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On a Generalization of the Flag Complex Conjecture of Charney
and Davis

Kestutis Cesnavicius

Abstract

The Flag Complex Conjecture of Charney and Davis states that for a simplicial complex

S which triangulates a (2n — 1)-generalized homology sphere as a flag complex one has

(=)™ eq (%l)dim > 0, where the sum runs over all simplices o of S (including the

empty simplex). Interpreting the 1-skeleta of o € S as graphs of Coxeter groups, we present
a stronger version of this conjecture, and prove the equivalence of the latter to the Flag
Complex Conjecture.

1 Introduction

Motivated by a longstanding Hopf-Thurston conjecture on the sign of the Euler characteristic of
a closed, aspherical manifold of even dimension, in [I] Charney and Davis conjectured a linear
inequality that the number of faces of each dimension of a flag simplicial complex triangulat-
ing an odd-dimensional sphere should satisfy. Stanley [§], Davis and Okun [3], Karu [6] and
Frohmader [4] have settled partial cases of the conjecture, but the general case for spheres of
dimension n > 3 remains open.

The Charney-Davis Conjecture is closely related to simplicial complexes arising from Coxeter
groups, and is in fact a special case of the Orbifold Characteristic Conjecture for the Davis com-
plex of a Coxeter group of type HM; see Chapter 16 of [2] for details. In this paper we formulate
a conjecture (Conjecture below), which reduces to the Charney-Davis Conjecture in the spe-
cial case when all Coxeter groups involved are right-angled, and prove that this generalization
is in fact as strong as the original conjecture.

2 Coxeter Groups

A Coxeter group W is a group given by a presentation W = (C|R), with a set of generating
involutions C' = {c1,c2,...,¢,}, and a set of relations R = {c? = 1} U {(cic;)™i = 1,i # j, 2 <
mi; < oo} (where m;; = oo designates the absence of a relation of the type (c;c;)® = 1). Note
that m;; = 2 entails the commutativity of ¢; and ¢;: ¢jc; = c?cjcic? = ci(cicj)ch = cjc;; simi-
larly, m;; = mj;. The Coxeter group W is called right-angled if all m;; are either 2 or oo.

To every Coxeter group W one associates its Cozeter graph I', which succinctly carries all the
information needed to define a Coxeter group by means of generators and relations. For its
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construction, index the vertices of I' by the elements of C' and join two vertices ¢; and ¢; by an
edge iff m;; > 3; label the edge with m;; if the latter is > 4. Therefore, the absence of an edge
between ¢; and ¢; stands for m;; = 2 (i.e., ¢; and ¢; commute), whereas the absence of a label
means m;; = 3. Note that given I" one can unequivocally restore W. If I' has several connected
components, then the corresponding W decomposes as a direct product. Coxeter groups W
with connected graphs I' are called irreducible; in deciding whether I' gives rise to a finite W
the classification of all finite Coxeter groups (see, e.g., the Chapter 2 of [5]) comes in handy. We
record the finite irreducible W in terms of their Coxeter graphs in the Appendix.

3 The Flag Complex Conjecture

A topological space X is a homology n-manifold if it has the same local homology groups as R",
Z ifi=mn,

0 otherwise,

ie, Hi(X,X —z) = H;(R",R" - {0}) = { for each x € X. If in addition X

7Z ifi1=0 =
ne OETTM i is called

has the same homology as the n-sphere H;(X) = H;(S") =
0 otherwise,

a generalized homology n-sphere, or a GHS™ for short.

If o is a simplex of a simplicial complex S, its closed star St(o) is the union of all simplices in S
that have o as a face. The link Lk(o) of ¢ is the union of all faces 7 of simplices in St(o), such
that o N7 = (. Note that Lk(o) is itself a simplicial complex.

The following lemma gives a criterion for a simplicial complex S to be a homology n-manifold
in terms of the topology of the links of simplices of S. For the proof we refer to Lemma 10.4.6
in [2].

