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Non-trivial Compositions of Differential Operations

and Gateaux Directional Derivative
Branko Malesevié, Ivana Jovovié

Faculty of Electrical Engineering, University of Belgrade,
Bulevar kralja Aleksandra 73, 11000 Belgrade, Serbia

Abstract. This paper is devoted to the enumeration of non-trivial compositions
of higher order of differential operations and Gateaux directional derivative in R"™.
We present recurrences for counting non-trivial compositions of higher order.
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1. Non-trivial compositions of differential operations and
Gateaux directional derivative of the space R3

In the three-dimensional Euclidean space R? we consider following sets
Ag={fR*—R|feC®R®)} and A, ={f:R*—R*| feC>®(R®)}.

Gradient, curl, divergence and Gateaux directional derivative in direction €,
for a unit vector € = (e, e, e3) € R3, are defined in terms of partial derivative
operators as follows
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grad f =V f = 2Lit 2L 71 0L v, Ag — Ay,

curl f =V, f = (g—f‘; 8f2)z+(8f1—§£§)3+(§§j—§—£;)E, Vot Ay — Ay,

8m3 8m3

afl + af2 + 8f3

le]? = Vg ]F 921 T Oze | Dus’ V3 : Al — Ao,

dic, f =Vof =Vif-é=2L e+ L er+ 3 ey, Vo: Ay — Ay

Let A3 ={V1,V,y,V3} and B3 ={V,, Vi, Vy, V3}. The number of compo-
sitions of the k' order over the set Ajs is f(k) = Fj,3, where Fj is the k!
Fibonacci number (see [2] for more details). A composition of differential
operations that is not 0 or 0 is called non-trivial. The number of non-trivial
compositions of the k™ order over the set Ajz is g(k) = 3 (see for instance
[1]). In paper [4], it is shown that the number of compositions of the k'™
order over the set By is £9(k) = 281, According to the above results,
it is natural to try to calculate the number of non-trivial compositions of
differential operations from the set Bs. Straightforward verification shows
that all compositions of the second order over Bs are

dir, dir; f = Voo Vo f = Vi(Vif-€) €
graddir, f = V10V, f=V(Vif- &),
Af =divgrad f = V30V, f,
curlcurlf: V20V2f,

dir, div f = Voo Vs f = (V10 Vs f)-&
graddiv f = V; 0 V5 .

curlgrad f = Vo0V, f =0,

divcurlf: Vgovgf: 0,

and that only the last two are trivial. This fact leads us to use the following
procedure for determining the number of non-trivial composition over the set
Bs. Let us define a binary relation o on the set Bs as follows: V,; oV, iff the
composition V; o V; is non-trivial.



Relation ¢ induces Cayley table

o Vo V1 VQ Vg
Vol 1 1 0 0
vVil0 0 0 1
Vo 0 0 1 0
Vs 1 1 0 0

For convenience, we extend set B3 with nowhere-defined function V_;, whose
domain and range are empty sets, and establish V_; oV, for 1 =0,1,2,3.
Thus, graph G of the relation ¢ is rooted tree with the root V_;

gé(0) =1
gé(l) =14
gé@2) =6
géB) =9

Fig. 1

Here we would like to point out that the child of V; is V; if composition
V; o V; is non-trivial. For any non-trivial composition V;, o...oV; there
is a unique path in the tree (Fig. 1), such that the level of vertex V;, is j,
1 < j < k. Let g9k) be the number of non-trivial compositions of the
k'™ order of functions from B and let g&(k) be the number of non-trivial
compositions of the k' order starting with V;. Then we have

g(k) = gi(k) + gii(k) + g5(k) + g5(k).
According to the graph G we obtain the equalities
go(k) = go(k — 1) + gk — 1), gf(k) = g5k — 1),
gs(k) = g5k — 1), gf(k) = go(k —1) +gfi(k —1).

Since the only child of V3 is V5, we can deduce

gs(k)=gs(k —1)=gf(k —2)=... =gf(1)=1.



