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A SPECTRAL SEQUENCE FOR THE HOCHSCHILD COHOMOLOGY
OF A COCONNECTIVE DGA

SHOHAM SHAMIR

ABSTRACT. A spectral sequence for the computation of the Hochschild cohomology of
a coconnective dga over a field is presented. This spectral sequence has a similar flavour
to the spectral sequence presented in [4] for the computation of the loop homology of a
closed orientable manifold.

1. INTRODUCTION

Given an differential graded algebra A over a field k, the Hochschild cohomology of A
with coefficients in the differential graded A-bimodule A is

HH"(A) = Ext'yy, son(A, A)

Before describing the spectral sequence let us give a few definitions. A differential
graded algebra (a dga) A over a field k& will be called coconnective if A™ = 0 for n < 0
and H°(A) = k. The dga A is augmented if it has a morphism of k-dgas a : A — k.
It is of finite type if H™(A) is a finite dimensional k-vector space for every n and it is
bounded if H"(A) # 0 only for a finite number of values of n. For an augmented k-dga A
there is a well known map of graded algebras x : HH*(A) — Ext’(k, k) which we shall
call the shearing map. We will give several equivalent definitions of the shearing map in
Section [l The dga A ®; A°" will be denoted by A°. Note there is also a well known
isomorphism Ext% (k, k) = Ext’. (A, k) which will also be described in Section [1l

1.1. Theorem. Let A be a coconnective augmented dga over a field k. Then there exists
a conditionally convergent multiplicative spectral sequence

E.. = Ext,d(A,HP(A)) = HH " (A)

Under the isomorphism Exty(k, k) = Ext).(A, k) the infinite cycles in Ef, can be iden-
tified with the image of the shearing map x : HH*(A) — Exty(k, k). When A is bounded
the spectral sequence has strong convergence. When A is of finite type then this spectral
sequence takes the form

E} = HP(A) @ Bxty(k, k) = HH ""9(A)
with the obvious multiplicative structure on H P(A) @y Bzt (k, k).

Several remarks are in order. First, a multiplicative spectral sequence means there is
a multiplication defined on each E"-term for which the differential d" is a derivation, the
multiplication on E™! is the one induced from E” in the obvious way and the resulting
multiplication on E* agrees with the multiplication on the associated graded object of
HH*(A). Note that we use the convergence conditions for spectral sequences as defined
by Boardman in [2].

Second, we did not specify the multiplicative structure on the E2-term of this spectral
sequence in the case where A is not of finite type. Roughly speaking, one can consider A
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as a coalgebra with respect to the derived tensor product ®%. On the other side we have
an appropriate pairing H"(A) ®% H™(A) — H"*™(A) induced by the multiplication
on A. Together these yield the multiplicative structure on the E?-term. The precise
description of this multiplication is given in Section When A is of finite type both
multiplicative structures on the E?-term agree under the appropriate isomorphism, this
is done in Lemma [B11

Last, the grading of this spectral sequence is homological. Hence the differential on the
E'-term is d": E} , — E, . .. 1, and the spectral sequence lies in the second quadrant.
This has the unfortunate consequence of yielding minus signs on the E2-term description.
The choice of homological grading was motivated by topological examples discussed below
in [L.3

The main consequence of this spectral sequence is the following result.
1.2. Theorem. Let k be a field of characteristic p > 0. Let A be a coconnective augmented
dga over k such that H*(A) is finite dimensional and Exty(k, k) is finitely generated over
a central Noetherian sub-algebra. Then Exty(k, k) is finitely generated over the image of
the shearing map and HH*(A) is Noetherian.

This theorem is used in [I] to show a structural property of the derived category of
A, where A is the dga of singular cochains (with coefficients in k) on a space whose
fundamental group is a finite p-group.

1.3. Relation to other work. As noted in the abstract, the spectral sequence presented
here bears some resemblance the spectral sequence for string homology of Cohen, Jones
and Yan presented in [4] which we now describe. Let M be a closed orientable manifold,
let k£ be a commutative ring and let A be the dga of singular cochains with coefficients in
k. The E*-term of the spectral sequence of [4] is E> = HP(M, H,(QM)), where QM is
the based loop space of M. Assuming also that M is simply connected then this F?-term
is isomorphic to H ?(A) ®; Ext *(k, k).

The spectral sequence of [4] converges to the homology of the free (unbased) loops on
M, properly desuspended, which they call the loop homology. By results of Cohen and
Jones [3] this loop homology is isomorphic to the Hochschild cohomology of A, this is
an isomorphism of graded algebras when the loop homology is given the Chas-Sullivan
product. Thus, when M is simply connected, both the spectral sequence given here and
that of [4] have the same E? and E* terms and both are multiplicative. One wonders
if these two spectral sequences are the same when M is simply connected. We will not
deal with this question.

