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Abstract

We give a necessary and sufficient PBW basis criterion for Hopf algebras generated by
skew-primitive elements and abelian group of group-like elements with action given
via characters. This class of pointed Hopf algebras has shown great importance in
the classification theory and can be seen as generalized quantum groups.

We apply the criterion to classical examples and liftings of Nichols algebras which
were determined in [9].
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Introduction

In the famous Poincaré-Birkhoff-Witt theorem for universal enveloping algebras of finite-
dimensional Lie algebras a class of new bases appeared. Since then many PBW theorems
for more general situations were discovered. We want to name those for quantum groups:
Lusztig’s axiomatic approach [13, 14] and Ringel’s approach via Hall algebras [17]. Let us
also mention the work of Berger [4], Rosso [18], and Yamane [19].

Our starting point of view is the following: Part of the classification program of finite-
dimensional pointed Hopf algebras with the lifting method of Andruskiewitsch and Schnei-
der [1] is the knowledge of the dimension resp. a basis of the deformations of a Nichols
algebra (the so-called liftings). Another aspect is to find the redundant relations in the
ideal. These liftings are among the class we consider here. We want to present a necessary
and sufficient PBW basis criterion for Hopf algebras generated by skew-primitive elements
and abelian group of group-like elements with action given via characters. This class con-
tains all quantum groups, Nichols algebras and their liftings and it is conjectured that any
finite-dimensional pointed Hopf algebra over the complex numbers is of that form.

The very general and for us important work is [11], where a PBW theorem for the
here considered class of Hopf algebras is formulated: Kharchenko shows in [11, Thm. 2]
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these Hopf algebras have a PBW basis in special g-commutators, namely the hard super
letters coming from the theory of Lyndon words, see Section 3. However, the definition of
hard is not constructive (see also [7, 6] for the word problem for Lie algebras) and in view
of treating concrete examples there is a lack of deciding whether a given set of iterated
g-commutators establishes a PBW basis.

On the other hand the diamond lemma [5] (see also Section 6, Theorem 6.1) is a
very general method to check whether an associative algebra given in terms of generators
and relations has a certain basis, or equivalently the relations form a Grobner basis. As
mentioned before, we construct such a Grobner basis for a character Hopf algebra in
Theorem 3.1 and give a necessary and sufficient criterion for a set of super letters being
a PBW basis, see Theorem 4.2. The PBW Criterion 4.2 is formulated in the languague
of g-commutators. This seems to be the natural setting, since the criterion involves only
g-commutator identities of Proposition 1.2; as a side effect we find redundant relations.

The main idea is to combine the diamond lemma with the combinatorial theory of
Lyndon words resp. super letters and the g-commutator calculus of Section 1. In order to
apply the diamond lemma we give a general construction to identify a smash product with
a quotient of a free algebra, see Proposition 5.5 in Section 5.

Further the PBW Criterion 4.2 is a generalization of [4] and [3, Sect. 4] in the following
sense: In [4] a condition involving the ¢-Jacoby identity for the generators x; occurs (it
is called “g-Jacobi sum”). However, this condition can be formulated more generally for
iterated g-commutators (not only for x;), so also higher than quadratic relations can be
considered. The intention of [4] was a g-generalization of the classical PBW theorem, so
powers of g-commutators are not covered at all and also his algebras do not contain a group
algebra. On the other hand, [3, Sect. 4] deals with powers of g-commutators (root vector
relations) and also involves the group algebra. But here it is assumed that the powers
of the commutators lie in the group algebra and fulfill a certain centrality condition. As
mentioned above these assumptions are in general not preserved; in the PBW Criterion
4.2 the centrality condition is replaced by a more general condition involving the restricted
g-Leibniz formula of Proposition 1.2.

This work is organized as follows: In Section 1 we develop a general calculus for ¢-
commutators in an arbitrary algebra, which is needed throughout the thesis; new formulas
for g-commutators are found in Proposition 1.2. We recall in Section 2 the theory of
Lyndon words, super letters and super words. We show that the set of all super words
can be seen indeed as a set of words, i.e., as a free monoid. In Section 3 we recall the
result of [10] about a structural description of the here considered Hopf algebras, in terms
of generators and relations. With this result we are able to formulate in Section 4 the
main result of this work, namely the PBW basis criterion. Sections 5 to 7 are dedicated
to the proof of the criterion. Finally in Sections 8 and 9 we apply the PBW Criterion 4.2
to classical examples and the liftings of Nichols algebras obtained in [9].



1 g-commutator calculus

In this section let A denote an arbitrary algebra over a field k of characteristic chark = p >
0. The main result of this section is Proposition 1.2, which states important ¢g-commutator
formulas in an arbitrary algebra.

1.1 ¢-calculus

For every ¢ € k we define for n € N and 0 < ¢ < n the g-numbers (n), == 1+ q +
¢+ ...+ q"!, the g-factorials (n),! :== (1)4(2),-..(n),, and the g-binomial coefficients
(Z.‘)q = #ﬂ‘{él)q, Note that the latter right-handside is well-defined since it is a polynomial
over Z evaluated in q. We denote the multiplicative order of any q € k* by ordq. If g € k*
and n > 1, then

ordg = n, if chark =0
pFordg = n with k£ >0, if chark =p > 0,

(n) :Oforalllgign—lﬁ{ (1.1)
q

1

see [15, Cor. 2]. Moreover for 1 < i < n there are the g-Pascal identities

qi(?)q*_<zjf1)q:: <?)q'%qn+kd<ijfl)q:: <n:_1)q’ "

and the g-binomial theorem: For x,y € A and ¢ € k* with yz = gqry we have

n

(+y)"=> (1), 2y (1.3)

=0

Note that for ¢ = 1 these are the usual notions.

1.2 g-commutators
For all a,b € A and g € k we define the ¢-commutator
[a,b], :== ab — gba.

The g-commutator is bilinear. If ¢ = 1 we get the classical commutator of an algebra. If A
is graded and a, b are homogeneous elements, then there is a natural choice for the q. We
are interested in the following special case:

Example 1.1. Let 0 > 1, X = {x1,...,29}, (X) the free monoid and A = k(X) the
free k-algebra. For an abelian group I' let I be the character group, g1,...,9¢ € I' and
X1,---,Xg € I'. If we define the two monoid maps

degr : (X) = I', degp(z;) :=¢; and degp: (X)— f, dega (i) == xi,
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for all 1 <7 <@, then k(X) is I'- and f—graded.
Let a € k(X) be I'-homogeneous and b € k(X) be I'-homogeneous. We set

Ga ‘= degl"(a)a Xb ‘= degf(b)a and Qa,p -— Xb(ga)'
Further we define k-linearly on k(X) the g-commutator
la,b] == [a,b]g, , (1.4)
Note that g, is a bicharacter on the homogeneous elements and depends only on the values

For example [11,25] = 2129 — X2(g1)T271 = 172 — quaTow;. Further if a,b are Z°-
homogeneous they are both I'- and I'-homogeneous. In this case we can build iter-
ated g-commutators, like [xl,[xl,:cgﬂ = z[x1, 2] — xix2(91)[T1, x2)T1 = X1[11, 28] —

Q11Q12[931> 552]371-

Later we will deal with algebras which still are f—graded, but not I'-graded such that
Eq. (1.4) is not well-defined. However, the g-commutator calculus, which we next want to
develop, will be a major tool for our calculations such that we need the general definition
with the ¢ as an index.

Proposition 1.2. For all a,b,c,a;,b; € A, q,¢,¢", ¢, €k, 1 <i<nandr > 1 we have:
(1) g-derivation properties:

[a,bclqq = [a, bl + gbla, ]y, [ab, ¢|gy = alb, c|y + ¢'[a, )b,

[a.b1 - bulgrge = D 1 -~ Gimiby - bimaa,bilgbic - by,
i=1

n
[ai...an, b4 qn = g Qit1---Qn01 - - Qi—1]a;, bl g, Qg1 - . . ap.
i=1

(2) g-Jacobi identity:
[[CL, b]!l” C] q'q = [CL, [b> C]Q} 79" q,b[a’ C]q” + q[a> C]q”b'

(3) g-Leibniz formulas:

r—1
@0 =S () bl b] o b
=0 —
r—1 .
[a", by = 2 ql(:)c[a, . ['a, [a, b]q}qc . .LCT*Hal



(4) restricted ¢-Leibniz formulas: If chark = 0 and ord( = r, or chark = p > 0 and
pFord¢ = r , then

@by = [ (a8, 8], o b], o

————
[a", by = [a,...[a,]a, b]q}qC . ’}q@"‘*l'

Proof. (1) The first part is a direct calculation, e.g.
[a, bc]yy = abe — qq'bca = abe — gbac + gbac — qq'bea = [a, b],c + gbla, ], .

The second part follows by induction.
(2) Using the k-linearity and (1) we get the result immediately.
(3) By induction on r: r =1 is obvious, so let » > 1. Using (1) we get

[a, 07 g1 = [a,070)grg = [a, 8] b + ¢7V [a, ]

By induction assumption [a,b"],-b = Z’;& q (T)Cbi ... [[a, b]g, D] £ b] (i1, where

%

—
O [ [fas s b o b] rinb =
—i
O [ flablgo b oo b] e a0 [ s By B B
r4+1—i r—i
In total we get
[a, b ]y = ZO g (1) b [l blgsb] oo b] s
- r4+1—1
r—1
+) ¢ () O lan Bl O] B]
i—0 f

Shifting the index of the second sum and using Eq. (1.2) for ¢ we get the formula. The
second formula is proven in the same way. (4) Follows from (3) and Eq. (1.1). O

2 Lyndon words and ¢g-commutators

In this section we recall the theory of Lyndon words [12, 16] as far as we are concerned
and then introduce the notion of super letters and super words [11].
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2.1 Words and the lexicographical order

Let 0 > 1, X = {x1,29,...,79} be a finite totally ordered set by x; < xs < ... < zy,
and (X) the free monoid; we think of X as an alphabet and of (X) as the words in that
alphabet including the empty word 1. For a word u = x;, ... x;, € (X) we define f(u) :=n
and call it the length of u.

