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ON SELF-SIMILARITIES OF ERGODIC FLOWS

ALEXANDRE I. DANILENKO AND VALERY V. RYZHIKOV

ABSTRACT. Given an ergodic flow T' = (T%)¢cr, let I(T) be the set of reals s # 0
for which the flows (Tst)icr and T are isomorphic. It is proved that I(T) is a Borel
subset of R*. It carries a natural Polish group topology which is stronger than
the topology induced from R. There exists a mixing flow T such that I(T) is an
uncountable meager subset of R*. For a generic flow T', the transformations T3, and
T}, are spectrally disjoint whenever |t1]| # |t2]|. A generic transformation (i) embeds
into a flow T with I(T) = {1} and (ii) does not embed into a flow with I(T") # {1}.
For each countable multiplicative subgroup S C Rj_, it is constructed a Poisson (and
Gaussian) flow T' with simple spectrum such that I(T) NR%} = S. If S is without
rational relations then there is a rank-one weakly mixing rigid flow T with I(T) = S.

0. INTRODUCTION

The isomorphism problem for measure preserving group actions is one of the
central problems in ergodic theory. Even within the framework of a singe action this
problem raises some interesting and difficult questions. For instance, consider an
action of R", i.e. a multidimensional flow. Then the automorphisms of R™ generate
(via linear time changes in the flow) a continuum of new flows with possibly different
classical invariants such as entropy and spectrum. We also note that an R"-flow has
a rich structure of subactions corresponding to lower dimensional subgroups and
co-compact lattices. A natural problem is to investigate (i) when these subactions
are isomorphic, (ii) which invariants can distinguish non-isomorphic subactions,
etc. Our paper is devoted to the simplest particular case of this general problem.
We will only consider flows with one-dimensional time. However even in this case
there are a lot of open problems.

Let T = (T})tcr be an ergodic free measure preserving flow on a standard non-
atomic probability space (X, B, ). Given s € R*, we denote by T'os a flow (T )ter.
Let

I(T) :={s € R* | T o s is isomorphic to T'}.

It is easy to see that I(T') is a multiplicative subgroup of R*. If I(T) ¢ {—1,1}
then T is called self-similar. We are also interested in a closely related invariant

E(T) := {t € R* | T} is isomorphic to 71 }.

Of course, I(T) C E(T). In the present paper we investigate properties of the
invariants I(7) and E(T).

The second named author was supported in part by the Programme of Support of Leading
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The property of total self-similarity for flows, i.e. when I(T") D R* is well known
in ergodic theory. If T possesses this property then the maximal spectral type
of T is Lebesgue [KaT, Proposition 1.23]. In [Mal, it was shown that the total
self-similarity implies mixing of all orders for the horocycle flow on any surface
of constant negative curvature (in fact, for any flow acting by translations on a
homogeneous space of a semisimple Lie group by a lattice). A generalization of
that result was obtained in [Ryl]|: given an arbitrary weakly mixing flow T, if
E(T) has positive Lebesgue measure then 7' is mixing of all orders. However it is
unknown so far whether Leb(£(T)) > 0 implies that I(7") D R%. Moreover, the
following version of D. Ornstein’s question [Th] is open:

— is there an ergodic flow T" such that E(T) = R* but I(T) = {1}7

We note however that if T' acts by translations on a homogeneous space of a Lie
group by a lattice and F(T) is uncountable then I(7') D R [St].

In [dJR] it is proved that if T" is weakly mixing simple prime flow, then I(T) =
E(T) and T os L¥ T whenever s ¢ I(T). The symbol L¥ denotes the disjointness
in the sense of Furstenberg [Fu|. It was stated in [Ry4] that for a rank-one mixing
flow T we have T os L¥ T for all s € R*\ {1}. It is interesting to note that if T,
in addition, has a simple Lebesgue spectrum (see [Pr] in this connection) then the
Koopman representations of T'os and T" are unitarily equivalent for all s € R*. This
illustrates a drastic difference between the disjointness in the sense of Furstenberg
and the spectral disjointness.

In the case when the maximal spectral type of a flow T is singular, the transfor-
mation T} is spectrally disjoint with 77 for Leb.-a.a. ¢ € R [Ry3]. An example of
a non-mixing flow 7" with minimal self-joinings and I(T") = {1} was constructed in
[dJP] (see also [dJR, Proposition 6.8]).

It is easy to construct a non-mixing ergodic flow 7" with I(7') infinite. Consider,
for instance, an infinite Cartesian product

Rot—=Tyi=---xS,-1; X S X Sat X Spzg X -+,

where S is a non-mixing weakly mixing flow. In this connection a natural question
was posed in [Ryl]:
— is there a non-mixing weakly mixing flow T" such that E(T') is uncountable.

It remains open (cf. Theorem 2.1 below).
An extensive study of various self-similarity problems was undertaken in a recent
paper [FrL] by K. Fraczek and M. Lemariczyk. In particular, the following was done.

(i) Examples of non-self-similar ergodic special flows built over certain interval
exchange transformations are given.
(ii) For each countable subgroup G C R*, a weakly mixing flow T is constructed
with I(T') = G.
(iii) If G is independent as a subset of the Q-linear space R then a weakly mixing
Gaussian flow T' with simple spectrum is constructed such that I(T) =
G U (—G) and T o't is spectrally disjoint with 7" whenever |t| € G.

They also raised several questions as a some program for further investigation of
self-similarity problems. These questions together with additional ones kindly sent
to us by M. Lemanczyk stimulated our present work. We give a complete answer
to the following.

— (Q1) Are the sets I(T') and E(T) Borel subsets of R?
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— (Q2) Is there a natural Polish topology on I(7")?
— (Q3) Is there a flow T for which the group I(7') is uncountable and has zero
Lebesgue measure?
— (Q4) Can we embed a typical transformation into a self-similar flow?
— (Q5) Is the absence of self-similarity generic in the set of all measure pre-
serving flows on (X, B, u)?
— (Q6) Find weakly mixing rank-one self-similar flows.
Thus we solved Problems 1, 2, 5, 6 from the list in [FrL, Section 10| plus two
additional ones (Q2) and (Q6) by M. Lemanczyk. We also remove a redundant
“independence” condition on G from (iii). Moreover, (iii) is proved in the full
generality for both Poisson and Gaussian flows. We now state precisely these and
other main results of our work.

Proposition 1.3.

(i) I(T) and E(T) are Borel subsets of R.
(ii) There is a topology T on I(T) which is stronger than the topology induced
from R* and such that (I(T),T) is a Polish topological group.

It is possible to have I(T) # E(T). The set E(T') does not need to be a subgroup
of R* for an arbitrary T' (see Example 1.1 and S. Tikhonov’s Example 1.2).

Theorem 2.1. There is a mizing (of all orders) flow T such that I(T') is uncount-
able but I(T) p R

By Aut(X, ) and Flow(X, u) we denote the group of p-preserving transforma-
tions of (X, u) and the set of u-preserving flows on (X, u) respectively. We endow
these sets with the natural Polish topologies (see Section 1 below). As usual, we say
that a property is generic in a Polish space P if the subset of elements satisfying
this property is residual in P.

Corollary 3.3. For a generic flow T, the group I(T) is trivial. Moreover, op L
orot if [t| A1 and T 1LY Tot ift = —1.

Here and below o7 denotes the measure of maximal spectral type of T

Theorem 3.6.

(i) A generic transformation from Aut(X,p) embeds into a flow T such that
I(T) = {1}. Moreover, it embeds into a flow possessing all the properties
listed in Corollary 3.3.

(ii) A generic transformation from Aut(X, u) does not embed into a flow T with

I(T) # {1}.

