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Abstract

The higher order Painlevé system of type D
(1)
2n+2 is proposed by

Y. Sasano. It is an extension of the sixth Painlevé equation (PVI)
for the affine Weyl group symmetry and expressed as a Hamiltonian
system of order 2n. We give this system as the monodromy preserving
deformation of a Fuchsian differential equation.

1 Introduction

The main object in this article is the higher order Painlevé system of type
D

(1)
2n+2 proposed by Sasano [SY]. It is expressed as a Hamiltonian system on

P1(C)

t(t− 1)
dqi

dt
=

∂H

∂pi
, t(t− 1)

dpi

dt
= −

∂H

∂qi
(i = 1, . . . , n), (1.1)

with a coupled Hamiltonian

H =
n∑

i=1

HVI[κ
(0)
i , κ

(1)
i , κ

(t)
i , κ

(∞)
i ; qi, pi]+

∑

1≤i<j≤n

2qipi(qj−1){(qj− t)pj+α2j},

(1.2)
where HVI = HVI[κ0, κ1, κt, κ∞; q, p] is the Hamiltonian for PVI defined by

HVI = q(q − 1)(q − t)p2 − κ0(q − 1)(q − t)p− κ1q(q − t)p

− (κt − 1)q(q − 1)p+
1

4
{(1− κ0 − κ1 − κt)

2 − κ2
∞}q,
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and

κ
(0)
i = α1 +

i−1∑

j=1

α2j+1, κ
(1)
i =

n−1∑

j=i

α2j+1 + α2n+2,

κ
(t)
i =

n−1∑

j=i

α2j+1 +

n∑

j=i+1

2α2j + α2n+1, κ
(∞)
i = α0 +

i−1∑

j=1

2α2j +

i−1∑

j=1

α2j+1.

The fixed parameters α0, . . . , α2n+2 satisfy a relation

α0 + α1 +
2n∑

j=2

2αj + α2n+1 + α2n+2 = 1.

The Painlevé system (1.1) was proposed as an extension of PVI for the
affine Weyl group symmetry with the aid of algebraic geometry for initial
value space. It also arises from the Drinfeld-Sokolov type integrable hierar-
chy by a similarity reduction [FS1]. But the relationship with monodromy
preserving deformation has been not clarified. The aim of this article is to
give the system (1.1) as the monodromy preserving deformation of a Fuchsian
differential equation.

Recently, higher order generalizations of PVI has been studied from a
viewpoint of the monodromy preserving deformations of Fuchsian systems.
The Fuchsian systems can be classified with the aid of algorithm proposed
by Oshima [O]. According to it, Fuchsian systems with two accessary pa-
rameters are reduced to the one with the following spectral types:

4 singularities 11, 11, 11, 11
3 singularities 111, 111, 111 22, 1111, 1111 33, 222, 111111

The system with the spectral type {11, 11, 11, 11} gives PVI as the mon-
odromy preserving deformation. Note that the other three systems have no
deformation parameters. Fuchsian systems with four accessary parameters
are reduced to the one with the following spectral types:

5 singularities 11, 11, 11, 11, 11
4 singularities 21, 21, 111, 111 31, 22, 22, 1111 22, 22, 22, 211
3 singularities 211, 1111, 1111 221, 221, 11111 32, 11111, 111111

222, 222, 2211 33, 2211, 111111 44, 2222, 22211
44, 332, 11111111 55, 3331, 22222 66, 444, 2222211

The system with {11, 11, 11, 11, 11} corresponds to the Garnier system in
two variables [G]. And the systems with four singularities correspond to
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four-dimensional Painlevé equations, which are investigated by Sakai [Sak].
Among them, the system with {31, 22, 22, 1111} corresponds to the Painlevé
system (1.1) of the case n = 2. In this article, we consider its natural
extension. Namely, we consider the Fuchsian system with the spectral type
{(n, n), (n, n), (2n − 1, 1), (12n)} and show that its monodromy preserving
deformation gives the system (1.1).

Remark 1.1. The system (1.1) is slightly different from the one given in

[SY]. It is derived from (1.1) via a transformation of independent and de-

pendent variables

t → 1−
1

t
, qi → t(1− qi), pi → −

pi

t
(i = 1, . . . , n).

Remark 1.2. The Fuchsian system with the spectral type {21, 21, 111, 111}
corresponds the fourth order Painlevé system given in [FS2]. Furthermore

the system with {(n, 1), (n, 1), (1n+1), (1n+1)} is systematically investigated

by Tsuda. It corresponds the Schlesinger system nH1 given in [T], or equiv-

alently, the higher order Painlevé system given in [Su].