The lezicographical order < on (X) is defined for u,v € (X) by u < v if and only if
either v begins with wu, i.e., v = wv’ for some v € (X)\{1}, or if there are w, u’,v" € (X),
x;,x; € X such that v = wru/, v =wz,v" and i < j. E.g., 11 < 2129 < 9.

2.2 Lyndon words and the Shirshov decomposition

A word u € (X) is called a Lyndon word if u # 1 and wu is smaller than any of its proper
endings, i.e., for all v,w € (X)\{1} such that u = vw we have u < w. We denote by

L :={u € (X) |uis a Lyndon word}

the set of all Lyndon words. For example X C £, but 27 ¢ £ for all 1 <i <6 and n > 2.
AlSo w129, 1219, T1T2Te, T1T1T2T122 € L.

For any u € (X)\X we call the decomposition u = vw with v,w € (X)\{1} such
that w is the minimal (with respect to the lexicographical order) ending the Shirshov
decomposition of the word u. We will write in this case

Sh(u) = (vjw).

E.g., Sh(l’lxg) = (IL’1|LE‘2), Sh(x1x1x2x1x2) = ($1I1l’2|$1.§(32), Sh(l’1$1$2> % ($11’1|I2). If
u € L\ X, this is equivalent to w is the longest proper ending of u such that w € L.

Definition 2.1. We call a subset L C L Shirshov closed if X C L, and for all u € L with
Sh(u) = (v|w) also v,w € L.

For example £ is Shirshov closed, and if X = {xq,x2}, then {x1,x12129, 22} is not
Shirshov closed, whereas {z1, x129, x12122, T2} is.

2.3 Super letters and super words

Let the free algebra k(X) be graded as in Section 1.1. For any u € £ we define recursively
on /(u) the map

(] L = k(X), we [ul. (2.1)

If ¢(u) = 1, then set [z;] := x; for all 1 < i < 6. Else if {(u) > 1 and Sh(u) = (v|w)
we define [u] := [[v],[w]]. This map is well-defined since inductively all [u] are Z’-
homogeneous such that we can build iterated ¢g-commutators; see Section 1.1. The elements



[u] € k(X) with u € £ are called super letters. E.g. [z121222122] = [[12122), [1122]] =
[[z1, [21, 2], [w1, 22]]. If L C L is Shirshov closed then the subset of k{X)

[L] := {[u] ‘u € L}

is a set of iterated g-commutators. Further [£] = {[u] ‘ u € L} is the set of all super letters
and the map [.]: £ — [£] is a bijection, which follows from [10, Lem. 2.5]. Hence we can
define an order < of the super letters [£] by

[u] < [v] & u<wv,

thus [£] is a new alphabet containing the original alphabet X; so the name “letter” makes
sense. Consequently, products of super letters are called super words. We denote

[£]® .= {[ud] ... [un) |n €N, u; € L}

the subset of k(X) of all super words. Any super word has a unique factorization in super
letters [10, Prop. 2.6], hence we can define the lexicographical order on [£]™) as defined
above on regular words. We denote it also by <.

2.4 A well-founded ordering of super words
The length of a super word U = [uy][us] . . . [u,] € [L]® is defined as £(U) := L(ujuy . . . uy).
Definition 2.2. For U,V € [£]®) we define U < V by

o (U) < t(V), or

e ((U)=((V)and U > V lexicographically in [£]®.

This defines a total ordering of [£]® with minimal element 1. As X is assumed to be
finite, there are only finitely many super letters of a given length. Hence every nonempty
subset of [£]™ has a minimal element, or equivalently, < fulfills the descending chain
condition: =< is well-founded. This makes way for inductive proofs on <.

2.5 The free monoid (X;)
Let L C £. We want to stress the two different aspects of a super letter [u] € [L]:

e On the one hand it is by definition a polynomial [u] € k(X).
e On the other hand, as we have seen, it is a letter in the alphabet [L].

To distinguish between these two point of views we define for the latter aspect a new
alphabet corresponding to the set of super letters [L]: To be technically correct we regard
the free monoid (1, ..., 0) of the ciphers {1, ..., 0} (telephone numbers), together with the
trivial bijective monoid map v : (z1,...,x9) — (1,...,60), z; — i for all 1 <i < 6. Hence
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we can transfer the lexicographical order to (1,...,0). The image v(L£) C (1,...,6) can
be seen as the set of “Lyndon telephone numbers”. We define the set

Xy ={z, |uev(l)}.

Note that if X C L (e.g. L C L is Shirshov closed), then X C X;. E.g., if X = {z1, 25} C
L= {1’1,1’11'2,1’2} then I/(L) = {1, 12,2} and X C X = {1'1,1’12,1’2}.

Notation 2.3. From now on we will not distinguish between L and v(L) and write for
example z, instead of z,(,) for v € L. In this manner we will also write g,(u), Xv(u)
equivalently for g,, x, if u € L, as defined in Example 1.1. E.g. g112 = Guy2120 = 91921 Gz =

919192, X112 = Xzyzizs — Xag Xz Xaze — X1X1X2-

As seen in [10, Prop. 2.6] we have the bijection of super words and the free monoid (X )
p: L™ = (X)), p(lw]. . [un]) =0, ... 2, (2.2)

E.g., [r129m0][1122] Y 2190w19. Hence we can transfer all orderings to (Xp): For all
UV e (XL) we set

(U) =Lp N (U)), U<V:iesp(U)<p V), U<V:iep iU <p (V).

3 A class of pointed Hopf algebras

In this chapter we deal with the class of pointed Hopf algebras for which we give the PBW
basis criterion. Let us recall the notions and results of [11, Sect. 3]: A Hopf algebra A is
called a character Hopf algebra if it is generated as an algebra by elements a4, ..., as and
an abelian group G(A) =T of all group-like elements such that for all 1 < < 6 there are
gi € 'and y; € T with

Afa;) =a; ® 1+ g; ® a; and ga; = Xxi(9)a:g.
As mentioned in the introduction this covers a wide class of examples of Hopf algebras.

Theorem 3.1. [10, Thm. 3.4] If A is a character Hopf algebra, then

A= (k(X)#K[])/ T,
where the smash product k(X )#Kk[I'] and the ideal I are constructed in the following way:

3.1 The smash product k{X)#k[[]

Let k(X) be I~ and I-graded as in Section 1.1, and k[I'] be endowed with the usual
bialgebra structure A(g) = g ® g and £(g) = 1 for all g € I'. Then we define

g -z = xi(g)x;, foralll<i<@.
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In this case, k(X) is a k[I']-module algebra and we calculate gx; = x;(g)x:g, gh = hg =
e(g)hg in k(X)#k[I']. Further k(X)#k[I'] is a Hopf algebra with structure determined for
all1 <7< 6 and g €l by

Alx) =2, 01+ g, @, and Alg) =g®g.

3.2 Ideals associated to Shirshov closed sets

In this subsection we fix a Shirshov closed L C £. We want to introduce the following
notation for an a € k(X)#k[['] and W € [£]™: We will write a <, W (resp. a <p W), if
a is a linear combination of

o U c L)W with ((U) = ¢(W), U > W (resp. U > W), and
o VgwithVel[L]™M gel, {(V) < (W),

Furthermore, we set for each u € L either N, := oo or N, := ordg,, (resp. N, :=
pFordg,, with k& > 0 if chark = p > 0) and we want to distinguish the following two sets
of words depending on L:

C(L) :=={w e (X)\L | Ju,v € L: w=wuv, u<wv, and Sh(w) = (ulv)},
D(L):={u€L|N, < oo}

Note that C(L) € £ and D(L) C L C L are sets of Lyndon words. For example, if
L= {xl,xlxlxg,xlxg,x2}, then C(L) = {l’ll’lxll’g, L1191 T2, LU1£U2.§L’2}.

Moreover, let ¢, € (k(X)#k[['])X for all w € C(L) such that ¢, < [w]; and let
d, € (k(X)#Kk[I)X"" for all u € D(L) such that d, <y, [u]™. Then let I be the I-
homogeneous ideal of k(X )#k|[I['| generated by the following elements:

[w] — ¢y for all w € C(L),
[u]N* — d, for all w € D(L).

4 A PBW basis criterion

In this section we want to state a PBW basis criterion which is applicable for any character
Hopf algebra. Suppose we have a smash product k(X)#k[I'| together with an ideal I as
in Sections 3.1 and 3.2.

At first we need to define several algebraic objects for the formulation of the PBW
Criterion 4.2. The main idea is not to work in the free algebra k(X') but in the free algebra
k(Xp) where (Xp) is the free monoid of Section 2.5.



4.1 The free algebra k(X;) and k(X )#k|[]

In Section 2.5 we associated to a super letter [u] € [L] a new variable z,, € X, where X,
contains X. Hence the free algebra k(X ) also contains k(X). We define the action of I
on k(X)) and g-commutators by

g Ty = Xu(9)Ty forallgeI',u e L,
[Ty, Ty] = TuTy — QuoToTy for all u,v € L.

In this way k(Xp) becomes a k[['l-module algebra and gz, = xu.(9)z,g in the smash
product k(X )#k[I].

4.2 The subspace Iy C k(X )#k[[]

Via p of Eq. (2.2) we now define certain elements of k(X )#k[[']: For all w € C(L) resp. u €
D(L) we write ¢, = Y. aU + Y. 8Vg <, [w] resp. d, = > a'U' + 5 8'V'¢g' <, [u]M, with
a, o, 3,8 € kand U, UV, V' € [L]™N (such decompositions may not be unique; we just
fix one). Then we define in k(X )#k|[]

=Y ap(U)+> Bp(V)g resp. df =Y o'p(U)+ Y Bp(V')g.

For all u,v € L with v < v we define elements cfum € k(Xp)#k[I']: If w = uv and
Sh(w) = (ulv) we set

0 Ty, fwéelL,
A=
(ulv) cb, ifwé L.
Else if Sh(w) # (u|v) let Sh(u) = (u;|ug). Then we define inductively on the length of ¢(u)
) = Oy (Cunp)) T uzoCluy oy Tz — Qus,usTuzCluy o) (4.1)

where 07 is defined k-linearly by

n
0 P 2:

8ul (LL’ll c. S(Zln) = C(ul\ll)xb L2y, + Qui i b1 Ty - - - Ty [S(Zul,l’li]l’l”l -2,
=2

9, (0(V)g) = [zurs oV, )9

For any U € (X)) let Iy denote the subspace of k(X )#k[I'] spanned by the elements

Vo([zu, 2] — cfu‘v))Wh for all u,v € L,u < v,
Vg (x) — d))W'H for all w € L, N, < 00

with V.V W, W' € (X1), g,9', h, i’ € T such that

Vouae,W <U and V'z)"W' < U.