We note that (ii) does not follow directly from (i) because a generic transforma-
tion from Aut(X, p) embeds into continuum of pairwise non-isomorphic flows [ES].

Theorem 4.1. Let S be a countable subgroup of RY such that S considered as a
subset of the Q-linear space R is independent. Denote by T the Cartesian product
flow @,.5T o s acting on the space (X, pu)%. For a generic flow T € Flow(X, p),

(i) the flow T is rank one rigid and weakly mizing,
(ii) I(T®) = S and, moreover,
(iii) 79 LY (T%) ot for each real t ¢ S U {0}.

For arbitrary countable subgroups of R* we prove the following.
3



Theorem 4.3. Let S be a countable subgroup of R*. There is a weakly mixing
rank-one rigid flow T such that I(T) D S.

Theorem 4.4. Let S be a countable subgroup of R . There is a weakly mizing

Poisson flow W with a simple spectrum such that I(W) NRY =S and o L oy,
for each positive t € S. Hence there is also a weakly mizing Gaussian flow F with
a simple spectrum such that I(F) = SU(—=S) and op L opor for each t ¢ SU(—S).

The authors thank M. Lemanczyk for his questions and useful discussions and
S. Tikhonov who showed us Example 1.2.

1. TOPOLOGICAL AND ALGEBRAIC PROPERTIES OF I(T) AND E(T)

Let T' = (T})ter be an ergodic free measure preserving flow on a standard proba-
bility space (X, B, i). In this section we study algebraic and topological properties
of I(T') and E(T) and answer questions (Q1) and (Q2).

Denote by A(T) C R the discrete spectrum of 7. Then A(T) is a countable
subgroup of R. Denote by § the Kroneker factor of T, i.e. § C B is the sub-o-
algebra generated by all proper functions of T'. It is easy to verify that

(1-1) sA(T) = AN(T) for each s € I(T).

We first give a simple example of a free ergodic flow T" such that I(T) # E(T).
This flow has a non-trivial discrete spectrum. Weakly mixing flows with this prop-
erty also exist but they are more involved (see Example 1.2 below).

Example 1.1. Let B = (B;)icr be a Bernoulli flow with infinite entropy and let
P = (P,)icr be an ergodic flow with pure point spectrum Z. Then the product
flow B x P is free and ergodic. Since A(B x P) = Z, it follows from (1-1) that
I(B x P) C {—1,1}. The converse inclusion is obvious. Hence I(B x P) = {—1,1}.
On the other hand, it follows easily from the isomorphism theory for Bernoulli
transformations that E(B x P) = Z. Thus, I(B x P) # E(B x P).

Denote by Aut(X, ) the group of all y-preserving invertible transformations of
(X, ). Endow it with the weak topology in which R,, — R if u(R,AARA) — 0 as
n — 0o. Then Aut(X, u) is a Polish group [Ha].

In the following example by S. Tikhonov, a weakly mixing flow V is constructed
such that (V) # E(V) and E(V) is not a subgroup of R*.

Example 1.2. It can be deduced easily from [dRdS] and [dJL] that there is a resid-
ual subset F € Aut(X, ) such that for each transformation S € F the following
holds.

(i)

(ii) There exists a flow 7" € Flow (X, ) such that Ty = 5,
(iii) C(S) = C(T,) for each ¢ € Q and

(iv) the centralizer of the infinite product transformation

S is weakly mixing.

'XT%XT%XT1XT2XT4><---

of the product space (X, u)Z is the infinite product C(S)Z, i.e. this central-

izer is as “small” as possible.
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According to [Ti], a generic transformation in Aut(X, p) has a continuum of roots
in each residual subset of Aut(X,pu). Therefore there are transformations S # S
in F such that $2 = §2. Let T be a flow satisfying (ii)—(iv) and let T be a flow
satisfying (ii)—(iv) with S instead of S. We now define a flow V on the space (X, u)%
by setting

V= xTo22xTo2 ' xTxTo2xTo02%x---

It follows from (i) that V is weakly mixing. It is straightforward that RV R~ = V5,
where R : X% — X7 denotes the shift. Therefore 2 € E(V). We now show that
271 ¢ E(V). Indeed, if QV1Q ! = V-1 for some transformation @ of (X, u)% then
QV>Q~! = V;. Hence the transformation QR commutes with V; and

R™'WiR = (QR) " 'V4,-1QR.

However then it follows from (iv) and (iii) that the transformations 7 and Ty, ie.
S and S in view of (ii), are conjugate by an element of the group C(S). Hence
S =S, a contradiction. Thus, 27! & E(V) and therefore 2 ¢ I(V).

Let d,, be a complete metric on Aut(X, 1) compatible with the weak topology.
Denote by Flow(X, ) the set of all u-preserving flows on (X, ). Endow it with the
topology of uniform weak convergence on the compact subsets in R. This topology
is compatible with the following metric d:

d<T7 S) = sup dw(Tt7St)'

0<t<1

Then (Flow(X, i), d) is a Polish space (see [dRdS]).

Proposition 1.3.

(i) I(T) and E(T) are Borel subsets of R.
(ii) There is a topology T on I(T) which is stronger than the topology induced
from R* and such that (I(T),T) is a Polish topological group.

Proof. There are two commuting continuous actions of Aut(X, 1) and R* on Flow(X, pu):

(1-2) Aut(X, u) x Flow(X, u) 5 (R,T) — ReT € Flow(X, 1) and
R* x Flow(X, ) 5 (s,T) — T o s € Flow(X, p),

where the flow R e T is given by (ReT); := RT;R™! for all t € R. Of course, the
two actions are continuous. It follows that the set

Ar ={(R,s) e Aut(X,pu) xR* | ReT =T o s}

is a closed subgroup of Aut(X, u) x R*. The group I(7') is the image of Ar under a
continuous homomorphism 7 : A7 3 (R, s) — s € R*. We may view 7 as a one-to-
one continuous homomorphism from the Polish group : Ap/Ker 7 onto I(T'). Thus
I(T) is a Borel subset of R since it is a one-to-one continuous image of the Polish
space. Let 7 be the topology on I(7T) in which the map : Ap/Kerm — I(T) is a
homeomorphism. Then (ii) holds.
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Let My := {(R,s) € Aut(X,u) x R* | Ty = RTyR™'}. Then Mr is a closed
subset of Aut(X,u) x R*. Since the centralizer C(T}) of T4, i.e. the group of all
transformations commuting with 77, is closed in Aut(X, ), there is a Borel subset
B C Aut(X,p) such that every transformation S € Aut(X,pu) can be written
uniquely as a product S = WR with R € B and W € C(T1). Now it is easy to
verify that E(T) is a one-to-one image of the Borel subset My N (B x R*) under a
continuous map 7 : My 35 (R, s) — s € R*. Hence E(T) is Borel. O

Since every Borel subgroup of R* is either non-empty open or meager and of
zero Lebesgue measure, we deduce from Proposition 1.3(ii) that

Corollary 1.4. FEither I(T) contains R* and then the mazimal spectral type of T
is Lebesgue (see [KaT, Proposition 1.23]) or I(T) is meager and Leb(I(T')) = 0.

Remark 1.5. Tt follows from the proof of Proposition 1.3 that the following sequence
of Polish groups

(1-3) 1 = Kerm -5 My =5 I(T) — 1

is exact. An interesting question is when it splits, i.e. there is a continuous ho-
momorphism R : I(T) > s = Ry € Aut(X, u) such that Ty, = R,/TyR; Y for all
t € R and s € I(T). It splits in the case when T is a horocycle flow or when T is
a Bernoulli flow with infinite entropy. Also, if I(T) is countable and I(T") C R%
then (1-3) splits. We do not know the answer in the general case.