In [11], Felix, Thomas and Vigué-Poirrier consider a map I : HH*(A) — Ext’.(A, k)
where A is the dga of singular cochains with coefficients in k& on a simply connected
closed oriented manifold. They give a model for I, and using this model get several
results concerning the kernel and image of I. In Lemma [7.4]it is shown that [ is equal to
the shearing map defined here, and using the spectral sequence presented here we recover
one of their results.

1.4. On the choice of setting and method of proof. In [5] and [6] Dugger gives a
systematic treatment of the construction of multiplicative spectral sequences for topo-
logical spaces and for spectra. To mimic Dugger’s work, we have have found it easier to
use Quillen model category machinery. This also highlights the only significant difference
between the construction here and Dugger’s treatment - in this paper we are forced to
use the bar construction since we cannot assume that our filtration consists of cofibrant
objects.



Roughly speaking, one gets a multiplicative structure on maps from a comonoid to
a monoid in any monoidal category. In [6] Dugger shows how an appropriate filtration
of the comonoid yields a multiplicative spectral sequence. Here we filter the monoid as
Dugger does in [5]. Viewed in this way, the construction of the spectral sequence is a
simple translation of classical constructions from topology.

1.5. Organization of this paper. We start by presenting some consequences of the
spectral sequence in Section [2 In Sections [3] and (] we set the necessary model category
structure and the differential graded tools we will use. In Section [ the spectral sequence
is constructed. Section [0]establishes the multiplicative properties of the spectral sequence.
Section [7] gives various descriptions of the shearing map. Finally, in Section [§ we identify
the E2-term of the spectral sequence.

The proof of Theorem [L1] is spread throughout this paper. Lemma shows the
existence of the spectral sequence and its convergence properties. Proposition gives
the multiplicative property. Lemma B.1] identifies the E2-term of the spectral sequence
when A is of finite type. Finally, Lemma proves the statement regarding the image
of the shearing map.

1.6. Notation and terminology. A chain complex X is described by a pair (X?, d¥)
where X" is the underlying graded abelian group and d* is the differential. Note that we
adhere to the convention that subscript grading is homological degree while superscript
grading is cohomological. Thus X,, = X" and the differential lowers the homological
degree (or raises the cohomological degree) d : X,, — X,,_1. The tensor product of two
chain complexes over k will be denoted simply by ®.

Throughout k is a field and A is a coconnective augmented dga over k& whose augmen-
tation map A — k is denoted by a. The opposite dga is denoted by A°? and A€ is the
dga A ® A°P. The derived category of differential graded left A-modules will be denoted
by D(A). By an equivalence of chain complexes we mean a quasi isomorphism, as usual
such morphisms are denoted by ~.

We will refer to morphisms of chain complexes and differential graded A-modules as
maps (the relevant categories are described in Section [B]). This will serve to distinguish
maps from the morphisms in the corresponding derived categories.

2. CONSEQUENCES OF THE SPECTRAL SEQUENCE

Three equivalent definitions of the shearing map will be given in Section [7, but we give
a quick review of one here. There is a way to assign to each element x in the Hochschild
cohomology HH*(A) a natural transformation ((x) : 1p) — X"1lpa), see [L11 for
details. Roughly speaking, given a morphism =z : A — ¥"A in D(A®) we have the
natural transformation ((z)y = z ®4 M. This assignment preserves addition and turns
multiplication to composition of natural transformations. We can now define the shearing
map x : HH*(A) — Ext’(k, k) by x(z) = {(x).

From the definition it is immediate that that the image of the shearing map x lies in
the centre of Ext’(k, k). In Lemma [7.4] we show that our definition of the shearing map
agrees with that of the morphism I from [I1], thereby recovering their result that the
image of I is central. We also recover the following result of [I1, 4.1 - Theorem 7]

2.1. Theorem. Let A be a coconnective bounded dga over a field k such that H"(A) = 0
form > d. Then the kernel of the shearing map is nilpotent of nilpotency index less than

or equal to d. If, in addition, H'(A) = 0 then the nilpotency index is less than or equal
to d/2.



Proof. Since A is bounded the spectral sequence has strong convergence. It also implies
that all the elements in E7 =~ are nilpotent whenever p # 0. Theorem [L1] implies that
©p<oF,y. 1s isomorphic to the kernel of the shearing map. To be precise, E> is isomorphic
to the associated graded object of HH*(A) coming from some filtration, and under this
isomorphism @, F,%, can be identified with the kernel of the shearing map.
Nevertheless, this means that the kernel of the shearing map is nilpotent and has
nilpotency index which is less than or equal to the nilpotency index of the ideal &,oEp%, C
Ef* O

As noted earlier, the main consequence of the spectral sequence is Theorem which
we NOW prove.