2 Schlesinger system

2.1 General definition

We recall the Schlesinger system and its Poisson structure following [JMU].
Let A1, . . . , AN+2 ∈ ML(C). Consider a Fuchsian system on P1(C)

∂

∂x
Y (x) =

N+2∑

i=1

Ai

x− ti
Y (x), (2.1)

with regular singularities x = t1, . . . , tN+2,∞. We assume that each residue
matrix Ai can be diagonalized and the residue matrix at x = ∞

A∞ = −

N+2∑

i=1

Ai,

is a diagonal matrix. The monodromy preserving deformation of (2.1) is
described as a system of partial differential equations

∂Aj

∂ti
=

[Ai, Aj]

ti − tj
,

∂Ai

∂ti
= −

N+2∑

j=1;j 6=i

[Ai, Aj ]

ti − tj
, (2.2)
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which is called the Schlesinger system.
The system (2.2) can be expressed as a Hamiltonian system

∂Aj

∂ti
= {Ki, Aj}, Ki =

N+2∑

j=1;j 6=i

trAiAj

ti − tj
, (2.3)

where the Poisson bracket is given by

{(Ai)k,l, (Aj)r,s} = δi,jδr,l(Ai)k,s − δi,jδk,s(Ai)r,l. (2.4)

In order to derive the canonical Hamiltonian system from (2.3), we use the
method established in [JMMS]. Let Ai = BiCi. Then the Poisson bracket
(2.4) coincides with the one over the space of matrices Bi and Ci defined by

{(Bi)k,l, (Cj)r,s} = −δi,jδk,sδr,l.

The number of the canonical variables for (2.3) is generally less than the
dimension of the space of matrices Bi and Ci. In fact, it is equivalent to the
number of accessory parameters of the Fuchsian system (2.1). We denote the
multiplicity data of eigenvalues of A1, . . . , AN+2, A∞, called spectral type, by

{(m1,1, . . . , m1,l1), . . . , (mN+2,1, . . . , mN+2,lN+2
), (m∞,1, . . . , m∞,l∞)}.

Then the number of accessory parameters of (2.1) is given by

(N + 1)L2 −
N+2∑

i=1

li∑

j=1

m2
i,j −

l∞∑

j=1

m2
∞,j + 2.

2.2 Spectral type {(n, n), (n, n), (2n− 1, 1), (12n)}

In order to derive the Painlevé system (1.1), we consider a Fuchsian system

∂

∂x
Y (x) =

(
At

x− t
+

A1

x− 1
+

A0

x

)
Y (x). (2.5)

with a spectral type {(n, n), (n, n), (2n−1, 1), (12n)}. The data of eigenvalues
of residue matrices is given by

θt, θt, . . . , θt, 0, . . . , 0 at x = t,

θ1, θ1, . . . , θ1, 0, . . . , 0 at x = 1,
θ0, 0, . . . , 0, 0, . . . , 0 at x = 0,
κ1, κ2, . . . , κn, κn+1, . . . , κ2n at x = ∞.
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Note that the eigenvalues satisfy the Fuchsian relation

nθt + nθ1 + θ0 +

2n∑

i=1

κi = 0.

The monodromy preserving deformation of (2.5) is described as the Schlesinger
system

∂Aξ

∂t
= {K,Aξ} (ξ = t, 1, 0), K =

trAtA1

t− 1
+

trAtA0

t
. (2.6)

We consider a gauge transformation

Ãξ = G−1AξG (ξ = t, 1, 0),

such that Ã0 and Ã∞ = −Ãt− Ã1− Ã0 are lower and upper triangle matrices
respectively. Then the system (2.6) is transformed into the Hamiltonian
system

∂Ãξ

∂t
= {K, Ãξ} (ξ = t, 1, 0), K =

trÃtÃ1

t− 1
+

trÃtÃ0

t
, (2.7)

with 2n× 2n matrices

Ãξ =

[
In
Bξ

] [
θξIn − CξBξ Cξ

]
(ξ = t, 1),

where Bξ, Cξ ∈ Mn(C),

Ã0 =




θ0 a
(0)
2 . . . a

(0)
2n

0 0 . . . 0
...

...
. . .

...
0 0 . . . 0


 , Ã∞ =




κ1 O

a
(∞)
2 κ2
...

. . .

a
(∞)
2n O κ2n


 ,

and the relation
Ãt + Ã1 + Ã0 + Ã∞ = 0. (2.8)

The Poisson bracket is given by

{(Bξ)i,j, (Cξ)j,i} = −1 (i, j = 1, . . . , n; ξ = t, 1), {otherwise} = 0.

The number of accessary parameters of the Fuchsian system (2.5) is given
by

2(2n)2 − 2n2 − 2n2 − {(2n− 1)2 + 12} − 2n · 12 + 2 = 2n.

Therefore the system (2.7) with (2.8) can be rewritten into the Hamiltonian
system of order 2n, which is just equivalent to (1.1).
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3 Main Theorem

Let
Bξ =

[
b
(ξ)
i,j

]n
i,j=1

, Cξ =
[
c
(ξ)
i,j

]n
i,j=1

(ξ = t, 1).