2. MIXING FLOW T WITH I(7T) MEAGER AND UNCOUNTABLE

Our main purpose in this section is to construct an ergodic flow 7T such that
I(T) is uncountable and meager. This answers (Q3). We construct such a flow as
a 2-point extension of a horocycle flow. The extension is chosen in such a way to
partially “destroy” self-similarities of the base flow. This means that uncountably
many of elements of the corresponding geodesic flow in the base lift to the extension
and some elements do not lift. Measurable orbit theory plays a key role in choosing
such an extension.

We first observe that if T is ergodic and I(T") is uncountable then T is weakly
mixing. Indeed, this follows from (1-1).

Theorem 2.1. There is a mizing (of all orders) flow T such that I(T) is uncount-
able but I(T) 7 R%.

The proof of this theorem is based heavily on the orbit theory of amenable
dynamical systems. Therefore we begin this section with a preliminary material on
the orbit theory.

If an equivalence relation R on (X, B, i) is the orbit equivalence relation of a
p-preserving action 7' of a locally compact second countable group G then R is
called measure preserving. If every R-saturated measurable subset of X is either
p-null or p-conull then R is called ergodic. We note that R is ergodic if and only
if T is ergodic.

If the R-class of a.e. point z € X is countable then R is called discrete. If the
R-class of a.e. point x € X is uncountable then R is called continuous. If R is
ergodic then it is either discrete or continuous.
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We do not give here the general definition of amenability for equivalence relations
(see [Zi]) but just note that if G is amenable then R is amenable. Given a compact
second countable group K, a Borel map o : R — K is called a cocycle of R if there
is a p-conull subset Y C X such that

alz,y)a(y, z) = a(z,z) for all (z,y),(y,z) € Ry :=RN(Y xY).

We do not distinguish between cocycles which agree a.e. Recall that two cocycles
a,B: R — K agree a.e. if there is a p-conull subset Z C X such that a(z,y) =
B(z,y) for all (z,y) € Rz. Two cocycles a, f: R — K are cohomologous (we will
denote o &~ f3) if there is a Borel map ¢ : X — K and a p-conull subset Y such
that

oz, z') = ¢(x)p(x, 2 )p(z")™1 for all (z,2') € Ry.

An invertible p-preserving transformation S of X is called an automorphism of R
if there are p-conull subsets X; and X5 such that (S x S)Rx, = Rx,. Then we
can define a cocycle ao S : R — K by setting awo S(z,2’) := a(Sxz, Sz’). Tt is easy
to verify that a =~ § if and only if €« 0 S~ 0 S.

A Borel measure preserving action D = (Dp)pen of a locally compact second
countable group H on (X, pu) is called strictly R-outer if there is a conull subset
X’ C X such that

(i) Dy, is an automorphism of R for each h € H and
(ii) if (Dpz,x) € R for some x € X’ and h € H then h = 1.

A p-preserving invertible transformation S of X is called R-inner if (x, Sx)
belongs to R for a.a. x. Of course, it is an automorphism of R. It is straightforward
that aoS ~ « for each cocycle a of R and each R-inner automorphism S. Consider
a measure preserving transformation S of the product space (X x K, u X Ag) by
setting

Sz, k) = (Sz, a(Sx, x)k),

where A\ is the Haar measure on K. Then S¢ is called the a-skew product extension
of S. If R is generated by a G-action T = (T})gec then ((T,)%)4ec is a measure
preserving G-action on (X x K,u X Ax). Denote by R(«) the orbit equivalence
relation of this action. It does not depend on a particular choice of T' generating
R. We note that (z,k) ~g(a) (2, k') if and only if z ~% 2’ and k' = a2, z)k. If
R(«) is ergodic then « is called ergodic.

Proposition 2.2. There are an amenable ergodic measure preserving continuous
equwalence relation T on a standard probability space (Y % V), a strictly T -outer
flow F = (Ft)teR on'Y and an ergodic cocycle B : T — Z7)27 such that the set

L:={teR| B oF, ~ B} is a proper uncountable subgroup of R.

Proof. We use a 3-step construction.
(A) Let F' = (F})ter denote the following flow on (T, Ar):

Flz=2+1t.

We view T as an interval [0,1). The addition is considered mod 1. We note that
F' is transitive and periodic, F},; = F} for each t. Fix an irrational number 6;.

Denote by R, the orbit equivalence relation of the transformation Fy on (T, At).
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Then Ry, is discrete and ergodic. There is a bijection between the cocycles of Ry,
with values in Z/27Z and the set M(T,Z/2Z) of measurable functions from T to
Z,/27. Such a bijection is defined in a highly non-unique way. For instance, it is
established by the map 8 — ag, where ag(z) := (2,2 + 61). The set M(T,Z/2Z)
endowed with the topology of convergence in measure is a Polish space. Therefore
we will consider the set Z of Z/2Z-valued cocycles of Ry, as a Polish space. The
following properties of this topological space hold:

(i) the cohomology class of every cocycle is dense in Z,
(ii) the subset of ergodic cocycles 3 is a dense G5 in Z,
(iii) the subset of cocycles 3 such that (Fy ) is rigid is a G in Z,
(iv) if B(z, Fy, z) = 1 for all 2 then (Fy )g is rigid,
(v) if ¢ is rationally independent with #; then the subset of cocycles 8 such that
B o F} % j is residual in Z.

The properties (i)-(iii) are well known. If 3(z, Fy 2) = 1 for all z then (Fy )s has
pure point spectrum and hence (iv) follows. The property (v) follows from [GLS,
Theorem 1.2] or [Dal, Theorem 4.2].

It follows from (i)—(v) that given ¢y > 0 which is rationally independent with
01, there exists a cocycle 8 : Rp, — Z/2Z such that the transformation (Fy )s is
ergodic, rigid and

A%

L:={tcR|BoF ~pB}Ft.

Of course, L is a subgroup of R and L D Z. It is well known (for instance, see
[New]) that for each transformation A € C((Fjy, )g) there are t € L and a map
¢ € M(T,Z/2Z) such that

A(z,i) = (F{z,i+ ¢(z)) forall (z,i) € T x Z/27Z.

The map A +— t + Z is a group homomorphism from C((Fy, )s) onto the quotient
group L/Z. The kernel of this homomorphism is isomorphic to Z/2Z. Since (Fy, )z
is rigid, C'((Fy, )p) is uncountable. Hence L is uncountable.

(B) Consider the torus (Y,v) := (T x T, At x Ar). Let Q := Fy x Fy_, where
0, is an irrational such that the reals 1, 81, 6 are rationally independent. Then @
is a transformation of (Y, ) with pure point spectrum. Denote by R¢ the Q-orbit
equivalence relation. Then R is discrete and ergodic. Define a flow F' = (F})ier
on (Y,v) by setting: Fy := Fy x Fy_,, where 03 is an irrational such that reals
1,03, 60,05 + 05 are rationally independent. It is straightforward to verify that F' is
strictly Rg-outer. Consider now an extension S ® 1: Rq — Z/27Z of 3 given by

B 1(z,w, 2 w') = p(z,72).

Then f®1 is a cocycle of R¢g. We first claim that it is ergodic. Indeed, the (5®1)-
skew product extension (Qgg1 of @) is isomorphic to the product (Fy,)s x Fp, (the
corresponding isomorphism is given by a permutation of coordinates in the space
T x T x Z/2Z where Qgg1 acts). The discrete spectrum of (Fy,)s is {nbh +Z €
T | n € Z}. Hence it intersects trivially with the discrete spectrum of Fp, which is
{nbs +7Z € T | n € Z}. Therefore (Fy,)s x Fp, is ergodic, as desired.