Lemma 3.1. Suppose S is an n-dimensional simplicial complex. The following are equivalent.
a) S is a homology n-manifold.
b) For each simplex o of S, Lk(o) is homeomorphic to a GHS"~4mo—1,

In the sequel we will be dealing with simplicial complexes S, the edges of which have assigned
weights in the interval 2 < m < oo (the weight oo will signify the absence of an edge between
corresponding vertices, whereas pairs of vertices with finite weight edges joining them will be
said to be incident). In this context the term flag complex will stand for a simplicial complex S
in which every subset of pairwise incident edges spans a simplex. If S is a finite flag complex,
such that any simplex o € S defines (by interpreting the 1-skeleton of o as a Coxeter graph) a
finite Coxeter group W,, we will set

w(S) = Z

o€eS #WU

(_1)dim o+1

(1)

Note that if all the edges of ¢ have weight 2, the Coxeter group that o defines is (Z/27)dimo+1
and therefore #W, = 24mo+1 The following is the Flag Complex Conjecture of Charney and
Davis formulated in [I].

Conjecture 3.2 (Charney-Davis). Suppose S is a triangulation of a (2n — 1)-dimensional gen-
eralized homology sphere as a flag complex, where all the edges of S have weight 2 (the weights
of absent edges are c0). Then (—1)"w(S) > 0.



The conjecture admits a generalization, which we will be concerned with in this paper.

Conjecture 3.3 (Generalized Flag Complex Conjecture). Suppose S is a triangulation of a
(2n — 1)-dimensional generalized homology sphere as a flag complex, and W, is finite for every
simplex o € S. Then (—1)"w(S) > 0.

We will prove that the two conjectures are equivalent, i.e., to prove the generalized version it
suffices to prove the right-angled case.

4 Modifying the Weights

We say that a simplex o of S is of type G, if W, is G (G is one of the names A,, Fy, Hs,
etc. from the classification table in the Appendix). Note that in the case of a flag complex S
decreasing the weight of an edge does not change the set of simplices of S: from the classification
table in the Appendix it is easy to see that W, stays finite for o for which it was finite before
this modification.

Lemma 4.1. Suppose that the Conjecture holds for n < k, and S is a triangulation of a
generalized homology (2k — 1)-sphere as a flag complex such that Wy is finite whenever o € S.
Suppose e is an edge of S of weight 6 < m < co. Then in order to verify Conjecture[3.5 for S,
it suffices to verify it for S’, obtained by replacing the weight of e by 2 < u < m.

Proof. From the classification in the Appendix it is clear that whenever an edge e of S of weight
6 < m < oo belongs to a simplex o of .S, the vertices of e are joined to the other vertices of o
with weight 2 edges. If we replace e with an edge of weight u, the change in w(S) will be (see

formula (f]))

1 m-—1u
ﬁw(Lk(e)) — %w(Lk(e)) = o

By Lemma Lk(e) is a generalized homology (2k — 3)-sphere, so by assumption Conjecture
is true for Lk(e) (it is a flag complex for which W, is finite for ¢ € Lk(e)). That is, the
change in w(S) is of the opposite sign than the value predicted by Conjecture The claim
follows. O

w(Lk(e)).

Lemma 4.2. In the setting of Lemma[4.1], suppose S has no finite-weight edges of weight > 6,
and e is of weight 5. Then, in order to verify Conjecture[3.9 for S, it suffices to verify it for S’
obtained by changing the weight of e to 4.

Proof. Replacing e with an edge of weight 4 changes w(.S) by (summations run over all simplices

o of S of the indicated type which have e as an edge)
1 1 1
- = il Lk _
(16 48) * 384) w( (0)))

(sheten+ 3 (35 i) stk 3 (-5 (35~ 35) * ) <240 ).

Using an inclusion-exclusion type of argument the two summands calculate the contribution of
all the simplices o of S in which e is involved in formula , when the weight of e is declared 4 and
5, respectively. The coefficients in front of w(Lk(c)) account for all previous terms in which the

1 1 1

(éw(Lk(e)) + ;3 (16 - 48> w(lk(o)) + Y (—48 +

| =



contribution of simplices 7 O ¢ have been calculated with incorrect weights, and corrects them
for those 7 in which the vertices of o are joined to the remaining vertices of 7 by edges of weight 2.

After rearranging the difference becomes
1 47

Ew(Lk(e)) - 0%24 28800w(Lk(0)).

Using Lemma [3.7] and the assumptions we conclude that the change is of the opposite sign than
the value of w(S) predicted by Conjecture O

Lemma 4.3. In the setting of Lemma[{.1], suppose S has no finite-weight edges of weight > 5,
and e is of weight 4. Then, in order to verify Conjecture for S, it suffices to verify it for S’
obtained by changing the weight of e to 4.

