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Determinism and Quantum Mechanics : some proposed tests
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Can the ancient, philosophical concept of determinism be formally translated into a scientific
hypothesis, and finally be confronted with experiments? Are deterministic predictions, as expected,
in contradiction with Quantum Mechanics, so that they can be quantified and eventually ruled out?
After remarking that determinism and realism correspond to different concepts, we discuss these
ideas in the present paper, and show an example where such contradiction appears. We consider
a simple quantum system and its environment, including the measurement device, and make the
assumption that the time evolution of the total system, the quantum system plus this environment, is
deterministic, i. e., its time evolution is given by a dynamical trajectory characterized by some initial
conditions. From this, we prove a type of Bell inequalities which are violated by Quantum Mechanics.
We discuss other types of experiments, now in the macroscopic domain, where determinism can be

tested.

PACS numbers: 04.20.-q, 98.80.Jk

I. INTRODUCTION

Let us consider the time evolution of an isolated phys-
ical system, either classical or quantum. Does it always
exist, as a matter of principle, a trajectory which, from
some initial conditions, gives the values of the different
quantities of the system at any time, as it is, for example,
the case in Newtonian mechanics? This constitutes the
concept of determinism in nature. As a matter of fact,
determinism can be present under some circumstances,
but the problem we want to address is whether deter-
minism is always present regardless of our capacity of
prediction in practice. Therefore, to discard determinism
it suffices to find at least one example where it is con-
tradicted by the experimental data. This is what we are
going to discuss along the present paper. Our claim is
that determinism fails because it enters in contradiction
with Quantum Mechanics (QM).

Obviously QM, as stated in standard textbooks, is an
extremely successful non-deterministic theory, since the
result of measurements can only be predicted in an sta-
tistical way. The best we can do is to consider an isolated
quantum system, which will follow an unitary evolution,
and ask ourselves about the result of a given measure-
ment. Then, the rules of QM apply and only probabili-
ties can be predicted (of course, if the quantum system
is open, the situation is more complicated). This is the
end of the story for QM: it is non-deterministic. To allow
for some kind of deterministic behavior in quantum sys-
tems, one should depart from the standard formulation
and introduce some sort of hidden variables that lie be-
hind the quantum description, as in many alternatives to
QM, and explore its experimental consequences, as made
in the literature.

There are two important points that must be discussed.
The first one is the requirement that the system has to
be isolated. As mentioned above, the evolution of open

systems adds an extra difficulty to the study of QM, since
the system becomes correlated with its environment, and
its information is therefore degraded Ij, E] Since we are
going to assume determinism, we need to restrict our-
selves to isolated systems. We will come back to this
point later.

The second point relates determinism with realism,
and the confrontation with experiments, in particular
those experiments that evidence a violation [3] 4] of Bell
inequalities |5] [d]. As it is very well known, this violation
entails, modulus some loopholes ﬂ], the failure of local
realism, i.e. the NON existence of local hidden variables
that claim for an objective reality beyond the quantum
description. Of course, one could still assume the ex-
istence of some kind of non-local realism by giving up
special relativity, an unrealistic assumption that would
raise tremendous experimental and theoretical problems.
An even weirder idea is the suggestion by Bell [@] that
we could rely on a vast conspiracy which would arrange
the causally unconnected hidden variable values in or-
der to produce the correlations, between the two particle
measurement outcomes, which are responsible for the ob-
served violation of Bell inequalities.

In this paper, we explore a different idea, that can be
eventually discarded by experiments, and is based on a
strict determinism. Differently to the above alternatives,
we can find some scenarios, as shown in the next Sec-
tion, in which determinism enters in contradiction with
quantum mechanics. The reason why the violation of
Bell inequalities can be reconciled with non local real-
ism, but not with determinism, is that the deterministic
assumption is a stronger condition than realism. More
precisely, realism postulates the existence of some hidden
variables values behind the outcome of a performed mea-
surement, without asking that these hidden values remain
the same after performing the measurement. On the con-
trary, the deterministic assumption postulates the exis-
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tence of some standing hidden variable values (the un-
known initial conditions) behind all the successive self-
responses of the isolated system along a certain time.
Let us also discuss the above ideas in connection with
those of Bohm E] It has been claimed that Bohm’s ideas
provide a non-local realistic theory which reproduces all
quantum predictions: any quantum particle would have
its own well defined trajectory, at least in the absence of
measurements, and therefore constitutes a deterministic
theory to a certain extent. Then, perhaps this determin-
ism could still be preserved in Bohm'’s theory framework,
when successive measurements on the particle are made.
However, in Section 3, we will see that, whatever the
virtues of the Bohm theory are, it cannot produce this
determinism in the presence of measurements and, at the
same time, avoid entering in contradiction with QM.
Similar results to the ones reported above, although
without mentioning the relationship with Bohmian me-
chanics, have been previously obtained by De Zela ]
by adding to the deterministic postulate a non-invasive
measurement condition or, alternatively, a non contextu-
ality condition. In the present paper, we do not need to
impose any supplementary condition to the determinism
postulate. On the other hand, we stress the fact that
our time Bell-like inequalities apply to any system, mi-
croscopic o macroscopic, provided it has dichotomic re-
sponses and determinism is assumed. Using this, we will
propose some experiments in the macroscopic domain to
test determinism, and we will also refer to other exper-
iments ] which have already been performed with a
negative result for determinism in the macroscopic world.