Denote by

∆i1,...,ir
j1,...,jr

(ξ) =

∣∣∣∣∣∣∣

c
(ξ)
i1,j1

. . . c
(ξ)
i1,jr

...
. . .

...

c
(ξ)
ir,j1

. . . c
(ξ)
ir,jr

∣∣∣∣∣∣∣
.

Then we have

Theorem 3.1. Under the system (2.7), we take

pi = (−1)n−it−1
∆1,i+1,...,n

i,i+1,...,n (1)

∆i+1,...,n
i+1,...,n(t)

i∑

k=1

∆i,i+1,...,n
k,i+1,...,n(t)

∆i,...,n
i,...,n(t)

b
(t)
k,1,

qi = (−1)n−i+1t
∆1,i+1,...,n

i,i+1,...,n (t)

∆1,i+1,...,n
i,i+1,...,n (1)

(i = 1, . . . , n),

(3.1)

as canonical coordinates of a 2n-dimensional system with a Poisson structure

{pi, qj} = δi,j, {pi, pj} = {qi, qj} = 0 (i, j = 1, . . . , n).

We also set

α1 = −θt, α2 = −κn+1, α2i−1 = θt + θ1 + κi + κn+i−1,

α2i = −θt − θ1 − κi − κn+i (i = 2, . . . , n),

α2n+1 = θt + θ1 + κ1 + κ2n, α2n+2 = −κ1 + κ2n + 1.

Then they satisfy the Painlevé system (1.1).

3.1 Proof of Theorem 3.1

Under the system (2.7), the dependent variables pi, qi given in (3.1) satisfy

∂pi

∂t
= {K̃, pi},

∂qi

∂t
= {K̃, qi} (i = 1, . . . , n),

where

K̃ =
trÃtÃ1

t− 1
+

trÃtÃ0

t
+

n∑

i=1

piqi

t
.

Hence it is enough to verify that the Hamiltonian K̃ is equivalent to H given
by (1.2).
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First we consider a partition of residue matrix

Ãξ =



A

(ξ)
11 A

(ξ)
12 A

(ξ)
13

A
(ξ)
21 A

(ξ)
22 A

(ξ)
23

A
(ξ)
31 A

(ξ)
32 A

(ξ)
33


 (ξ = t, 1, 0,∞),

where each block A
(ξ)
ij is an ni × nj matrix with (n1, n2, n3) = (1, n − 1, n).

With this block form, the relation (2.8) is described as

A
(t)
ij + A

(1)
ij + A

(0)
ij + A

(∞)
ij (i, j = 1, 2, 3). (3.2)

The Hamiltonian K̃ is given by

trÃtÃ1 =
3∑

i=1

3∑

j=1

trA
(t)
ij A

(1)
ji , (3.3)

and

trÃtÃ0 = θ0A
(t)
11 − trA

(t)
21 (A

(t)
12 + A

(1)
12 )− trA

(t)
31 (A

(t)
13 + A

(1)
13 ). (3.4)

Note that

A
(0)
ij = 0 (i = 2, 3), A

(∞)
12 = A

(∞)
13 = A

(∞)
23 = A

(∞)
32 = 0.

Next we rewrite the Hamiltonian given by (3.3) and (3.4) into the one
expressed in terms of the matrices Bt, Ct, B1, C1. Let

E1 = diag[1, 0, . . . , 0], E2n = diag[0, 1, . . . , 1], E1 + E2n = In.

Then the relation (3.2) implies

E1(CtBt + C1B1)E1 − (θt + θ1 + θ0 + κ1)E1 = 0, (3.5)

for (i, j) = (1, 1),

E2n(CtBt + C1B1)E2n − diag[0, θt + θ1 + κ2, . . . , θt + θ1 + κn] = 0, (3.6)

for (i, j) = (3, 3),
E2n(Ct + C1) = 0, (3.7)

for (i, j) = (2, 3) and

BtCt +B1C1 + diag[κn+1, . . . , κ2n] = 0, (3.8)
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for (i, j) = (3, 3). From the relations (3.5), (3.6), (3.7) and (3.8), we obtain

trÃtÃ1 = (trE1CtB1)(trE1CtBt)− (θt + θ0 + κ1)trE1CtB1

− 2(trE1CtBt)
2 − (trE1CtBt)(trE1C1Bt)

+ (3θt + θ1 + 2θ0 + 2κ1)trE1CtBt + θttrE1C1Bt

− trE1Ct(Bt −B1)E2nCtB1 − trE1C1(Bt −B1)E2nCtBt

+ nθtθ1 −
1

2

n∑

i=2

(θt + θ1 − κi)(θt + θ1 + κi) +
1

2

n∑

i=1

κ2
n+i

−
1

2
(θt + θ1 + θ0 + κ1)

2 − θt(θt + θ1 + θ0 + κ1),

(3.9)

and

trÃtÃ0 = (trE1CtBt)
2 + (trE1CtBt)(trE1C1Bt)− (θt + θ0)trE1CtBt

− θttrE1C1Bt + trE1C1(Bt − B1)E2nCtBt + θtθ0.
(3.10)

In order to derive the Hamiltonian H given by (1.2), we introduce the
following three lemmas. Here we denote by

β1 = −κn+1, βi = −θt − θ1 − κi − κn+i (i = 2, . . . , n).