Proof. When e is replaced by an edge of weight 3, using an argument analogous to the one in
the previous lemma, we find the contribution of all simplices ¢ containing e in formula to be

Y b w(Lk(0)) + Y fa- w(lk(e)),
o:Bpn

o:Fy

where the coefficients b,,, fy satisfy recurrence relations (the argument is a generalized version of
the one used in the proof of Lemma by, corrects for the summands in which the contribution
of o of the type B, was calculated incorrectly and adds the correct contribution; the logical
meaning of summation variable j, looking at the sketch of the Coxeter graph I' for B, in the
Appendix, is the number n — j of nodes that are cut-off from the left to get the new graph, the
previously counted contribution of which the summand adjusts)

_ n—j bj (_1)71
b= 2 (-1) H(n—j—l—l)! (n+ 1)V

3
vV
N

2<j<n
by by 1
—_249.2 4 —
fa 199 g

Similarly, when the weight of e is 4, the contribution of corresponding simplices is

> by w(Lk(o) + D fa- w(lk(0)),

o:Bn o:Fy

with _

~ » b (—1)n

by = —1)nitt J + , n>2,

! 2<JZ;TI( ) (n—j+1! 2l -

- by b3 1

=2 492. 54 -
fa L Ty Ty

The difference is

> (b — bn) - w(Lk(0)) + > (fs — fa) - w(Lk(0)).

o:Bp, o:Fy

By Lemma 3.1 combined with the assumptions, w(Lk(c)) is of the same sign as the value of w(S)
predicted by Conjecture [3.3|for o of types By, Fy4, and of the opposite sign for o of types Byj1o.
To prove that the change is of the opposite sign than the predicted sign of w(.S), it suffices to



prove that (—1)!(by — byr), fa — f4 < 0 and bypy — byr1 = 0, 1 > 1. We set 8, = (—1)"(b, — by,)

and note the recurrence relation

B; 1 1
Bn = — - + — , n > 2.
" 2§Z<n m—j+1)! (n+1)! 27nl

Considering the generating formal power series B(x) = Bo2? + B323 + - - - and an auxiliary series
S(z) =5+ %? + - = =21 we get the relation

B(r) = +Z (G ) = PR (=10 = (72 1),

2! T
But ZO an , where B,, are the familiar Bernoulli numbers: By =1, B; = %7 By = %7
B3 = 0, By = —35, etc.; also, .33/2% = ijo GZ%’”, where G,, = 2(1 — 2™)B,, are the Genocchi
numbers (sequence A036968 in [7]). Wencz)nclude that 3, = —222! - % — %(1 _ in_l), and

the conclusion follows from the well-known properties of Bernoulli numbers: Byj,; = 0 and
(=1)!By < 0 for I > 1.

Finally, fq — f4 = —20s+ B3+ 5760 5%0 < 0, as desired. O

To handle the case of weight 3 edges we will need a couple of technical results on Bernoulli
numbers; we carry them out in two subsequent lemmas.

Lemma 4.4. For n > 2, we have

"f Bpi 1 1
—illn—49)! 2(n-1)! nl

Proof. The left hand side is a coefficient at " in the formal power series expansion of

x x x x
-1 —1+=-)==-+1 Tl=—=1]. ]
-0 (g -1e3) =F41ee(5-1)

Lemma 4.5. For n > 3, the Bernoulli numbers satisfy

Tf anj B, B, Bn+1 Bn+2 4 1 o n+1
2j+1(

Tr ) Um0 dnl a1 (mr2p " 2n) T o

Proof. The first three terms on the left hand side combined give

n
(7 — i 1 ’
s LG+ 2 (n—7g)!  2ntl(n+ 1) 27tl(n+2)!

8o it remains to prove that

n B,,_; B B 1
2 iyt ff)l*( fg)' <4_2n> =0
s J I(n—j)! n ! n !




The first term on the left is the coefficient at z™ in the formal power series expansion of

20 e"P-1-uz/2 2 1
et —1 x? z(e®/24+1) e* -1’
which is
2Gny2 Bapr (1 2"")Bui2  Bayi _ (4_ 1) Bny2  Bpp =
2nH2(n+2)! (n+1)! 2n(n +2)! (n+1)! 2n) (n+2)!  (n+ 1)

We are now ready for the weight 3 case.