Proof of Theorem[1.2. Suppose A is coconnective and bounded. Denote by B the graded
algebra Ext% (k, k). We are also assuming B is finitely generated as a module over a
central Noetherian sub-algebra N. We mean central in the graded commutative sense,
thus if » € N and # € B then nz = (—1)"#lzn, but this will play no part in what
follows.

Since N is Noetherian then by Noether Normalization it contains a polynomial sub-
algebra P = k[xy, ..., z,,| such that N is finitely generated over P. Thus the degree of each
x; must be even. By identifying B with Ea* we shall now consider P as a sub-algebra of
E?. By the description of the multiplication on the E%-term when A is of finite type we
see that P is central in E2.

We now employ an argument of Quillen. By the Leibnitz rule and the fact that z; is
central and of even degree we see that 2 is a cycle for d?, for every i. Continuing in this
fashion we see that 2 is a cycle for the differential d” on E”. Since A is bounded the

spectral sequence collapses in some finite stage, say R. Hence x’l’R, o xflR are all infinite
cycles and so in the image of the shearing map. Clearly B is finitely generated as a

module over the sub-algebra P’ = k[x’l’R, xR

Since H*(A) is finite dimensional we see that E? is finitely generated as a module
over P'. Hence E? is a Noetherian P’-module. In addition, because the elements of P’
are infinite cycles we see, by the Leibnitz rule, that the differential d? is a morphism of
P’-modules. Hence the kernel of d? is a Noetherian P’-module and so is this kernel’s
quotient E3. Continuing by induction we end up showing that E® = E> is a Noetherian
P’-module. This shows that HH*(A) is finitely generated as a module over a polynomial
sub-algebra and hence Noetherian. O

3. MODEL CATEGORY PRELIMINARIES

3.1. The category of dg-k-modules. By a k-module we mean a differential graded k-
module, in other words a Z-graded chain complex of k-vector spaces. Following Dwyer [9],
a k-module concentrated in degree 0 will be referred to as a discrete k-module. A map
of k-modules is just a chain map.

The category of k-modules has a cofibrantly generated model category structure de-
scribed by Hovey in [12), 2.3]. In this model category structure the weak equivalences are
quasi isomorphisms and the fibrations are degreewise surjections. In addition, this is a
symmetric monoidal model category [12, Proposition 4.2.13], with the monoidal structure
being the usual tensor product ® of chain complexes over k. A monoid with respect to
® is simply a dga.

Note that we define the suspension of a k-module X to be XX = (£k) ® X.

4



3.2. The category of A-modules. Fix a dga A over a field k. Since A is a monoid with
respect to ® one can define the category of left A-modules as in [I5]. We shall describe
these explicitly. An A-module a differential graded left A-module. A morphism of A-
modules f : M — N is a morphism of chain complexes of degree zero which commutes
with the action of A. The resulting category of A-modules is clearly an abelian category.

The category of A-modules has a Quillen model category structure where the weak
equivalences are quasi-isomorphisms and fibrations are degreewise surjections, see [15]
Theorem 4.1]. Hence every object is fibrant in this model category structure. The derived
category of A-modules, denoted D(A), is the homotopy category of this Quillen model
category. As is well known, D(A) is a triangulated category and a short exact sequence of
A-modules induces an exact triangle in D(A), since it is a homotopy fibration sequence.
We define Ext’y(X,Y") to be homp4)(X7"X,Y).

Since ® is symmetric, given a dga A we can define its opposite A°?, and A° = A® AP
is also a dga. An A-bimodule is simply an A°-module, and thus the derived category of
A-bimodules is D(A®). When considering A as an A°-module we always mean the obvious
bimodule structure on A (there can be other bimodule structures, e.g. A ® k = A, but
they will play no part in this paper).

The category of A-bimodules has a tensor product — ® 4 —. This tensor product is
not symmetric and its unit A is not cofibrant. Nevertheless there is a monoidal structure
— @Y% — on the derived category of bimodules.

3.3. Cones and cylinders. The cone of a map X — Y of A-modules is the A-module
Cf = (XX @ Y% d) where d = (—d*, f + d¥). There is a natural map c; : ¥ — Cf
which splits the map Y — cokerf and the cokernel of Y — Cf is XX. We write CX
for Cly and cx for ¢;,. In fact, CX = (Ck) ® X and the map CX — XX is simply
(Ck — X3k)® X.