Note that
n∑

i=1

βi = θt + θ1 + θ0 + κ1.

Lemma 3.2. We have relations

trE1CtBt = −
n∑

i=1

qipi, (3.11)

trE1C1Bt = t

n∑

i=1

pi. (3.12)

Lemma 3.3. We have a relation

trE1CtB1 = −
1

t

n∑

i=1

qi(qipi + βi). (3.13)
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Lemma 3.4. We have relations

trE1C1(Bt −B1)E2nCtBt

= t

n∑

i=1

pi

{
−

i−1∑

j=1

(qjpj + βj)− βi − κn+i +
n∑

j=i+1

qjpj

}
, (3.14)

trE1Ct(Bt −B1)E2nCtB1

= −
1

t

n∑

i=1

qi(qipi + βi)

{
i−1∑

j=1

qjpj − βi − κn+i −

n∑

j=i+1

(qjpj + βj)

}
. (3.15)

Applying Lemma 3.2, 3.3 and 3.4 to (3.9) and (3.10), we obtain the
Hamiltonian H by a direct computation. The proofs of these lemmas are
given in Section 3.2, 3.3 and 3.4.

3.2 Proof of Lemma 3.2

The first relation of (3.1) is rewritten into

P



b
(t)
1,1
...

b
(t)
n,1


 = t



p1
...
pn


 , (3.16)

with an n× n matrix

P =




f1,1 O

f2,1 f2,2
...

...
. . .

fn,1 fn,2 . . . fn,n


 ,

where

fi,k = (−1)n−i
∆1,i+1,...,n

i,i+1,...,n (1)∆
i,i+1,...,n
k,i+1,...,n(t)

∆i+1,...,n
i+1,...,n(t)∆

i,...,n
i,...,n(t)

.

We derive the relations (3.11) and (3.12) via an adjoint action of P on the
matrices E1CtBt and E1C1Bt.

The inverse matrix of P is given by

P−1 =




g1,1 O

g2,1 g2,2
...

...
. . .

gn,1 gn,2 . . . gn,n


 ,
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where

gk,i = (−1)n−k
∆i+1,...,n

i,...,k̂,...,n
(t)

∆1,i+1,...,n
i,i+1,...,n (1)

,

and

∆i+1,...,n

i,...,k̂,...,n
(ξ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

c
(ξ)
i+1,i . . . c

(ξ)
i+1,k−1 c

(ξ)
i+1,k+1 . . . c

(ξ)
i+1,n

...
. . .

...
...

. . .
...

c
(ξ)
k,i . . . c

(ξ)
k,k−1 c

(ξ)
k,k+1 . . . c

(ξ)
k,n

c
(ξ)
k+1,i . . . c

(ξ)
k+1,k−1 c

(ξ)
k+1,k+1 . . . c

(ξ)
k+1,n

...
. . .

...
...

. . .
...

c
(ξ)
n,i . . . c

(ξ)
n,k−1 c

(ξ)
n,k+1 . . . c

(ξ)
n,n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

In fact, (i, j)-component of the matrix P−1P is given by

i∑

k=j

gi,kfk,j =





0 (i < j)

1 (i = j)

∑j

k=i(−1)j−k
∆k,k+1,...,n

j,k+1,...,n
(t)∆k+1,...,n

k,...,̂i,...,n
(t)

∆k+1,...,n

k+1,...,n
(t)∆k,...,n

k,...,n
(t)

(i > j)

.

And we obtain

i∑

k=j

(−1)j−k
∆k,k+1,...,n

j,k+1,...,n (t)∆
k+1,...,n

k,...,̂i,...,n
(t)

∆k+1,...,n
k+1,...,n(t)∆

k,...,n

k,...,n(t)
= 0,

by using the Plucker relation

∆k,...,n

k,...,n(t)∆
k+1,...,n

j,k+1,...,̂i,...,n
(t)

= ∆k,...,n

j,k+1,...,n(t)∆
k+1,...,n

k,...,̂i,...,n
(t)−∆k+1,...,n

k+1,...,n(t)∆
k,...,n

j,k,...,̂i,...,n
(t).