10



Finally we want to define the following elements of k(X )#k[['] for u,v,w € L, u <
v <w,resp. u€ L, N, <oo,u < v, resp. v < u:

J(u <v < w) = [C€u|v)7xw]Quu,w - [IU? Cfv|w)]‘1u,vw

+ Qu,vxv [l’u, xw] - QU,w [l’u, xw]$v>

L(u,u <v) = [ZTu, .- [Tu, ol auuaun - - '}qa]f’flqu,v_ [d5, 0] v

Nu—1

Llu,u < v) = L(u,u < v), ?fu<v,

L(u) :== =[d?,x,];, ifu=w,
L{u,v <u):= ... [Cfm),icu]qu’uqu’u . ,xu} domgu1T [, df] v
Nu—1
Remark 4.1. Note that
J(u<v<w) € ([xy,z,) - Clafoy: [T T — C?mw))
by the g-Jacobi identity of Proposition 1.2, and
L(u,u < v) € ([xy, 2] — Clufu)’ ayt —df),  L(u,v <u) € ([wy, 2] — Clofu)’ zy —db)

by the restricted g-Leibniz formula of Proposition 1.2.

4.3 The PBW criterion

Theorem 4.2. Let L C L be Shirshov closed and I be an ideal of k(X )#k[I'] as in Section
3.2. Then the following assertions are equivalent:

(1) The residue classes of [ui]™[usg]™ ... [w]"g with t € N, w; € L, uy > ... > uy,
0 <71 <Ny, g€l form ak-basis of the quotient algebra (k(X)#k[I['])/I.

(2) The algebra k(X )#k[I'] respects the following conditions:
(a) g-Jacobi condition: ¥V u,v,w € L, u < v < w:

J(u<v<w) €l mm,

(b) restricted g-Leibniz conditions: V u,v € L with N, < 0o, u < v resp. v < u:

(i) L(u,u <wv) € I_ N, , TESP.

(i) L(u,v < wu

xu“’

) €
(2’) The algebra k(X )#k [ | respects the following conditions:

(a) Condition (2a) only for uv ¢ L or Sh(uv) # (u|v).

(b) (i) Condition (2bi) only for u=1v and uw < v where v # wv' for all v' € L.

(ii) Condition (2bii) only for v < u where v # v'u for allv' € L.

We need to formulate several statements over the next sections. Afterwards the proof
of Theorem 4.2 will be carried out in Section 7.
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5 (k(X)#H)/I as a quotient of a free algebra

In order to make the diamond lemma applicable for (k(X)#H)/I, also not just for the
regular letters X but for some super letters [L], we will define a quotient of a certain free
algebra, which is the special case of the following general construction:
In this section let X, S be arbitrary sets such that X C S, and H be a bialgebra with
k-basis G. Then
k(X) Cc k(S) and H =span, G C k(G),

if we view the set G as variables. Further we set (S, G) := (S UG) where we may assume
that the union is disjoint. By omitting ®
k(X) ® H = span {ug|u € (X),g € G} Ck(S,G)

Now let k(X) be a H-module algebra. Next we define the ideals corresponding to
the extension of the variable set X to S, and to the smash product structure and the
multiplication of H, and study their properties afterwards.

Definition 5.1. (1) Let A be an algebra, B C A a subset. Then let (B)4 denote the ideal
generated by the set B.

(2) Let f, € k(X) for all s € S. Further let 15 € G and f,;, :== gh € H = span, G for
all g, h € G. We then define the ideals

I = (S — fs | S € S)k(&@,
IG = (gS - (g(l) : fs)g(2)> gh - fgha 1g—1 | gah' € G,S € S)k(S,G>’
where 1 is the empty word in k(S, G).

Remark 5.2. We may assume that 1y € G, if H # 0: Suppose 1y ¢ G and write 1y as
a linear combination of G. Suppose all coefficients are 0, then 15 = Oy hence H = 0; a
contradiction. So there is a g with non-zero coefficient and we can exchange this g with

1.

Example 5.3. Let H = Kk[I'] be the group algebra with the usual bialgebra structure
A(g) =g®gand e(g) =1. Here G =T, f,, € I is just the product in the group, and

]F: (93_(g'fs)gv gh_fgha 1p—1|g,h€F, SES)-
Lemma 5.4. For any g € I we have
9(k(S5,G)) C spamy{ug |u € (X),g € G} + L.

Proof. Let ay ...a, € (S,G). We proceed by induction on n. If n =1 then either a; € S
or a; € G. Then either ga; € (90 - fa1)92) + Lo C span{ug|u € (X),9g € G} + I,
or gay € fga, + Iz C spany{ug|u € (X),9g € G} + L. If n > 1, then let us consider
gayas . ..a,. Again either a; € S or a; € G and we argue for ga; as in the induction basis;
then by using the induction hypothesis we achieve the desired form. O
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Proposition 5.5. Assume the above situation. Then
k(X)#H = k(5,G)/(L+1),
and for any ideal I of K(X)#H also Is+1I;+1 is an ideal of k(S,G) such that
(k(X)#H)/I = k(S,G)/(Ls+1,+1).

Further we have the following special cases:

1%

H=~k: k(X) = k(S)/L, k(X)/I = k(S)/(I,+1I). (5.1)
S=X: Kk(X)#H = k(X,G)/L, (&(X)#H)/I = k(X,G)/(I.+I). (52)

Proof. (1) The algebra map

is surjective and contains I+ I in its kernel; this is a direct calculation using the definitions.
Hence we have a surjective algebra map on the quotient

k(S,G)/(L+1;) — k(X)#H. (5.3)

In order to see that this map is bijective, we verify that a basis is mapped to a basis.

(a) The residue classes of the elements of {ug|u € (X), g € G} k-generate k(S, G) /(Is+
I;): Let A € (S,G). Then either A € (S) or it contains an element of G. In the first case
A € k(X) + Is by definition of I, and then A € k(X)1y + Iy + I, since 1y — 1 € I.. In the
other case let A = AjgA; with Ay € (S), g € G, Ay € (S,G). We argue for A; like before,
and gAs € span {ug|u € (X),g € G} + I; by Lemma 5.4.

(b) The residue classes of {ug|u € (X), g € G} are mapped by Eq. (5.3) to the k-basis
(X)#G of the right-hand side. Hence the residue classes are linearly independent, thus
form a basis of k(S, G)/(Is+1).

(2) It + I + I is an ideal: Let A € (S,G) and a € I C span {ug|u € (X),g9 € G}.
Then by (1a) above A € span{ug|u € (X),g € G} + I; + I, and since I is an ideal of
k(X)#H, we have Aa,aA € I+ I, + I by the isomorphism Eq. (5.3).

Using the isomorphism theorem and part (1) we get

k(S,G)/(I+1o+1) = (K(S,G)/(L+ 1)) [((E+ 1+ 1)/ + 1) = (K(X)#H)/I,

where the last = holds since (Iy+I;+1)/(Is+ ;) is mapped to I by the isomorphism
Eq. (5.3).

(3) The special cases follow from the facts that Iy = 0 if S = X, and if H = k then
G = {ly}. Hence I, = (1 — 1) and k(X) = k(X)#k = k(S,{1x})/(Ls + (1g — 1)) =
k(S)/ ;. O

We now return to the situation of Section 3, and rewrite Proposition 5.5 for the case
S = X and H =Kk[I']:

13



Corollary 5.6. Let L C L be Shirshov closed and
I = (xu — [Ty, ] | u € L, Sh(u) = (U|w))k<XL7F>
= (920 = Xu(9)tug, gh = fon, I =1 g, h €T, u€ L), o .
Then for any ideal I of k(X )#k[I'] also I, +I'+1I is an ideal of k(Xp,T') such that
(k(X)#K[T]) /1 = kXL, T)/(L+L+1).
Further we have the analog special cases of Proposition 5.5.

Proof. We apply Proposition 5.5 to the case S = X, H = K[['], f., = [u] for all u € L.
Then Iy, = (2, — [u] | u € L)k<XL py and f is as in Example 5.3. We are left to prove

I, +I'+1 = I, +1.+1, which follows from the Lemma below. ]
Lemma 5.7. We have
(1) [u] € &y + I, for alluw e L; hence Iy, = I,.
(2) L CcIl+1,
Proof. (2) follows from (1), which we prove by induction on ¢(u): For ¢(u) = 1 there is
nothing to show. Let ¢(u) > 1 and Sh(u) = (v|w). Then by the induction assumption we
have
[u] = [U] [w] — Quw [w] [U] € (:L’v + IL)(zw + [L) — Quw (ftw + IL)(L) + [L)
C [xvvxw] + ]L =Ty — (xu - [LUU,LUw]) + ]L =Ty + IL-
———
el
Ol
Example 5.8. Let X = {x,22} C L = {x1, 2129, 25}. Then I, = (LUlg — [:cl,x2]) and by
Corollary 5.6 k(z1, x2) = k<:)§1,x12,172 } T2 = [931>£B2]>, and
k<$1,1’2>#k[r] = k(l’l,l’lg,l’g,r | T2 = [1’1,1'2],
9%y = Xu(9)Tug, gh = fgn, Ir —L;Yu € L, g,h € T').

6 Bergman’s diamond lemma

Following Bergman [5], let Y be a set, k(Y) the free k-algebra and ¥ an index set. We fix
a subset R = {(W,, f,)|o € £} C (Y) x k(Y), and define the ideal

IR = (Wo — fo ‘ o~ E)k<y>

An overlap of R is a triple (A, B, C) such that there are 0,7 € ¥ and A, B, C € (Y)\{1}
with W, = AB and W, = BC'. In the same way an inclusion of R is a triple (A, B,C)
such that there are 0 # 7 € ¥ and A, B,C € (Y) with W, = B and W, = ABC.