From [I5] and [12, 2.3] we learn that the generating cofibrations for A-modules are
7 = {¥"A — CX"A} and the generating acyclic cofibrations are J = {0 — CX"A}.
From this one easily sees that for any cofibrant A-module X, the map X — CX is a

cofibration. Since Cf is the pushout of CX <+ X Iy Y we see that Y — Cfisa
cofibration whenever X is cofibrant.

3.4. Remark. 1t is easy to see that an A-module X is in Z-cell [I2, Definition 2.1.9] if
and only if X is a semi-free A-module [10]. Hence whenever X is cofibrant then X is a
retract of a semi-free A-module.

Given an A-module X we define the cylinder of X to be X A = C(X W x @ X).

There are obvious maps X & X — X Al — X. It is a simple exercise to show that
whenever X is cofibrant then X A I is a very good cylinder object for X [8, Definition
4.2],ie. X ® X — X A is a cofibration and X A I — X is an acyclic fibration.

4. DIFFERENTIAL GRADED PRELIMINARIES

4.1. Realization of simplicial A-modules. The construction we name realization is
simply the homotopy colimit of a simplicial A-module. There are other well known choices
for this homotopy colimit, we have chosen one whose good properties are easy to prove.

4.2. Definition. Let X(,) be a simplicial A-module, thus each X, is an A-module with

the face maps d; : Xy = X(—1), 0 < i < n being A-module morphisms (we will only

concern ourselves with the face maps). Define the realization of X4 to be the A-module
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| X(e)| whose underlying graded A*module is

DXy

p
with differential 0 given by

a‘ EpX(hp)

p
= (—1)P0*0 + > (=1)'d;
=0

It is not difficult to see that | X (4| is an A-module. Moreover, realization is a functor
from simplicial A-modules to A-modules.

This realization is none other than the total complex of the double complex generated
from X,y where the additional differential is simply > " ,(—1)"d;.

4.3. Definition. Given an A-module M the constant simplicial A-module M) is given by
M,y = M for all n and all maps are the identity map. It is easy to see that the realization
of the constant simplicial A-module M, has a natural equivalence |M )| = M.

4.4. The bar construction. The (unnormalized two-sided) bar construction provides

a model for the derived tensor product of a right A-module with a left A-module. We
recall this construction next.

4.5. Definition. Let M be a right A-module and let N be a left A-module. The simplicial
A-module B, (M, A, N) is

B(t)(M,A,N) =M ®, A%t Qi N
where A®' = A®;, --- ®;, A. The face maps are
——— ———

t times
@17 @1y i=0
di=R1yeli'euely 'ely 0<i<t
Ly @15 @y i=t

where p1: A® A — A is the multiplication map and 7,; and 7y are the module structure
maps 7y M ® A — Aand gy : A® N — N. We have no use for the degeneracy maps
and so we forgo their description. The bar construction is the realization |B4) (M, A, N)|
which we shall denote by M X N.

When M and N are A-bimodules then M X N is again an A-bimodule, with the left
A-action coming from the left A-action on M and the right A-action coming from the
right A-action on N. The following is well known.

4.6. Lemma. Let M be a right A-module and let N be a left A-module, then M X N is a
model for the derived tensor product M @Y% N and there exists a natural map M X N —
M ®y N.

Proof. We shall only specify the natural map mentioned in the lemma. Note that M ®4 N
is the coequalizer of dy,dy : M ® AR N = M ® N. It is now obvious how to define a
natural map of simplicial modules

B(.)(M, A, N) — (M XA N)(.)
The natural map we are after is then the composition

|Bo)(M, A, N)| = |(M @4 N)@| = M @4 N



4.7. Remark. A generic element of M X N is denoted by mlajn where m € M, [a] =
la1] - - - ]a,] € A®P and n € N. The natural map M XN — M ®4 N is then

mn p=20
0 otherwise

mlaln — {

4.8. Properties of the bar construction. We show that the bar construction is as-
sociative and has maps which can play the role of unit maps, although they are not
isomorphisms.

4.9. Definition. Let L, M and N be A°modules. There is a natural isomorphism of
A°-modules a : (LXK M)XK N — LX (M X N) which we now describe. A generic
element of (L X M) X N is denoted by (I[alm)[b]n where | € L, m € M, n € N and
la] = [a1]|---]ay] € A®P and [b] = [by]---|b,] € A®9. Note that the degree of [a] is
degay + - - -+ deg a, while the degree of [[a|m is deg !+ deg[a] + deg m + p and the degree
of ({[a]m)[b]n is degl + degla] + degm + p + deg[b] + degn + ¢q. The isomorphism « is
given by
(U[alm)[bn) > (—1)Wdestraeele ) g[q)(imb]n)

Proof of the following lemma is a simple calculation of signs and degrees and is therefore
omitted.

