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Abstract

The higher order Painlevé system of type Dgl) 1o 1s proposed by

Y. Sasano. It is an extension of the sixth Painlevé equation (Pyr)
for the affine Weyl group symmetry and expressed as a Hamiltonian
system of order 2n. We give this system as the monodromy preserving
deformation of a Fuchsian differential equation.

1 Introduction

The main object in this article is the higher order Painlevé system of type

DSB o proposed by Sasano [SY]. It is expressed as a Hamiltonian system on

PL(C)

t(t—l)E: p;” t(t—1) TR (i=1,...,n), (1.1)

with a coupled Hamiltonian

H = Z HVI[K’z('O)a K’z('l)’ ’%z(t)’ HEOO)§ Gi, Pi) + Z 2qipi(q; — D{(g; —t)p; + o251},
i1 1<i<j<n
(1.2)
where Hvy = Hyi[ko, K1, K¢, Koo; @, P is the Hamiltonian for Py defined by

Hyi = q(q—1)(q — t)p* — kolqg — 1)(q¢ — t)p — r1q(q — t)p

~ (s = ala = Dp+ (1= — 1 — s)? — 2},
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and

i—1 n—1
0) _ n _
K, =01+ E Qojy1, Ky = E 0254+1 + Qony2,
Jj=1

j=i
n—1 n i—1 i—1
®) _ (00) _
K = E Q2541 + E 200 + Qopy1, K =g+ E 2095 + E (5 41-
j=i j=it1 J=1 J=1
The fixed parameters ay, . .., Q9,9 satisfy a relation
2n
(7)) + o + E 2(1]‘ + Oont1 + Aopto = 1.
Jj=2

The Painlevé system ([LI]) was proposed as an extension of Py for the
affine Weyl group symmetry with the aid of algebraic geometry for initial
value space. It also arises from the Drinfeld-Sokolov type integrable hierar-
chy by a similarity reduction [FS1]. But the relationship with monodromy
preserving deformation has been not clarified. The aim of this article is to
give the system (L)) as the monodromy preserving deformation of a Fuchsian
differential equation.

Recently, higher order generalizations of Py; has been studied from a
viewpoint of the monodromy preserving deformations of Fuchsian systems.
The Fuchsian systems can be classified with the aid of algorithm proposed
by Oshima [O]. According to it, Fuchsian systems with two accessary pa-
rameters are reduced to the one with the following spectral types:

4 singularities | 11,11,11,11
3 singularities | 111,111,111 22,1111,1111 33,222,111111

The system with the spectral type {11,11,11,11} gives Py; as the mon-
odromy preserving deformation. Note that the other three systems have no
deformation parameters. Fuchsian systems with four accessary parameters
are reduced to the one with the following spectral types:

5 singularities | 11,11,11,11, 11
4 singularities | 21,21, 111, 111 31,22,22, 1111 22, 22,22, 211
3 singularities | 211, 1111, 1111 221,221, 11111 32, 11111, 111111
222,222, 2211 33,2211,111111 44,2222, 22211
44,332,11111111 55,3331,22222 66, 444, 2222211

The system with {11,11,11,11,11} corresponds to the Garnier system in
two variables |G]. And the systems with four singularities correspond to
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four-dimensional Painlevé equations, which are investigated by Sakai [Sak].
Among them, the system with {31,22,22 1111} corresponds to the Painlevé
system (LI of the case n = 2. In this article, we consider its natural
extension. Namely, we consider the Fuchsian system with the spectral type
{(n,n),(n,n),(2n — 1,1),(1>")} and show that its monodromy preserving
deformation gives the system ([L.T]).

Remark 1.1. The system (L)) is slightly different from the one given in
[SY]. It is derived from (IJl) via a transformation of independent and de-
pendent variables

1 pi .

to1—2 a—=tl-q) p—-7 (i=1...n)

Remark 1.2. The Fuchsian system with the spectral type {21,21,111,111}
corresponds the fourth order Painlevé system given in [FS2]. Furthermore
the system with {(n,1),(n, 1), (1Y), (1"} is systematically investigated
by Tsuda. It corresponds the Schlesinger system ,Hi given in [T], or equiv-
alently, the higher order Painlevé system given in [Sul.