Putting things together we obtain the recurrence for g9(k):
g(k) = g(k) + gii(k) + g5i(k) + g5i(k)
= (g5(k—1)+g5i(k—1)) +g5(k—1)+g5(k—1)+ (gS(k—1)+gf(k—1))
=g (k—1)+gy(k—1)+gi(k-1)
=g (k—1)+(gf(k—2)+gii(k—2)) +g5(k—2)+g5(k—2)-g,(k—2)
=gG(k—1)+g9k—2)—1.
Substituting

t(
t(k) =tk-1
respectively t(1

k) = g4%k) — 1 into previous formula we obtain recurrence
) ( 2). With initial conditions g4(1) = 4,g%2) =
) = 3,t(2) = 5, we conclude that g4(k) = Fj,3 + 1.

2. Non-trivial compositions of differential operations and
Gateaux directional derivative of the space R™

We start this section by recalling some definitions of multivariable calculus.

Let R™ denote the n-dimensional Euclidean space and consider set of smooth
functions Ag = {f : R" — R| f € C®°(R")}. The set of all differential k-
forms on R" is a free Ag-module of rank (}) with the standard basis {dz; =
dz;, . ..dz;, |1 <i; < ... <ix <n}, denoted QF(R™). Differential k-form
w can be written uniquely as w = Z[eI(k,n) wrdzry, where w; € Ay and
Z(k,n) is the set of multi-indices I = (i1,... i), 1 <3 < ... < i <n.
The complement of the multi-index I is the multi-index J = (j1, ..., jn_k) €
IZ(n —k,n), 1<j; <...<jn—r <n, where components j, are elements of the
set {1,...,n}\{i1,...,ix}. We have dzjdx; = o(I)dz; ...dz,, where o(I) is
the signature of the permutation (i1, ..., %, J1,- -, Jn_k)-

Note that o(J) = (—=1)*""®g(I). With the notions mentioned above we
define 4 (dx;) = o(I)dx;. The map x; : QF(R") — Q"*(R") defined by
*e (W) = D ez w1 *k (dor) is Hodge star operator and it provides natural
isomorphism between Q¥(R") and Q"~*(R"). The Hodge star operator twice
applied to a differential k-form yields %,_x(*zw) = (—=1)¥""Fw. So for the
inverse of the operator xj holds %, 7' (1)) = (—=1)F"=F) x4 (), where
P € QPR(RM).

A differential O-form is a function f (1’1,1'2, oo, xy) € Ag. We define df to
be the differential 1-form df = >, 890 9 dx;. Given a differential k-form
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ZIeI(k,n) wrdxy, the exterior derivative dyw is differential (k+ 1)-form dyw =
€T (kon) dwrdx;. The exterior derivative dj is a linear map from k-forms to

(k + 1)-forms which obeys Leibnitz rule: If w is a k-form and ¢ is a [-form,

then dii () = drw v + (=1)*@ dpp. The exterior derivative has a property

that djy1(dgw) = 0 for any differential k-form w.

Consider sets of functions

Ay = {f:R"—RE) | fed=mm),

0<k<m,m=[n/2]. Let py : Q¥(R") — Ay be presentation of differential
forms in coordinate notation. Let us define functions ¢; (0 < i < m) and
Yn—; (0 <j <n—m) as follows

and - \ l x5
On—j = Dj *j_l C(RT) = A ‘
Qn—] (Rn)
Then the combination of the Hodge star operator and the exterior deriva-
tive generates differential operations Vi, = ¢ dk_lgp,;_ll, 1 <k<n,in

n-dimensional space R" (see [3]).

n(n=2 1):
A, (n=2m): An (n=2m +1)
Vi=pidopy ' Ag— Ar

VlzpldopaliAo—Mh Vo=pody pt: Ay — Ay
= oL

Vo=padip;t: A1 — Ay

‘ Vi=pidi—1p; ) Aii1 — A
Vi=pidi—1p; Y Aic1 — A 'Z Primtpizyidin ’

