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Abstract

The concept of phase space amplitudes for systems with continuous degrees
of freedom is generalized to finite-dimensional spin systems. Complex ampli-
tudes are obtained on both a sphere and a finite lattice, in each case enabling a
more fundamental description of pure spin states than that previously given by
Wigner functions on either the sphere or lattice. In each case the Wigner func-
tion can be expressed as the star product of the amplitude and its conjugate,
so providing a generalized Born interpretation of amplitudes that emphasizes
their more fundamental status. The case of spin-1 is treated in detail, and it
is shown that the phase space amplitudes transform correctly as spinors under
under rotations, on both the sphere and the lattice.
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1 Introduction

Weyl quantization [1] is a one to one map between functions on a phase space I'
and operators acting on a Hilbert space H. Over the years the Weyl-Wigner (WW)
transform )V, which is the inverse of Weyl’s quantization map, has been used to
develop the phase space formulation of quantum mechanics that has successfully
been applied to systems with continuous degrees of freedom [2,3].

There have been several attempts to generalize the Weyl correspondence to in-
clude finite spin degrees of freedom within the WW formalism. The treatments
of deGroot and Suttorp [4] and O’Connell and Wigner [9] combined the continu-
ous phase space picture with the finite spin degrees of freedom into a single WW
transform. Buot [5] formulated a discrete WW transform on a periodic lattice phase
space; Chumakov et al [6] defined a WW type quasi-probability function as a lin-
ear combination of spherical harmonics on the phase space of the sphere §?; and
Berezin [78] introduced a general method of quantization by representing functions
on &2 in terms of covariant Q-symbols and contravariant P-symbols.

The lattice phase space approach was further generalized to an array of NV orthog-
onal states to obtain a discrete Wigner function. For example Hannay and Berry [10]
obtained a discrete Wigner function that resembled a § function on each of the (2V)?
points of a 2N x 2N lattice phase space indexed by the set of integers modulo 2NV.
Wootters [11] generated a general class of discrete Wigner functions (applicable to
spin systems) by constructing an N x N lattice phase space indexed by the set of
integers modulo N, where N is a prime number, or a Cartesian product of lattices in
the case of composite V. Gibbons et al [12] found a class of discrete Wigner functions
onan N x N lattice phase space of a finite field composed of N* elements where N
is prime and k& € Z". Other approaches that dealt with spin systems but from a dif-
ferent perspective are those of Chandeler et al [13] who, motivated by the statistical
characteristic function, generated three dimensional quasi-probability density func-
tions for spin-1 systems; and Leonhardt [14], who applied precession tomography
to spin systems to derive an expression for a discrete Wigner function.

Phase space amplitudes have been defined for continuous degrees of freedom by
[15H21]. They provide representations of quantum state vectors rather than the den-
sity operator, and as such are more fundamental objects than Wigner functions [21]].
In this paper we extend the concept of phase space amplitudes to finite-dimensional
spin systems. We begin with a brief review of phase space amplitudes and then mod-
ify the main results to define phase space spin amplitudes. Expressions for spin am-
plitudes and their corresponding Wigner functions are obtained on both the sphere
S? and a lattice of dimension (2j + 1)2. Our primary focus will be on spin-1 ampli-
tudes and explicit expressions for these will be given in terms of spherical harmonics

and functions defined on each of the (25 + 1)? = 4 lattice points. For convenience we



consider all variables to be dimensionless and set Planck’s constant 7 to unity.

2 Phase space amplitudes

In the phase space formulation of quantum mechanics, state vectors for a system
with continuous degrees of freedom (p, ¢) only are represented by complex phase
space amplitudes [15-21]. These are constructed from a pure state vector |)) by

introducing a fixed vector |¢) of unit length, to form the outer (dyadic) product

U = i) (g (1)

For each choice of |¢), a set of distinct amplitudes for variable |¢)) are found as the

~

images WW(¥) under the WW transform,
W(E)(p,q)/V2r «— W(p,q) = tr (FA(p,0)) /V2r. 2

Here ﬁ(p, q) is the Weyl-Wigner-Stratonovich (WWS) operator kernel [22]].