2 Schlesinger system

2.1 General definition

We recall the Schlesinger system and its Poisson structure following [JMU].
Let Ay, ..., Ay € Mp(C). Consider a Fuchsian system on P*(C)

P N+2

—Y(x) = Y 2.1

5V ) =3 Y ) (21)
with regular singularities © = ¢y, ..., tn12,00. We assume that each residue

matrix A; can be diagonalized and the residue matrix at x = oo

N+2

A== 4
1=1

is a diagonal matrix. The monodromy preserving deformation of (2.1]) is
described as a system of partial differential equations

A A N -



which is called the Schlesinger system.
The system (2.2)) can be expressed as a Hamiltonian system

DA, = trAA;
(K. A. K, — v 2.
or, — i dih .Z.ti—tj’ (2.3)
J=Lj#i
where the Poisson bracket is given by
{(A )kla (A )7’ s} - 51 ]57’1(A ) k,s — 5i7j5k,s(Ai)r,l- (24)

In order to derive the canonical Hamiltonian system from (2.3]), we use the
method established in [JMMS]. Let A; = B;C;. Then the Poisson bracket
([24) coincides with the one over the space of matrices B; and C; defined by

{(Bi)k,lu (Cj)r,s} = _5i,j5k,35r,l-

The number of the canonical variables for (Z.3]) is generally less than the
dimension of the space of matrices B; and C;. In fact, it is equivalent to the
number of accessory parameters of the Fuchsian system (2.I). We denote the
multiplicity data of eigenvalues of Ay, ..., Anio, As, called spectral type, by

{(m1,1, e 7m1,ll)7 cee (mN+2,1> e ,mN+2,1N+2), (moo,la e 7moo,loo)}-

Then the number of accessory parameters of (2.1]) is given by

N+2
=N m me]+2.
=1 j=1 J=1

2.2 Spectral type {(n,n), (n,n), (2n —1,1), (1*")}

In order to derive the Painlevé system (LII), we consider a Fuchsian system

85/( ) = < A A +@) Y (). (2.5)

ox z—1t x-—1 T

with a spectral type {(n,n), (n,n), (2n—1,1), (1?*)}. The data of eigenvalues
of residue matrices is given by

Oiy Op, ..., 0y 0, ..., 0 at x =1,
91, 01, ceey 91, O, ceey 0 at l‘:]_,
Oy, 0, ..., 0, O, ..., 0 at =0,
K1, K2, --.5 Kp, Knpt+1, ---, Kop at x = 00.



Note that the eigenvalues satisfy the Fuchsian relation

2n

nf, +nby + 6o+ _ ki =0.

i=1

The monodromy preserving deformation of (23]) is described as the Schlesinger
system

8A§ tI‘AtAl tI'AtAO
— ={K,A =11,0 K= ) 2.6
We consider a gauge transformation
Ae = G AG (€ =1,1,0),
such that ZO and IZOO = —Zt — ZI — Zo are lower and upper triangle matrices

respectively. Then the system (2.0) is transformed into the Hamiltonian
system

Pe (k. Ay (e=100), K="A0 U g
with 2n X 2n matrices
Ag = Lé’j [0c1 — CeBe G| (€=1.1),
where Be, Ce € M, (C),
o ago) agon) /&) o
T R P S ,
b O O ag.;o) (0 | Kon,
and the relation L
A+ A+ A+ A =0. (2.8)

The Poisson bracket is given by
{(Be)ij, (Ce)jit=—-1 (i,j=1,....,n;¢6 =1t,1), {otherwise} =0.

The number of accessary parameters of the Fuchsian system (2.3)) is given
by
2(2n)* —2n% —2n® — {(2n — 1)* + 1} —2n - 1> + 2 = 2n.
Therefore the system (Z7) with (Z8]) can be rewritten into the Hamiltonian
system of order 2n, which is just equivalent to (ILTI).
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3 Main Theorem

et ©1" ©1"
Be = [b?} = [ .5} — 11
" lij=1 T i )
Denote by
© L€
) ) 21,J1 1,Jr
Api8) = i (E)
3 3
i'ryjl t Ci'ryjr

Then we have

Theorem 3.1. Under the system (2.1, we take

Litl,m i Aditl..n
pi = (_1)n—it—1Ai,i+1,...,n(1) Ak,i+1,...,n(t) ()

A 2 Ay

i+1,...,n k=1 (3 1)
1,i+1,...n .
= <_1)”*i+1 M (Z -1 n)
v 1i+1,..n y ooy 1Y),
Ai,i:l,...7n (1)

as canonical coordinates of a 2n-dimensional system with a Poisson structure

We also set

oy = =0y, ay = —Kpy1, Qo1 =0+ 00 + K + Bpgiot,
agi:—et—ﬁl—m—mnﬂ (i:2,...,n),
Qi1 = 0y + 01 + K1 + Kan,  Qopyo = —K1 + Kop + 1.