(3.17)

The trace of the matrix E1CtBt is invariant under an adjoint action of P ,
namely

trE1CtBt = trBtE1Ct

= trPBtE1CtP
−1

= trP



b
(t)
1,1
...

b
(t)
n,1



[
c
(t)
1,1 . . . c

(t)
n,1

]
P−1,

(3.18)

On the other hand, we obtain from the second relation of (3.1)

[
c
(t)
1,1 . . . c

(t)
n,1

]
P−1 = −

1

t

[
q1 . . . qn

]
. (3.19)
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Combining (3.16), (3.18) and (3.19), we derive the relation (3.11).
In a similar way, we can derive (3.12) by using

[
c
(1)
1,1 . . . c

(1)
n,1

]
P−1 =

[
1 . . . 1

]
.

3.3 Proof of Lemma 3.3

The proof of Lemma 3.3 requires the relation

qipi + βi = (−1)n−i
∆1,i+1,...,n

i,i+1,...,n (1)

∆i+1,...,n
i+1,...,n(t)

i∑

k=1

∆i,i+1,...,n
k,i+1,...,n(t)

∆i,...,n
i,...,n(t)

b
(1)
k,1, (3.20)

or equivalently

P



b
(1)
1,1
...

b
(1)
n,1


 =



q1p1 + β1

...
qnpn + βn


 , (3.21)

where the matrix P is given in the previous subsection. Recall that the
relation (3.7) is explicitly described as

c
(1)
i,j = −c

(t)
i,j (i = 2, . . . , n).

First we show the relation (3.20) for i = 1. The relations (3.1) and (3.8)
imply

q1p1 + β1 = −
∆1,...,n

1,...,n(t)

∆2,...,n
2,...,n(t)

b
(t)
1,1 +

n∑

k=1

(c
(t)
k,1b

(t)
1,k + c

(1)
k,1b

(1)
1,k).

Therefore it is enough to verify that

∆1,...,n
1,...,n(t)

∆2,...,n
2,...,n(t)

b
(t)
1,1 −

n∑

k=1

c
(t)
k,1b

(t)
1,k = (−1)n

∆1,...,n
1,...,n(1)

∆2,...,n
2,...,n(t)

b
(1)
1,1 +

n∑

k=1

c
(1)
k,1b

(1)
1,k. (3.22)

By using the upper triangle part of (3.8)

n∑

k=1

(c
(t)
k,jb

(t)
i,k + c

(1)
k,jb

(1)
i,k ) = 0 (i, j = 1, . . . , n; i < j), (3.23)
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we obtain

(LHS of (3.22)) =

n∑

l=2

(−1)l+1
∆2,...,n

1,...,l̂,...,n
(t)

∆2,...,n
2,...,n(t)

c
(t)
1,lb

(t)
1,1

+
n∑

k=2

n∑

l=2

(−1)l+1
∆2,...,n

1,...,l̂,...,n
(t)

∆2,...,n
2,...,n(t)

c
(t)
k,lb

(t)
1,k

= −

n∑

k=1

n∑

l=2

(−1)l+1
∆2,...,n

1,...,l̂,...,n
(t)

∆2,...,n
2,...,n(t)

c
(1)
k,l b

(1)
1,k.

On the other hand, we obtain

(RHS of (3.22)) =
n∑

k=1

(−1)n
∆k,2,...,n

1,2,...,n(1)

∆2,...,n
2,...,n(t)

b
(1)
1,k +

n∑

k=1

c
(1)
k,1b

(1)
1,k

= −

n∑

k=1

n∑

l=2

(−1)l+1
∆2,...,n

1,...,l̂,...,n
(t)

∆2,...,n
2,...,n(t)

c
(1)
k,l b

(1)
1,k.

Hence the relation (3.22) is derived.
Next we show the relation (3.20) for i ≥ 2. The relations (3.1), (3.6) and

(3.8) imply

qipi + βi = −
∆1,i+1,...,n

i,i+1,...,n (t)

∆i+1,...,n
i+1,...,n(t)

i∑

k=1

∆i,i+1,...,n
k,i+1,...,n(t)

∆i,...,n
i,...,n(t)

b
(t)
k,1

−

n∑

j=1

(c
(t)
i,jb

(t)
j,i + c

(1)
i,j b

(1)
j,i − c

(t)
j,ib

(t)
i,j − c

(1)
j,i b

(1)
i,j ).

Therefore it is enough to verify that

i∑

k=1

n∑

l=i

(−1)l−i
∆i+1,...,n

i,...,l̂,...,n
(t)∆i,i+1,...,n

k,i+1,...,n(t)

∆i+1,...,n
i+1,...,n(t)∆

i,...,n
i,...,n(t)

(c
(t)
1,lb

(t)
k,1 + c

(1)
1,l b

(1)
k,1)

+
n∑

j=1

(c
(t)
i,j b

(t)
j,i + c

(1)
i,j b

(1)
j,i − c

(t)
j,ib

(t)
i,j − c

(1)
j,i b

(1)
i,j ) = 0.

