im(y2)""¢s(vz,9). 9.7)
VET I
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Use the Poisson summation formula as in [7, §3.4] or [5}, Th. 3.1.8] to see that

12D (s —1/2 2 :
m (8 /) 1—2s+ i y1/2—sz|m|s—1/2Ks_1/2(2ﬂ_|m|y)e27r2mx

§z(z,8) = I'(s) y I'(s) m#£0

for Re(s) > 1/2. Set

&(z.5) =D Im|" 2K,y (2m|mly)e*™ M
m##0

Let B, := {z € C: |2] < p}. Then with [9, Lemma 6.4]

VUK, _1)2(2my) < e (yP T 4y

forall s € B, and p,y > 0 with the implied constant depending only on p. Hence

00
f%(Z,S) < Z e~ 2mmy <mp+o+2yp+5/2 + m—p+cr—4y—p—7/2) )

m=1

We also have [9, Lemma 6.2]

i mPe 2" & ey (1 + y_p_l)

m=1
for all y > 0 with the implied constant depending only on p > 0. Therefore

52(2, s) < e My (yp+5/2 + y_p_9/2> )
Consider the weight 0 series

KF(z;s,5") = Z Im(’yz)sl+1/2§%(’yz, s).
7€l \T
With (©.10), we have
ICﬁ(z; 5,8) < Z (Im(’yz)°/+p+3 + Im(’yz)"/_p_ﬁ‘) e~ 2mIm(y2)

yET oo \I
so that Kf(2; s, s') is absolutely convergent for Re(s’) > p + 5.
Proposition 9.2. Let p > 0and s, s’ € Csatisfy s € B,, Re(s) > 1/2 and Re(s") > p + 5. Then

T2 (s — 1/2)

2m®
Bl o o
T(s) K*(z;s, ")

K(z;s,8") = )

E(z,s —s+1)+

and, for an implied constant depending only on s, s',

Ki(z;s,8") < TP~ as y— oo.

(9.8)

(9.9)

(9.10)

(9.11)

(9.12)

(9.13)

(9.14)

Proof. It is clear that (@.13) follows from (@.7), @.8), @.9) and (@.I1I) when s and s’ are in the stated

range. With (0.12) and employing (2.3) we deduce that as y — oo

Kizsd) < (a3 (Imy2)7 0 4 Im()7 )

'Yeroo\Fv'Y#Foo
< e—ﬂy+y1—(0'+p+3)_|_y1—(0’—p—4)

< y5+”_"/.
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Clearly, for Re(s) > p+5, (9.13) gives the meromorphic continuation of K(z; s, s") to all s € B,
For these s, s’ it follows from (@.14) that K%, as a function of z, is bounded. Also use (@.6) and (©@.13)
to show that

AKP(z;5,8") = (s + 8 )1 — s — s )K (2;5,8') + dns'KF(z;5 + 1,5 + 1)

and hence AK? is also bounded. Therefore, with [7, Theorems 4.7, 7.3], K* has the spectral decom-
position

ZSS = S > L Ii"S S/ T zZ,Tr)ar
S U ) g [ (e PGB 019

47

where the integral is from 1/2 —ico to 1/2+ ico and the convergence of (9.15) is pointwise absolute
in z and uniform on compacta.

Lemma 9.3. For s € B, and Re(s") > p + 5 we have
ml/2=s s'+s+s;—1 s'+s—s;j
o ) = 2t~ (SE 1 (25 )
when w; is an even Maass cuspform. If u; is odd or constant then the inner product is zero.

Proof. Unfolding,

(KP(s,8),u;) = K (255, 8 )y (2) dp(2)
[\H
= / / Zys +1/2!m\s 1/2K8 1/2(27mly)e p2mima e )@
m#0 y

s— dy
= 2 wi(m)|m|*"1/? /0 y* K1 jo(2m|mly) SJ_1/2<2w\mry>y
m#0

Evaluating the integral [7, p. 205] yields

<Kﬁ(‘;8,8/),uj> _ L(uj;ms F3+ 1/2) HF < + (s — 1/2)2 (55 — 1/2)> .

Using (@.3) and that 5 = 1 — s; finishes the proof. O

In the same way, when Re(r) = 1/2,

(K*(58,8"),E(,r)) = L&, ZTSSF_ s+1/2) IIr ( (s = 1/22) G 1/2)> .