Then they satisfy the Painlevé system (L)).

3.1 Proof of Theorem [3.1]
Under the system (27), the dependent variables p;, ¢; given in (B.I]) satisfy

Ip;
ot

~ dg; ~ .
—{K.p}, S ={K.q} (=1...n)

where

~ wAA A A & pig
K= :
-1 1 +; t

Hence it is enough to verify that the Hamiltonian K is equivalent to H given

by (L2).



First we consider a partition of residue matrix

o [ag ag Ay
Re=|af AD AQ| e=rr000),
A A A

where each block A%) is an n; X n; matrix with (ny,nq,ng) = (1,n — 1, n).
With this block form, the relation (2.8]) is described as

AYD 4 AW 4 A0 4 A (6,5 =1,2,3). 3.2
iJ 1) (] ()

The Hamiltonian K is given by

3 3
A A =YY Al A, (3.3)
i=1 j=1
and
trA Ay = 6o AT — trAR (Af) + A) — trAR (AT + A). (3.4)
Note that

0 . 00 00 o0 o0
Az(j):O (Z:2a3)7 Ag2):Ag3):Aé3):Ag2):0

Next we rewrite the Hamiltonian given by (B.3)) and (3.4]) into the one
expressed in terms of the matrices By, C;, By, C;. Let

By = diag[1,0,...,0], By, =diagl0,1,...,1], Ei+ Es, = I,.
Then the relation (3.2)) implies
E\(CiB, 4+ C1B)Ey — (0 + 01 4+ 6y + k1) E1 = 0, (3.5)
for (i,7) = (1,1),
Ey,(CyB; + C1By) By, — diagl0,0; + 01 + K2, ..., 0; + 01 + k,] =0, (3.6)

for (i,7) = (3,3),
Ey, (Cy+ Cy) =0, (3.7)

for (4,7) = (2,3) and

B,Cy + B1Cy + diag[kiny1, - - -, kan] = 0, (3.8)
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for (7,7) = (3,3). From the relations (3.9)), (3.6), (B.7) and (3.8]), we obtain

trA, Ay = (trE,C,By) (trEyC,B,) — (8, + 0y + k1)t ELC, By
—2(trE,C,B,)? — (trE\C,B,) (tr E, O, By)
+ (30; + 01 + 200 + 2k, )tr E1Cy By + 0,tr 4, C By
— trB1Cy(By = Bi)EpnCiBy = WEACo(By = B)EnCiBi (5.

n

1 1<
+ i — 5 > (0r+ 01— k) (0, + 01 + Ki) + 5 ;/{iH

=2

1
= 5 (0s+ 60 409+ 1)* — 0(6, + 61 + 60 + k),

and

trA, Ay = (trE,C,B,)? + (trE1C,By) (tr EyCL By) — (6, + 00)tr By Cy B,

3.10
- HttrElc'lBt + tI‘Elcl(Bt - Bl)EQnCtBt + 9,500. ( )

In order to derive the Hamiltonian H given by (L2), we introduce the
following three lemmas. Here we denote by

ﬁlz—/inJrl, ﬁi:—ﬁt—el—m—/ﬁnﬂ- (ZZQ,,H)

Note that .
Zﬁl :9t+¢91+90—|—/i1.

i=1

Lemma 3.2. We have relations

trElCtBt = — Z q;Pi, (311)
=1

i=1

Lemma 3.3. We have a relation

1 n
trb,C By = 7 ; ¢ (qipi + 5s). (3.13)



Lemma 3.4. We have relations

tl"El Cl (Bt - Bl )EQnCtBt

n i—1 n
:tzpi{—Z(q]’pj‘f‘ﬁj) — Bi — Knti + Z ‘ijj}a (3.14)
i=1 j=1 Jj=i+1

trElCt(Bt — BI)EQnCtBl
n i—1 n
1
- ot Z Qi<qipi + ﬁz) {Z 4;Pj — Bi — Knyi — Z (quj + 5])} . (3.15)
=1 j=1 j=it1