(3.24)

12



By using (3.23), we obtain

n∑

l=i

(−1)l−i
∆i+1,...,n

i,...,l̂,...,n
(t)∆i,i+1,...,n

k,i+1,...,n(t)

∆i+1,...,n
i+1,...,n(t)∆

i,...,n
i,...,n(t)

(c
(t)
1,lb

(t)
k,1 + c

(1)
1,l b

(1)
k,1)

=
n∑

l=i

(−1)l−i+1
∆i+1,...,n

i,...,l̂,...,n
(t)∆i,i+1,...,n

k,i+1,...,n(t)

∆i+1,...,n
i+1,...,n(t)∆

i,...,n
i,...,n(t)

n∑

j=2

(c
(t)
j,l b

(t)
k,j + c

(1)
j,l b

(1)
k,j)

= −
i∑

j=2

∆j,i+1,...,n
i,i+1,...,n(t)∆

i,i+1,...,n
k,i+1,...,n(t)

∆i+1,...,n
i+1,...,n(t)∆

i,...,n
i,...,n(t)

(b
(t)
k,j − b

(1)
k,j),

(3.25)

for k = 1, . . . , i− 1 and

n∑

l=i

(−1)l−i
∆i+1,...,n

i,...,l̂,...,n
(t)

∆i+1,...,n
i+1,...,n(t)

(c
(t)
1,lb

(t)
i,1 + c

(1)
1,l b

(1)
i,1 )−

n∑

j=1;j 6=i

(c
(t)
j,ib

(t)
i,j + c

(1)
j,i b

(1)
i,j )

=
n∑

l=i

(−1)l−i+1
∆i+1,...,n

i,...,l̂,...,n
(t)

∆i+1,...,n
i+1,...,n(t)

n∑

j=2

(c
(t)
j,l b

(t)
i,j + c

(1)
j,l b

(1)
i,j ) + c

(t)
i,i b

(t)
i,i + c

(1)
i,i b

(1)
i,i

= −
i∑

j=2

∆j,i+1,...,n
i,i+1,...,n(t)

∆i+1,...,n
i+1,...,n(t)

(b
(t)
i,j − b

(1)
i,j ) + c

(t)
i,i b

(t)
i,i + c

(1)
i,i b

(1)
i,i .

(3.26)

The relations (3.25) and (3.26) imply

(LHS of (3.24)) = −
i∑

k=1

i∑

j=2

∆j,i+1,...,n
i,i+1,...,n(t)∆

i,i+1,...,n
k,i+1,...,n(t)

∆i+1,...,n
i+1,...,n(t)∆

i,...,n
i,...,n(t)

(b
(t)
k,j − b

(1)
k,j)

+

n∑

k=1

c
(t)
i,k(b

(t)
k,i − b

(1)
k,i ).

(3.27)

Furthermore, by using the lower triangle part of (3.6)

n∑

k=1

(c
(t)
i,kb

(t)
k,j + c

(1)
i,k b

(1)
k,j) = 0 (i, j = 2, . . . , n; i > j),

13



we obtain

−
i∑

k=1

∆j,i+1,...,n
i,i+1,...,n(t)∆

i,i+1,...,n
k,i+1,...,n(t)

∆i+1,...,n
i+1,...,n(t)∆

i,...,n
i,...,n(t)

(b
(t)
k,j − b

(1)
k,j)

= −

i∑

k=1

n∑

l=i

(−1)l−i
∆j,i+1,...,n

i,i+1,...,n(t)∆
i,...,l̂,...,n
i+1,...,n (t)

∆i+1,...,n
i+1,...,n(t)∆

i,...,n
i,...,n(t)

c
(t)
l,k(b

(t)
k,j − b

(1)
k,j)

=

n∑

k=i+1

n∑

l=i

(−1)l−i
∆j,i+1,...,n

i,i+1,...,n(t)∆
i,...,l̂,...,n
i+1,...,n (t)

∆i+1,...,n
i+1,...,n(t)∆

i,...,n
i,...,n(t)

c
(t)
l,k(b

(t)
k,j − b

(1)
k,j)

= 0,

for j = 2, . . . , i− 1. It follows that

(RHS of (3.27)) = −
i∑

k=1

∆i,i+1,...,n
k,i+1,...,n(t)

∆i+1,...,n
i+1,...,n(t)

(b
(t)
k,i − b

(1)
k,i ) +

n∑

k=1

c
(t)
i,k(b

(t)
k,i − b

(1)
k,i )

=
n∑

k=1

(
c
(t)
i,k −

∆i,i+1,...,n
k,i+1,...,n(t)

∆i+1,...,n
i+1,...,n(t)

)
(b

(t)
k,i − b

(1)
k,i)

= −
n∑

k=1

n∑

l=i+1

(−1)l−i
∆i,...,l̂,...,n

i+1,...,n (t)

∆i+1,...,n
i+1,...,n(t)

(c
(t)
l,kb

(t)
k,i + c

(1)
l,k b

(1)
k,i )

= 0.

