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Abstract
Given the monomial ideal I = (z1?,...,z0") C K|[z1,...,%s] where a; are positive
integers and K a field and let J be the integral closure of I . It is a challenging problem
to translate the question of the normality of J into a question about the exponent set
I'(J) and the Newton polyhedron NP(J). A relaxed version of this problem is to give
necessary or sufficient conditions on au, ..., a, for the normality of J. We show that
if a; € {s,l} with s and [ arbitrary positive integers, then J is normal.

Introduction

Let I be an ideal in a Noetherian ring R. The integral closure of I is the ideal I that consists
of all elements of R that satisfy an equation of the form

a4 Fan_1z+a, =0, a; € I

The ideal I is said to be integrally closed if I = I. Clearly one has that I C T C v/I. An
ideal is called normal if all of its positive powers are integrally closed. It is known that if
R is a normal integral domain, then the Rees algebra R[It] = @,y [™t" is normal if and
only if I is a normal ideal of R . This brings up the importance of normality of ideals as the
Rees algebra is the algebraic counterpart of blowing up a scheme along a closed subscheme.

It is well known that the integral closure of monomial ideal in a polynomial ring is again a
monomial ideal, see [SH] or [Vif] for a proof. The problem of finding the integral closure for

a monomial ideal I reduces to finding monomials r, integer ¢ and monomials my, mo,...,m;
in I such that 7" +myms - --m; = 0, see [SH]. Geometrically, finding the integral closure of
monomial ideals I in R = K|[xo, ..., x,] is the same as finding all the integer lattice points

in the convex hull NP(I) (the Newton polyhedron of ) in R™ of T'(I) (the Newton polytope
of I) where T'(I) is the set of all exponent vectors of all the monomials in I. This makes
computing the integral closure of monomial ideals simpler.

A power of an integrally closed monomial ideal need not be integrally closed. For exam-
ple, let J be the integral closure of I = (z*,9°,27) C K[z,y, z]. Then J? is not integrally
closed (observe that y32% € J as (y3z3)5 = y5yPyP2728 € I°. Now z%y*2° € J2 since
(x2y4z )2 = (x4 . y5) (y3z3 . 27) € (J2)2. On the other hand we used the algebra software
Singular [GPS05] to show that z?y*z5 ¢ J?). However, a nice result of Reid et al. [RRV]
Proposition 3.1] states that if the first n — 1 powers of a monomial ideal, in a polynomial
ring of n variables over a field, are integrally closed, then the ideal is normal. For the case
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n = 2 this follows from the celebrated theorem of Zariski [ZS] that asserts that the product
of integrally closed ideals in a 2-dimensional regular ring is again integrally closed.

In general, there is no good characterization for normal monomial ideals. It is a chal-
lenging problem to translate the question of normality of a monomial ideal I into a question
about the exponent set T'(I) and the Newton polyhedron N P(I). Under certain hypotheses,
some necessary conditions are given. Faridi [Far] gives necessary conditions on the degree of
the generators of a normal ideal in a graded domain. Vitulli [Vit] investigated the normality
for special monomial ideals in a polynomial ring over a field.

For oo =(av1, ..., an) € N"let I(ax) be the integral closure of (z7*,...,25") C K[z1,..., %)
Reid et. al. [RRV] showed that if & = (1, ..., q;,) with pairwise relatively prime entries,
then the ideal I(«) is normal if and only if the additive submonoid A = (1/a1,...,1/a,)
of Q> is quasinormal, that is, whenever z € A and = > p for some p € N, there exist
rational numbers yi,...,yp in A with y; > 1 for all ¢ such that x = y1 + - + y,. Thus
for the case where «q,...,q, are pairwise relatively prime, the normality condition on
the n-dimensional monoid is reduced to the quasinormality condition on the 1-dimensional
monoid. Another nice result of Reid et. al. [RRV] is that the monomial ideal I(«) is normal
if ged(aq,...,an) > n — 2. In particular, if n = 3 and ged(ag, ag, a3) # 1, then I(«) is
normal. Therefore, in k[x1, z2, x3] it remains to investigate the normality of I(a) whenever
ged(aq, an, @3) = 1 and the integers are not pairwise relatively prime.

A important result of Reid et. al. [RRV], which we use to improve our result in this paper,
is as following. Choose i and set ¢ = lem(aq, ..., &;, ..., an). Put & = (a1,. .., 051,05 +
Cy ity ... Qp). If I(@) is normal then I(a) is normal. Conversely, If I(a) is normal and
a; > ¢, then I(a’) is normal.

The goal of this paper is to show that the integral closure of the ideal (z{*,...,z%") C
Klz1,...,2y,] is normal provided that a; € {s,{} with s and [ arbitrary positive integers.
The following theorem provide us with a technique that we mainly depend on to prove the
integral closedness.

Theorem 1 (Proposition 15.4.1, [SHJ) Let I be a monomial ideal in the polynomial ring
R = K|zr1,...,x,] with K a field. If I is primary to (z1,...,2,) and IN(I : (x1,...,2,)) C
I, then I is integrally closed.