Next we claim that

(2-1) {teR|(Bo1)oF,~Bx®1}=L.
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The inclusion D is obvious. To prove the converse, let f : Y — Z/27Z be a map
such that

BoFi(z2") = —f(zw) + B(z,2) + f(2', 0)
for some ¢t € R and all (z,w, 2, w") € RoN (Y’ xY’), where Y’ is a v-conull subset

in Y. Without loss of generality we can think that Y is Id x F} -invariant. It
follows that

BoFi(z,2') = —f(z, Fgw) + (2, 2") + f (2, Fg,w")

and hence the function (z,w) = f(z,w) — f(z, Fy, w) is Rg-invariant. Since Rq
is ergodic, this function is constant. This implies that f(z,w) = f(z, Fyy, w) for
a.a. (z,w) €Y, ie. f isinvariant under the transformation Id x Fy, . Since the
transformation Fz’g2 of Y is ergodic, f does not depend on w. Thus o F/ ~ § and
hence the inclusion C in (2-1) is established.

(C) Let (Y, D) := (Y x T,v x Ag). Define an equivalence relation 7 on (Y, )
by setting

<y7 Z) ~T (ylv Z/) if y ~Raq y/'

Then 7 is an amenable ergodic continuous measure preserving equivalence relation
on Y. Define a flow F = (Ft)tGR onY by settmg F, = F} x Id, ¢t € R. Then F
is strictly T-outer. Next, consider the cocycle B =F®1®1:T = Z/2Z of T.
Then, of course, E is ergodic and

{teR|BoF~pBl={teR|(BR1)ocF~B®1}=L.
[

We will need an auxiliary fact which is a particular case of [VF, Theorem 1].

Lemma 2.3. Let R; be an amenable ergodic continuous measure preserving equiv-
alence relation on a standard probability space (X;, B, i) and let V) = (Vh(i))heH
be a strictly R;-outer action of an amenable locally compact second countable group
H on X;,i=1,2. Then there is a Borel isomorphism R : (X1, pu1) = (Xa, u2) and
two conull subsets Y1 C X1 and Yo C X5 such that

(R X R)(Rl N (Yl X Y1)> =TRo N (Y2 X Y2)
and for each h € H, there exists an Ro-inner transformation Sy of Xo with

RVIVR =vPg,.

The following lemma is perhaps well known. However we were unable to find its
proof in the literature. Therefore we provide our proof of it.

Lemma 2.4. Let H = (Hg)secr and G = (Gy)ier be the horocycle flow and the
geodesic flow on a surface X of constant negative curvature. Let p denote the
normalized volume on X. Then the joint action R x R > (s,t) — HG; of the
semidirect product R x R on (X, u) is free (mod 0).

Proof. We define multiplication on R x R by setting

(s,t)(s',t") = (s +e' - s, t+1).
9



Without loss of generality we may assume that X = I'\SLy(R) for a lattice I' €
SL2(R), p is Haar measure on X and

1 0 t/z
Hs(Fg) =TIy <S 1) , Gt(Fg) =TIyg <60 e_t/z) )

g € SLy(R), t, s € R [Ra]. Then the action R x R > (s,t) — H,Gy is well defined.
Since H is free, we only need to show that the subset

{gESLﬂR)'I‘g(Z agl) =Tg for somebERandl;éa>0}

is of zero Haar measure in SLo(R). For this purpose, we will show that for each
v € I', the subset

a

M, = {QESLQ(R)"q(b agl)g_lzy forsomebE]Randl;éa>O}

is of zero measure in SLy(R). Indeed, given g1, g2 € M., the product glgz_1 com-

mutes with the matrix (Z a91 ) Since a # 1, it follows that g1g2_1 is a lower-

triangular matrix. It remains to note that the Haar measure of the subgroup of
lower-triangular matrices in SLy(R) is zero. [

Let T = (Tf) fer be an action of a locally compact Abelian group F' on (X, ).
A measure v on X x X is a 2-fold self-joining of T if v is invariant under the
diagonal action (T x T)fer and the marginal projections of v are both equal p.
If each ergodic 2-fold self-joining of T is either p x p or a measure supported by
the graph of T for some f € F then T is said to have property MSJy (two-fold
minimal self-joinings) [dJR].

Proof of Theorem 2.1. Let H = (Hg)ser and G = (Gy)ier be the horocycle flow
and geodesic flow on the surface (X, pu) of constant negative curvature. Suppose
that H has the property of MSJy (see [Ral). It follows from Lemma 2.4 that there
is a Borel H- and G-invariant p-conull subset Xy C X such that

(o) if GyHsx = x for some t,s € R and = € X then t = s = 0.
Denote by R the H-orbit equivalence relation on Xy. Then R is amenable ergodic
continuous and p-preserving. It follows from (e) that G is strictly R-outer.

Let 17,17, T, ﬁ, E, L,ty denote the same objects as in Proposition 2.2. Then by
Lemma 2.3, there is a Borel isomorphism R : (Y,7) — (Xo, 1) and conull subsets
X1 C Xp and Y5 C Y such that (R x R)(T N (Y x ¥1)) = RN (X; x X;) and for
each t € R,

RE,R™' = G,S,,

where S; is an R-inner transformation of X,. Denote by a the cocycle E oR1:
R — 7Z/2Z. Since (3 is ergodic, so is a.. For each t € R,

(2-3) aoGy=pBo(FR'STY.
10



It follows from Proposition 2.2 that the cocycle in the right-hand side of (2-3) is
cohomologous to Bo (R™1S; ') = aoS; ! if and only if t € L. Since S; is R-inner,
we obtain a o S; ! ~ a. Thus,

{teR|aoG~a} =1L,

and L is a proper uncountable subgroup of R.
Denote by H* the a-skew product extension of H. We will show that

(2-4) I(H*)NR, = {e" |a € L}.

Given a € R, the real e® belongs to I(H®) if and only if there exists a transformation
V of X x T such that Ve H* = H* o ¢ (for the definition of @ and o we refer to
Section 1). Now we are going to describe the “structure” of V. Denote by k the
corresponding graph-joining of H* and H* oe?, i.e. k is supported on the graph of
V. Thus & is a measure on X x Z/27 x X x Z/27Z. Denote by ' the projection of k
to X x X. Then £’ is an ergodic joining of H and H oe®. Hence k' o (Id x G,) is an
ergodic 2-fold self-joining of H. Since H has MSJs, it follows that either k' = pu x u
or k' is a graph-joining supported on the graph of G,H for some s € R. In the
first case we get a contradiction to the fact that x is a graph-joining. Therefore the
second case holds. Then

V(z,) = (GoH,z, ).

Replacing V' with VH®, we can assume without loss of generality that

Vi(z, ) = (Guz,-).

It is a standard trick to show that such a V' conjugates H* with H® o e? if and
only if V(z, z) = (Ggz,i + ¢(z)) for some Borel function ¢ : X — Z/27 such that
the cocycles oo GG, and a are cohomologous, i.e. a € L. Thus, (2-4) is established.
Therefore I(H“) is uncountable and I(H®) # R* . As we noted in the beginning of
this section, the uncountability of I(H®) implies that H* is weakly mixing. Since H
is mixing of all orders, we deduce from [Ru] that H® is also mixing of all orders. [

Remark 2.5. (i) In a similar way, one can obtain the following generalization of
Theorem 2.1. Let R be an irrational rotation on (T, Ar) and let K be a compact
second countable group. Denote by Aut K the group of continuous automorphisms
of K. Fix an ergodic cocycle § of the R-orbital equivalence relation D to K. We
let

L(D,a):={Se€C(R)|BoS~wvof,veAut K}.