A phase space amplitude contains all essential information about a quantum
state, and this representation of state vectors in phase space has many important
properties. For instance, phase space amplitudes can be used to calculate expecta-

tion values according to
() =6 @8T) — [Fog) (A= Vel @ =dpdg), ()

and transition probabilities

(W [iha) = / U1 (5 @) Wa(p, q) I, )

where in particular

(YY) = /\I’(p, q)¥(p,q) dl' =1, (5)

and therefore the quantity |¥|? can be regarded as a quasi-probability distribution
over I'. In (3), the non-commutative star-product of phase space functions A(p, q)
and B(p, q) appears [24], given by

2
B = (1) [ (Bo.0B6hDAE ") ACDBE )
x dp'dq’'dp"dq". (6)

The mapping from [¢) to ¥(p, q) is linear so that the amplitudes preserve the
superposition and interference properties of state vectors. In contrast, the Wigner



function W (p, ¢), which is defined for a pure state |¢)) as the image W(|¢)(¢|) and
commonly expressed as [23]]

W)W, 027« Wip.a) = 5 [ P TaTa/2ula— /2 do, @)

does not have these properties.
In analogy to the way that configuration space wave functions determine a prob-
ability density, phase space amplitudes generalize the Born interpretation by deter-

mining the Wigner function with the help of the star product

Wi(p,q) = (¥ x ¥)(p,q), 8)

which emphasizes the more fundamental status of these amplitudes.

3 Spin amplitudes on the sphere S?

The inverse of Weyl’s quantization map assigns to each spin observable Ji, k=

1,2,3, represented by (25 + 1) x (2j + 1) hermitian matrices with the fixed spin

1
HEOR)
sphere S2. However, pure spin states described by vectors |j, m) in the Hilbert space

quantum number j € 0,5,1---, a real valued function on the phase space of the

H,; = C2+1 which are eigenvectors of .J5 and .J2,
Jlj.m) = mljm), JPljom) = G+ Dljm),  m=jg-1 =g )

do not have images defined on S2.

Within the framework of phase space amplitudes this problem is circumvented
by first observing that spin states are vectors |¢)) with 2j + 1 complex components
Ym = (j,mlp) in H; and second, in a manner similar to the continuous case, by
introducing a fixed spin state |¢) which allows one to extend the amplitude operator

of (@) to

Vip; P
U= [9) o] = WmP) = | By - (10)
: VP
Normalization of |¢) requires that
J
> leml>=1. (11)

m=—j

A basic feature of Weyl quantization is the existence of an operator valued func-

tion or WWS kernel, the determination of which is essential for the definition not



only of the Wigner functions on 82, as in the literature [6], but also of the spin am-
plitudes in which we are interested here. A WWS kernel based on the axiomatic

postulates of Stratonovich [22] and applicable to spin systems is known [25-H27]] and

given by
N9 = D Zyulim")im] (122)
m’,m”——j
. P AL VR
Ly = 2 +1 S d1yTMel, o) Yim(6,¢),  (12b)
=0 m=-1

where Cn{b,, _ Tln, n’l are the standard Clebsch-Gordan coefficients, Y; ,,, are the spherical
harmonics and e{ are constants such that eg =1 and e{ = =+1.

It is now a straightforward matter using (10) and ([I2), after making a suitable
choice for the arbitrary fixed spin vector |), to define the spin amplitudes on S? as

U(0,¢) = tr (@&'(9, ¢)) . (13)

Whatever choice of fixed spin vector is made, the corresponding Wigner function on
S2, which is defined as

W (0, ¢) = tr(|v) (W|A (0, 9)), (14)

is then expressed in terms of spin amplitudes by the star product

W(6,9) = (6, 6) 0 (0, 9). (15)

There are various methods available to evaluate star products for spin systems [28,
29] but for our purposes it will be appropriate to use the integral form by suitably
modifying (@) to get

wio) = (L) [u(Meom0.6n0)

47
X \IJ(H’, gb’)\lf(@”, ") dQYdqY”, (16)

where dQ = sin #dAd¢ is the invariant measure on S2.
All functions defined on a sphere can be expanded in terms of a complete set of

spherical harmonics, hence we can write the spin amplitudes (13) in the form

27 l
VO,6) =D > amYim(0,9), (17)

=0 m=—1



where, from the orthogonality property of the spherical harmonics, the coefficients

are given by
2m
/ / &)Y m( Y, (6, @) sin @ dde. (18)

Formula (I7) suggests that spin amplitudes will transform as tensors under rota-
tions, but we will see that, to the contrary, these amplitudes transform as spinors
when 2j is odd-integral, in particular, when j = 1/2.