Vi =DPm dm—1 p;ll_l :Am—l _>Am
Vo1 =Pm %t dm Dt A — A

_ -1 —1.
v771-1—2 =Pm—1*p_1 dm+1 *m Py - Am _>Am—1
—1 -1
Vm—4—3 =Pm—2%,,_o dm+2 *m—1Pm—1 :Am—l _>Am—2

Vm =DPm dm—1 py_nl_l :Am—l _>Am
v1n-i-1 =Pm-1 *1_nl—l dm p;f :Am_>Am—1

—1 —1
v177Hr2 =Pm—2*p,_9o derl *m—1Pm—1 :Amfl —>Am72

Vi =D %] dne (1) *j41 Py Aje1 = A; 1 1
‘ J n—(j+1) J+ Vn—j:pj *j dn—(j-l—l) *j41 pj+1:Aj+1 —)Aj

Vio1=p1 %] " dn_oxapy i As— Ay

_ _ Voo1=p1 %] dpo ko py i Ag— Ay
vn:pO‘koldn—l *1]9111A1—>A07 " ! " g

Vn =DPo *al dn—l *1 pl_l ZAl —>A0.
List of differential operations in R™
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Formulae for the number of compositions of differential operations from the
set A,, and corresponding recurrences are given by Malesevi¢ in [2].

The following theorem provides a natural characterization of the number of
non-trivial compositions of differential operations from the set A, . For the
proof we refer reader to [2].

Theorem 2.1. All non-trivial compositions of differential operations from
the set A, are given in the following form

(vio)vn+1—i oVio---oVyuy 0V

where 2, 2(i — 1) # n, 1 < i < n. Term in bracket is included in if the
number of differential operations is odd and left out otherwise.

Theorem 2.2. Let g(k) be the number of non-trivial compositions of the k'™
order of differential operations from the set A,. Then we have

n o 2{n,
B n o 2n, k=1,
R =9 1 2n. k=2
n—2 : 2{n, k>2.

The Hodge dual to the exterior derivative dj, : QF(R") — QF1(R"?) is
codifferential d;_;, a linear map dp_; : QF(R") — Q*Y(R"), which is a
generalization of the divergence, defined by

Spor = (=) sy dpgr = (1) xt dg % -

Note that V,,_; = (—1)7*'p; §; p; .y, for 0 < j < n—m—1. The codifferential
can be coupled with the exterior derivative to construct the Hodge Laplacian,
also known as the Laplace-de Rham operator, Ay : QF(R") — QF(R"), a
harmonic generalization of Laplace differential operator, given by Ay = dody
and Ay = Opdy + dp_10x_1, for 1 < k < m. The operator Aq is actually
the negative of the Laplace-Beltrami (scalar) operator. A k-form w is called
harmonic if Ay(w) = 0. We say that f € Ay is a harmonic function if
w=pr f) is harmonic k-form. If k > 1 harmonic function f is also called
harmonic field. The best general reference here is [4].

Theorem 2.3. Let fe Ag, 0 < k < m, be a harmonic function. Then all
compositions of order higher than two of differential operations from the set
A, n=2m+1, acting on f are trivial.
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Proof. The proof will be divided into three parts. Let us first examine case
k = 0. Since f € Ap is harmonic function we have Aqf = dodof = 0, hence
V.o Vif =0 and finally (Vi0)V,0Vio0---0V,0oV;f =0. So we have
proved that all compositions acting on harmonic function f are trivial.
Our next concern will be the behavior of harmonic fields f €A1 <k<m.
According to Theorem 2.1l we only need to show that compositions of the
following form B
(Vi10)Vig 0 Vipr ooV o Vi f,
(Vi—t=1)0)Vir o Vi_(g—1yo - -0V o Vy_gony f

are trivial. Since fis harmonic field, we have (0dy + dk_lék_l)(pk_lf) = 0.
From this we see that V,,_; o Vk+1f: Vo Vn_(k_l)f: which implies Vi, 0
(Vi—k o Vig)f = Vig10 (Vo Vo) f = (Vi1 0 Vi) o Vi e—1y f. The
previous composition is trivial, because Vi 10V § = pra1 di dk_lp;_ll g=20,
for any function ¢ € A;_;. In the same manner we can see that composition
Vi—k-1)0 Vo Vu_g_1) f is trivial. Therefore all compositions of order higher

than two acting on harmonic field f are trivial.