Since C(R) =T, we denote by 7 : R — C(R) the canonical projection t +— 7(t) :=
t + Z. Then there is a mixing flow 7" such that

I(T)NRY ={e" | n(t) € L(D, B)}.

Thus we obtain a class of flows T' for which the invariant I(7") is of purely “coho-
mological” nature.

(ii) We also note that the groups like L(D, ) and their orbital analogues appear
naturally when studying extensions of ergodic dynamical systems and equivalence
relations. For more information about them we refer the reader to [Dal|, [DaG]
and references therein.
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3. FLOWS WITHOUT SELF-SIMILARITY

In this section we study the problem of existence of self-similarities from the
Baire category point of view. Our purpose is to show that a generic flow has
no self-similarities and a generic transformation does not embed into a flow with
self-similarities. This answers (Q4) and (Q5).

Let P stand for the set of continuous probability measures on the one-point
compactification R = R U {co} of R. Then P is a compact metric space in the
x-weak topology. Denote by Pc C P the subset of continuous, i.e. non-atomic,
measures. It is well known that Po is a dense G5 in P [Na]. Hence it is Polish
when endowed with the induced topology. Since o({oc}) = 0 for each o € P, we
identify P with the space of non-atomic probability measures on R.

Given 0 € P and t # 0, we define a measure o; by setting o4(A) := o(t - A) for
each Borel subset A C R.

Lemma 3.1. The set S:={0 € Pc |or Lo forallt >0,t# 1} is a Gs in Pc.

Proof. For each open subset O C R, the map
Pc xR 3 (0,t) = 04(0) €R

is continuous. Therefore, given a segment I Z# 1 in R’} and an open subset O C R,
the map
fo.r:Pc 30 (6(0), maxo.(0)) € R

tel

is continuous. It is easy to verify that

S=) U1 —1/n,+00) x (—o0,1/n)),

IZF1neN O

where I runs over segments with positive rational endpoints and O runs over the
collection of open subsets in R. Hence S is a Gs in Pc. 0O

It is well known that the subset W of weakly mixing flows on (X,B,u) is a
dense Gj in Flow(X,u). Fix an orthonormal basis (v;)jen in LE(X, ). Given
T € Flow(X, u), let Ur = (Ur(t))tcr denote the corresponding Koopman unitary
representation of R in LZ(X, ). Recall that Up(t)f := foT-;. For each j, let or
be the only probability measure on R such that

(Ur(t)v;,vj) :/Rexp(%ri)\t) dor j(N).

We now let op := Z;X;l 27907 j. Then or is a measure of maximal spectral type
of Ur and the map
W>3T w+— or € Pco

is continuous.
Theorem 3.2. The subset T :={T € W | or € S8} is a dense Gs in Flow(X, u).

Proof. 1t follows from Lemma 3.1 that 7 is G5 in W. In [FrL], a Gaussian flow T’
with a simple spectrum was constructed such that 7' € T (see also another example
12



in Proposition 3.4 below). It remains to use the fact that the Aut(X, u)-orbit! of
each ergodic flow in W is dense in Flow(X, ). As in the case of Z-actions, this
case follows easily from the Rokhlin lemma (see e.g. [DaSo], where a more general
case was under consideration). [

We recall two concepts of disjointness for dynamical systems. Let we are given
two actions T' = (Ty)qca and S = (S,)qca of a locally compact second countable
Abelian group A on standard probability spaces (X, u) and (Y, v) respectively. The
actions are called

(i) disjoint in the sense of Furstenberg if pxv is the only (T, X S;)qc a-invariant
measure on X x Y with marginals ; and v. We will denote this by 7' LF .

(ii) spectrally disjoint if the measures of maximal spectral type of T' and S are
mutually orthogonal.

If T and S are spectrally disjoint then T' L¥ S. The converse is not true. We note
also that if ¢t = —1 then T" and T ot have the same maximal spectral type. If T
and S are weakly mixing and Ay is a cocompact subgroup in A then 7' L¥ S if and
only if (T | Ag) LY (S| Ap) [dJR].

Corollary 3.3. For a generic flow T, the group I(T) is trivial. Moreover, op L
orot if [t| £ 1 and T 1LY Tot ift = —1.

Proof. (i) Take T' € T. Since oo = (o) and (o7)_; ~ (o), we obtain that
the flows T ot and T are spectrally disjoint for all and t € R*, t # —1. Hence
I(T) C {~1,1}.

(ii)The map Flow(X,p) 5 T — T € Aut(X, u) is continuous. By [dJ], the set
of transformations S such that S 1Y S=1 is a dense G in Aut(X,u). An example
a weakly mixing flow T with Ty 1Y T_; was given in [dJP]. It follows that the set
A={TeW|T, L¥T 1} isadense Gs in W. If T € Athen -1 ¢ I[(T). O

We now give an explicit example of a rank-one flow 7' € T. For that we recall
a classical cutting-and-stacking construction of rank-one flows. The construction
process is inductive. Suppose we are given

(a) a sequence of integers 7, > 1, and

(b) a sequence of mappings s, : {1,...,7,} = Ry.
On the n-th step we have a tower, say X,,, which is a rectangular of hight h,, and
width w,. We cut it into r, subtowers of equal width w, /r,. Enumerate these
subtowers from the left to the right by 1,...,r,. Then for each j = 1,...,7,, we
put a rectangle of hight s, (j) and width w,y; := w,/r, on the top of the j-th
subcolumn. Thus we obtain a family of r, enumerated towers of hight

hn + Sn(1>a hn + Sn(2>: sy hn + Sn(rn>'

All of them have the same width w,,41. We now stack these towers in the following
way: put the second tower on the top of the first tower, the third tower on the
top of the second one and so on. Then we obtain a new tower X, ; of hight
hpt1 = Tnhy + Z;;l sn(j) and width w,, 1. Since X, is embedded into R?, we
endow it with the induced Lebesgue measure, say fi,+1.

Continuing this procedure infinitely many times we obtain a o-finite standard
non-atomic measure space (X, p) as an inductive limit of the sequence of finite

'We mean the action defined by the formula (1-2).
13



measure spaces (Xo, po) C (X1, p1) C ---. It is easy to see that pu is finite if and
only if

f: hotrt i sn(j) < o0.
n=1 j=1

We will say that a function f : X — C is X,,-measurable if f is supported on X,
and f(x) = f(2') whenever x and z’ are on the same hight in X,,.

We now define a flow T' = (T})¢cr on X by setting
Ti(y,2) == (y,t + 2), whenever (y,2),(y,t+ 2) € Xy,

n=0,1,.... Geometrically this means that T; moves a point in X,, up with a unit
speed until the point reaches the top of X,,. It is easy to verify that T is well defined
on the entire space (more precisely, on a p-conull subset of) X when n — oco. This
flow preserves p. We call T' the rank-one flow associated with (7, $,)52 ;.
Proposition 3.4. Let T be a finite measure preserving rank-one flow associated
with a sequence (ry,s,)52, and let r,, = 10™ for all n. Suppose that there are a
sequence of positive integers ny — oo and a sequence of positive reals uir — 0 such
that ugry, — oo and for each k,

(1) Snp—1(7) =0 forall1 <j <r,,_1 and
(ii) sn,(j) =G — Dug forall1 <j<r,,.
Then T € T.

Proof. The conditions (i) and (ii) mean that infinitely many towers, numbered with
ng — 1, have a flat roof with no spacers added at all while the subsequent towers,
numbered with ng, have a staircase roof.