Let <, be a with R compatible well-founded monoid partial ordering of the free monoid
(Y), ie.:
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e ((Y),=,) is a partial ordered set.

e B<,B' = ABC <, AB'C for all A,B,B',C € (Y).

e Each non-empty subset of (Y') has a minimal element w.r.t. =<,.

e f, is a linear combination of monomials <, W, for all ¢ € ¥; in this case we write
fo <o Wo.

For any A € (Y') let I, 4 denote the subspace of k(YY) spanned by all elements B(W, —
f»)C with B, C € (Y') such that BW,C <, A. The next theorem is a short version of the
diamond lemma:

Theorem 6.1. [5, Thm 1.2] Let R = {(W,, f5) | o € £} C (V) x k(Y) and =<, be a with
R compatible well-founded monoid partial ordering on (Y'). Then the following conditions
are equivalent:

(1) (a) f,C — Af, € 15, apc for all overlaps (A, B,C).
(b) Af,C — f. € I< apc for all inclusions (A, B, C).

(2) The residue classes of the elements of (Y') which do not contain any W, with o € 3
as a subword form a k-basis of k(Y')/Ix.

We now define the ordering for our situation, where L C L is Shirshov closed and
Y = X, UT": Let 7y, : (X, ') — (X) be the monoid map with x,, — z, and g — 1 for all
u€ L, gel (mp deletes all g in a word of (X,T)).

Moreover, for a A € (X ,I') let np(A) denote the number of letters g € I' in the word
A and t(A) the nr(A)-tuple of non-negative integers

(number of letters after the last g € I"in A, ...,
...,number of letters after the first g € ' in A) € Nt
Definition 6.2. For A, B € (X,I') we define A <, B by
o . (A) < 7m(B), or
o 1 (A) =7m(B) and nr(A) < np(B), or

o 7 (A) =m(B), nr(A) = nr(B) and t(A) < t(B) under the lexicographical order of
N e, t(A) # t(B), and the first non-zero term of ¢(B) — t(A) is positive.

=, is a well-founded monoid partial ordering of (X, I"), which is straightforward to
verify, and will be compatible with the later regarded R.

Note that we have the following correspondence between < of Section 2.4 and <, which
follows from the definitions: For any U,V € [L]™, g, h € T we have p(U)g, p(V)h € (X)T
and

U<V < p(U)g =<, p(V)h. (6.1)
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7 Proof of Theorem 4.2

Again suppose the assumptions of Theorem 4.2. By Corollary 5.6
(k(X)#K[I]) /1 = k(X7, 1) /(L + [+ 1),

thus (k(X)#Kk[I'])/I has the basis [u1]™[us]™ ... [us]™g if and only if k(X, ') /(I + I/ + 1)
has the basis z7} 272 ... 2t g (teN w€L,up>...>u,0<r; <N, geTl). The latter

w1 ug
we can reformulate equivalently in terms of the Diamond Lemma 6.1:

o We define R as the set of the elements

(]-F> )a
(gh fon), for all g,h €T,

(7.1)
(7.2)
(g:cu, Xu(9)zug), for all g € T, u € L, (7.3)
(7.4)
(7.5)

(:cua:v, Clufo) T QupTolu), for all u,v € L with u < v,

)
( Nu d”), for all w € L with N, < oo,

where we again see c{,,), df € k(Xr) @ k[I'] C span, {Ug | U € (X1),g € I'} C k(X,T').
Then the residue classes of cfu‘v),dz modulo I, + I’ correspond to c(y,) and d, by the
isomorphism of Corollary 5.6, and we have Ix = I, +I/+1.
e Note that <, is compatible with R: In Eq. (7.1) resp. (7.2) we have 1 <, 1p resp. fyn <o
gh since np(l) = 0 < 1 = np(1r) resp. np(fgn) =1 < 2 = np(gh) (fen € T'). Eq. (7.3):
t(xug) (0) < (1) = t(gzy), hence xug <o gT,. Moreover, by [10, Lem. 3.6] we have
(u|v) + QuoToTy <o TyZy, and dff <, u “ by assumption.

e By the Diamond Lemma 6.1 we have to consider all possible overlaps and inclusions
of R. The only inclusions happen with Eq. (7.1), namely (1,1r,h), (g, 1r, 1), (1, 1p, xy).
But they all fulfill the condition (1b) of the Diamond Lemma 6.1: for example h — fi., =
h—h=0¢€Il: 1, and z, — xu(1r)zulr = z,(1r — 1) € 12 110,

So we are left to check the conditon (1a) for all overlaps: (g, h, k) with g, h, k € T fulfills
it by the associativity of I'; for (g, h, z,) we have

fghxu - XU(h)gxuh = XU(gh)xufgh - XU(h>XU(g)xugh =0,

calculating modulo I, g, and using x,(fyn) = xu(gh) since fy, € I'. The next overlap is
(9, Ty, x,) where u < v: Calculating modulo I, 4;,., We get

Xu(9)TugTs = 9(Lypy + QupTo) = Xu(9)Xo(9)Tuug—
X“”(g) (C(ulv) + quﬂ’xvx“)g - X“”(g> (x“x” B ( Clulv) T Qu ”x”x“»g =0,
since () € (K(X)#k[[])™ and z,2,9 <o gr,2,. For the overlap (g, x,, 23
modulo [ gzl

) we obtain

Xo(9)Tugz ! — gdf = xu(g)™ (z) — d8) g = 0,
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because d, € (k(X )#k[l“])xgu and "9, <, U 2. The remaining overlaps are those
with Eqgs. (7.4) and (7.5); for these we formulate the following three Lemmata which are
equivalent to (2) of the Theorem 4.2:

Lemma 7.1. The overlap (xu,a:v,:cw) u < v < w, fulfills condition 6.1(1a), i.e., a =
( Cufoy T Qu vxvxu)xw xu( Cofuy T o wxwxv) € 15 puvyan, Uf and only if J(u < v < w) €

<oTuToTw *

Proof. We calculate in k(Xp,T")

P
J(u < v <w) =y Tu = GuvwTuClyy, (%C(mw) quvvwc(vm)f’fu)
+ Qu,vly (xuxw - Qu,wxwxu) — GQuv,w (flfu[lﬁ'w — QU,wxwxu)xv,
@ = Cup)@o F Qup@o@uln = TuClyjy) ~ Goulululo,

and show that the difference is zero modulo 1< ;4 2.,:

_ p p
J(u < v <w) —a= quowe (T, — c(u‘v)) + Quow (c(v‘w) — LTy Ty
= Quv,wlw (QU,vxvxu) — Quow (qv,wIva)Iu = 0.
SINCE Ty TyTyy LoTwTy <o LuLyLey- Ol

Lemma 7.2. The overlaps ( Nu—1 xu,xv) resp. (:)su,xv,:)sf)\’”_l) fulfill condition 6.1(1a),
€., dva - ivu 1( (u|v) + Gu vaxu) € [ mfj“xv resp. (C€u|v) + QHvaxu)xNv ! xudg S

I ~o if and only if L(u,u <v) € I~ resp. L(u,u>v) €1 Nu -

<oTuTy Ty <oTyTy

Proof. We prove it for (foV“ ! xu,xv) the other overlap is proved analogously. We set

r:= N, — 1, then ord ¢, = r + 1. Using the g-Leibniz formula of Proposition 1.2 we get
ZET( Clulv) T u ”x”aju) — dyty =

= [xu’ C(U|U)] ’uQU,U _I_ qu‘;’uqu’vau‘U)xz’

T r+1 r—i—l 1
+ Qu,v [xu7 xv} a . Ty + q Z, - duxv
r
_ ) 7 r P )
- E q%uqu,v(i)qum Loy - - - [l’u, C(u‘y)]‘]u,u‘]u,u s :| qﬂfuiqu,ux“
=0

r—i

z—l—l r—l—l r+1
+ q T, — dﬁ%

I Z ¢ () qu Nz [T, Tlg, - .}qr,i,l

w,u QUVU

r—i

Because of x], 'z,x,"" <, 21z, for all 0 <4 <7, this is modulo I -1, equal to

T
E 1) % r P 3
qu7uqu7v(i)qu,u IUJ e [l’u, C(u‘y)]Qu,uQu,v c ] q;’;;jquml’u
=0 .

n Z gt (") qu Nz [T ) aungun - ':|qrfi*1 | 2ttt [dox } .

r—i—1
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Now shifting the index of the second sum, we obtain

P _ P
Tus [Ty g uatas - ] — [df, ] ot
T
T
E % ) T r [ P 7
+ QU,U (qufuz(i)qum _I_ (i_l)Qu,u> Iu’ e [xu’ C(u‘y)]Qu,uQu,v o :| q;,iuiQu,vl‘u.
i=1

r—i

Finally we obtain the claim, since qi,u (;‘)quu + (irl) Z

:(TJTI) =0foralll <i<r
Qu,u !

qu,u
by Eq. (1.2) and ord ¢, = r + 1. O
Lemma 7.3. The overlaps (z}*~", &', =) fulfill condition 6.1(1a) for all 1 < i < N,,
if and only if the overlap (x}*=*, z,, x}*™) fulfills condition 6.1(1a), if and only if L(u) €
I wun.
Proof. This is evident. O

e We are left to prove the equivalence of (2) to its weaker version (2’) of Theorem 4.2: For
(2’a) we show that if uv € L and Sh(uv) = (u|v), then conditon (2a) is already fulfilled:
By definition cfu‘v) = T, and

[C?umv%}qw,w = [Zuw, 7] = L)

modulo /-, 4,4, Now certainly Sh(uvw) # (uv|w), thus

p — AP
Clurtw) = O F Gow0Clujun) o~ GupToCluu)

by Eq. (4.1). Hence in this case the g-Jacobi condition is fulfilled by the g¢-derivation
formula of Proposition 1.2.

For (2’b) of Theorem 4.2 it is enough to show the following: Let condition (2bi) hold
for u = v, ie., [w,,df]i € I_ vu+1. Then, if condition (2bi) holds for some u < v with
N, < oo, then (2bi) also holds for u < uv (whenever uv € L). Analogously, if (2bii) holds
for v < u with N,, < oo, then also (2bii) holds for vu < u (whenever vu € L).

Note that if u < v, then wv < v: Either v does not begin with u, then uv < v; or let
v = uw for some w € (X). Then u < v = vw < w since v € L. Hence uv = vuw < uw = v.