4.10. Lemma. The bar construction X together with the associativity isomorphism «
satisfy the associativity diagram (5) in [13, VII.1].

4.11. Definition. Define the left unit map el : AKX M — M to be the composition
AXM = A®a M — M. Clearly this map is an equivalence. We define the right unit
map ery : MK A — A similarly. It is easy to see that elq = ery : AKA - A. We

will usually denote both units by e. We caution the reader that these unit maps do not
satisfy diagram (7) from [13| VIL.1].

The following properties are clear.

4.12. Lemma. The bar construction preserves equivalences and short exact sequences in
either variable. The bar construction is bilinear in the following sense: let f,g: M — N
and h : X — Y be maps of A-bimodules then (f +¢g) X h = (f X h) + (¢ X h) and
hW(f+g)=(hWf)+ (hKyg).

4.13. Signs. For k-modules X and Y there are natural isomorphisms (X ®Y) = (XX)®
Yand (X ®Y) = X®(ZY). The first isomorphism is simply X(z®y) — (Xx)®y while
the second isomorphism is ¥(z ® y) + (—1)1*lz ® (Zy). These standard isomorphisms
induce in an obvious way isomorphisms of A°-modules ¥(X XY) = (XX) X Y and
Y(XXY)= XKX(XY). From now on these are the isomorphisms we shall use (at times
implicitly) whenever we consider a map of A°-modules X ® (XY) — M as an element of
Ext%. (Z(X XY), M) = Ext }(X XY, M).

Similarly there are standard natural isomorphisms (CX)®Y 2 C(X®Y) =2 X®(CY)
which give a commutative diagram

C(X)®Y —=C(X®Y)~—= X ® (CY)

l | l

DX)QY —=N(XRQY) —> X @ (TY)
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Now consider the pushout @) = CX [[ CX. Clearly @ is equivalent to ¥X. Indeed
there are two natural equivalences [ : Q - CX [[y0 =YX andr: Q - 0[], CX =XX
coming from maps of the appropriate pushout diagrams. It is also easy to see there is a
natural map £ : XX — @ such that [§ = —1 while r{ = 1.

Now let P = (CX)®Y [[ 4y X ® (CY), then similarly there are two natural equiva-
lences [ : P — (XX)®Y and r : P — X ® (XY) coming from maps of the appropriate
pushout diagrams. Combining the map ¢ mentioned above with the various standard
isomorphisms yields maps

SXeY)»CXey)[[CXxey) > (CX)ay [ Xe(CY)=P
X®Y XQY
we denote this composition by (. Clearly, r( is the standard isomorphism while [( is
-1 times the standard isomorphism. Moreover, there is the following natural short exact
sequence

NXRY)—CE(XQY) —2(X ®Y)

) | |
P CX®CY ——3XX®XY
where the rightmost vertical isomorphism is the standard one.

These properties extend to the bar construction X in an obvious manner, and so we
give the following lemma without proof.

4.14. Lemma. Let X and Y be A°-modules. Then there exists a natural morphism of
short exact sequences of A°-modules

DX KY) CL(XRY) —> (X KY)

| |k

(CX)XY [[xygy X K(CY) —CXKCY —= X KXY
where the rightmost vertical map s the standard isomorphism. In addition, the composi-
tion L(XXY) LN (CX)RY [[ygy XX (CY) - XK(XY) is the standard isomorphism,

while X(X XY) LN (CX)RY [[ygy X B (CY) — (EX)KY is -1 times the standard
isomorphism.

4.15. Remark. The signs here are analogous to the topological choice of orientation on
the boundary of a manifold, compare [5, Remark 2.2].
5. CONSTRUCTION OF THE SPECTRAL SEQUENCE

5.1. Filtering the dga. Let J(n) to be the sub-complex

0— - —=0— A" = A" 5 AL o
of A. Clearly J(n) is an A-bimodule and we have a filtration of A by A-bimodules
(1) o= Jn) B JIJn—-1) 5 - = J0)=A
There are also short exact sequences of A-bimodules
(2) 0= Jn+1)5 Jn) Lo mA” 50
The tower (1) induces morphisms

(3) o Bxte (A, J(n) 5 Extie (A, J(n — 1)) — -+ — Ext’ (4, A)
8



and the short exact sequences (2)) induce long exact sequences sequences:

(4) -+ — Extle (4, J(n+1)) 5 Extlye (A4, J(n)) 5 Extl. (4,5 "A")
5 ExtiN (A, J(n + 1)) —

The indeterminacy of the connecting homomorphism can cause us trouble when trying
to work out signs. Therefore we define x : ¥™"A" — ¥J(n + 1) to be the morphism in
D(A°) represented by the obvious maps X "A" — CO < XJ(n + 1).