It remains to prove the claim for & = m. Observe that V,,,1 o V11 =
P xd A Y p b = pox dxmi1dm 07t = (=1)™ 0o 6, di 0t The
equality Ay, f = Omdm f+ dm—16m_1 f = 0 yields Vi1 0 Vit = Vi 0 Vs
Similarly, we can show that all compositions of order higher than two acting
on harmonic field f € A,, are trivial. [

The same conclusion can be drawn for compositions over the set A,,, n = 2m,
which act on a harmonic function f € Ag, 0 < k< m — 1.

Remark. Some analogous problems can be considered also in Discrete Ex-
terior Calculus [6] (see also [7,8]) and Combinatorial Hodge Theory [9].

Let f € Ag be a scalar function and €= (ey,...,e,) € R" be a unit vector.
The Gateaux directional derivative in direction € is defined by

. L
dlrgfzvofzzﬁ—fek:AoﬁAo.
1 UTk

Let us extend the set of differential operations A, = {Vi,...,V,} with
Gateaux directional derivative to the set B,, = A,U{Vo} = {Vo, V1,..., V,.}.
Recurrences for counting compositions of differential operations from the set
B, can be found in [4]. For an odd n we can obtain a simpler recurrence
£9k) = 2%k — 1), which enable us to find easily explicit formula for the
number of compositions of the k™ order over the set B, £k) = 25" 1(n+1).



The number of non-trivial compositions of differential operations from the
set B, is determined by the binary relation v, defined by:
VivV; iff (i=0Aj=0)V(i=0Aj=1)V(i=nAj=0)V (i+j=n+1A2i#n).

Applying Theorem 2.21to cases i = 2,...,n— 1 we conclude that the number
of non-trivial compositions of the £™ order starting with V,,..., V,_; can

be express by formula
n—2 : 2{mn,

. -2 2, k=1,
IR =8k =2=9 0 3 . 9n, k=2,

n—4 : 2|n, k>2.

Let g9k) be the number of non-trivial compositions of the k™ order of
operations from the set B,. Let g§(k), g&(k) and g%k) be the numbers
of non-trivial the k' order compositions starting with V,, V; and V,,,
respectively. Then we have

g(k) = go(k) + giik) + J (k) + gr(k).

Denote g (k) = gS(k)+gS(k)+gS(k). Hence, the following recurrences are true
go(k) = g (k—1)+gi(k—1), g(k) = g, (k—1), g(k) = gi(k—1)+g(k—1).
Thus, the recurrence for g (k) is of the form

g°(k) = g5k + gSi(k) + gS(k)
(g6(k — 1) +gfi(k — 1)) + gk — 1) + (g6i(k — 1) + gfi(k — 1))
= gk — 1)+ g5k — 1)+ gk — 1)
= 8%k — 1)+ (g5(k — 2) + g8k — 2)) + g5(k — 2)
= g k—1)+8(k—2).

With initial conditions g (1) = 3, §(2) = 5 we deduce g (k) = Fis.
Therefore, we have proved following theorem.

Theorem 2.4. The number of non-trivial compositions of the k™ order over
the set B,, is
F]H_g +n—-2 : 2 Xn,

G B . o n+1 : 2‘77/, ]{;:1,
go(k) = Fips + j(k) = n+2 o 2n, k=2

Fris+n—4 : 2|n, k>2.



The values of function g9k

are given in [10] as the following sequences

)
A001611 (n = 3), A000045 (n = 4), A157726 (n = 5), A157725 (n = 6),
n =

A157729 (n = T7), A157727 (

8).
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