We will prove the first part (2'bi), (2’bii) is the same argument. But before we formulate

the following

Lemma 7.4. Let a € k(X)#k[I'], A, W € (X1) such that a < A <W. Then a € I w
if and only if a € I<4.

Proof. Clearly I<4 C I, since A < W. So denote by {(W,, f,) | ¢ € ¥} the set of
Egs. (7.4) and (7.5) with f, <, W,, and let a € I W, i.e., a is a linear combination of
Ug(W,—f,)Vhwith U,V € (X) such that UW,V < W. Denote by E the <-biggest word
of all UW,V with non-zero coefficient. £ > A contradicts the assumption a <;, A < W.
Hence E < A and therefore f € I<4. O
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Suppose (2bi) for u < v with N, < oo and wv € L, i.e.,

— P
Iu’ te [l’u, xuv]QU,u‘IU,U ° }qivﬁ 11]u,11 [du? IU]Q{X’{} € I-<;c11LV“xU

Ny—1
P
= Iu, P [Iu, C(u\uv)]qa,uqu,v .. -:| qNufl

Ny—2

— (e
[du’x”]qﬁ% € Lty Uy

for some w € L with w > w and U € (X)) such that £(U) + ¢(w) = ¢(u). Here we used the

relation [y, Tuv)gy w0 — cfum) and Lemma 7.4 since the above polynomial is < 2«1z, Uz,
(by assumption c(ujuw) =1 [uuv], d, <r [u ]¥). Hence the condition (2bi) for u < uv reads
0
[2us [0 L) g L g, 10 Tl iy € Loaea,
Ny—1
& [z, (7, ] v “}q%quv [dP o] Nugdy € 1 v

since x, 1 eNuT Uy ,[_<mNu Ly Uy Tu C I, N (w > u and w cannot begin with u since
(w) < l(u ) hence w > wv. By the ¢- Jacobl 1dent1ty

[:L’u, [d57 S(Zv]qN ]qi\f%quv = qua dZ]qu%’xv} Ny+1 + dy, de [Sl?u,l’v] - qi\fzu) [S(Zu,l’v]dz
= [[l’u, dZ]la xv} qi\%ﬂ [du> Iuv]qfx% = [dZa xuv]qi\’%
For the last two “=" we used ¢\u = 1, the relation [z,,z,] — Ty, and [z,,d5); € I Nut
(We can use this condition: Note that [z,,d"]; < zNvx, U’ for some w' € L, w' > u,

U € (Xyp), (U') + L(w') = L(u), hence [z,,d}]; € I ~., . by Lemma 7.4. Therefore
ol Nuy g Loghug 1T C 1 vy, like before).

8 PBW basis in rank one

We want to apply the PBW basis criterion to Hopf algebras of rank one and two for some
fixed L C L. Especially we want to treat liftings of Nichols algebras. Therefore we define
the following scalars which will guarantee a ['-graduation:

Definition 8.1. Let L. C £. Then we define coefficients p, € k for all v € D(L), and
A € k for all w € C(L) by

g =0, if g0 =1 or xM £ ¢, A =0, if g, =1 0or xo # &,
and otherwise they can be chosen arbitrarily.

In this section let V' be a 1-dimensional vector space with basis £; and ordg;; = N < oc.
Since T'(V) 2 k[z;] we have £ = {z;}. We give the condition when (T'(V)#k[I'])/(z} —d;)
has the PBW basis {z;}. By the PBW Criterion 4.2 the only condition in k[z;]#k[I'] is

(@ 21)y € Iy
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Examples 8.2. Let chark = 0 and ¢ € k* with ordg = N > 2.
1. Nichols algebra A;. T(V)/(x}) has basis {27 |0 < r < N}.

2. Taft Hopf algebra. Let Z/(N) = (g1) and x1(g1) := q. The set {z7g|0<r < N,g €
Z/(N)} is a basis of T(q) = (k[zi]#k[Z/(N)]) /(z)).

3. Radford Hopf algebra. Let Z/(N?) = {g1) and x1(g1) := q. The set {z]g | 0 < r <
N,g € Z/(N?)} is a basis of r(q) = (k[ [#k[Z/(N?)]) /(2] — (1 = g1")).

4. Liftings A;. The set {27g|0 <r < N,g € I'} is a basis of (T'(V)#k[I'])/ (2} — pu1 (1 -
N
91 ))a

Proof. (1) and (2) clearly fulfill the only condition above, since d; = 0.
(3) is a special case of (4): It is d; € (k(X)#k[I'])X!" by Definition 8.1 of 1. Further

(1= gi) @], = pa[L, 2], — pa gl 2], = —pa(qr) — D)zrgy =0,

since ordg;; = N. O

9 PBW basis in rank two and redundant relations

Let V be a 2-dimensional vector space with basis 1, zo, hence T'(V') = k(zy, x5). In this
chapter we apply the PBW Criterion 4.2 to verify for certain L C L that the algebra

(T(V)#k[I)/,

with [ as in Section 3.2, has the PBW basis [L]. In particular, we examine the Nichols
algebras and their liftings of [9]. Moreover, we will see how to find the redundant relations,
and in addition, we will treat some classical examples.

9.1 PBW basis for L = {z; < 25}

This is the easiest case and covers the Cartan Type A; x A1, as well as many other examples.
We are interested when [L] builds up a PBW Basis of

(T(V)#K[L])/ ([2122] = cr, 27" =, 25" — do),

with Ny = ordqy;, Ny = ordgey € {2,3,...,00}. If Ny = N, = oo, then by the PBW
Criterion 4.2 there is no condition in k(xy, xo)#k[I'] such that we can choose ¢;5 arbitrarily
with cio < [2122) and degp(ci2) = xaxe:

Examples 9.1.

1. Quantum plane. The set {xz5’x]' | ro,71 > 0} is a basis of Q(q12) = T(V)/([x122]).
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2. Weyl algebra. If 1o = 1, then {z5?z}" | 72,71 > 0} is a basisof W = T(V) /([z122] —1).

If ordq;; = N7 < o0 or ordges = Ny < 00, then by the PBW Criterion 4.2 we have to
check

[df,xl}l € I<wi\71+1, or [dg,.ﬁlfg]l € I<m;\72+1, and (9.1)
p [P
[:cl, . [ml, Clz]fhlth .. .}qﬁl—lqm [dl, .’Ifg}qi\; S I<:cf71:c2’ or (9.2)
Ni—1
[. .. [CTQ, x2]q12q22 R ,ZL’Q:| q12q21\;2—1 — [Il, d§:| qi\f; S [<m1xé\r2' (93)
———

No—1
Examples 9.2. Let \is, i1, o € k as in Definition 8.1.
1. Nichols algebra Ay x Ay. Let qago1 = 1, then {z3?2]' | 0 < r; < N;} is a basis of

T(V)/([a:lxg], :zivl, Iévz)

2. Liftings A1 x A;j. Let q12go1 = 1, then {z3?2]'g | 0 < r; < N;,g € I'} is a basis of
(T(V)#K))/ ([z122] = Aia(1 = g12), 2 — (1 — g17"), 25 — pa(1 — g3%)).

3. Book Hopf algebra. Let q € k* with ordg = N > 2, Z/(N) = (¢91), g := g2 := g2, and
x1(9:) = q7, x2(gs) := q for i = 1,2. Then {zi?27'g | 0 < r; < N,g € T'} is a basis
of h(1,q) = (k(zy, z2)#k[Z/(N)]) / ([r122], =7’ 23).

4. Frobenius-Lusztig kernel. Let ¢ € k* with ordg = N > 2, Z/(N) = (¢1), g := g2 :=
g1, and x1(g;) := ¢ 2, x2(gs) := ¢* for i = 1,2. Then {zi?27'g |0 <r; < N,g € T'} is
a basis of ug(sly) = (k(z1, 22)#k[Z/(N)])/ ([x122] — (1 — ¢?), =}, 2i').

Proof. In (1) it is dy = dy = ¢12 = 0. (3) and (4) are special cases of (2): By definition of
A12, fi1, fo the elements have the required f—degree. As in Example 9.1 we show conditions
Eq. (9.1). Eq. (9.2): We have x1x2 = ¢ if A\js # 0, hence ¢11¢12 = 1 and then ¢; =
q11G12921 = Qo1, since q12qo1 = 1. Using these equations we calculate

mo, = Al =) (1= g2 gige = 0.

quiqi2 "’ } q11  q12

(21, .. [z1, A2(1 = g190)]
———

Ni—1

Further XzNi = ¢ if p; # 0, thus qé\{l = 1; by taking ¢i2q21 = 1 to the N;-th power, we
deduce ¢f)' = 1. Then [ (1= g, ZL’Q}qu = j1(1 — ¢y = 0. The remaining condition
12

Eq. (9.3) works in a similar way. O
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9.2 PBW basis for L = {x; < 1179 < 72}

We now examine the case when [L] is a PBW Basis of (T'(V')#k|[I'])/I, where I is generated
by the following elements

[$11’1I2] — C112, l’ivl —dy,
[212922] — c192, [:L’lxg]N” — dy9,
ZL’éV2 — dg,

with ordqu = Nl, OI'dqulg = ng, OI'dQQQ = N2 c {2, 3, ey OO} We have in k(.ﬁ(fl, 12, IQ)#k[F]
the elements

Cpg) = Az Clppy = Tz o) = e
At first we want to study the conditions in general. By Theorem 4.2(2’) we have to check
the following: The only Jacobi condition is for 1 < 12 < 2, namely

(19, 2] — [z1, ] + (112 — q122)275 € T<ar0100s- (9.4)

q112,2 q1,122

There are the following restricted g-Leibniz conditions: If N; < oo, then we have to check
Egs. (9.1) and (9.2) for 1 < 2; note that we can omit the restricted Leibniz condition for
1 <12 in (2’) of Theorem 4.2. In the same way if Ny < oo, then there are the conditions
Egs. (9.1) and (9.3) for 1 < 2; we can omit the condition for 12 < 2. Further Eq. (9.2)
resp. (9.3) is equivalent to

Ty [T, Aralg2 s - .}qivlrlqu — [df, l’g]qi\;l € I<:cf[1x2’ (9.5)