(3.28)

Thanks to (3.21), we can prove Lemma 3.3 in a similar manner as Section
3.2.

3.4 Proof of Lemma 3.4

In this subsection, we derive the relation (3.14). The relation (3.15) is derived
in a similar way.

The relation (3.8) rewrite (3.14) into

tr



κn+1 O

. . .

O κ2n






b
(t)
1,1
...

b
(t)
n,1



[
c
(t)
1,1 . . . c

(t)
n,1

]

= t

n∑

i=1

pi

{
i−1∑

j=1

qjpj − κn+i −

n∑

j=i+1

(qjpj + βj)

}
.

(3.29)
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Here we have

(LHS of (3.29)) = trP



κn+1 O

. . .

O κ2n


P−1P



b
(t)
1,1
...

b
(t)
n,1



[
c
(t)
1,1 . . . c

(t)
n,1

]
P−1

= trP



κn+1 O

. . .

O κ2n


P−1



tp1
...

tpn



[
1 . . . 1

]
,

and

(RHS of (3.29)) = tr




κn+1 O

ϕ2,1 κn+2

ϕ3,1 ϕ3,2 κn+3
...

...
...

. . .

ϕn,1 ϕn,2 ϕn,3 . . . κ2n






tp1
...

tpn



[
1 . . . 1

]
,

where
ϕj,i = qipj − qjpj − βj .

Therefore it is enough to verify that



κn+1 O

. . .

O κ2n


P−1 = P−1




κn+1 O

ϕ2,1 κn+2

ϕ3,1 ϕ3,2 κn+3
...

...
...

. . .

ϕn,1 ϕn,2 ϕn,3 . . . κ2n



,

or equivalently,

(κn+k − κn+i)gk,i =
k∑

j=i+1

gk,jϕj,i (i, k = 1, . . . , n; i < k). (3.30)

We recall that

gk,i = (−1)n−k
∆i+1,...,n

i,...,k̂,...,n
(t)

∆1,i+1,...,n
i,i+1,...,n (1)

.

In the following, the indices i < k are fixed. By using the Plucker relation
(3.17), we obtain

b
(t)
k,1 =

k∑

j=1

(−1)k−j
∆j+1,...,n

j,...,k̂,...,n
(t)

∆j+1,...,n
j+1,...,n(t)

j∑

l=1

∆j,j+1,...,n
l,j+1,...,n(t)

∆j,...,n
j,...,n(t)

b
(t)
l,1,

b
(1)
k,1 =

k∑

j=1

(−1)k−j
∆j+1,...,n

j,...,k̂,...,n
(t)

∆j+1,...,n
j+1,...,n(t)

j∑

l=1

∆j,j+1,...,n
l,j+1,...,n(t)

∆j,...,n
j,...,n(t)

b
(1)
l,1 ,
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and

i∑

j=l

(−1)k−j
∆j+1,...,n

j,...,k̂,...,n
(t)∆j,j+1,...,n

l,j+1,...,n(t)

∆j+1,...,n
j+1,...,n(t)∆

j,...,n
j,...,n(t)

= (−1)k−i
∆i+1,...,n

l,i+1,...,k̂,...,n
(t)

∆i+1,...,n
i+1,...,n(t)

.

They imply

(RHS of (3.30))− (LHS of (3.30))

= (−1)n−k
∆i+1,...,n

i,...,k̂,...,n
(t)

∆1,i+1,...,n
i,i+1,...,n (1)

n∑

j=1

(c
(t)
j,ib

(t)
i,j + c

(1)
j,i b

(1)
i,j − c

(t)
j,kb

(t)
k,j − c

(1)
j,kb

(1)
k,j)

+ (−1)n−i
∆1,i+1,...,n

i,i+1,...,n (t)

∆1,i+1,...,n
i,i+1,...,n (1)

b
(t)
k,1 + b

(1)
k,1

−

i∑

l=1

(−1)k−i
∆i+1,...,n

l,i+1,...,k̂,...,n
(t)

∆i+1,...,n
i+1,...,n(t)

{
(−1)n−i

∆1,i+1,...,n
i,i+1,...,n (t)

∆1,i+1,...,n
i,i+1,...,n (1)

b
(t)
l,1 + b

(1)
l,1

}
.