Proposition 2 (Corollary 5.3.2, [SH]) If I C J are ideals in a ring R, then J C T if and
only if each element in some generating set of J is integral over I.
Certain Normal Monomial Ideals

Let (x5,...,25 yt,...,yL) C K[x1,...,Zm, Y1, - .., yn) with K a field, ; and y; indetermi-
nates over K, and s and [ positive integers such that (without loss of generality) I > s.

Notation 3 For the remaining of this paper fix positive integers s and | with l > s and let

l
Ap = {a—-‘ where a is any integer. Also, let k be any positive integer.
s



x
Let z and y be positive integers and write x = ts + r with 1 < r < s. Then y {_—‘ =
s

PRI Iy <y S [y Thentore, [y2] 2y ([2] - 255). s
s s S S s S s s
inequality helps to prove the following lemma which is a key in this paper.

Lemma 4 Ifi € {0,1,... ks}, then kl(ks —i — 1) + X\; > (ks — )(Aps—1 — *5%), where
(ks—1l=ts+r withl1 <r<s.

Proof. By the note before the lemma we have kl(ks —i — 1) + \; = [w—‘ =
{(ks - z)u—‘ > (ks — ) ([u] - ;) = (ks — i) (Ako1 — *=2). =

Definition 5 Let F), = {xil-uxiksiayjfwyjka |a=0,1,2,...,ks, 1 <3 <ig < -+ <
ihs—a <m, and 1 < j; < jo < -+ < ja, < n}, Ji the ideal generated by all the monomials
in Fy, and I, = (2%, ... 2k b k) € Klzy,...,%m,y1, .., yn]. Also, let J = Jy,

FZFl, cdele.
Lemma 6 Jy is integral over the ideal Iy, that is, Jx C 1.

Proof. By Proposition [2] it suffices to show that every element of Fj, is integral over Ij.
Note zkst ... ghsl ¢ I,lc(ksfa) and st ykst e I, Also note I(ks—a)+s\, = ksl—la+s

lhs—a J1 Xa

) ksl

l
[a——‘ > ksl. Therefore, (i, - @i, Yj - Yjx, et m

S

The figure below is an illustration of J3 C K|z, y, z] with s = 2,1 = Tand I = (2°,y*, 2!).
In this case I3 = (z3%,9%%, 23) = (25,49, 22!) and F3 = {2y 2*e-G+p | i+j=0,1,2,3,4,5,6
and Ay = (%w }. The elements of F5 are represented by black circles. From the figure it is
clear that the set F3 minimally generates Is.



Later we will prove that Ji is the integral closure of Ij.
Lemma 7 J* = J.

Proof. We show JiJ = Jp11. Let @y, -+ x4, _ 5, - “Yjr, EF and z;, @y, Ygy Yj, €
Fj;. Multiplying these two monomials we get Tpn, *** Thg ). pa Yt T Ytaaiay (with 1 <
h1 <hy<...<mand1l <t <ty <...<n). Thisis a multiple of zp, -- Thigrye—ra Yt Yia, S
Ji+1 as Aagp < Ag + Ap. To show the other inclusion let z;, - - Tigynye-a¥in " Yirg € Frtr-

l
If a > ks, write a = ks+ r with 0 < r < s, then Ay = Agsyr = {(ks—l—r)——‘ =
s

kl + Ar. Thus this monomial equals ;, -+~ i, Yj, - Yjs - But yj -y, € Fj and
Tiy * Tig_ o Yjrasr " Yingn, € F as0 < s—r <os. Ifa < ks, then z;, - - Tiginya—a¥ir T Yin, =
Ty T, Thy * Thye_oYjs " " Yjn, €SIk STty -2y, €J and xp, - Thy, L Yj - “Yjr, € Jk-

[
The main goal of this paper is to prove the following theorem
Theorem 8 The integral closure of the ideal (z7*,...,z%") C Klz1,...,2y,] is normal,

where «; € {s,1} with s and | arbitrary positive integers. Or equivalently, the ideal J is
normal.

By Lemma [6] and since I}, C Ji we have
I CICh C i

We will use Theorem [l to show that J, is integrally closed, hence Jj, is the integral closure
of Ii,. Therefore we need the following.

Remark 9 Let R = Klz1,...,Zm,Y1,---,Yn). For 1 < i < m, it is easy to see that
(Ji : (x4))/Jx is generated by {z;y -+ 24y, o, W, ewy |a=0,....,ks—1; 1 <4 <
i < v <dgg—ago1 <mand 1 < j; < jo < oo < 4y, < n} where z; and w; are the
images of x; and y;, respectively, in R/J,. Also, for 1 < j < n note that (Ji : (y;))/Jk
is generated by {z;, i, W, ---wJ.Abi1 [b=1,...,ks; 1 <i3 <ig <+ <ligsp <M
and 1 < j; < jo < -+ < ja, < n}. As the intersection of two monomial ideals is generated
by the set of the least common multiples of the generators of the two ideals, it follows that
(Ji s (@15 Ty Y1y - -+, Yn)) [ Ik is generated by {zi, - ziy,_ W, - Wy le=1,...,ks;

1<ip <ig<- -+ <ips—e <mand 1 <j; <jo<---<jy <n}

Lemma 10 The ideal Ji is integrally closed.