Further, E(z,r) = E(z,T) = E(z,1 — r) and with (9.5) we have shown the following.
Lemma 9.4. For s € B, and Re(s') > p+5

7.[.1/2—5

2I(s")0(1 — )
! . ! _ I _ I _ _
o T s +s—1r r s+s—1+r o(* s+r o s+1—r .
2 2 2 2
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Recall that (s) := 7 °T'(s)((2s) as in §2.11 Let

/20 (s — 1/2)

Ki(z;s,s") T(s) E(z,8 —s+1)
1/2 o0 / L / .. .
R s (s — sitstsim 1\ (sThs =8 _u(2)
Ko(z;s,8") = T JZ; L*(uj, s s+1/2)F< 5 T 5 (g, ;)
ujever\
1/2 1 / _ / -1
, T sS+s—r s+ s +r
. :: L ol e Ay (i A
/C3(Z7 S,S8 ) F(S)F(S/) 47 /(1/2) ( 2 > < 2 >

s'—s+r s —s+1—r\ E(z,7)
<o (T o (S ) e an
Assembling Proposition0.2] (9.15) and Lemmas 0.3 0.4 we have proven the decomposition
K(z;s,8") = Ki(2;8,8) + Ka(z;8,8") + K3(2; 8, 8) (9.16)

for s € B, and Re(s") > p+ 5.
Clearly K;(z;s,s") is a meromorphic function of s and s" in all of C. The same is true for

Ka(z; s, 8") since the factors L(u;, s'—s+1/2) <Z; (53 3 have at most polynomial growth as Im(s;) — oo

while the I' factors have exponential decay by Stirling’s formula. See (©.2) and [7| §57,8] for the
necessary bounds.

Theorem 9.5. The non-holomorphic kernel K(z; s, s") has a meromorphic continuation to all s,s’ € C.

Proof. As we have discussed, K1(z;s,s’) and Ka(z; s, s’) are meromorphic functions of s,s" € C.
The poles of I'(w) are at w = 0, —1, —2,... and §(w) has poles exactly at w = 0, 1/2 (with residues
—1/2, 1/2 respectively). Therefore, the integral in K3(z; s, s’) is certainly an analytic function of
s,s for o’ > 0+ 1/2 and 0 > 1/2 since the I" and 0 factors have exponential decay as |r| — oc.
Next consider s fixed (with ¢ > 1/2) and s’ varying. Consider a point ro with Re(rg) = 1/2. Let
B(rp) be a small disc centered at ry and B(1 — rp) an identical disc at 1 — 9. By deforming the
path of integration to a new path C' to the left of B(ry) and to the right of B(1 — r), we may, by
Cauchy’s theorem, analytically continue K3(z; s, ") to s’ with s’ — s € B(rg). Let C} be a clockwise
contour around the left side of B(rg) and C5 be a counter-clockwise contour around the right side
of B(1 —rg) so that C = (1/2) + C; 4+ Cy. For s’ — sinside C; (and 1 — (s’ — s) inside C5) we have

1 1 1 1
_1/2F F / . ]C . / — / —
i ()0(s') - Ka(z: 5, 5) i Jo * = I (1/2) o 4mi Jo, o 4mi Je, *

with * denoting the integrand in the definition of K3. Then

1 _ —2mi s—s+1—r , 0(s" —s) ,
yre o T im <r£{8§§89 <f>> L(s)'(s" — 1/2)mE(z,s —s)
— I(s)D(s 1/2)9(f(f s_/j_)S)E(z,s/ —s)

= DT ~ /DB (s — o +1).

We get the same result for ;L |, o, and it follows that for all s’ with o —1/2 < Re(s’) < o + 1/2, the
continuation of K3(z; s, s) is given by

T 2D($)D(s') - K3(z:8,8') = D(s)D(s' — 1/2)E(z,s — s’ +1) + ﬁ /( ) *. (9.17)
tJay2
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Similarly, as s’ crosses the line with real part o — 1/2, the term —I'(s — 1/2)I'(s") E(z, s’ — s + 1) must
be added to the right side of (9.17). Thus, for all s with 1/2 < Re(s’) < o — 1/2, the continuation of
K(z;s,s')is

1/2 _
K(z;8,8) = T FI(‘(S’) 1/2)E(z, s—8 +1)+Ka(z;8,8) + Ks(z;8,5). (9.18)
Clearly, with (9.17), (0.I8) we have demonstrated the meromorphic continuation of K(z; s, s’) to
all s,s’ € C with Re(s),Re(s’) > 1/2. The continuation to all s,s" € C follows in the same way
with further terms in the expression for K(z;s,s’) appearing from the residues of the poles of

r (5/+25_7’> r (8l+82_1+’") as Re(s' + s) = —o0. O

Proposition 9.6. We have the functional equation

K(z;s,5") = K(z;6,5). (9.19)
Proof. We may verify (@.19) by comparing (©.16) with ©.18) and using that KCa(z; s, 8") = Ka(z; 8, 5)
by @4), and K3(z;s,s") = K3(z;5',s) by @6). There is a second, easier proof: with § = ({ '),

replace v in (@.I) by S~. 0
Proposition 9.7. Forall s,s' € C and any even Maass Hecke eigenform u;,
1/2 s +s+s;—1 s +5— s,
K(8,8)uj) = =T )1 L)L (ug, s’ — s +1/2).
(K35, = it (5 . (. — 5 +1/2)

Proof. Since each u; is orthogonal to Eisenstein series we have by @.I6) (for s € B, and Re(s') >
p + 5) that