Fix I > 0. We claim that

(3-1) Ur(—dhy,,) — 1071 ford=1-10"" and
(3-2) Ur(—chy,,) — 0 uniformly in ¢ € [1,10'],

where the arrows mean the convergence in the weak operator topology as k — oo.
It follows from (3-1) and (3-2) and the spectral theorem for Up that oroq L o7
for all ¢ € [1,10"]. Hence o1 L (o7)¢ for all t € (d=*,10"). Since [ is arbitrary, we
obtain o7 € §. This implies easily that T € W. Hence T € T.

It remains to prove (3-1) and (3-2). We need a notation. Given a function f €
L*(X, u), denote by fi; the restriction of f to the i-th subtower of X, 1 <1i < ry,
i.e. fri(z) = f(z) if x belongs to the i-th subtower and fj ;(x) = 0 otherwise.

First of all we verify Ur(—hy, ) — 0. Take f in the unit ball of LZ(X, u). Then
for each € > 0, there is kg > 0 and f’ € L3(X, i) such that f’ is Xy, -measurable,
If = f'll2 <€ and |f'| < D for some real D. Take k such that ny > kg. Cross
out from X,, the bottom layer of hight (r,, — 2)ux. Denote the rest of X,, by
X3 . Since f’ is bounded and p(X,,) — p(X}, ) — 0, we can assume without loss

of generality that f’ is supported on X7 . Then f’ = Z;Z’“l neje 1t is easy to
14



deduce from (ii) that f;, ;0 Th, = f;, j410T—u,; for all 1 <j <y, . We have
Trnp—1
<UT(_hnk)f7 f> = Z <f'r,7,k,j—|—1 © T—jukv f;zk,q> +2e+ 2||f’f,lk77”nk ||2
J,q=1
Trng—1
2D
= Z <(f/ © T—juk)nk,jﬂa f7llk,j+1> t2et ,
j=1 "
Trnp—1
1 , 2D
= D —(UrGue)f', f) £ 2e+ —
X T'n n
j=1 "k k
"k 1
2D
= Ur( +4de+ —.
<<Tnk > Ur(jux) )f,f> o

j=1

Applying the mean ergodic we obtain that (Up(—hy, )f, f) — 0, as desired. Only
a slight modification of the above argument is needed to prove the following fact:
for each integer p > 0,

(3-3) Sup [(Ur(=phn, ) f,9)| = 0,

where the supremum is taken over all X, -measurable functions g with ||g|2 < 1.
Now let f’ be an X, _;-measurable bounded function. Since h,,, = hp, —17n, -1,
it follows from (i) that

~ 1
Fre—1 o Tan,, = f’I{Lk—l,j-i-d?"nkfl forall 1 <j<10"'r,, —1.

We let f*® —ZJ 1r”’“ C o1 and foi=f— fo—fr 1ry, ;- Lhen

—1
10 Trng—1

(Ur(=dha ), )= > fretjsdr, o /)

(3-4) o
a1 12
- Z L ot
and
(3-5) (Ur(=dhn, ) %, f)) = (f° o Ta-1yn,, > Ur(hn) f')-

It is easy to verify that the function f° o T, (d—1)ho, is X,,, -measurable. Therefore
it follows from (3-3) and (3-5) that (Up(—dhy, )f°, f') — 0. This fact plus (3-4)
imply (3-1).

To show (3-2) we take ¢ € [1,10'] and write ch,,, as ch,, = ko, +cj, with ¢, € N
and 0 < ¢} < hy,, . Partition X,,, by a horizontal line on the hight h,,, — ¢} into two
subsets X)) (bottom part) and X, (upper part). Take a bounded X, -measurable
function f’. Then

({Ur(—chn ) f', ')
= <UT(_Ckhnk)(f,1X2 )OTC 7f> < ( (Ck+1) )(f 1X1 )OTc;—hnkvf/>

= ((f"Lxy ) o Tey, Ur(erhn, ) f') + ((f1xy ) 0 Toy —n,,, - Ur((cx + Dhn, ) f).
15



Since the functions fllxgk o Ty and (fllX}Lk> o Ty —n,, are X, -measurable, we
can apply (3-3) to obtain sup;<.<10t {Ur(—chn, ) f', f')| = 0as k — co. O

Remark 3.5. We note that it follows directly from Proposition 3.4 that T is residual.
Indeed, the subset £ of flows T such that for each [ > 0, the limits (3-1) and (3-2)
exist along a common subsequence of (ng)g>1 is a Gs in Flow(X, u). This subset
is invariant under the action of Aut(X, 1) by conjugation. Hence if it is non-empty
then it is dense. As was shown in the proof of Proposition 3.4, § # £ C T.
Thus 7T is residual. On the other hand, the statement of Theorem 3.2 (which uses
Lemma 3.1) is sharper: T is Gy itself.

Theorem 3.6.

(i) A generic transformation from Aut(X,u) embeds into a flow T such that
I(T) = {1}. Moreover, it embeds into a flow possessing all the properties
listed in Corollary 3.3.

(ii) A generic transformation from Aut(X, u) does not embed into a flow T' with

I(T) # {1}.

Proof. (i) It was shown in [dRdS] that the image of a non-meager subset in Flow (X, u)
under the map T +— T3 is non-meager in Aut(X,u). If a non-meager subset of
Aut(X, p) is invariant under the conjugacy then it is residual in Aut(X, u) [GK].
In view of that, (i) follows from Theorem 3.2 and Corollary 3.3.

(ii) A similar reasoning yields that the set {17 | T € L} is residual in Aut(X, u).
See Remark 3.5 for the definition of £. Hence the intersection

J={T1|TeL}n{SecAut(X,p)|S_L" 7! and S has a simple spectrum}

is also residual in Aut(X,u). Take J € J and suppose that J = @ for a flow
Q € Flow(X, u). Since J =T} for a flows T' € £ and J has a simple spectrum, the
flows T and Q commute. Hence a flow P: R >t +— P, .= TtQt_1 is well defined.
This flow is periodic, i.e. P41 = P; for all t € R. Since T' € L, we have that for
each [ > 0, (3-1) and (3-2) hold along a common subsequence of (ny)5 ;. Therefore
utilizing the fact that the group {P; | t € R} is compact we can pass to a further
subsequence, say (my )72, such that

(a) Ug(—dhm, ) = 107'Up(§) for some 0 < ¢ < 1 and for d =1 — 107" and
(b) Ug(—chu, ,) — 0 uniformly in ¢ € [1, 10
The conditions (a) and (b) imply that @ € 7 in the same way as (3-1) and (3-2)
imply 7" € T in the proof of Proposition 3.4. Hence I(Q) C {—1, 1}. It follows from
the definition of J that @1 L Q_1. Therefore —1 ¢ I(Q). Thus I(Q) = {1}. O

4. COUNTABLE GROUPS OF SELF-SIMILARITIES

In this section we construct flows 7" with a prescribed countable group (7). We
solve (Q6) and remove a redundant condition from [FrL, Theorem 9.4].

I. Rank one and self-similarities. Let S be a countable subgroup of R’ such
that S considered as a subset of the QQ-linear space R is independent. It was
shown in [FrL] that there is a Gaussian flow T' with a simple spectrum such that
I(T)=SU(=S) and op L (o7); for each t & S (—S). We prove the existence of
a rank-one flow with similar (but not identical) properties.
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Theorem 4.1. Let S be a countable subgroup of RY such that S considered as a
subset of the Q-linear space R is independent. Let T® denote the Cartesian product
flow @, cgT o s acting on the space (X, w)®. For a generic flow T € Flow(X, u),

(i) the flow T is rank one rigid and weakly mizing,
(ii) I(T%) = S and, moreover,
(iii) T° LF (T%) ot for each real t ¢ S U {0}.