Applying Lemma [3.2] and B4 to ([B.9) and (B.I0), we obtain the
Hamiltonian H by a direct computation. The proofs of these lemmas are

given in Section [3.2] and [3.4

3.2 Proof of Lemma 3.2

The first relation of (B.]) is rewritten into
Pl | =t|:], (3.16)

with an n X n matrix

Ji1 O
p_ f2.,1 f2.,2

fn,l fn,2 fn,n

where

‘Al,iJrl ..... n(l)Ai,iJrl ..... n (t)

o= (=1 bitl.n Fyitl,..n
= U i roa o

We derive the relations (B11) and ([BI2) via an adjoint action of P on the
matrices F1CyB; and E,CB;.
The inverse matrix of P is given by

911 O
pl_ 921 G2,2
gn,l gn,2 o gn,n
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where .
i+1,...,n

Jri = (_1)"—kAl7’E—””(t)

L 1,i+1,..., )

A1)

and () () () ()
Civ1i -+ Ciprk-1 Citrkyr oo CGidin
(©) (©) (©) ®
AL () = i Ckk—1 0 Ckktr 0 Ckm
'S ] O O O O
ktli o Ckrik—1 Chtiker o Ckgin
(©) (©) (©) ©
Cni - Cuk—1 Cpksr e+ O

In fact, (4, j)-component of the matrix P~!P is given by

0 (1 <J)
7
1 i=j
> ounfus = iy
oy A L AREEL gy AR gy )
=7 J ( 1)] kI ‘I: ,14,4,n kicm,z AAAAA n (Z > j)
b= AT OAL )

And we obtain

A]?7k+1"”7n(t)A:+1l;“7n (t)

p AT ALT (1)

by using the Plucker relation
Kooy k41,
A AT ()

- A]kﬁn(t)A;;"n(t) - AkLZ(t)Ajk";n(t)

(3.17)

The trace of the matrix F,C; B, is invariant under an adjoint action of P,
namely
trElctBt = trBtElct
= trPBtElctpil

o) (3.18)
= trP C% . 01(31] P_l,
bk

[cgt)l c(t)} Pl=—1a - - (3.19)

)



Combining (3.16), (3.18) and ([B.19), we derive the relation (B.1T]).

In a similar way, we can derive (3.12)) by using

R L |

Cl,l e 77/71

3.3 Proof of Lemma 3.3
The proof of Lemma requires the relation

1,i41,...,n i i,i+1,...,n
i z,z 1,...771(]') A/éz—i—l”n(t) (1)
qiPi _'_61 = (_1)11 ’ 7i+ : ’n 71' 7n’ k. 1°
AT () ; Apn(e)
or equivalently
bﬁlf ap1 + B
Pl = : )
b GnPn + Bn

where the matrix P is given in the previous subsection.
relation (B.7)) is explicitly described as

) _ 0

i =, (i=2,...,n).

C

First we show the relation

imply
AT @) N .0 1),
@p1+ B = BTN b§)1 + Z(C/g,)1b§,39 + C/(ﬁibgl)ﬁ)
AQ 7n(t) k=1

Therefore it is enough to verify that

Ai:::ﬁ@) (t) (t) 1.(t) n (1) 1) ,.(1)
bij — ch,lbl,k =(-1) A2 0 bii+ Ck,lbl,k'

2,...,m 1,1
AQ,...,n(t) k=1 2,...,m
By using the upper triangle part of (3.8)

n

S+ b =0 (ij=1,... mi <),

k=1

11

(3.20)

(3.21)

Recall that the

B20) for i = 1. The relations (B and (B8]

(3.22)

(3.23)



we obtain

AT
(LHS of B22) = > (1) B L1
1=2 A?,...,n(t)
n n 2,.m
1,...7/1\,...,n<t> (t

k=2 1=2
n n A27""n
Az () REULE
k=1 =2 2, .7n( )
On the other hand, we obtain
L LAY ) = ),
(RHS of (3.22)) = Z(—l) A (g byf + ch,lbl,k
k=1 ,...,n( ) k=1
2,...,n
n n L (t
Leloon 1), (1
= =D D (F) b
k=1 1=2 2,. ,n(t)