II. DETERMINISM AND VIOLATION OF BELL
INEQUALITIES

We start with an ensemble of free spin 1/2 particles,
all of them prepared on the same quantum state, and
consider the following ideal experiment: we first fix a set
of three space directions given by the unit 3-vectors d,
b and & Then, on each particle we perform two succes-
sive spin measurements, each time along one randomly
selected direction out of this set: We prepare one particle
and make the above two consecutive measurements, then
prepare the next particle and proceed in the same way,
etc ...

Given a particle, which is considered as free evolving,
it may interact to some extent with its environment in an
uncontrollable way, and certainly with the experimental
apparatus. The latter includes the device that randomly
selects the measurement direction among the three ini-
tially fixed directions. Consider now the physical system
that includes the particle to be measured, the interacting
environment and the experimental facility. We will refer
to this system as the enlarged system, hereafter repre-
sented by F, and will assume that such system can be
considered as an isolated system during the whole pro-
cess. This is the usual starting point in the study of open

quantum systems ﬂ, E] (where ’open’ refers here to the
measured particles).

We now define our notion of determinism following
what happens, for example, with the Newtonian deter-
minism (where the initial position and velocity, i. e., the
initial conditions, allow us to know the entire trajectory
of a particle). We will make the corresponding hypoth-
esis for the enlarged system. By this we mean that, not
only the successive spin measurement outcomes, +5h/2,
are determined from the initial conditions, but also the
successively selected measurement directions are deter-
mined too, independently of the selection mechanism.
Notice that we do not put any restrictions on the as-
sumed initial conditions: In particular, they could range
over non causally connected space-time regions.

Let us be more precise about our enlarged system and
the measurement process. Let us denote by A the initial
conditions that we postulate to exist, in addition to the
quantum description of the prepared state. Imagine that,
each time we prepare our spin 1/2 particles, system E
starts from different initial conditions, i. e., A values. We
will perform two consecutive spin measurements on each
prepared particle. These two consecutive spin measure-
ments will be performed at two randomly selected times
out of three fixed values 1,9, and t3. To each selected
time, t1, t3 and t3, we associate a constant measurement
direction, d, b and ¢, respectively. In other words, we
establish a correspondence {t; — d,to — l;, ts — C}
and keep it unchanged during the measurement process
for the entire set of particles. Thus, the randomness in
the direction selection arises only as a consequence of
the randomness in the selected pair of times out of the
set {t1,t2,t3}. Denote by S the values of the measure-
ment outcomes, which are conveniently normalized to +1
. According to the determinism postulate, there exists a
function (unknown to us) which provides those outcomes
for each value of time t;, starting from the initial con-
ditions, i. e., the parameter values A. Let us represent
this function by S = S(\, t;, Z(\ t;)), i = 1,2,3 , with
Z(\t;) € {@,b,&. Notice that this notation is actually
redundant: according to the above discussion, once we
have fixed A and ¢; the value of S becomes determined,
therefore we could remove the argument & in S , although
we will keep it for convenience for the following discus-
sion.

We now follow the original proof of Bell inequalities
ﬁ] in order to arrive to similar inequalities for our mea-
surement outcomes. Let us consider the following three
expectation values

-,

P(a,b) = / AApN)SO\ 11, @S\ t2,0), (1)

Pla,c) = / Dp(N)SO 1, DSt D, (2)



Plb,c) = / DpVSO b, IS Es, D) (3)

where p(\) stands for a common probability density of
the A values, which satisfies [p(A\) = 1 . Taking here
a common probability density p()\) instead of three dif-
ferent probabilities pap(N), pac(N) and ppe(A) needs some
explanation that we provide below.