Proof. Since the set of transformation of rank one is a G5 in Aut(X, u), it follows
that the following sets

O :={T € Flow(X, ) | T} is rank one and rigid},
Og = {T € Flow(X, ) | T° € O}

are Gs in Flow(X, ). The two sets are non-empty because they contain any flow
with pure point rational spectrum. Hence they are dense in Flow(X, pu). Take a
flow T' € Og NT. Since the transformation T} is of rank one, so is T'. It is obvious
that I(T°) > S. Now take r ¢ SU{0}. Suppose that T° /¥ T or. Then there is
an ergodic joining p # p° x p° of T° and T® or. In other words, p is a measure
on XS which is invariant under X sesurg T o s, and the projections of p on X4
and X" are both p°. Since the spectral disjointness implies the disjointness in the
sense of Furstenberg, Theorem 3.2 yields that p is pairwise independent, i.e. the
projection of p on any “coordinate plane” X x X is p X p. The measure oo, is
singular to Lebesgue measure for each z € R*. Hence the maximal spectral type
of the transformation (7" o z); = T is also singular. Therefore we may apply Host
theorem [Ho| to the dynamical system (X275 p, X scsurs Is). Tt yields p = puSHrsS
a contradiction. Thus the claims (i)—(iii) are all proved. [

Remark 4.2. We note that the condition on S can not be removed from the state-
ment of Theorem 4.1. The theorem does not hold whenever S contains a pair of
rationally dependent reals. This follows from the fact that if n is a positive integer
and T is an ergodic flow then the product flow T x T on is never of rank one.? We
will show more: the weak closure theorem (see [Ry2]) does not hold for this flow,
i.e. the centralizer C(T x T on) of this flow is not the weak closure of the group
{Ti x Ty |t € R} in Aut(X x X, ux ). Indeed, suppose that the weak closure the-
orem holds for T'x T on. Fix t > 0. Since the transformation Id x T; commutes with
T x T on, it follows that there is a sequence t; — oo such that T;, x T),;, — Id x T}
as ¢ — 0o. Then on the one hand T;;, — Id and hence T,,;, = T}’ — Id but on the
other hand 7,,;, — T} # Id, a contradiction.

For arbitrary countable subgroups S C R* we are unable to find a rank-one
weakly mixing flow T" with I(T") = S. However we can prove the following (weaker)
assertion.

Theorem 4.3. Let S be a countable subgroup of R*. There is a weakly mixing
rank-one rigid flow T' such that I(T) D S.

Proof. Let R x S denote the semidirect product R with S with the multiplication
as follows:
(r,s)(r',s") == (r+s-1' ss).

2An analogous assertion for Z-actions was proved by the second named author in [Ry6].
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We furnish R x S with the natural (product) locally compact second countable
topology. Let A stand for the set of all measure preserving actions of R x S on
(X,B, 1). We endow A with the topology of uniform convergence on the compacts
in R x G. Then A is a Polish space. One can show in a standard way that each of
the following subsets is a G5 in A :

(a) Ay :={W € A| the action R >t — W ) is weakly mixing},

(b) Az :={W € A| the transformation W ¢ is rigid and of rank one},
The two sets are invariant under the action of Aut(X, x) on A by conjugacy. Again,
using the Rokhlin lemma for (R x S)-actions one can show that the conjugacy class
of each free (R x S)-action is dense in A. Therefore A; and A5 are dense Gy if they
contain at least one free (R x S)-action. Of course, A; contains such an action.

It remains to construct a free (R x S)-action belonging to A;. Let I' be a dense
countable subgroup in R such that S -I' =TI'. Let T" be an ergodic flow with pure
point spectrum I'. Denote by T the Abelian group dual to T'. Then T is compact
and connected. We note that 7" is defined on (F, Ap) in the following way:

(4-1) Ty =z + h(t),

where h : R — I' is a continuous one-to-one homomorphism with dense range in I.
Of course, S also acts on I' as follows

(4-2) s-x(y) =x(s7-7), vel.

The two actions (4-1) and (4-2) generate a measure preserving action, say W, of
R x S. It is easy to verify that W is free and W € Ay. U

We note that Theorem 4.3 refines [Ag] and [Da2, Theorem 1.3].

II. Poisson and Gaussian flows with coutable self-similarities. Let 7" be a
measure preserving flow on an infinite o-finite measure space (X, B, u). Since the
non-trivial constant functions are not integrable, the associated Koopman repre-
sentation Ur is defined on the entire space L?(X, u). We will always assume that
T has no non-trivial invariant subsets of finite positive measure. Then the maxi-
mal spectral type or of T' is continuous. For ¢ € R, we denote by T, the Poisson
suspension of T} (see [Ne| and [Ro]). Then T := (T})ier is a weakly mixing finite
measure preserving flow. As we noted in [DaR], if 7" has a simple spectrum then the
Gaussian flow associated with op is spectrally equivalent to T , i.e. the Koopman
representations generated by the two flows are unitarily equivalent.

Theorem 4.4. Let S be a countable subgroup of R’ . There is a weakly mizing

Poisson flow W with a simple spectrum such that I(W) NRYL =S and oy L (o)
for each positivet € S. Hence there is also a weakly mixing Gaussian flow F with a

simple spectrum such that I(F) = SU(=S) and op L (o)t for eacht ¢ SU(=S5).

Given a unitary operator V' in a Hilbert space H, we denote by WCP(V) the
weak closure of the powers of V', i.e. the closure of the group {V" | n € Z} in the
weak operator topology. The unitary operator @, -, V®™ acting in a Hilbert space
@B, 50 HO™ is called the exponent of V. Tt is denoted by exp(V).

The following two lemmata are well known. For their proof we refer the reader
to, e.g., [Ry5] and [DaR] respectively.
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Lemma 4.5. Let V has a simple spectrum. If
WCP(V) D {anI + 3,V |n €N and a;/5; # oj/B; whenever i # j}

then exp(V') has a simple spectrum.

Lemma 4.6. Let U,V be two unitary operators in a Hilbert space H. If U and V
have a simple spectrum and WCP(U®V') 3 al ®V for some a > 0 then the tensor
product U ® V' has a stmple spectrum.

We also need the following lemma.

Lemma 4.7. Let U = (U(t))ter be a weakly continuous unitary representation of
R in a Hilbert space H. If U has a simple spectrum and WCP(U(c)) 2 U(a) for
some c,a > 0 with c¢/a & Q then the operator U(c) has a simple spectrum.

Proof. Let h € H be a cyclic vector for U. Denote by Z the U(c)-cyclic space
generated by h. Since Z is invariant under any operator from WCP(U(c)), it
follows that U(a)h € Z. By the same reason, U(na + mc)h € Z for all n,m € Z.
Since c¢/a ¢ Q, the subgroup {na + mc | n,m € Z} is dense in R. Therefore,
U(t)h € Z for all t € R. It follows that Z2 =H. O

Proof of Theorem 4.4. It is enough to consider the Poissonian case only since the
Gaussian case follows from it.

Suppose that we have a measure preserving flow T on a o-finite infinite measure
space (X, B, u) such that the following hold.

(i) exp(Ur(s)) has a simple spectrum for each s € S.
(ii) For each finite sequence s1 < sy < -+ < i of elements in S and each
1 <lp <k, there is a sequence of integers t; — oo such that

(4-3) Ur(t;s1) — iz 1 <i<k £,
1

(4-4) Ur(t;si,) — %UT(SZO) if j — oo and

(4-5) Ur(t;b) = 0 for each positive b & S.

We first show how to use this flow to prove the theorem and after that we will
explain how to construct such a flow.

Given a finite sequence of reals 0 < z; < --- < 2z, and an integer vector
(n1,...,nk) € N we let Of2rom := Up(21)°™ @ - - @ Up(2x) ™.