Lemma 4.6. In the setting of Lemma[{.1], suppose S has no finite-weight edges of weight > 4,
and e is of weight 3. Then, in order to verify Conjecture for S, it suffices to verify it for S’
obtained by changing the weight of e to 2.

Proof. We use a technique analogous to the previous lemma to calculate the contribution of all
simplices ¢ containing e in formula when the weight of e is 2 and 3, respectively. We will
need a slight modification of the argument presented there, however, because in the present case
e need not be the end-edge in the Coxeter graph of W,.

We say that o is of the type A’ if the Coxeter graph I' of W, is A, and e is the t'' edge from
the end in I' (note that this makes o be of the type A”~!, too). Similarly, if T is D,, and e is
one of end-edges at the branched end of ', we say that o is of the type D/,; if e is the ', ¢ > 2
edge from the branched end of T, we say that o is of the type D! (therefore, o can be of types
D? and D), simultaneously). Types Ej§, E%, E} are defined analogously when e is the vertical
edge (in the sense of the diagrams presented in the Appendix) in graphs for Eg, E7, Es; types
E! 6 <n < 8 stand for those cases when e is the ' horizontal edge from the left (in the same
sense) in the graph for E,.

The contribution of all the summands in formula (i) corresponding to the simplices containing
e, when its weight is 2 is (the coefficients appearing in the sum will be discussed later)

Z ant - w(Lk(o Z d, - (o)) + Z dn,t - w(Lk(0))

o: Al o:Dj, o:DY,
+ Z e, - w(Lk(o)) + Z ent - w(Lk(0)),
o:E!, o:E},
where each o of type A! is counted either in ZA:t orin Y, R and each o of type DJ is counted
either in Y  or ), but not both (the recu(;re?lces fo; :2,:7,5 imply that a,; = ann—¢, similarly

J:Di o:D)
't = d4 2, so the choice does not matter; see below). When the weight of e is 3 the corresponding

sum is _
3 any - w(lk(o) + > dl, - (@) + D dny - w(Lk(0))
: Al o:D1, o:D},
+ > &, - w(lk(o)) + Y eng - w(Lk(o)).
o:El o:Ef

To show that the change

Z (an,t - an,t) : Z - d/ + Z n,t (Lk( ))

o: Al o:D!, o:D},
+ Z(e%—éﬁl% )+ Z ent — €n,t) - w(Lk(o))
o:El o:E?



is of the sign opposite to the sign of w(S) predicted by Conjecture by Lemma and the
assumptions it suffices to show that

0, (@241, —Go41¢) =0 for 1>1, (1)
0, ( ,21+1 - lelﬂ) =0 for [>2, (2)
0, (dops1s—day1s) =0 for 1>2, (3)
0, eet— €6t >0, (4)
()
(6)

(— 1) (agrs — o
(—1)!(dy — dy) <
(—1)!(dar s — dou s

~— ~— ~—

/ ~ ~
er —er =0, ers—ers =0,
eg —€g <0, egt— g&t <0.

We turn our attention to the coefficients a,; and @, ¢. For Y an:-w(Lk(o)) to calculate the
o:At,

contribution of all o of types A!, correctly, a,; must satisfy recurrence relations (an, corrects
for the summands in which the contribution of o of the type Al was calculated incorrectly and
adds the correct contribution; the logical meaning of summation variables ¢ and j, looking at
the sketch of the Coxeter graph for A4, in the Appendix and assuming e is the ¢ from the left,
is the number of nodes that are cut-off from the left and the right, respectively, to get the new
graph, the previously counted contribution of which the summand adjusts; the argument is a
generalized version of the one used in the proof of Lemma

t—1n—t— 1 1+J+ a _1)n
ane =2 Z z+1 n+11§t L+ (t+1)$(n)—t+l)"
=0 ;=0 ‘7 ' ’
i+7#0
Similarly,
iy 1 2+j+ an 1—j,t—1 (_1)71
Apt = + .
" %;} z—i—l NG+ D! (n+1)!
i+j#0

Set ant = (—1)"(ant — ant). The recurrence relation

ZZ Qo —j—j t—i + 1 1
iz o G+D)IG+1)! " t+D)(n—t+1) (n+1)

i+57#0

:_Z Z On—s,t—i + 1 _ 1
= o5 G+D(s—i+ 1) (t+D(n—t+1)! (n+1)!