5.2. The spectral sequence. The spectral sequence we build shall be homologically
graded, hence we set:

D}, = Ext (A, J(~p))
El, = Ext;’ (A, SPAP) = Ext, (4, A7)

The morphisms &, ¢ and 6 now become

1
E —>Dp 14
D1 = D!

p+1l,g—1

1 1
Dpyq _> Ep7q

Together these yield an exact couple which gives rise to the desired spectral sequence
(E",d").

5.3. Lemma. Let A be a coconnected k-dga. The E*-term of the spectral sequence we
have just constructed is

E?, = Ext;)(A, H(A))

This spectral sequence conditionally converges (see [2, Definition 5.10]) to Ext,l (A, A).
If A has bounded homology then the spectral sequence has strong convergence.

Proof. To identify the E?-term one need only note that there is an isomorphism of A¢°-
modules A" = @gim, (a,)k. To prove the other claims we need temporarily to extend
our filtration of A by setting J(—p) = A for all p > 0. Now we have a similar spectral
sequence, only D} = Ext,? (A, A) for p > 0 (this leaves the E'-term unchanged).

Fix an index ¢ and consider the tower of graded abelian groups M (p) = H,(J(p)). This
tower satisfies the trivial Mittag-LefHler condition and therefore lim, M (p) = lim" M (p) =
0. From this we conclude that the homotopy limit holim, J(p) is equivalent to zero. Since

holim, RHom4e (A, J(p)) ~ RHom 4¢(A, holim, J(p)) ~ 0

then by a Milnor type short exact sequence (see for example [2, Theorem 4.9]) we see that
lim,,, D},* = hmp e D1 = 0. Thus our spectral sequence converges conditionally
to colim, oD}, = Ext ¢~ q(A A).

Assuming that H *(A) is bounded implies that the E2 g = 0 whenever p > 0 or p < n for
some fixed n. Hence the spectral sequence collapses at some finite stage r. By the remark
following [2, Theorem 7.1] we see that the spectral sequence has strong convergence. [
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6. THE MULTIPLICATIVE STRUCTURE

6.1. The pairing on the filtration. The multiplication map A ®; A — A yields an
associative pairing

J(n) @5 J(m) 222 J(n +m)

Note that the maps ¢, ,, are maps of A-bimodules, where the bimodule structure on
J(n) ® J(m) comes from the left A-module structure on J(n) and the right A-module
structure on J(m). This is not sufficient, however, since we need to construct a pairing

of A-bimodules:
J(n) & J(m) 222 J(n +m)

Let J(n 4 m)@) be the constant simplicial bimodule J(n + m). Consider the map of
simplicial of A-bimodules

Vioynm : By (J(n), A, J(m)) = J(n +m))
which is given by the obvious multiplication map
Yynm : J(n) Dy A® @ J(m) — J(n +m)

This results in a map of simplicial A-bimodules because the morphisms %), commute
with the face (and degeneracy) maps of B (J(n), A, J(m)).

Upon taking realization of both simplicial bimodules we get a map |9 (e)n,m| : J(n) X
J(M) — |J(n 4+ m)@|. Composing this map with the natural weak equivalence |J(n +

m) | = J(n +m) yields
Ym : J(n) R JI(M) — J(n+m)

which is the pairing we need. We will omit the subscripts n and m whenever they are
clear from the context. Note that 1 is the unit map e.

6.2. Lemma.
BUBT) = = (1K)

Proof. We will only show (¢ K 1) = 13, the proof of the second equality being similar.
Clearly, the diagram below commutes

B(p)(J(S)’Aa J(t)) . B(P)(‘](S - 1)7A7 J(t))

| |

J(s+1) - J(s+t—1)

which implies the following diagram of A-modules commutes

J(s) X J(t) M J(s—1)RJ()

lws,t lws—l,t

B
[T (5 + 1) ] | J(s+t— 1))

- -

J(s+t) - J(s+t—1)

10



6.3. The pairing on D'. We now construct a pairing on the D! term of the exact
couple. Define maps

Vnm - Ext’e (A, J(n)) @ Ext’. (A, J(m)) — Ext’.(A, J(n +m))
in the following way: given f € Ext;5(4,J(n)) and g € Ext;'(A, J(m)) let ¥,..(f ® g)
be the composition

DA S AR SA T J(n) KT (m) 22 T(n +m)

in D(A°), where the leftmost isomorphism is e™!. Bilinearity of the bar construction X
allows us to extend this to a pairing on Ext’.(A, J(n)) @ Ext. (A, J(m)).