Before this, let us make an observation. People famil-
iarized with the original proof of Bell will have noticed
that, once we have admitted this common probability
and we have considered in () that S(\,t,,b) does not
depend on @ (and similarly for S(A,¢3,¢) in @) and @),
that is, once we have assumed this factorization between
the two consecutive measurement directions, the proof
of the corresponding inequalities comes in an inevitable
way, as we will show. It has to be remarked that, in the
present case, this factorization is not an ad hoc assump-
tion: as we will see, it is a consequence of our central
assumption of determinism. Let us discuss this in more
detail.

One could have some doubts if we can take, as we have
done, the same output value, S(/\,tg,l_;) in (@ as in @),
since in the first case this value is paired up with a prece-
dent S(A,t1,d@) , whereas in the second case is paired up
with a following different S value, S(\,t3,¢) (we could
raise a similar question about the two other outcome val-
ues S(\, t1,d) and S(\,t3,¢)). Nevertheless, as we have
remarked, our postulate of determinism makes sure that,
once A and t; have been given, the corresponding outcome
S is fixed irrespective of the other outcome to which is
paired up in a given order. This allows us to take the
same value S(\, t2,b) in Egs. (@) and @), and the same
value value S(\, t3, ) in Egs. (@) and (@3]).

Let us come back to the use of the same probability
function p(A) in the three equations ({)-(B). One might
raise the following objection. Since we are selecting, in
each case, a different subset of pairs in time, this would
translate into a dependence of p(A) on the particular sub-
set, which would imply the use of three different func-
tions, say pab, Pac and ppe in those equations. Again, the
response to this objection comes from our hypothesis of
deterministic evolution for the enlarged system. This as-
sumption implies, in particular, that the selection of the
measurement directions, @, g, ¢, responds to this kind of
evolution. In other words, these directions only depend
on the initial conditions A and the corresponding times
t;. But, then, why does p not depend on these values of
time, besides depending on A? The answer is obvious,
since these times are always posterior to the correspond-
ing initial conditions A. Therefore, they cannot affect the
probability distribution of .

Nevertheless, perhaps p could still depend on the run-
ning time, ¢, during the successive preparations of our
1/2 spin particles. Actually, this objection could also
be raised for all the proofs of the original Bell-like in-
equalities, where the independence of p on ¢ is implicitly

assumed without any comment. Some experimental “re-
producibility” principle operating in the natural world
is behind this assumed time independence, here and in
these previous cases. Obviously without this principle, it
would be difficult to compare the theoretical predictions
with experiments.

Let us go on with the derivation of our inequalities.
We take the difference

P(a,b) — P(a,c) = /d/\p()\)S()\, t1,Q) (4)

-

$[S(\,t2,0) — SO 15, 3] (5)

Henceforth, the proof of the inequalities goes along the
same lines as the proof of the original Bell inequalities in
the Bell’s seminal paper [J]. First, since S2(\, t2,b) = 1,
the above difference can be written as

-

P(a,b) - Pla,c) = / A p(N)SOA 11, 8)S (M £, )

—

[1—S(At2,0)S(\ t3,0)].  (6)

Then, taking absolute values, we are led to

P(a,b) — Pla, )] < /d)\p(/\)[l — SO, B)S(M 13, D),
(7)

that is, to the well known Bell inequality

|P(a,b) — P(a,c)| <1— P(b,c). (8)

In quantum mechanics, leaving aside the experimental
difficulties to perform the kind of experiment we are con-
sidering (see [10] for some sound proposals), the three
mean values in ([B) can be theoretically calculated as
the corresponding expected values. These values become
P(a,b) = @b (see for instance [12]) and similarly for
P(b,c) and P(c,a). Thus, inequality () becomes

@b —a.d +be<1, (9)

which is violated for b.¢ = 0 and @ = (b+¢)/v/2, in which
case the left hand side of inequality (@) reaches the value
V2.

Thus, for the enlarged system consisting on a 1/2-spin
particle and the measurement apparatus, including the
device selecting the time pairs and the corresponding
measurement directions, plus the affecting environment
if any, the assumed determinism enters in contradiction
with quantum mechanics. If such an experiment is per-
formed, and the above inequality is found to be violated,
as we expect from QM, one can conclude that there is
no trajectory for this quantum particle independently of
the kind of realism, local or non local, associated to the
initial conditions.



At this point, it is interesting to compare our re-
sult with a similar one stated in ]: there, under the
following three postulates, macroscopic realism per se,
noninvasive measurability and induction, Leggett claims
for some Clauser-Horn-Shimony-Holt (CHSH) inequali-
ties ], relating the successive outcomes of a system with
random dichotomic responses against four types of mea-
surements. Our determinism postulate entails macro-
scopic realism per se and the induction postulates, and
also noninvasive measurability for the enlarged system
(the spin 1/2 particle plus the environment including the
measurement device). Thus, the only difference between
Leggett approach and ours is that we replace the dubious
non-invasive measurability by a more clear postulate as
determinism, for the isolated enlarged system.