1<t—i<n—s—1
yields a recurrence for the polynomials Py, (y) = a1y + anoy® + - + Qpp_1y™ L. For n > 2,
s+2

R Ly 2yt —1 y' y'
Paly) = =5 2 Poms )5 +Z<(t+1) n—t+1)! _(n+1)!>’

where the second sum equals

(1+y)""? —1—(n+2)y— (n+ 2yt —ymt? 1 yt—y

y(n + 2)! n+1)!y—-1"




which is

(1 + y)n+2 —1- yn+2 1 yn—l-l -1
y(n +2)! n+1)! y—1
Letting &(x) = ”g—? + Z—T +.oo=ef—1—x— %2 be an auxiliary formal power series, we conclude

that the generating formal power series 2(z,y) = Py(y)z?+ P3(y)z3+- - - satisfies the recurrence
relation

Uep) = = 3 W) (Blaly + 1) - Ofay) - 6(o)) + 25 S
+ o (@(w(y 1) = COEDR ) 2 ) + (‘”é{)g> .
But &(z(y + 1)) — B(zy) — &(z) = 2@ — e — e £ 1 — 22y, so
Mol =) _ Sl (T l) s
_jzy__eiJrler(y;l) + <€Iy_;;(yex_1) —1—%—%.

We conclude that

zy 1 1 o~ Bn(y" —y)
Q‘ =1 — =1 TN dT N
(z,4) +y—1<e$y—1 ez—1> +nz:% nl(y — 1) o

and P,(y) = %(y + 9%+ +y" ). Hence apt = % is independent of ¢, and has the same

sign as the n'" Bernoulli number B,,; odd Bernoulli numbers vanish, whereas (—1)!By <0,
follows.

Consider the numbers d/, and d/, and let 8/, = (=1)"(d, — d’,). The recurrence relations (the
first and the second sums correspond to subgraphs containing both forked edges and only one
forked edge, respectively)

n—4 ! - n—3
1 dpei (D), ; Gn—i-11 (1)
R -1 i+1 n—1 , -1 7 n——1,
o <Z( T VSt e

+

i=1

)
(
n—4 T - n—3 _
d, 1_ni (~D)" " *ag, ; On—i—1,1 (=1
o _ 1)+l _n— , i On—i1,
dn—<;( 1) (TR i +2( 1)2-(i+1)!+2n—1.n!’

together with oy, 1 = % give

5 _ _”Z—:‘* GOy 1 ”f’ By-i1 1 1
S+ 2Z m—i-1DIE+1)! 2.0 2771l
K 1 1 1
T ; (i+1) 4n—1)! " nl  2n-lpl

where we have made use of Lemma in the last equality. Recall the auxiliary series §(z) =



2+ 4+ = £=2=1; the generating formal power series €(z) = §jat + 652® + - - - satisfies

n=0 n=0
2 3 2 3
x T r x° ¢
¢ _ Py i L L x_2x/2 1 =
() ew—1<4e+4+4+8+6 crTiTy 8)
x z(1—e€") /2 9 22 2z
= — 1 —_ _——_——
ew—l( ;o te )> 1 YT er
oo n
We encounter the Genocchi numbers —24- = Guy" aoain, and conclude that &/, = —28n =
ev+1 — n! g n 2nn)
—% = % (4 — zn%Q) has the same sign as the n'® Bernoulli number B,,; this proves .

In fact, we will prove that (—1)"(dp+ — Jnt) = % (4 — 271%2), too, and this will settle . We
begin with the case ¢ = 2. The recurrence relations are (the sums correspond to subgraphs
containing both, just one, and neither of the forked edges, respectively)