For what follows we shall need a concrete representation of this pairing on the category
of A°-modules. First, we must fix a cofibrant replacement of A as an A°-module. Since
AKX A is cofibrant we define e : AK A — A to be our cofibrant replacement. We will
usually denote AKX A by A. An element f € Ext,2(A, J(n)) is now represented by the

following maps of A¢-modules: Y54 < 35 A EN (n), where f represents fe~!. We shall
usually omit e from the description, simply saying f represents f.

Given another element g € Ext;!(A, J(m)) we choose a map of A®modules §: X'A —
J(m) representing g. Now we have the following maps of A°-modules

e exle ~ ~ f®~
A~ AR A 2 e AR A s () BT (m) P (0 o+ m)
It is easy to see that ¢, ,,(f ® g) is equal to the composition i, ,,(f K §)(e X e) e ! in
D(A°). o
From now on when we say that a map f: AKA — X represents an element of
Exte (A, X) we implicitly refer to the diagram A E AL ARA L X, Thus we have

just shown that ., (f X §) represents 1, (f @ g).
6.4. Lemma. The pairing 1 is associative and so is the induced pairing 1.

Proof. To show that 1) is associative we must show the following diagram commutes:

J(1) B (J(m) B J(n)) — J(1) ® J(m +n)
(J() R J(m)) ® J(n) Vimtn
l@bl,m&](")
Vitm,n

J(I+m)X J(n) J(l+m+n)

Let [a] = [a1]---|a,] € A®P, [b] = [b1]---|b,] € A®? and let ji[a](j2[b]j3) be a generic
element in J(I) X (J(m)X J(n)). A simple calculation shows that

(1R ) (ja[a] (jo[b) ) = {‘“m p=4=0

0 otherwise

= (¥ K 1)a(jilal(j2[bls))
To show that ¢ is also associative, we must show that our choice of isomorphism

A~ AX A in D(A°) is coassociative. This reduces to showing that AKX A = A is
associative. Since e = 1), it is indeed associative by the first part of the proof. O

6.5. Lemma. The pairing 1o, is the standard multiplication on HH*(A).
11



Proof. This is well known and so we shall only sketch the proof, which uses the Eckmann-
Hilton argument. The standard multiplication on Ext%.(A, A) is done by composition of
arrows, denoted f og. It is easy to show that the identity morphism 14 is a unit also for

1. Thus, for any f € HH*(A)
fol=lof=f=y(1ef)=y(f 1)
It is also a simple exercise to show that for any fi, fo, 91,90 € HH*(A)
((frofo) @ (g1092) = ¥(fr @ g1) o P(fo @ go)
Thus, by the Eckmann-Hilton argument both miltiplications are the same and are asso-

ciative and graded-commutative. O

6.6. The multiplication on E!. The multiplication on the E! term arises from the
pairing ¢ in a standard way which we will now follow (compare [5]). For convenience we
shall denote the A-bimodule X" A" by A".

6.7. Lemma. There is a short exact sequence of A-bimodules
0 <J(n)&](m+1)+

J(n+1)X J(m)
where J(n) X J(m+ 1) + J(n+ 1) K J(m) is the sum as subcomplexes of J(n) X J(m).

)—)J(n)&J(m)—)An@Am%O

Proof. There are short exact sequences:

B(t)(J(n),A, J(m+ 1))+
' ( Buy(J(n+1),A,J(m))

which yield the desired short exact sequence after taking realization. U

) = Bl A, Jm) = By(A", A A™) 0

It is a simple observation that J( )& J(m+1)+J(n+1)XJ(m) is in fact the pushout
J(n + m) [ 7(n)®.J(m + 1)
(n+1)®J m+1)

The following lemma is an immediate consequence of this observation and the fact that
1 commutes with ¢.

6.8. Lemma. The following diagram of A-bimodules commutes

Jn)X J(m+ 1)+
< J(n+ 1)K J(m) ) — J() R J(m)

lw;,m

J(n+m+1)

wn,m

J(n+m)
Where ' is the obvious map of subcomplezes.

6.9. Definition. Define a pairing fi,, : A" K A™ — A" of A-bimodules to be the
pairing induced from the following diagram where both rows are short exact sequences
of complexes:

J(n)X J(m+ 1)+ ) N
(J(nﬂ)m(m) ) —J(n) R J(m) — A"K A

lw;,m Lwn,m

J(n+m+1) J(n+m)

Hn,m

An—f—m

12



The multiplication on the E' term follows easily from the pairing above. Define

fnm © Exthie (A, A") @y Exthe (A, A™) — Ext’. (A4, A™™)

as the composition fi, ,,(— & —)e™!.