Claim A. For each finite sequence s; < --- < s of elements of S and each
(ni,...,ni) € N*, the operator Oglok has a simple spectrum.

We verify this claim by induction in k. If £ = 1 then the claim is true by (i).
Suppose it is true for some k. Take a sequence $1 < -+ < Sk41 and (n1,...,nE41) €

-----

Ur(sk41)®™+1 has a simple spectrum by (i). Letting lo = k + 1 we deduce from
(4-3) and (4-4) that

1

1 yeeny T on
WCOT(O5)) 75 ® Ur(sper) 1) 3 (2k 1 2)mtFnen

I® UT(8k+1>®nk+1.

Now Lemma 4.6 yields that the operator O, G5 = Ot @ Up(sjqq) O™+
has a simple spectrum.
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Claim B. Given two finite sequences s; < --- < s and s < --- < s/, of

elements from S and two integer vectors (n,...,nx) € N¥ and (my,...,mq) € N%,
if {s1,...,8k} # {s],..., 8} then O} 'k is spectrally disjoint with Onzl’ S;nd.

Without loss of generality we may assume that there is 1 < [y < k such that
si, & {sh,-..,s,}. Then we deduce from (4-3) and (4-4) that there is a sequence of
integers t; — 0o such that

mi,...,mq\ i ; ®(mi+-+mgq)
(05’1,...,521 ) — (27«)m1+"'+mdl ' ’ and
1

(Onl, nk)tﬂ SN

S1,

@)TI@)(nl‘l-n.—l—nlofl) ® UT(SZO)inO ® I®(nl0+1+"'+nk)
r ni+-+ng

as j — oo, where r is the cardinality of the set {s1,...,sg,s],...,s,}. Hence the
unitary operators Ol 0k and O;nl’ Sf"’d are spectrally disjoint, as claimed.
d

Claim C. Let 0 < b & S. leen two finite sequences s1 < --- < s and

s} < -+ < 8l of elements from S and two integer vectors (ni,...,n;) € N* and
(m1,...,mq) € N, the operators O™ and Oml’ an’ are spectrally disjoint.

Indeed, we deduce from (4-3) and (4-5) that there is a sequence of integers
t; — 0o such that

1

Ni,...,np\t ®(n1+-+ng) mi,...,Myg
(O @l and (Opt)” =0
as j — oo, where r is the cardinality of the set {s1,...,sk,s],...,s,}. The claim

follows.
Now let (Y,v) = (X,pu) x (S,k), where k is the counting measure on S. We
define a flow W = (W})¢er on (Y, v) by setting

Wi(z,s) = (T, s), reX,seS.

Then W preserves the o-finite measure v. This flow is not ergodic but every invari-
ant subset is of either infinite or zero measure. The Koopman representation of R

associated with W is Uy, = @sGS Uroc. Let W denote the Poisson suspension of
W. Since Uy, = exp(Uw (1)) © C (see e.g., [Ne]), we have

U, = (@ewo(tr(s)) o

sES

(4-6)
nla N
D D D Do
k=1s1<-<spni=1 np=1
where s1, ..., s run over S. It now follows from Claims A and B that the operator

le has a simple spectrum. Hence the flow W also has a simple spectrum. It is

obvious that § C I(W).

Now take a positive b € S. We are going to show that the Poisson flow Wobis
spectrally disjoint with W. For that it is enough to prove that the transformations
Wb and Wl are spectrally disjoint. We have

U, = (®exp(UT(b8))) oC

seS

oo oo o0
— - N1y, N
-Dd D D--Doui
k=1s1<-<sgni=1 nE=1
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where s1,...,s; run over S. It remains to compare (4-6) and (4-7) and apply
Claim C.

To complete the proof of Theorem 4.4 we need to construct the dynamical system
(X, p, T) satisfying (i) and (ii). For that we use the cutting-and-stacking inductive
construction of rank-one flows. The flow T" will be a rank-one flow associated with
a sequence (r,,0,)5% ;. Thus our purpose is to define the sequence of cuts r,, and
spacer maps oy, : {1,...,7,} = Ry. For that we partition N into infinite subsets:

= (UL |i|£) (U U i M)

s€S geNi=1 k=1s1<---<sg lp=1

where s1,..., s, run over S.
If for each s € S and ¢ € N,

(4-8) WCP(Ur(s)) > Ur(v2s) and WCP(Uz(s)) 3 %I-ﬁ- %UT(S)

then Up(s) has a simple spectrum by Lemma 4.7 and exp(Ur(s)) has a simple
spectrum by Lemma 4.5, i.e. (i) is satisfied. To achieve this, we put

— r, =nl and 0,(i) = V2sforall1<i<r, forallne Lé,q?
— rp=nland 0,(i) =0if 1 <i<r,/qgand o,(i) =sif (1 —q)rn/¢g<i<r,
for all n € L7 .

A standard verification implies that Ur(h,) — Ur(v/2s) if L1 > n — oo and

5,4
Ur(hy,) — %I + q%lUT(s) if L2, 3 n — oo, where h,, as usual denotes the hight
of the n-th tower. We note that though 7" has not yet been defined entirely, these
limits are well defined because they do not depend on the choice of 7,0, when
né& | e I_lqu(‘C;,q U L2 ). Thus, (4-8), and hence (i), is satisfied.

To realize (ii) we fix a finite sequence s; < s < -+ < s of elements in S and
1 <y < k. Enumerate the elements OfMlsol,...,Sk in ascending order: n; < ng < ---.
We now let r,, := 2k for all j. Instead of writing precise formulas for the spacer
maps o, : {1,...,2k} — Ry we illustrate the idea of the construction with the
following picture of the (n; 4+ 1)-th tower in this subsequence (see Figure 4.1). To
be specific, we choose k = 3 and [y = 2. Since the tower is very “high”, we place it
horizontally.

tjs1

thQ—SlO tj53
FIGURE 4.1. (n; + 1)-th tower.

The black stripes here are the copy of the n;-th tower. They are very “thing”
because we choose the parameter ¢; € N very large. It is easy to see that (4-3) and
(4-4) hold. Denote by a; ; the distances between the 2i-th and (2¢ 4 1)-th copies of
the n;-th tower in the (n; 4+ 1)-th tower, j = 1,2. Let a; 3 be the distance between
the 6-th copy and the top of the (n; 4+ 1)-th tower. We arrange the spacers in the
(n; +1)-th tower in such a way that ¢;s1 < a;1 < a2 < a; 3, where the sign “<”
means grows much faster as j — oo. Then (4-5) follows. [
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Remark 4.8. Tt is also possible to construct a mixing Poisson (and a mixing Gauss-
ian) flow w satisfying the conditions of Theorem 4.4. For that one should adapt
the technique of forcing of mizing from our previous paper [DaR] (see also [Ry5]),
devoted to spectral multiplicities of mixing infinite measure preserving Z-actions,
to the setup of infinite measure preserving flows. We do not see any principal dif-
ficulty in such an adaptation. However we do not go into details here because this
technique is a bit laborious.
We now sharpen Lemma 3.1.

Corollary 4.9. Let P2 denote the set of continuous, fully supported measures o
on R such that (oP); L 0% for allt > 0,t# 1, and p,q € N, where the upper indices
p, q denote the convolution powers. Then 778 is a dense G in P.

Proof. We first recall a well known fact that the fully supported continuous mea-
sures on R form a Gy subset in P (see, e.g. [Na]). Since the maps P 5 o +— oP € P
are continuous for all p € N, we can argue as in the proof of lemma 3.1 to show that
P2 is a Gs. It follows from the proof of Theorem 4.4 that a measure of maximal
spectral type of Uy belongs to 778. It remains to note that the equivalence class
of every fully supported non-atomic measure is dense in P. [J
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