A double application of leads to

‘1’(97@‘1’(97@ = Z Z allmlal2m2}/l17m1 (9,(;5)}/[277,12(9,(;5). (19)

l1,mq la,m2

The product of two spherical harmonics, with the same arguments can be written as
a linear combination of single spherical harmonics in terms of the 3j-symbols, hence

(19) can be re-expressed as

(2L +1)(2L +1)(2l + 1 _
Wo.0T0 - Y 3 DN, o

7T
l1,m1 la,ma I,m

l l l i log 1\——m
x(l ? )(1 ? )n,mw,@. (20)
mip Mg m 0O 0 O

The Wigner function has a similar expansion, so that for any choice of fixed vector
we can write

25 1
- Z Z blel,m(Qa¢)7 (21)
=0 m=-1
with coefficients
27 T
by — / / W (8, )Y (0, ) sin 6 d9dg. 22)
o Jo

The symplectic group of transformations that arises in the case of continuous
degrees of freedom, acting on functions of variables (p, ¢) in a 2f-dimensional phase
space, is replaced by the group SU(2) of rotations acting on functions on the phase

space of the sphere S?. Rotated spin amplitudes are generated from
r(0,6) = W(R)x )(0, 9), (23)
where the rotation operator is given, for spin-2, by
R(y, , ) = e~19=/2¢=i00/2=i63/2 (24)

We will demonstrate below that although the rotated spin amplitudes are expressed



as linear combinations of spherical harmonics they nevertheless transform as spinors.
For the case of spin-1 systems (j = 1), setting the constants ell/ > = 41, the WWS

kernel (12) reduces to
AY2(0,6) = (I++v3n-5)/2, (25)

where T isa 2 x 2 unit matrix, o are the Pauli operators

0 1 0 —2 1 0
Am = ) Oy = ) Az = s 26

and n = (sin @ cos ¢, sin # sin ¢, cos #) is an arbitrary unit vector which is parameter-
ized by the spherical polar coordinates 0 < 6 < 7,0 < ¢ < 27.
The spin-3 amplitudes then follow by inserting (I0) and (25) into (I3) to get

11
V(O,6) =V Y Y amYim(0,9), (27)
=0 m=—I
where the coefficients are given by
app = Y1/2P12 T V12812,
ar-1 = V2U_19%y o,

aw = Y1/2P172 — Y-1/2P-1/2;
an = —V215%_1 o (28)

Using (20), we find for the product

1 l

=0 m=—1

with the associated coefficients

boo = 1,
1 _
bi1 = ﬁ(w—yz%/z + ¢_1/2P1/2):
bio = |¢1/2|2|¢1/2|2 - |¢—1/2|2|¢—1/2|2,
1 _
by, = —— 19+ D_1/2)- 30
11 \/5(7/11/21/1 1/2 T P12 1/2) (30)

The components of the fixed state |¢) can be chosen appropriately in (10) and (16) to
simplify calculations, for example ¢; /5 = 1,¢_1/ = 0.
The corresponding Wigner functions are obtained by evaluating (16) with (25)



and (27), for any choice of fixed spin vector, to get

11
W(0,0) =vVTY_ > cmYim(8,0), (31)
=0 m=-1
and its coefficients

coo = 1,

o1 = V2¢_1)00 ),

co = |1l — Y10l

‘11 = —\/§¢1/2E—1/2- (32)

It is now possible to immediately write down the Wigner functions for any arbitrary
spin vector by simply inserting appropriately chosen spin components.

It has been established that spin amplitudes are functions on S?, and it only re-
mains to be shown that they do indeed transform as spinors under rotations. To do

this consider a rotation through an angle o about the y-axis given by

D 1.7 c e 1 A
R = cos jal — isin 5a0,. (33)

~

The image WW(R) of this rotation is given by the mapping

W(cos %af— isin $a5,)(0, ¢) — cos s — iv/3sin arsin O sin ¢. (34)

Inserting this into (23), and evaluating the star product, leads to an expression of the
form

1 l
UR(0,0) =vVT Y > amYim(0,9), (35)

1=0 m=-1

for the rotated spin amplitudes, with corresponding coefficients given by

ap = ($1/2P1j2 +V_1/9P_172) €OS 50 — (Y1 /9Py o + Y1 /9P_1/2) i 501,

aw = (Y172P1/2 — Y-1/2P_1/2) €08 30 — ($_1/9P1 2 + P1/2P_12) sin 30,
al—1 = \@¢_1/2¢1/2 cos 3o + \/5%/2@1/2 sin 3o,

ainp = —\/51/11/2@—1/2 cos ga + \/§¢—1/2¢_1/2 sin ga. (36)

Setting o = 2 in the above set of coefficients produces a change of sign in ¥ (6, ¢).
Therefore, even though the spin amplitudes are functions on S?, they nevertheless

transform as spinors.