Ny —2
|:. . I:CT22’ Ig]q12q§2 . o ’x2i| q12qé\f2271 - [.’171, dg:lqi\fzz E ]_<x1x;\1'2 . (9-6)
——— —
No—2
In the case N7 = 2 resp. Ny = 2 then condition Eq. (9.5) resp. (9.6) is

p P p P
o — (Y, Talg2, € Logog,  TESP.  Cap — [w1,db)g2, € g a2

Here we see with Corollary 5.6 that by the restricted ¢-Leibniz formula [xi2129] — ¢112 €
(22 —dy) resp. [x1295] — c190 € (3 —dy), hence these two relations are redundant. Suppose
[dl,flfg]q%Q <1 [T12129] TESD. [xl,alg]q%2 <1 [T12925). Thus if we define

g = [d], 2]z, Tesp. oy 1= [11,dblge,, (9.7)

then condition Eq. (9.5) resp. (9.6) is fulfilled.
Finally, if N1 < oo, then there are the conditions

P
[d12>$12}1 € [_<xi\;12+1,

P P
...|C x R ] Nig—1 — |21, d N €1 N
[ [ 112> 12]q1,12q12v,12 ) 13 01120792 [ 1) 12]qu}§ <z1252]
Noy1 (9.8)
o o
T12,...|T12,C ...]Nfl —|dy, o] Ny €T Nyy .
12, [ 12, 122]412,12412,2 q121’%2 q12,2 [ 12 2](11217% .<x1212x2
Nia—1
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Now we want to take a closer look at Eq. (9.4). Essentially, there are two cases: If
q11 = Q22 We set ¢ 1= qr122 = 1,122 and then Eq. (9.4) reads

[CT127 xﬂq - [xlv CT22]q S I<9019012$2’ (99)

Else if q11 # go2. Suppose Ny = ordgiz 12 = 2, then we define

dig = —(C_I1,12 - Q12,2)_1([0112>I2} - [931> 0122}

q1,2912,2 Q1,122)'

It is [x129]? — dio € ([:51931172] — C112, [T12920] — 0122) by the g-Jacobi identity, see Eq. (9.4)
and Corollary 5.6, i.e., this relation is redundant. Further diy € (k(X)#k[[']))X2. Let us

assume that diy <, [$1$2]2, e.g., €192, C112 are linear combinations of monomials of length
< 3. Then for

dfy = —(qu12 — Q12,2)_1([Cﬁz#ﬂql’qum - [951> 0522],117122) (9.10)

condition Eq. (9.4) is fulfilled.

As a demonstration we want to proof that the Hopf algebras coming from liftings of
a Nichols algebra with Cartan matrix A [9, Thm. 5.9], admit a PBW basis [L] (this is
already known for liftings of Nichols algebras of Cartan type Az [2], but not for non-Cartan

type):
Proposition 9.3 (Liftings As). Consider the Hopf algebras (k{xy,z2)#k[['])/1 where I
depends upon (g;;) as follows:

(1) Cartan type As: qiagor = ¢ = G -
(a) If g1 = —1, then let I be generated by

2l — m(1l = g7), [2122]% — dpagoras — a(1 — gia), vy — pa(1 = g3).
(b) If ordgyy = 3, then let I be generated by

[xll’lib’z] - )\112(1 - 9112), [xll’zib’z] - )\122(1 - 9122)7
#} — (1 —g7),
[371552]3 + (1 = qu1)qui A2 [Ill”ﬂz]
— (1= qu)’z3 — pa(1 = gi),
w5 — pa(1 — g3).

(c) If N := ordqy; > 4, then then let I be generated by, see [2],

[Ill"lifz], [I1932I2],
N(N-1)

[$1$2]N — i (qn — 1)NQ21 ? xév — pa2(1 — g{\g)u
Ty — pi2(1 = g3).
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(2) Let qiago1 = ql_ll, Qoo = —1.
(a) If 4 # N = ordqi1 > 3, then let I be generated by

[rrzias), Y —m(l—gl), 2l — pa(l—g3).
(b) If ordg;y =4, then let I be generated by
[$1$11’2] - >\112(1 - 9112)7 33111 - /~L1(1 - 9%)7 33% - /~L2(1 - 93)

(3) Let qui = —1, quaga1 = a3 -
(a) If 4 # N := ordgqe > 3, then let I be generated by

[prxamo], @} — (1 —gi),  ap — pa(l—g).
(b) If ordgey = 4, then let I be generated by
[$1$2SL’2] — )\122(1 - 9122)7 l’% - Ml(l - 9%)7 1’% - M2(1 - gg)-

(4) Let q11 = gao = —1 and N := ordqiaqa; > 3.
(a) If qia # %1, then let I be generated by

at — (1= gi), [z120]Y — 2 (1 = g1y), 5.

(b) If 12 = £1, then let I be generated by
vl o) (- gh), 23— pe(l - g3).
All of these Hopf algebras have basis {xy? [z122]22 g | 0 < 1y < N, for allu € L, g € T'}.

Proof. Note that all defined ideals are f—homogeneous by the definition of the coefficients.
The conditions Eq. (9.1) are exactly as in Example 9.1.

(la) We have N; = Ny = N5 = 2. Since df = u;(1 — g?) we have by the argument
preceding Eq. (9.7), that necessarily

iz = [ (1 — gf),:vz]q§2 and  cro = [71, pia(1 — 93)]q%2

and the conditions Eqgs. (9.5) and (9.6) are fulfilled. Note that cj12 = pi(1 — ¢2)xe = 0:
either py = 0 or else p; # 0, but then x? = ¢ and ¢35, = 1. By squaring the assumption
q12Go1 = —1, we obtain ¢?, = 1. In the same way c¢;20 = 0.

Then the conditions Eq. (9.8) are

[4M1Q21$U§ + pa2(1 — giy), $12] 1 € I<m§2
[0’ xl?]Q1,12q12,12 - [1'1, 4U1Q21x3 + :u12(1 - g%2)]qi12 S I-<:c1:c%2a

[x127 0](]12,12(]12,2 - [4/~LIQ21x§ + :u12(1 - g%2>7 x2]qf2y2 S I<m§2m2~
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Again, if y1; # 0, then ¢}, = ¢3, = 1, hence ¢ 1, = 1 and ¢3 1, = 1. If ju35 # 0, then x3, = ¢
and ¢7 1, = 1; in this case also ¢f, = ¢35, = 1. Thus modulo I_,s we have

[4M1Q211’§ + ,u12(1 - 9%2)7 x12} 1= 411G [SU%, 56’12} 1 M12(Q%2,12 - 1)%29%2
= Appiagor [1 — g5, 1) L= — 4411 fi2q21 (45 15 — 1)21295 = 0.

Further modulo I_,,,2, we get

(21, 4p1gn 25 + pa2(1 — g1a) | = Apagan [21, 23)1 + pafz1, 1 — gishi
= 4121 ey — pa2(1 — Q%2,1)3519%2 =0,

which means that the second condition is fulfilled. The third one of Eq. (9.8) works
analogously.
The last condition is Eq. (9.4), or equivalently condition Eq. (9.9) since g11 = goo:

[O>$2}q - [ZL’l, O}q =0¢€ [-<x1:c12:c2'

(1b) Either Aj12 = A2 = 0, or x112 = € and/or xi22 = €, from where we conclude
¢ = qi1 = Q12 = @21 = Go. We start with Eq. (9.4): Since ¢ = 1 we have [)\112(1 —
g112), .CL’Q] = [:L’l, A2(1 — g122)} , = 0. We continue with Eq. (9.5): Either y; = 0 or x3 = ¢,
hence g3, = 1 and then also ¢}, = (g12¢21)® = ¢;;7 = 1. Then [a1, M12(1 — 9112>:|1 —
[111(1 — g3), 221 = 0. Next, Eq. (9.6): In the same way, us # 0 or g3, = ¢3, = 1. Then
[)\122(1 — g122), 1’2} L= [, (1 — g3)]1 = 0. For Eq. (9.8) we have qilz = 1if pyo # 0. Thus

¢, = 1, moreover ¢3; = (q12¢21)° = ¢;;° = 1. Hence modulo I_, ,s we have

I1£B12

[[)‘112(1 - gll2)> zl?]Q1,12Q12,12a 1’12] 41,1202, 1

— [z1, = (1 = i) qui 2 A22 (1 — gi122) + (1 — q1)’as + pa(1 = g3y)] s =0,

3
q1,12

since each summand is zero. Further a straightforward calculation shows

(212, [12, Mz (1 — 9122)]q12,12q12,2}q%2 s

- [—(1 — qu)qudiz Aoz (1 — gio) + 1 (1 — qu1)*z3 + paa(1 — g3, 932}[1%2 LT 0.
Finally, an easy calculation shows that

[—(1 = qu) g d iz hiza (1 = gaze) + pn (1 = q11)°25 + pa2(1 = giy), T12) =0

modulo I_,4 , again by definition of the coefficients.

(1c) is a generalization of (1a) (and (1b) if Aj12 = Ao = 0) and works completely in
the same way (only the Serre-relations [z12129] = [x12925] = 0 are not redundant, as they
are (la)). We leave this to the reader.
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(2a) We leave this to the reader and prove the little more complicated (2b): Since
we have N = 2, as in (la) we deduce from Eq. (9.7), that o0 = [z, (1 — g3)]
(g3, — 1)z1g5 and the condition Eq. (9.6) is fulfilled.

If >\112 % 0 then d11 = (421 of order 4, 12 = ({22 = —17 if 1251 §£ 0 then qil2 = 1. Then
Eq. (9.5) is fulfilled: [:cl, (21, )\112(1—g112>]1:| p1(1—gt), x5]1 = 0, since both summands
are zero.