Finally, notice that inequality (8) could be applied
to any system, macroscopic or not, with a random di-
chotomic response to three possible kinds of consecu-
tive measurements (only a consecutive pair of these three
measurements being randomly selected each time), pro-
vided that determinism is assumed for the time evolution
of the system. Then, looking for the possible violation
of such inequality could lead to test determinism in the
macroscopic world (see Iﬂ] for an example of it), beyond
the microscopic case of a half one spin particle we have
just tested.

As an example of a system whose determinism could be
experimentally tested, we suggest a proposal based on the
experiment performed in [14], where the authors study
a physical system including a two-level system which is
continuously and weakly monitored by a detector. In this
work, V(t) is the output signal of the detector at time ¢
. By introducing an appropriate (nonlinear) transforma-
tion, it is possible to define a new function U(t), which
depends on V(¢) and runs from —1 to 1 as V increases
within the interval | — 0o, 0o . Equations ([I)-(@) can be
modified using U(t) instead of our variable S , and new
Bell-like inequalities (similar to (&) can be derived. Since
the transformation from V' (¢) to the new variable U(t) is
nonlinear, the comparison with the experiment cannot
be done using the data for the correlator K (7) obtained
in M] Such comparison needs storing all the individual
data for the potential, not just the correlator, and thus
requires a modified setup and a new run. However, it
can be done in principle starting from the existing setup.
Such an experiment would provide an interesting alter-
native to the one using spin 1/2 particles for the purpose
of ruling out the deterministic hypothesis.

In order to test determinism in the macroscopic world,
we could also use any source producing random succes-
sions of numbers, as for example the ones originated from
atmospheric noise ] It is generally stated, according
to standard criteria, that these numbers are “true random
numbers”. Beyond this statement, it would be interesting
to test it by investigating the possible violation of the cor-
responding Bell inequalities deduced under the determin-
istic assumption, since a hypothetical violation of them
would entail the true randomness of the corresponding

succession. The unexpected violation of similar inequal-
ities found in the case of an electrocardiogram ], with
outputs obviously generated by an ordinary macroscopic
system, might encourage any one to perform such a test.

The Bell inequalities that we propose to test are still
inequalities (8) applied to our generator of random num-
bers. That these inequalities are still valid in the case of
such a generator, can be proved by mimicking the proce-
dure that we have followed above in the case of a 1/2 spin
particle. In this case, however, since we are analyzing a
set of data after they have been produced, we need to
adopt the extra assumption of statistical separability be-
tween the data to be analyzed and the random numbers
used to select the different times ¢;, as described in M]
To get an idea about the new proof one needs to estab-
lish imagine, for the sake of simplicity, that our generator
produces (assumed) random number values —1 and 1, at
a constant rate: an output every time interval d¢. Let us
write the successive output times as ndt, with n stand-
ing for the natural numbers from 1 to a given maximum
value N. For each value of n, the times ndt, (n + 1)dt
and (n + 2)dt, will play the role of the three times, t;, or
equivalently, the three directions a,b, ¢, respectively, in
the proof of inequalities ([§). Now, for each n value, we
randomly select two of these three times. Furthermore,
consider the three expectation values P(a,b), P(a,c) and
P(b, ¢), constructed by keeping only the outcomes —1 and
1 corresponding to the pairs of times selected among the
three times ndt, (n+1)dt and (n+3)dt. Then, by invoking
the determinism assumption and following an argument
similar to the one used in the above proof of inequalities
@), we can conclude the validity of these inequalities for
this case.

Finally, in order to stress the point of making the dis-
tinction, made in the present paper, between determin-
ism and realism, we consider the case presented in [|E]7
where it is claimed that 42 random numbers have been
generated from the measurement outputs of a system of
two entangled atoms. We think that the claim is correct
and very interesting but, in our opinion, not correctly
established. Its pretended proof relies on the observed
violation of the corresponding (CHSH) inequalities [].
As it is well known, these inequalities are proven under
the assumption of local realism. This means that the
claim about randomness depends on the supplementary
assumption of locality, which means that the observed
outputs could still be predetermined, if non local real-
ism is allowed. To consistently prove that these 42 num-
bers are actually random, we should previously prove the
CHSH inequalities under the only assumption of deter-
minism, whose initial conditions, as seen in the present
paper, are completely general, i.e., local or non local.
This new proof of CHSH inequalities come easily by ap-
plying to the present case the same method previously
used to prove inequalities (§)). The role played then by
the two successive measurements on the same particle is
to be replaced by the two successive measurements per-
formed, respectively, on the two atoms. In this way, we



can properly conclude that the reported violation of the
CHSH inequalities in [@] really proves the true random
character of the 42 numbers obtained. A detailed analy-
sis concerning this topic will be published elsewhere.