4 Spin amplitudes on the lattice

Consider a quantum system characterized by two incompatible physical observ-
ables A and B each with an associated finite number of (non-degenerate) eigenvalues
a={a;:i=—j,---,jtand f = {pB; : i = —j,--- ,j} respectively. From these we
construct a lattice consisting of (25 + 1) points (a, ) in the plane. A generalized
WW correspondence rule between observables X ; and their corresponding symbols

X (a, ) on each of the lattice points can be defined by

% = 5 L XA, (372)
af
X(@f) = tr(XA@8). (37b)

where ﬁ(a, B)isa (2j+1) x (25 + 1) lattice kernel matrix defined at the lattice points
(o, B) and required to satisfy the following properties

Ale,8) = Al(a,B) (38a)
tr(A(a, B)) = 1 (38b)
(A, HA(A,B)) = (25 +1) Bua 3 (380)
Al,f) = (2j+1T. (38d)

af

One possible form for the kernel A(a, 3) that guarantees the above properties are
satisfied is [5]11]

ﬁ(a,ﬂ):Ze_%ﬁa/]a—i-a'/%(a—a'/% o =—j, (39)

Oél

where the |-)(:| are (2j + 1) x (2j + 1) matrices, whose elements are determined from
the properties (38). Alternatively, the matrix elements of A(a, B) with respect to the

basis |3) are found from (39) and given by the expression

(B'|A(a, )‘5">_62J+1 a(B” =6 Ze a1 [B+(8'+8")/2) (40)

A double application of (37a) in conjunction with (37b), leads to the star product

1

(XxY) (o, 8) = @2

Z X(O/,ﬁ/)Y(O/l,ﬁ//)tr (ﬁ(a,B)ﬁ(o/,ﬁ/)ﬁ(o//,ﬁ”)) ,
a/a//B//B//
(41)

of two symbols defined on each of the lattice points.
The image of the amplitude operator U of (I0) under the action of (37D) gives the



amplitudes on the lattice as
() = tr (PA(w, 9)) . )

with the corresponding Wigner functions, obtained by evaluating the star product

with 2), given by

(W )(ex, ). (43)

The lattice associated with spin j = # consists of an array of four points desig-
nated by {(0,0), (0,1),(1,0), (1,1)}. Defined on the lattice is a spin amplitude ¥ and
an associated Wigner function. The matrix elements for the lattice kernel are in this

case obtained directly from (40) and found to be

~ 1 (1-4)\ ~ 1 ~La-9)
oo = (%(14—2’) 0 )’A10_<%(1+z) 0 )

N 0 I+9\ ~ 0 (1+1)
Ao = ((1—2‘) 1 >’A“_<—%(1—z‘) 1 > 9

The symplectic Fourier transform of the kernel ﬁ(a, B), is

N~

DN~
l\DI»—l

N[

~ 27i Q’Bl / -~
2+1
Dl.h) = 57 > DA ), (45)

and in particular

D(e,B) =1 (&(0,0) + (=1)*A(0,1) + (=1)PA(1,0) + (=1)*PA(1, 1)) ,  (46)

which leads to the Pauli operators

~

D(0,0) = I, D(0,1) =3,, D(1,1) = 5,, D(1,0) = 7.. (47)

Combining (10) and (4) to evaluate we have for the spin amplitudes

U(0,0) = Byja(thrje+v_1/2) + 5(149) (Y128 _1/0 — V_1/2P12);

U(0,1) = Y_19(@_1j0+Pu1je) + 5(1 =) (W12P_1/0 — V_1/2P1/2);

U(1,0) = Byja(thrje —_1/2) = 5(149)(¥128_1/0 — V_1/2P12);

V(1) = Y_1/2(P_1/2 = P1j2) — 31— D) (V1728172 — V—_1/2P1/2)- (48)