It is q11 # o2, ordqia 12 = 2 and ¢}, resp. ¢}y, are linear combinations of monomials of
length 0 resp. 1. By the discussion before Eq. (9.10), we see that [x122]? — dy5 is redundant
and for

2 p—
di2

‘hl_[

dfy = —(qu12 — Q12,2)_1([)\112(1 — g112), 1’2}_1 - [1’17 m(q%l - 1)%93} qu)
= i (g1 + 1) 7 (A2 — 2 (@31 — (1 = quigiy) 2793)

~~

=:q

the condition Eq. (9.4) is fulfilled. We are left to show the conditions Eq. (9.8) [df,, 1712}1 €
I

3
=Tyy?

p p p P
c x] —[xd} el. o and [a: c } —[d x} el o ..
[ 112> 12 q112,12 1> %12 qi12 =Z1T7y 125 122 q12,122 1252 4%2,2 =T1aT2

We calculate the first one: Modulo I_,3 we get

[d€27x12:|1 = —qi5 (qu + 1)_1(—)\1122 [3612, 332}1 —H2q [55%937 $12] 1 )
N—_—— N—_——

_p _ 2.2 2
=Ci22 _q21[x17x12]q% 1,92

Now by the g-derivation property [x%7x12]q% I T1s + qriacpr1 = A12(1 — qu1)x.
Because of the coefficient A\j12 the two summands in the parentheses have the coefficient
+4 11202, hence cancel. (3) works exactly as (2).

(4a) Since we have Ny = Ny = 2, as in (1a) we deduce from Eq. (9.7), that

ez = [ (1 = g7), a2, = (1 — giy)za and  cigp = [21,0]2, = 0

2

and the conditions Egs. (9.5) and (9.6) are fulfilled.
For the second condition of Eq. (9.8) one can easily show by induction

P
... |C X R } _
[ [ 112)\12]‘11,12%2,12 ) 1% ql,IZQ{VQ,llz

~
N-1
N—

—_

= ,ul(l — ‘ﬁz) |: .. [m2’iv12]fhlq%22421 . ,xlg} N N-1 = M1 H (1 - quqél)mx%—l =0.

491191242
=0

~
N-1

The last equation holds since for i = N — 2 we have 1 — ¢¢¥ ™2 = 0: if uy # 0 then
@, = 1 and (q2g2)" = qf%;, = 1. Further also [xludfz]qﬂlz =[xy, p12(1 — g1 =
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—pa2(1 — qfy)x1gfy = 0, since either pyp = 0 or ¢7y = g3y = (—1)" such that ¢, =
(=1)N(=1)" = 1. This proves the second condition of Eq. (9.8). The third of Eq. (9.8) is
easy since ¢ = 0, and the first of Eq. (9.8) is a direct computation.

Finally, Eq. (9.4) is Eq. (9.9), since g1 = qoa: [p1(1 — ¢3y) 22, 22]
because of the relation 23 = 0.

(4b) works analogously to (4a). Note that here ci19 = 0 and cj99 = [z, p2(1 — g3)]1 =
f12(g3y — 1)z193- [

- |:l'1 ) O}
q112,2 q1,122

9.3 PBW basis for L = {r; < x12129 < 1172 < T2}

This PBW basis [L] occurs in the Nichols algebras with Cartan matrix By and their liftings
[9, Prop. 5.11,Thm. 5.13]. More generally, we list the conditions when [L] is a PBW Basis
of (T'(V)#Kk[I'])/I where I is generated by

[9315511'1552] — C1112, Iivl —dy,
(11212221 22) — C11212, [212172) M2 — dyyg,
[T122%2] — c102, [2122) 2 — dya,

l’éVQ — dg.

In k(zy, 2112, 712, 22) #k[I'] we have the following cfum ordered by l(uv), u,v € L: If
Sh(uv) = (u|v) then

P _ P _ P p _ P
Cajz) = T12, C12)2) = €122 C112)12) = “112125
P _ P — P

Capz) = T2 Carie) =~ G112s

and for Sh(1122) # (112]2) by Eq. (4.1)

Cf112|2 = (c] C12/2) ) + q12 20(1‘2)%2 — 121’120(1‘2)
= 07 (clys) + (G122 — q1,12) 2.

We have for 1 < 112 < 2,1 < 112 < 12 and 112 < 12 < 2 the following ¢-Jacobi conditions
(note that we can leave out 1 < 12 < 2):

(1195 Iﬂqmm — |o1, C€112\2)}q1,1m
+ 6_11,11293112[171, 372] - Q112,2[931,I2]I112 € [-<x1x112x2
*:)[lenm@} - [zlaaf(cﬁz)}
- (Q12,2 - Q1,12)CT1212 - (Q12,2 - Q1,12)Q1,12(Q12,12 + 1)33121’112
+ 6_11,1120f1212 + Q112,2(Q1,112Q112,1 - 1)931293112 € Iizi211020
— [21,0{(A,)] + g12((ﬁ1 — g2+ Q11)4051212
=g
+ gfz(Q22(Qil1Q12Q21 - 1) - Q11(Q22 - Q11)(Q12,12 + 1)256’1233112 € I<w1w112m2

q1112,2 q1,1122

(9.11)

p
& [1g, 2]
1112) 2 q1112,2 q1,1122

~-
=:q’
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Ifq % O, we see that [1’125'12525(71252] —C11212 € ([Ill’lxlﬂfg] —C1112, [1’11’2252] —0122) is redundant
with

- [931,31(0122)}
by Corollary 5.6 and the g-Jacobi identity of Proposition 1.2. We have degp(cii2iz) =

X11212; suppose that c¢ii9192 <p [T121222122] (€.g. ¢1112 T€SP. ¢199 are linear combinations of
monomials of length < 4 resp. < 3) then condition Eq. (9.11) is fulfilled for

- [3717 8{)(05)22)]

There are three cases, where the coefficients ¢, ¢’ are of a better form for our setting: Since

C11212 = —q_l ( [01112, 932} + q/[I1932][I11'1I2])

q1112,2 q1,1122

p N rd V) /
Cl1212 *= —4 ([011127332} +q I12$112)-

q1112,2 q1,1122

q= Q12((3)q11 - (2)q22)> C_I/ = {12 (Q(l + Q%1Q12Q21Q22) - C_I11€_I12(2)qzz)>

we have
q = qu2qi1 # 0, ¢ = —q25,9(1 — ¢, q12¢21), if 71 = qoa,
q=q12(3)q,> ¢ = q12q(1 — ¢, q12¢21), if goo = —1,
q= _QI2(2)q227 q' = —Q12Q(1 + g1 + Q%1Q12Q21Q22)7 if ordgi; = 3.

The second ¢-Jacobi condition for 1 < 112 < 12 reads

p p
[011127 $12} - [xl, 011212]

q1112,12 q1,11212
+ CI1,112$112[$17 $12] - Q112,12[$17 5512]%12 € I<:v1:v112:v12 (9 12)
p p 2 2 ’
<:>[c T } — [m c ] 1-— T I
112> T12] 11y 1, 1 C11212] ) 110 +£111Q12( VQ12Q21Q22)4 112 € I<ziz11021
=:q"

If q// 7é 0 then we see that [1'11’11'2]2 — d112 c ([1’11'11’11'2] — C11212, [1’11'11'21’11'2] — 011212)
is redundant with dj19 = —q”_l([clllg, [xlxg]]qm2 L [I1,011212]q1’11212) by Corollary 5.6

and the g-Jacobi identity of Proposition 1.2. It is dega(di12) = X310; suppose that di1a <1,
[z17175]? then condition Eq. (9.13) is fulfilled for

d€12 = _q,/_l ( [CTH?’ 1’12} - [xl’ 651212} Q1,11212)

q1112,12

If further ordgii2,112 = 2 then we have to consider the restricted g¢-Leibniz conditions for
d}15 (see below).
The last g-Jacobi condition for 112 < 12 < 2 is

[051212@'2] - [37112,0?22]
+ Q112,12$12[$112, 372] - Q12,2[$112,$2]I12 € [<:E112w12w2
& [1212, 72] dzize [7112, 05)22]11112,122 (9.13)
+ q112,1271207 (CRag) — q12,207 (Cla2) 712

+ C_I%QC_I22(CI22 — Q11)(Q%1Q12Q21 —1) Ii’2 € Lzi0m10m0

J

q11212,2 q112,122

~~
.1
=q
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If q”/ §£ 0 then we see that [Ill’g]g - d12 S ([Ill’lIQl’lLEQ] — C11212, [I'lLUQZL’Q] - 0122) is redun-

) e =1 _ _
dant with dyp := —q ([011212@2}(]11212’2 [[%551%2],0122}[1112,122 + qui212[T172]01 (C122)
qlggal(clgg)[!lfll’g]) by Corollary 5.6 and the g-Jacobi identity of Proposition 1.2. It is
degz(dia) = X1,; suppose that dio <, [z121]* (e.g., 11212 Tesp. 122 are linear combinations
of monomials of length < 5 resp. < 3) then condition Eq. (9.13) is fulfilled for

dfy 0 = _q//_l([CT12127$2](111212'2 - [36’11270?22}

+ qr12.120120 (Fay) — Q12,281p(0§)22)$12)

q112,122

If further ordgs 12 = 3 then we have to consider the ¢-Leibniz conditions for df, (see below).
There are the following restricted g-Leibniz conditions: If N; < oo, then [dﬁ’ ,xl]l €
I, v+ and for 1 <2 (we can omit 1 < 12,1 < 112)
Ty

xl, SN I:xl’ CT112]Q%1Q12 . :| qﬁ171q12 - [df’ IQ]qi\;l - [<miV1x2. (914)

N1-3

If Ny < oo, then [db, x5, € I v+ and for 1 <2 (we can omit 12 < 2,112 < 2)
T2

el (9.15)

|:. . [C€22 xQ]q12q32 “ e ,x2:| q12q21\;2 1 — I::,Ul, dg]qll\;z c ]<
———

No—2

If Nyp < oo, then [dfy, z15], € I_ o+ and for 1 <12, 12 < 2 (we can omit 112 < 12)
12

p o
e, x} Nig—1 — X1, diol N €T, N
[ [ 1127\12]%,12!112,12 12 q, 12[1121%2 [ 1, 12](11&% .<x1x12127
'
Ni2—1
o (9.16)
T12, . . . [T12, C122]q12,12q12,2 o ~]qi\f21%;1q12 5 — [dFy, ] 0193 € Iﬂglzm-
Ni2—1
If Nyj» < 00, then [y, T112|, € I w1 and for 1 < 112, 112 < 12, 112 < 2
1 <Zq1y
p P
[' e [011127 Ill?]th,lmquz,nz - $112] @, 112(111121%121 - [1’1, d112]qi\’}}§ € I-<:C1xﬁ1212
Ni12—1
I P
L1125 - - - [$112, Cll212]£]112,112¢1112,12 i } 411\;121%;214112 = [d1127 xl?]qﬁg% € I<mi\;1212x12 (9 17)
Ni12—1
L1125 - z112> (112|2 ylaiznequize - ]q112 1121q1122 [d112’ x2] N112 € I<mﬁ1212x2
Ni12—1

The proof that the liftings of [9, Thm. 5.13] have the PBW basis [L] consists in replacing
the £, and d? in the conditions above, like it was done before in Proposition 9.3. We leave
this to the reader.
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9.4 PBW basis for L = {x; < 212129 < 11Ty < T1T2T9 < To}

This PBW basis [L] appears in the Nichols algebras of non-standard type and their liftings
of [9, Thm. 5.17 (1)]. Generally, we ask for the conditions when [L] is a PBW Basis of
(T'(V)#k[I'])/I where [ is generated by

[l"lifll'lfz] — C1112, il?ivl —dy,

[T121292] — €112, [212122) M2 — dy1g,
[iflxlle'lfz] — C11212, [‘T19J"2]N12 - d12,
(212221 2222] — C12122, [212202) M — da9,

[9315521'2@] — C1222, il?éVQ — do.