nz_fl 11 dn—i2 TS an—ic12 | 41 An—i—21 (="
dhp = Y (1) g S ()i Sl S gy ity ,
i @+t 20 +1)! & A+ 1) " 24(n — 2)!
n—4 n—4 ~
~ d 2 ;Q 1,2 i1 0n—i—21  (—1)"
d — 1 H—l Un—4,2 n—i— 1 i+1 An—i—2, .
m,2 ;( ) + Z Z i 1) + < ( ) 4(Z n 1)' + 2”‘1n!
Letting 0y, = (—1)"(dpnt — dvnt) we see that
n—4 n—4
On—i,2 o 1,2 o 2,1 1 1
0= — n—i2 N Ynoicl2 n—i 3
" ; ((+1)! = (7,—1—1)! Z g4+ 1) + 24(n—2)!  2n—1p|
_ nz_fl (Sn 7 2 = BQ 1 2_: n i1 n 1 B 1
i=1 = (n—=9) "L' 2(n—2 4~ (n—i-1ll  24(n-2)! 2n~1n
_ nzfl 5n—i,2 1 n 1 1 N 1 N 1 1
_7”24 bnip 11 1
N i=1 (i+1)! 4(n-1)! nl on—=1lpl’

where we have used Lemma @ Since the recurrence relation for the numbers ¢, 2 is identical
to that for d/,, we conclude that §, 2 = 0, = B" (4 — TL%) as desired.

The general case n — 2 >t > 3 is handled similarly, though the relations are slightly different
(the sums correspond to cases when the subgraph has both forked edges, one forked edge, none
forked edges but contains the branch point, none forked edges and ends on the right side one
edge off the branch point, none forked edges and ends at the right side j+ 1 edges off the branch



point, respectively):

n—t—2

X i1 An—i X i1t X i 10n—i—24—1
d _ 1 i+1 ‘n 2, _|_2 1 i n‘ 1—1, + 1 i+1%n ‘z A +
wt g (=1) (i +1)! ;O (=1) 2(i +1)! ;0 (=1) 4(i 4 1)!
"o _2(_ )ian—i—S,t—Q +n_t_2t_3(_ Jiti (n—i—j-3t—j=2 (—=1)"
LT S T RGOl 2 Dl oF
N n—t—2 C'iv . n—t—2 i 14 n—t—2 il 91
d. , = )it st 9 )it )it
wt ; (=1) (i +1)! ; (=1) 2(i + 1)! ; (=1) 431+ 1)!
”_t_Q(_ )ian—i—S,t—Q +n_t_2t_3(_ Ji+i Op—i—j—3,t—j—2 n (=)™
P 4@+ = oo 2F2(j +3)1(i +1)!  2n~Inl
Therefore,
n—t—2 5 . n—t—2a 14 n—t—2a o1 n—t—2a PP
A n—it n—i—1t n—i—2t-1 n—i—3,t—
ot Z (i+1) ; (i +1)! ;0 41+ 1)! ; 24(i + 1)!
n—t—2t—3
7 Z Oni—j=3t—j-2 1 o1
2 ¢ 1.0
= = 2H2(5 4+ )G+ 1) 28t +1)(n—1t)! 2n71nl

We show that ;10 = % (4 Qt), and 0y 441 = dp¢ for n —2 >t + 1, t > 3. These two

claims combined will give 0, ; = 0y pn—2 = % (4 — 2,1%2) and will be settled. For the first

one,

5 _ . _at,t—l_atth ZatjltJQ 1 _ 1
et LTy 2H2(j +3)1 2L (t+ 1)1 2H1(¢ 4 2)!
By B B _§ Bij Lt
(t+ 1) 4l 24t —1)! 2254+ 3)(t—7—1)! 201t +2)

which equals (?ré?! (4 — %) by Lemma . For the second one,

Ott2,t Q41 g t—1 O—1,t—2
6 _5 3 ) ) )
L O = =) A=t — 1) oAt 1)
tz: M—j—1,t—j—2 _n_zt_g On—t—i—1,1 n n—t—2(t+2)
o 2012(5 4+ 3)!(n —t — 1)! = 20t + DIE+1)! 201t + 2)(n — )V

and employing Lemma again, 2'(t + 1)!(0p t4+1 — Ont) equals

t+1 nfS Qp—t—i—1,1 n n—t— 2(7f + 2)
2t +2)(n—t—1)! —~  (+1)! 2(t+2)(n—1t)V’
which is zero by Lemma We have therefore established .

Finally, we analyze the sporadic cases. In the calculations we will need the numerical values
of the first few Bernoulli numbers; we record them here: By = 1, By = —%, By = %, B3 =0,

10



By =— 30,35—0 Bﬁ— etc.