(3.31)

Furthermore, by using (3.7) and (3.8), we obtain

(−1)n−i∆1,i+1,...,n
i,i+1,...,n (t)b

(t)
k,1 +∆1,i+1,...,n

i,i+1,...,n (1)b
(1)
k,1

= (−1)n−k∆i+1,...,n

i,...,k̂,...,n
(t)(c

(t)
1,kb

(t)
k,1 + c

(1)
1,kb

(1)
k,1)

−

n∑

l=i;l 6=k

(−1)n−l∆i+1,...,n

i,...,l̂,...,n
(t)

n∑

j=2

(c
(t)
j,l b

(t)
k,j + c

(1)
j,l b

(1)
k,j)

= (−1)n−k∆i+1,...,n

i,...,k̂,...,n
(t)

n∑

j=1

(c
(t)
j,kb

(t)
k,j + c

(1)
j,kb

(1)
k,j)

−
i∑

j=2

(−1)n−i∆j,i+1,...,n
i,...,n (t)(b

(t)
k,j − b

(1)
k,j),
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and

i∑

l=1

(−1)k−i∆i+1,...,n

l,i+1,...,k̂,...,n
(t)
{
(−1)n−i∆1,i+1,...,n

i,i+1,...,n (t)b
(t)
l,1 +∆1,i+1,...,n

i,i+1,...,n (1)b
(1)
l,1

}

= (−1)n−k∆i+1,...,n

i,...,k̂,...,n
(t)∆i+1,...,n

i+1,...,n(t)(c
(t)
1,ib

(t)
i,1 + c

(1)
1,i b

(1)
i,1 )

+
i−1∑

l=1

(−1)n−k∆i+1,...,n

l,i+1,...,k̂,...,n
(t)∆i+1,...,n

i+1,...,n(t)(c
(t)
1,ib

(t)
l,1 + c

(1)
1,i b

(1)
l,1 )

+
i∑

l=1

(−1)n−k∆i+1,...,n

l,i+1,...,k̂,...,n
(t)

n∑

r=i+1

(−1)r−i∆i+1,...,n
i,...,r̂,...,n

(t)(c
(t)
1,rb

(t)
l,1 + c

(1)
1,rb

(1)
l,1 )

= (−1)n−k∆i+1,...,n

i,...,k̂,...,n
(t)∆i+1,...,n

i+1,...,n(t)

n∑

j=1

(c
(t)
j,ib

(t)
i,j + c

(1)
j,i b

(1)
i,j )

−

i∑

l=1

(−1)n−k∆i+1,...,n

l,i+1,...,k̂,...,n
(t)

n∑

j=2

∆j,i+1,...,n
i,...,n (t)(b

(t)
l,j − b

(1)
l,j ).

They imply

(RHS of (3.31)) = −

i∑

j=2

∆j,i+1,...,n
i,...,n (t)

∆1,i+1,...,n
i,i+1,...,n (1)

(−1)n−i(b
(t)
k,j − b

(1)
k,j)

+
i∑

j=2

∆j,i+1,...,n
i,...,n (t)

∆1,i+1,...,n
i,i+1,...,n (1)

i∑

l=1

(−1)n−k
∆i+1,...,n

l,i+1,...,k̂,...,n
(t)

∆i+1,...,n
i+1,...,n(t)

(b
(t)
l,j − b

(1)
l,j ).

(3.32)

The right-hand side of (3.32) is equivalent to zero. In fact, we have

i∑

l=1

∆i+1,...,n

l,i+1,...,k̂,...,n
(t)(b

(t)
l,j − b

(1)
l,j )

=

i∑

l=1

n∑

r=i+1

(−1)r−i−1∆i+1,...,r̂,...,n

i+1,...,k̂,...,n
(t)c

(t)
r,l (b

(t)
l,j − b

(1)
l,j )

= −
n∑

l=i+1

n∑

r=i+1

(−1)r−i−1∆i+1,...,r̂,...,n

i+1,...,k̂,...,n
(t)c

(t)
r,l (b

(t)
l,j − b

(1)
l,j )

= (−1)k−i∆i+1,...,n
i+1,...,n(t)(b

(t)
l,j − b

(1)
l,j ).
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supérieur dont l’intégrale générale a ses point critiques fixés, Ann. Sci.
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systems, RIMS Kokyuroku Bessatsu B2 (2007), 215-225.

[T] T. Tsuda, UC hierarchy and monodromy preserving deformation, MI
Preprint Series 7 (Kyushu Univ., 2010), 1-31.

18

http://arxiv.org/abs/0811.2916
http://arxiv.org/abs/1002.2685

	1 Introduction
	2 Schlesinger system
	2.1 General definition
	2.2 Spectral type {(n,n),(n,n),(2n-1,1),(12n)}

	3 Main Theorem
	3.1 Proof of Theorem ??
	3.2 Proof of Lemma ??
	3.3 Proof of Lemma ??
	3.4 Proof of Lemma ??