In k(x1, 112, T12, T192, T2) #K[I'] we have the following cfu‘v) ordered by f(uv), u,v € L: If
Sh(uv) = (u|v) then

P p _ p _
Caje) = T12 Caz) = Gz C12112) = C11212
P p _ p _

Capz) = T112; Cayz2) = C1i22s Cli2)122) = C121225
P _ P — AP

Cazz) — *122; Cli22)2) = ©12229

and for Sh(1122) # (112]2) and Sh(112122) # (112[122) by Eq. (4.1)

C€112\2) = 8{)(0?12‘2)) + QI2,2C€1\2)x12 - QI7123712C€1\2)

_ P 2
= 199 + (122 — q112)77,

o _ap(.p p p
Cligpag) = 01 (Clarza) + G12,12200195%12 — q1,12T12¢ 19

We have to check the ¢-Jacobi conditions for 1 < 112 < 2 (like Eq. (9.11)), 1 < 112 < 12
(like Eq. (9.12)), 1 < 112 < 122, 1 < 122 < 2, 112 < 12 < 2 (like Eq. (9.13)), 112 < 12 <
122, 112 < 122 < 2, 12 < 122 < 2 (note that we can omit 1 < 12 <2, 1 < 12 < 122). The
restricted ¢-Leibniz conditions are treated like before (note that we can leave out those for
1< 112, 1 <12, 1 < 122if Ny < o0, 112 < 12, 12 < 122 if Nyp < 00, 112 < 2, 12 < 2,
122 < 2 if Ny < 00).

Both types of conditions detect many redundant relations like before. The proof that
the given ideals of the Nichols algebras and their liftings of [9, Thm. 5.17 (1)] admit the
PBW basis {x1, [x12122], [T122], [T12272], 22} is again a straightforward but rather expan-
sive calculation.

9.5 PBW basis for L = {x; < 112179 < 1121727172 < T1T9 < Ta}

This PBW basis [L] shows up in the Nichols algebras of non-standard type and their
liftings of [9, Thm. 5.17 (2),(4)]. More generally, we examine when [L] is a PBW Basis of
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(T'(V)#k[T'])/I where [ is generated by

[$1$1I11’2] — C1112, xi\h —dy,
[%xlxll’ﬂll’z] — C111212, [Iliﬁl’z]Nm — di2,
[%%xlexlxlel’z] — C11211212, [SIJ’1$1$C2I1$C2]N11212 — di1212,
(212122012221 52| — Cr1212125 [2129] 2 — di,
[212979] — C122, 25 — dy.

In k(zq, 2112, T11212, T12, T2) #K[I'] we have the following cfum ordered by ¢(uv), u,v € L: If
Sh(uv) = (u|v) then

A o _ P p _p
“ajp) T 12 Capz) = ‘2 C1121212) = C11212125
o _ P o P o

“az) T P2 Caiznz) = T1212, Cl112)11212) = C11211212:

o P 4 . p

Cazpe) = G22 Cari212) = Ci11212;

and for Sh(1122) # (112]2) and Sh(112122) # (11212]2) by Eq. (4.1)

Clazgz) = 91 (aag)) + D221 %12 = 1,12812¢0 )
= f199 + (122 — q1,12) 775,
C€11212\2) = O1a(Chao) + Q12,2C€112\2)x12 - Q112,12I12C€112|2)
= Ol12(Cl22) + Q12267122T12 — Q112,12712C7 12

+ (%2,2 - Q112,12)(Q12,2 - Q1,12)Ii’2-
Again we have to consider all ¢g-Jacobi conditions and restricted ¢-Leibniz conditions, from

where we detect again many redundant relations. Like before, we leave the concrete cal-
culations for the cases of [9, Thm. 5.17 (2),(4)] to the reader.

9.6 PBW basis for L = {r; < 21212179 < 17172 < T179 < To}

The Nichols algebras of non-standard type and their liftings in [9, Thm. 5.17 (3),(5)] have
this PBW basis [L]. We study the situation, when [L] is a PBW Basis of (T'(V)#k|[I['])/I
where [ is generated by

(12171 20122) — i1z, :L"{Vl —dy,
[T12121T2212152] — Cr112112, (2121212912 — dyy1a,
[1’11’11’21’11’2] — C11212, [l’lxll’g]Nllz — d112>

[212972] — C192, [2129]"2 — dyo,

xé\/z — dg.
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In k(zq, 2112, T11212, T12, T2) #K[I'] we have the following cé’u'v) ordered by ¢(uv), u,v € L: If
Sh(uv) = (u|v) then

P p _ p _ .,
Cagp) — M2 Cajniz) = L1112, Ca11zp112) = 11212129
P p _p

Cajz) = T2, Ca12)12) — “1212
P p _p

C12)2) = €122 Capz) = Gz,

and for Sh(1122) # (112]2), Sh(11122) # (1112|2) and Sh(111212) # (1112|12) by Eq. (4.1)

(112|2 Of(c (12]2) ) + Q12,2C€1\2)$12 - Q1712x120€1\2)
= 07 (cla2) + (q122 — %,12)35%27
C€1112‘2 = alp(cp112|2 )+ Q112,2Cf1|2)1'112 - Q1,112I1120f1|2),
- af(al (0122)) + (C_I12,2 - %,12)(551125512 + q1,12712 [Il, 9512])
+ q112,2%12T112 — G1,1120112%12,
= 00 (07(a2)) + qu2(g22 — qu1 — G11) 112712
+ qia (@11 (go2 — qu1) + qo2) 122112,

Chngpzy = 97 (Clio12) + (G122 — G1,112) 27 1o-

Note that for the fifth equation we used the relation [z1,x12] — 2112. The assertion con-
cerning the PBW basis and the redundant relations of [9, Thm. 5.17 (3),(5)] are again
straightforward to verify.

References

[1] N. Andruskiewitsch and H.-J. Schneider. Lifting of quantum linear spaces and pointed
Hopf algebras of order p3. J. Algebra, 209:658-691, 1998.

[2] N. Andruskiewitsch and H.-J. Schneider. Lifting of Nichols algebras of type Ay and
pointed Hopf algebras of order p*. In S. Caenepeel and F. van Oystaeyen, editors,

Hopf algebras and quantum groups: Proceedings of the Brussels Conference, volume
209 of Lecture Notes in Pure and Appl. Math., pages 1-14. Marcel Dekker, 2000.

[3] N. Andruskiewitsch and H.-J. Schneider. On the classification of finite-dimensional
pointed Hopf algebras. 2007. to appear in Ann. Math., arXiv math.QA/0502157.

[4] R. Berger. The quantum Poincaré-Birkhoff-Witt theorem. In Communications in
Mathematical Physics, volume 143, pages 215-234. Springer, 1992.

[5] G.M. Bergman. The diamond lemma for ring theory. Advances in Mathematics,
29:178-218, 1978.

32



[6]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

L.A. Bokut and G.P. Kukin. Algorithmic and Combinatorial Algebra, volume 255 of
Mathematics and Its Applications. Kluwer Academic Publishers, Dordrecht-Boston-
London, 1994.

L.A. Bokut. Unsolvability of the word problem and subalgebras of finitely presented
Lie algebras. Izv. Akad. Nauk. Ser. Mat., 36 N6:1173-1219, 1972.

M. Helbig. Lifting of Nichols algebras. Stidwestdeutscher Verlag fiir Hochschul-
schriften, 2009. available at http://edoc.ub.uni-muenchen.de/10378/.

M. Helbig. On the lifting of Nichols algebras. preprint, available at arxiv.org:
1003.5882, 2010.

M. Helbig. On the presentation of pointed Hopf algebras. preprint, available at
arxiv.org: 1003.5879, 2010.

V. Kharchenko. A quantum analog of the Poincaré-Birkhoff-Witt theorem. Algebra
and Logic, 38:259-276, 1999.

M. Lothaire. Combinatorics on Words, volume 17 of Encyclopedia of Mathematics.
Addison-Wesley, 1983.

G. Lusztig. Canonical bases arising from quantized enveloping algebras. J. of
Amer. Math. Soc., 3:447-498, 1990.

G. Lusztig. Introduction to quantum groups, volume 110 of Progress in Mathematics.
Birkhauser, 1993.

D. Radford. Finite-dimensional simple-pointed Hopf algebras. J. Algebra, 211:686—
710, 1999.

C. Reutenauer. Free Lie Algebras, volume 7 of London Mathematical Society Mono-
graphs, New Series. Clarendon Press, London, 1993.

C.M. Ringel. PBW-bases of quantum groups. J. Reine Angew. Math., 470:51-88,
1996.

M. Rosso. An anlogue of the Poincaré-Birkhoff-Witt theorem and the universal R-
matrix of U,(sl(N + 1)). Comm. Math. Phys., 124:307-318, 1989.

H. Yamane. A Poincaré-Birkhoff-Witt theorem for quantized universal enveloping
algebas of type Ay. J. Reine Angew. Math., 470:51-88, 1996.

33