42>

For type Ej the relations are

ep = — ! +2a —2a —ld —|—1d/—i— !
6 — 36 21 3,1 6 4,1 4 4,2 2 5 26'7
o=z +3a 2t — ~diz+ oy +
6 = ~3gd21 317 5041 = Jda2 5 315
and 1B, 1B, 1B 1 7 13
/ ~ 2 4 4
R _ > 0.
7%= T332 324 424 ( 4> * 10368~ 103680 =
Similarly,
1 L1 1 Lo b 1d L1
e = — —Q — —Q —Q —
61 = 130 a1+ 750 1041~ g4+ 5051 53T 5 51 5
_ 1 L1 o . 1d L1
€61 =——=a —as1 — —a41 — =a a —_—
6,1 120 az 2081~ 041 — glan+ a5+ odss + or s
N 1 B, 1B, 1B, 5 13
s _ L D2 204 _ > 0.
€1 C1= T5070 T 124 624 T 20736 103680 =
! + 2 +1 - 2 d +1 + d + d’+ L
€ = —Q a Qa — a — a — a
6,2 24 2,1 2. 631 831 641 441 4,2 5,2 5,2 5 70
Bon = ——iigy + — +iaas - ta,, - 2a d +1~ PR A
66,2_ 24(121 9. 6a31 8a31 6a41 4(14,1 4,2 2&572 2 5,2 2 5 27.34'57
1B, 1B, 1B, 1B, ( 1) 71 13
Cfpg=———2_-D4 D4 “Duf, - > 0.
202> "0 5 T§o1 224 424 * 51840 103680 =

By symmetry eg3 — €63 = €62 — €62, €64 — €64 = €6,1 — €6,1, SO this establishes .

We proceed with types Ef and EL; as the method of calculation is clear by now, for the sake of
brevity we consider the differences directly, skipping summands corresponding to odd number
of vertices which vanish by the above.