10



These lead immediately to

U(0,0)0(0,0) = [(¢1/2+h_1/2)B1ja + i (Brja +P_1/2)t1/2%/2,
U(0,1)¥(0,1) = |(p1y2 +¥- 1/2)@ 12 i W1 + U1 0)e1/2]?/2,

U0, )U(0,1) = [(¢1/2 —_1/2)P1ja + i (Brja — P_1/2)¥1,27/2,
v(1,1)e(,1) = |(901/2 - 2)@ 12+ Z(¢1/2 - E—1/2)901/2|2/2, (49)

Using the amplitudes @8) in (43) it is found that, whatever choice is made for the

fixed spin state, the Wigner functions are

W(0,0) = [1/9(th1je +h_1y2) + (140120 _1 /9 — Y_1/9%12)]/2,
W(0,1) = [ 1o(¥_1ja+ 1) + 51— ) (W1y2th_1 0 — o129 2)]/2,
W(1,0) = [P1/9(th1je — _1/2) = 5(L+0) (120 _1 /0 — Y1291 2)]/2,
W(L1) = [o1p@ 19— ¥in) — 5(1 =) (W1)2¥_1/2 — Y_1/2%12)]/2.  (50)

It is now a straightforward matter to obtain the Wigner functions for any arbitrary
pointing spin vector by inserting into (50) the appropriate spin components. Note
that even on a lattice the Wigner functions can take negative values and therefore do
not allow for the familiar probabilistic interpretation as can be seen for example by
setting 1 ) = (1 — ZA)/\/Z P_12 = V2(1+14).
The images W(R) of the rotation given by (34) on each of the four lattice points
are
R(0,0) = R(1,1) = e™"/2 R(0,1) = R(1,0) = ¢'*/2, (51)

The spin amplitudes on each of the lattice points are then rotated according to

\PR(avﬁ) = (R*\II)(O%B% (52)

and using the star product @I) yields

UR(0,0) = By/a(thije +1_1/2) cos 5 + By (Y10 — Y1) sin ga + (1 + )
X ((Y1/2P-1/2 — ¥—1/2%1/2) cos 504 — (Y12P1/2 + ¥_1/2P_1/2) sin %Oé)a
UR(0,1) = ¢_1/2(P1jo +P1y2) 08 50 + 1 )2(Prjg + P_1)2) singa + 5(1 — i)
X ((11/2P-1/2 — Y—1/2P1/2) €08 50 — (V1281 g + 1721 /2) Sin 300),
UR(1,0) = Dyjo(tis —¥_1/2) cos 5o — By (Y10 + Y1) sin g — (1 + 1)
X ((11/2P-1/2 — ¥_1/2P1/2) cOs %a — (V128172 + ¥_1/2P_1/2) sin %04)7
Ur(1,1) = Y_1/2(P_1j0 — P1j2) o8 30 + 12 (P19 — P j2) singa — 5(1 — i)
X ((11/2P-1/2 — ¥_1/2P1/2) cOs s — (V12812 +¥_1/2P_1/2) sin 50).

(53)

11



Setting o = 2 in the above set of amplitudes results in a change of sign in ¥(«, )
and thus shows that the spin amplitudes defined on the lattice transforms as a spinor

under rotations.

5 Concluding remarks

We have extended the concept of phase space amplitudes to finite spin systems
and introduced the notion of a spin amplitude to represent pure spin states in phase
space. Spin amplitudes and their associated Wigner functions have been expressed
as expansions in terms of the spherical harmonic functions on the sphere. A general-
ized Weyl correspondence has been adapted to define spin amplitudes and Wigner
functions on a lattice.

As an example the case of spin-} has been described in detail revealing some
important features of the approach. The liberty to choose any normalized fixed spin
reference state |p) introduces a degree of arbitrariness into the definition of the spin
amplitudes, analogous to the freedom to choose a “window state” in the continuous
case [21]. Itis an important problem to optimise this choice for a given quantum spin
system. We emphasize however, as can be seen from (8) and (43)), that the associated
Wigner functions are independent of this choice, just as in the continuous case.

The spin amplitudes are completely described in terms of a combination of sys-
tem and fixed state spinor components and these amplitudes transform as spinors
under rotations on both the sphere and lattice thus further supporting their funda-
mental status.

It is our view that the representation of spin states in phase space holds the
promise of new physical insights and a novel perspective in areas like quantum com-
puting, quantum optics and information theory. We hope to return to some of these

aspects in the future.
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