Hence the relation ([8.22)) is derived.
Next we show the relation ([3.20) for i > 2. The relations (3.1]), (3.6]) and

(B8)) imply
17i 17 ) Zl+1’ -7
zz—tl ,n() Ak Ji+1,...,n (t) (

qipi + Bi = -
Azif :n<t> k=1

t

Z Al (t) ’

)

)3 (®) 1) _ Oy
Z( Z]b_]l_'_cl_]bjz ]Zb’L]_
7j=1
Therefore it is enough to verify that
i+1,...n i,i+1,...,n
A 7+7 ’___’n(t)Ak,i—:l,...,n( ) ). (t)
(Cubk 1

1 17 3] iy"'vn
ZZ ALY 0T
}: ADp) W@ (Dp)y
+ 1] ]z+ 1, ]z ijZ] jlbl,])_

12

0.

)
1

Dy

7,8 z,])

1
+ o)

(3.24)



By using (3.23)), we obtain

n Ai—i—l,/.\..m ¢ ALZ}L...,n ¢
Sy kDS
i+1,...,n Tyeeryl s , ) )
=i Alil,,n(ﬂAz,,n(t)
n AZ:—FL,'\"’n (t)AZ;H_ll”n (t) n
2 R A o) 8)

i ji+1,..., i1,
5 MEOALT )
’ 17"'7 ‘7"'7
= ALIROATTL®)

fork=1,...,72—1 and

(b(t) b(l)),

k?j k?j

n Ai+1,/.\..,n n

)
l—i  fyeenlyn t)q(t 1)4,(1) t)q(t 1), (1
Z(—l) m(cﬁlbff + Cg,z 55,1) - Z (ngbz(j) + ng bz(‘,j))
=i i+1,..n J=1ij#i

n Ai—i—l,...m (t) n

_ il iyl t)7(t) 1), (1 t)5.(t 1);(1)
=3 (- N > (I + D) + b+ ol (3.26)
i,24+1,...n t 1 t),(t 1),(1
T Z W<bz(a) - bz(u‘)) + cﬁ?bff + Cg,i)bg,i)-
j=2 i+1,...7n( )

The relations ([3.28) and (3.26]) imply

i i ALy AL (g
(LHS of @ZD) =Y i (DAL ()

=1 j—2 AiLZ(t)Aiﬁ(t)

t t 1
+ e b — o).
k=1

(b — b))
(3.27)

Furthermore, by using the lower triangle part of (3.6])

n

1), (t 1), (1 . o
Z(cﬁ,ﬁbé§+c§k)b§€;) =0 (i,7=2,...,n;i>j),
k=1
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we obtain

LA OA 0

kyi+1,...n (t) 1)
— : : b, — b
; AT )AL (E) O = )
i n AFiH Ly Az?n ;
B —i zz—i—ln( ) it1,m (t) (t) /1.(t) (1)
= - Z Z(—l) TS T b — b))
k=1 =i Ai+1,...7n(t)Ai,...,n t)
n n Aj,i—i—l,...,n(t)Ai,...,Z\,...,n(t)
B 1—i Biit1,.n it1,n (t) /1.(t) 1)
= 3 Yoyt Do 000 )
k=i+1 l=1 i—i—l,...,n() Tyeey TV )
=0,
for j =2,...,1— 1. It follows that
LA () ® 5.1 ST G
(RHS of (3.21)) = — Z W(Z’m —by;) + iilbrs —bis)
k=1 i+1,...,n(t) k=1
n it 1,m
B 0 Api @) B0 _ )
= Z Gk — At Lon ( ki i“)
k=1 i+1,...,n t)
LB AZ?"(t)
l—i —i+1,...n t)1.(t) 1), (1)
==> > (-1 m(cl(,kbi,i + b))
k=1 l=i+1 i+1,n

= 0.
(3.28)

Thanks to (3.21]), we can prove Lemma[3.3in a similar manner as Section

3.4 Proof of Lemma [3.4]

In this subsection, we derive the relation (B814]). The relation (315) is derived
in a similar way.