~ 1 1 1 1 1 1 1
€ == Gy T gyt 2511 11t 56— ) T 5% — 5t o g5
1 By 1By 1 By 1 1 13 1Bﬁ< 1) 41
St B S O T 4— ) - =0
6-24 2 +824+12 24( 4>+2103680+26' 24 414720 ’
- 1 1 1 1 1 - 1 1
67,1_67,1:aa21+ﬂa4l+ﬁa4l+20461+2(€6,1_€6,1)_2'25.6|+210'34‘5'7
_ 1By, 1By 1B; 1 13 B,
T 62 824 26! ' 2103680 1451520_ ’
~ 1 1 ~ 1
€12 — €12 = gea2,1 + g 4.2 + 13442 + g1 + 12542 + 5062 + 2(66,2 —€62) + 5%
1 n 1 B 1B2+1B4+ lB4<4 1> 1BG+1 13
6 - 6! 210.34.5.7 96 2 4 24 12 4! 4 2 6! 2103680
1 Bg 1 671
2 /I BRI A
+ 2 6! ( 24) 2903040 ’
1 2 1 1 1 1 1 - 1
673_673—504214‘506414‘80442+E0442+ﬁ(542+2a63+2(€6,2_€6,2)+§56,2
1 n 1 _ 1 By 3 By 1 By (4 1) 1 Bg
24 - 120 210.34.5.7 72 2 824 124‘ 4 2 6!
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1B +1BG<4_1)_ 1007
2103680 ' 2 6! 21) " 2903040
e L +1 —I-l —i—l +1a —i—l(e é’)—l—ld
_ 1 L L _ 1
€7,4 67,4 240 2 1 12054 2 8044 1 12 4,1 9 6,2 2 6,1 6,1 2 6,3
. 1 1 B, TB 1BG+1 13
6-24.50 " 210.31.5.7 240 2 ' 2424 ' 26" ' 2103680
L 1Bs ( 1 ) 251
26! 24) 2903040
1 1 1 1 1 1
€15 €15 = 51 51 Qg + Oé41+20461+ 6,4 — 2.27'34‘5+210.34.5.7
1 B 1B4 1 Bg 136(4_1>_ L,
T1920 2 1224 26! 26! 24) 107520
and this settles .
Finally, we turn our attention to E} and Ef.
1 1 1 1 L 1
IS L i 75/ _ = L
BT T T 1209 T 120 T 4g% T 364! ( %)~ 4% ~ gt 5 g
1 1B 13B 1 34( 1> 1
214.35.52.7 720 2 36024 48 24 4) 6 103680
1Bs <4 1) 1Bs 8639 2537 _ 0.
46! 24 ) T 66l 696729600 696729600 —
N 1 1 1 1( 2o1) 1o 1 1
B TESLT T Ol T Ml T gt T g6 T T g Ae LT 5 o6 T 1 g5 52 7
1 By 7B 1 13 1Bs N 1079 2537
T 5040 2 24024 6103680 4 6! ' 696729600 696729600 —
N 1 1 1 1 1, 1 1 1( 2)
— = — - — — — - = — —(eg2— €
68,2 68,2 4. 120 OQ 120 Oy 2 48 O44 24 4 1 48 4,2 4046,2 4046,1 6 6,2 6,2
g, 1 1 1 By 17B4_1B4<4_1>_136
467 6.7 214.35.52.7 480 2 24024 48 4! 4 2 6!
1 13 _136( _1) 23030 2837
6103680 4 6! 696729600 696729600 —
_ 1 1 L, 1 1 1 1 1( -
€83 — €83 = 2‘6.24042 48@41 48 4,2 36 Q4.2 o Q4.2 240441 4a6,3 6 €6,2 — €6,2
L 1 Lo 1 1 1 By, 19 B, 2B
40627 4702 T 02T 90120 214.35.52.7 288 2 14424 3 6!
1 By (4 1) 1 Bg (4 1) 113 48383 2537 _
48 4! 4) " 46 24 ) 7 6103680 ' 696729600 696729600 —
N 1 1 1 1 1 L L 15 L
— —_ — PR — JRE— JRE— — —( —_ = [ — — [
68,4 e8,4 6120 21 120 41 24 42 24 41 36 4,1 4 6,3 6 6,3 6,3 4 6,2
1( S+ 1 1 1B, 43B; 236 113
6 01T T ot 5l T 914.35.52.7 720 2 36024 36! 6103680
1 Bg ( 1 ) 15119 2537
46! 696729600 696729600 —
_ 1 1 1 1 1 1 oo 1
€85 — €8,5 = 9.9, 5!04271 120 4.2 24044 1 4046,2 6046,2 1 6,4 4046,1 76 o7 .34. 5

1 1 By 1By 2B 1B6<_1) 2239
214.35.52.7 3840 2 2024 36! 46!

- * 696729600
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2537

<
696729600 —
1 1 1 Lo 1 1
— 701 — —=Q4] — -0 — —
o7 .34 . 5 2 T gt T g0l T Tl T 9010 34 57 T 914,35 .52. 7
1 By, 1 B, 5 Bg 17 9537

51840 2 12024 12 6! * 99532800 696729600 —
and this gives @

We have proved , , , , , and @, and hence the claim. ]

5 The Equivalence of the Two Conjectures

We are now in the position to prove the equivalence of Conjectures [3.2] and [3.3]

Theorem 5.1. To prove the Generalized Flag Complex Conjecture, it suffices to prove the
Charney-Davis Flag Complex Conjecture.

Proof. Indeed, suppose the Charney-Davis Conjecture held true. Then we could prove the
Generalized Flag Complex Conjecture by induction. The base case k = 0 of the empty simplicial
complex S is clear. If £ > 1 we would be in the setting of the lemmas of the preceding section.
We could without loss of generality decrease the weights of the edges step by step, every time
reducing the weight of an edge of the highest finite weight, until we would be left with S’ in
which all the finite weight edges would be of weight 2. The claim of Conjecture [3.2] applied to
S’ would imply the claim of Conjecture to S. O
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Appendix

’ Name ‘ Coxeter graph ‘ Cardinality ‘
An (TLZl) OO0+ 8 8 O (n—|-1)|
B, (n>2) 0—0—0 +:+ o—oto 2"n!

D, (n>4) Bl 2"~ 1p!
Es .- 27315
E; s 210.3%.5.7
Eg A 214.3%.52.7
Fy o—o-t-o—o 27 . 32
H, P — 120
Hy oio—o—0 14400

I, (m>5) ofig 2m

Table 1: All finite irreducible Coxeter groups
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