Proof. By Theorem[[we need to show that none of the preimages, in K[x1, ..., Zm, Y1, -, Ynls
of the monomial generators of (Jx : (X1,..., Tm,Y1,---,Yn))/Jk is in Jr. Assume not, that
is, assume o = Ty, -~ Ty, Y, oY,y € Ji forsomee € {1,...,ks}. This implies 0 € J¢?
TP d_- . d.d d d d ~
for some positive integer d, thus o = 2 27, --- 23 y7 - v, _,equals the following prod-
uct of products of the generators of Jj
B H (yjl Yjo " yjkl)cjl ’’’’’ Iwt

1< < <gr<n



(Iil Yi1 Y50 - 'ijksfl)
1§i1§m

11 <<y, S0

H (Iilxi2yjlyj2 e ijk572) -
1<ip<ia<m
11 <<y, oS0

lilx‘i2 ,,,,, Qg —2:d15- 50N
H (‘Til © L2 Yjy 7 'yj/\z) ) 2
1<141 <ip <+ <igs—2<m
1<ji<<jga, <n

Ligyig,eeyigs— 1,910 sdx
H (xil L1 Yqn ijl) ° !
1<i <ip < <igs—1<m
1<ji<<gx; <n

L [X 5 RRRRE] ks
({Eilfbiz s {Eils) o2 ks
<11 <0< <ips<m

where 3 is some monomial, ¢j,...j, and i, i, ji,..j,, , (With 1 < ¢ < ks) are non-

negative integers. For 1 < t < ks let L; = > Liv oo v, and let
1<iy ip < <ip <m Rt
1<ii <<y, S0
C= > Cj1,....jx - By summing powers we have
1<ji < <jri<n
Lis+Lps—1+--+Ls+Lo+L1+C=d (1)

Also, by the total-degree count of the monomial x;, - - - x;,. . we have the following equality

(ks)Lis + (ks — 1) Lps1 + -+ 3Ls + 2Lo 4+ Ly + & = (ks — e)d (2)

where € is the total-degree of the monomial x;, ---x;, __ in 8. By the total-degree count of
the monomial y; - - “Yj, —1 We must have the following inequality

MLgs—1 4+ XoLgs—2+ -+ + Ags—3L3 + Ags—2Lo + Ags—1 L1 + Ckl < (A — 1)d  (3)

We finish the proof by showing that ([I), (@), and @) can not hold simultaneously.

From () and (2]
C=(ks—1)Lgs+ (ks —2)Lps—1+---+2Ls+ Lo+ec— (ks—e—1)d (4)

Recall, (ks — 1)l = ts+r with 1 <7 < s and A\gs_1 < Ars = kl. Now consider the left-hand



side of (3]

MLgs—1+XoLlps—o + - 4+ Aps—3L3 + Aps—aLlo + Aps—1L1 + CKl

ks—1
[Z [kl(ks —1 — i) 4+ N Lis—i

=0

+ ekl —kl(ks —e—1)d (By @) )

ks—1

> [Z (ks — i) (Abs—1 — ——)Ls—i | + ekl — kl(ks — e — 1)d (by Lemma M)
S

=0
> (Akso1 — — (ks — e)d — kl(ks — e — 1)d By @) )
= ks =Dl eyd— Ri(ks — e — 1)d

S

= (%)a

S
> (Ae —1)d.

This is a contradiction to ([B]) as required. ®
Proof. (of Theorem [8) The proof follows by the above lemma and Lemma[7l m

We have already proved that if @ =(a1,...,a,) € N® with the entries of a consisting
of two positive integers, then I(a), the integral closure of (2, ...,2%") C K[z1,...,2y], I8
normal. Noting that the ideal I(z*, 4%, 27) C K|z, y, 2] is not normal, the following question
arises: when is I(a) normal provided that a consists of three distinct positive integers? In

the proposition below we give a partial answer for this question.

Theorem 11 (Theorem 5.1, [RRV]) Let o =(avy, ..., ) € N, ¢ = lem(ay,...,an_1).
Let I(c) be the integral closure of (x{*,...,z%") C Klz1,...,2,] and I(&') the integral

rn

closure of (z{*, ..., 20" 1" 28 T¢) C K[z1,...,2,]. If I(e) is normal, then I(cx) is normal.

Conversely, If I(a) is normal and o, > ¢, then I(a') is normal.

Proposition 12 If o =(aq,...,ay) € N™ with a; € {s,1} fori=1,...,n—1 such that s
divides | and | divides o, then I(a) is normal.

Proof. We proceed by induction on the integer ¢ = a,/l. By Theorem [8] the ideal I(cx)
is normal whenever ¢ = 1. Note [ = lem{s,l} as s divides [. Assume I(a) is normal for
a=(a1,...,an_1,ql) with a; € {s,l} for i = 1,...,n — 1. Then by the above Theorem
I(a/) is normal where o/=(a1,...,n_1,ql +1). ®
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