<IC(-;S,S/),’LLj> = (’C2(';878/)’uj >

The result follows, extending to all s, s’ € C by analytic continuation. O

9.3 Non-holomorphic double Eisenstein series

A similar argument to the proof of (6.3) shows that, for Re(s), Re(s’) > 1 and Re(w) > 0,

1 = TK(2:s,8")

C(w+28)¢(w + 28" )E(z,w; s,8") = 3 Z e (9.20)
n=1

where, in this context [5) (3.12.3)], the appropriately normalized Hecke operator acts as
T.K Z K(vz).
’*/GF\MTL
For each Maass form we have T),u; = v;(n)u; and for the Eisenstein series [5, Prop. 3.14.2] implies

T,E(z,5) = n* 201 _9,(n)E(z, s). Therefore, as in (@.5),

ZTnf T/; = (zvs)zm;jis_(j)ZE(Z,S)C(w—s)C(w—I-S—l).

n=1 n=1
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Now choose any p > 0. For s € B,, Re(s) > 1, Re(s’) > p+ 5 and Re(w) > 0 we may apply 7, to
both sides of (@.16) and obtain

/2T (s — 1/2)
2I'(s)
!/ - s s — s'+s+s;—1 s'+s—s; o u;(2)

+ AT(s)T(s) ; L*(uy, +1/2)F< 5 >P< 5 )L( s 1/2)

(uj,uj)

C(w +25)C(w + 25")E(z, w3 5, 8) = ((s' —s+w)(s — s +w—1)E(z,5 —s+1)

u; even
Jee

/2 1 s—s+r §—s+1—r s4+s—r s+s—1+r
+ 0 0 r r
20 (s)['(s") Ami J(1/2) 2 2 2 2

X ((w—r)C(w—1 —I—T)GE(‘l(Z_,T‘T))

dr. (9.21)

Put

! . / . I _ I _ _
Q(s,sl;r):=0<s +§ T>0<3+821+T>0<3 ;+T>9<S S;rl T>/9(1_7~),

Define the completed double Eisenstein series as in (2.19) and write

[e.9]

Ulsisis) = ) L*<uj78+8’—1/2)L*(uj,s’—s+1/2)<Zj.‘(z)‘.>.
j=1 79 Wy
ujeven

As in the last section, 2 and U have exponential decay as |r| and |Im(s;)| — co. Specializing (9.27)
tow = s + s/, we have proved the next result.

Lemma 9.8. For s € B,, Re(s) > 1and Re(s') > p+5

EX(z;8,8") =20(s)0(s")E(z;s + 8') +20(1 — s)0(s')E(z,s —s+1)

+Ul(z;s,8') + L Qs,s'sm)E(z,r)dr. (9.22)
2m (1/2)

From this we show the following.

Theorem 9.9. The completed double Eisenstein series £*(z; s,s') has a meromorphic continuation to all
s,s" € C and we have the functional equations

Ez;8,8) = E%(z5,s), (9.23)
EXz;8,8) = E(x1-s,1-5). (9.24)

Proof. Firstnote that (9.22) gives the meromorphic continuation of £*(z; s, s') to all s, s’ with s € B,
and Re(s’) > p + 5. As in the proof of Theorem 0.5 we see that the further continuation in s’ is
given by (@.22) along with residues that are picked up as the line of integration is crossed: for
s € B, fixed and Re(s") — —oo the continuation of £*(z; s, s’) is given by (@.22) plus each of the
following

20(s)0(1 — s )E(z,s —s' +1 when  Re(s’
—20(1 — 5)0(s"E(z,8 —s+1
20(1 — 8)0(1 — s")E(2,2 —s — &

—20(s)0(sYE(2z;5 + s

(s)
when Re(s)
when Re(s') < —o +1/2,
when Re(s') < —o —1/2.

)
)
)
)
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We have therefore shown the meromorphic continuation of £*(z;s,s’) toall s € B, and s’ € C.
Hence, for all s’ with Re(s’) < —p — 4, say, we have

E*(z;8,8') =201 —s8)0(1 —s")E(2;2 — s —s') +20(5)0(1 — 8" )E(z,5s — s’ + 1)

1
+U(z;8,8) + =— / Q(s,s';7)E(z,r)dr. (9.25)
2m1 (1/2)

The functional equation (9.24) is a consequence of the easily checked symmetries U(z;1—s,1—5") =
U(z;s,s'), Q1 —s,1—5;r)=Q(s,s';r) and a comparison of (9.22) and (@.25). The equation (9.23)
has a similar proof, or more simply follows from the definition 2.19). O

Proposition 9.10. For any even Maass Hecke eigenform w; (as in §9.1) and all s, s’ € C
(E*(58,8),u;) = L*(uj, s + 8 —1/2)L*(uj, 8" — s+ 1/2).
Proof. As in Proposition0.7] only U(z; s, s') in (9.22) will contribute to the inner product. O
With Theorem[@.9]and Proposition[0.10] we have proved Theorem 2.8
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