Now, as mentioned at the end of the Introduction, the
non existence of trajectories should also be considered
from the point of view of the Bohm hidden variable the-
ory. As we discuss in the next Section, there is no contra-
diction between our claim of non determinism and that
theory.

III. THE LIMITATIONS OF BOHM THEORY
OF HIDDEN VARIABLES

Let us examine the common claim that Bohm’s hid-
den variable theories (HVT) can predict the existence of
dynamical trajectories and, at the same time, be consis-
tent with QM. It is true that Bohm [d] proves that his
theory gives the same probability of finding a particle in
a given position, that QM does. From this, he concludes
that his “interpretation is capable of leading in all possi-
ble experiments to identical predictions to those obtained
from the usual interpretation” that is, to those obtained
from QM. Then, when considering an entangled extended
system, as in Einstein-Podolsky-Rosen experiments (sim-
ilar to the one considered by Bell in his seminal paper),
Bohm assumes that his realism is non-local. In this way,
his non-local HVT can explain the observed violation of
the ordinary Bell inequalities, in agreement with QM,
without having to give up realism (see [H] for example).

Is it always like this? Is it true that we can devise
a non-local HVT that lead to the same predictions that
QM, for all conceivable experiments? As we discuss be-
low, it is doubtful that HVT, even if allowing for non-
local realism, could always agree with QM to the extent
of assigning a dynamical trajectory to each quantum par-
ticle when measurements are present. That is, to the
extent of assuming determinism.

First of all, in these theories, each time one performs
a measurement on the particle position, if one wants to
complete, beyond the obtained outcome, the precedent
particle trajectory with a new trajectory piece, one must
provide the probability density of the particle position
just after this outcome. The provided probability be-
comes the new initial probability. Then, this new initial
probability must be taken the same as the one dictated
by standard QM, if we want the HVT to agree hence-
forth with QM. After this, in the HVT framework, one
does not need to worry about how this initial probability
evolves in time, until one performs a subsequent measure-
ment, since, in the absence of any measurement, HVT
are just designed to predict the same probability evolu-

tion as the one predicted by the Schrodinger equation.
But, as we will see in a moment, the real point is that
when consecutive different measurements are performed
on the same particle Iﬂ], one expects to find some well
definite correlations among the corresponding outcomes:
the correlations dictated by QM that lead, for example,
to the violation of inequalities (&]).

More precisely: both in QM or in HVT, the probabil-
ities of each measurement outcome is given by the cor-
responding initial quantum state of the particle, just the
state previous to the measurement. In HVT, these ini-
tial quantum states are supplemented with the assumed
initial values of some non-local hidden variables, A. Nev-
ertheless, the point here is that these A\ values, which
mimic so perfectly well the quantum evolution of the
above probabilities in the absence of measurement, have
nothing to do with the explanation of the quantum corre-
lations which are behind the reported quantum violation
of inequalities (). The reason is that these correlations
have only to do with the quantum fact that the initial A
values need to be different before and after a given mea-
surement on the particle, while they have to be the same
if one assumes uncritically that we always can have de-
terministic dynamical trajectories for quantum particles
in the framework of HVT theories.

Thus, if we mean by “trajectory” something more than
a simple continuous path, even a zigzagging one, to re-
quire the existence of determining initial conditions, and
we further accept QM, it seems that there is no room left
“for models that force Nature to mimic the concept of tra-
jectory” as it is still expected in Iﬂ] In other words, it
seems that henceforth we would have to renounce to a
deterministic Bohmian mechanics and also to any deter-
ministic explanation of the quantum wave collapse, for
example one in the terms of IE]

To summarize: according to the above discussions, ei-
ther Quantum Mechanics, or determinism as such, must
be false. So, if we accept QM, in view of its great suc-
cess, we must conclude that determinism as such would
contradict experiments. Then the answer to the Leggett
question m] whether “it is indeed realism rather than
locality which has to be sacrificed?” would be ‘yes’. All
in all: against Einstein’s old dream, it seems that QM
cannot be completed to the extent to allow for the ex-
istence of trajectories for quantum particles even when
accounting for all its affecting environment.
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