The relation (B.8) rewrite (3.14) into

Rn+1 O bgt,)l
tr . : [cﬁ o cg,)l]
0 Kon| [ (3.29)
n i—1 n
=ty i {Z 4D — i — Y, (4jp; + ﬁj)} :
i=1 j=1 j=i+1

14



Here we have

_’in+1 O ] bgf)l
(LHS of B20)) = trP PP [cg'?l L cm P!
i 0 Foan | bg,)1
[ fonst O ] ip1
= trP P[],
i 0] Kan | tDn
and
_’K‘;TH*I O |
021 Kny2 tp1
(RHS of B29)) =tr | ¥31  ¥32 Hny3 . 1],
. . . . tpn
| On1 P2 Pnz . Ko
where
Pii = GPj — 4p; — Bj-
Therefore it is enough to verify that
o O
Kn+1 ) P21 KRn42
. Pl'=pP 1 |p31 ¥32 Knis ,
O Kon : : :
| Pn1 Pn2 Pn3 .. Kon
or equivalently,
k
(Kntk — Knti)Gki = Z ke (Lk=1,...,n1<k). (3.30)
j=i+1
We recall that AL o
Gki = (—1)n_k fszZ :
Ay (1)

In the following, the indices ¢ < k are fixed. By using the Plucker relation

(BI7), we obtain

k ]+17,77/ A7 ‘+1,...7
k71 o ] 17 ) '7"'7 lvl’
pu A0 S AT
k ]+17 i j 7'+17"'7
p D L AL ,n(t) - Ag,yj‘+17...,s<t> (1)
k1T (=1) T Z Gy bl



and

i J+l...n Jig+1,. i+1,..n
(_1)k—jA], e 7n< >Al]+1v 5T <t> _ (_ )k—iAlHl, S, ,n<t>
pa AJTROAT() AT)
They imply
(RHS of (3:30)) — (LHS of (3.30))
Ai+1,/.\..,n (t) n
_ n—k Zv 7k7 i (t) (t) 1) (1 t) (t 1) (1)
- (_1) A“T’() ( ]ZbZ] _]Zbl_] ]kbk] jkbk,j)
i,0+1,...,n j=
12+1 ,n(t) (331)
+ (=1 ZEH—Z + by
N (O
i i+l 1i41,...,n
k_iAzHL e n<t> n—i Azan(t) (t) (1)
_Z(_l) i+1 (_1) 1,i+1,..,n bl,l +bl,1 :
= Aff () A (1)

Furthermore, by using (8.7) and (3.8)), we obtain

n—i A L,i+1,..., t 1,i+1,..., 1
()" AL 0, + AL )b
n— 7 17 LN t) 1), (1
= (-1) ’“A; 2 (b + )

N 4 t)y(t 1), (1
-y - A OD W CHUVERETY)
I=i:l£k j=2
o n— i+1,...,n = ) 1.(t) (1)4.(1)
=(-1) kAl+gn(t)Z(jkbkj ¢ ibij)
=1
n—i 7 yeues t 1
= AR ) (0 — i),
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Sonarer @ {0 AL e + Al b}

li+1,....k,...n
=1
n—k Ait+l,...,n i+1,..., t) (1),.(1)
= (=1 RAT (AT OB + b))
i—1
n— i+1,...,n i+1,..., t) 1)
+ (L RAT T OAT O] + )
=1
n— i+1,...,n r—i A +1,..., t) (1),(1
+ 3 (DA (1) Y (1) AT ()b + )
=1 R r=i+1
n— i+1,...,n i+1,..., t) 1
= (1" RATn (AT (b + b))
j=1
n— i+1,...n z—|—17 LN t 1
=1 j=2
They imply

7 ji+1 ,n(t)

All-i—l (1)
i,i+1,...,n
7 z+1 o) 7 i—‘,—l,...,nA
+Z AP (t) (_1>nkAz,if1,...,k7...7n(t)(b(t)_b(1))_
- Aifif (1) S Afney

The right-hand side of (8.32)) is equivalent to zero. In fact, we have

i

i+1,.n () (1)
Z Al,i-{—l,...,/l;,...,n(t)(blvj o bl,j )

=1
r i—1 A+, 7 (t) /7.(t) (1)
=Z Z AT () () — b))
=1 r=i+1
r i— z+1,...,?,...,n ) 1.(t) (1)
= - Z Z AT (e (0 — b))
l=14+1r=i+1
i AL, t 1
= (=DFAL () — bY).
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