6.10. Lemma. The pairing i is associative and so is the multiplication fi.

Proof. That p is associative can be deduced from Lemma [6.4] but a direct calculation
is much easier and makes the associativity obvious. As is the proof of Lemma [6.4]
associativity of j1 is a consequence of the associativity of  and of e. O

6.11. Representing multiplication on E!. We first show how to represent certain
elements in E!. The following lemma is well known in many settings, see for example [5]
Lemma 3.3].

6.12. Lemma. Let v € Ext’y. (A, A?) and a € Extil* (A, J(p+n+1)) such that kx = "a.
Then there exists a commutative diagram of short exact sequences of A®-modules

N5l ——=CY 5 IA—= YA

lw L lf 9 ix
J(p+1) J(p) AP

and a map of A°-modules & : X5 A = J(p+n+1) such that

(1) a represents a,
(2) w=1"a and so w represents Kx,
(3) T represents x.

Proof. The case for n = 0 is well known and therefore omitted. As in the proof of [3]
Lemma 3.3], the case for n > 0 is done using the homotopy extension property and we

shall only sketch the argument. Recall that for an A°-module M we denote by M A I the

mapping cone of M u) M @& M. Let the two obvious maps M — M A I be denoted

by i, and ;. Since A and CA are cofibrant, A A I and CA A I are very good cylinder
objects for A and CA respectively (see 33).

So suppose we have found w : 75714 — J(p+1) and f: CE5'A — J(p) as for the
case n = 0. Choose a map @ : L 1A — J(p+ n + 1) which represents a. Since ta and
w need not be equal, we need to replace f by an equivalent map f’ which will make the
following diagram commute

SlA—=Cu 1A

lLd lf/
J(p+1) ——J(p)
Equivalence of @ and w implies there is a map h : S5 TAA T — J(p+ 1) which is a

homotopy between these two maps, thus hi; = ta and hig = w. Let Y be the pushout of
the diagram

SUTIANT & R ox A
(one can liken Y to A x [0, 1] U dx {0} CA x {0}). Clearly there is a natural map &’ :

Y — J(p). Since Y — CY AN is a cofibration, we can extend A’ to a homotopy
h" : CE*TANT — J(p). Now h"iy : CE™5'A — J(p) is the map f" we need. O
13



6.13. Lemma. Suppose x € Exti (A, AP) and y € Ext, (A, A") are represented by
diagrams

23 A CYA — xs+14 StA CT!A —= x4
S N
J(p+1) == J(p) ——= AP (1)~ J () — > A"
Then k(zy) is represented by
U (fRz]JwRg)
wilz

Proof. The proof is simply given by the following commutative diagram

CYSAR YA ]_[ YAXCYEA

CY AR CYIA — YsHIAR N A

Ys ANStA
l 3221 yia. wBlg fRg Ry
Jp)RJIw+1) [ Je+DRJ(uw) J(p) 8 J(u) AP A
J(p+1)RJ (ut1)
: ]
Jp+u+1) J(p+u) Artu
Note that we are implicitly using here the natural isomorphisms described in Lemma [4.141

U

6.14. The multiplicative property of the spectral sequence. We shall employ a
criterion of Massey from [14] to show that the spectral sequence is multiplicative. Note
that translating the proof of [5 Proposition 5.1] to our setting would work equally well.

6.15. Proposition. The pairings p and ¢ defined above make the spectral sequence E ,
into a multiplicative spectral sequence. Namely for every r, E, has an induced multipli-
cation for which d” is a derivation.

Proof. Translated to our setting, Massey’s criterion is
6.16. Theorem (Massey [14]). Suppose the following conditions hold for the spectral
sequence in Section [A.
(1) E' is a graded algebra.
(2) For every x,y € E' and a,b € D' such that r(z) = "(a) and k(y) = "(b) there
exists ¢ € D' such that k(zy) = 1"(c) and 0(c) = 0(a)y + (—1)I"120(b).
Then the spectral sequence is multiplicative.

In light of Lemma [6.10] the first condition reduces to verifying that our grading choice
is correct, which is easily checked.

For the second condition we represent x and y by diagrams as in Lemma [6.12}

YA——= CYsA— Y5t A YA CYtA —— N1 A
lw lf & lz lg %
J(p+1) > J(p) —L— AP J(u+ 1)~ J(u) —— A

14



where T represents x and g represents . In addition, by the same lemma, there are maps
a:YA = Jp+n+1)and b: XA — J(u+ n+ 1) representing a and b such that
w = ("a and z = "b.

Denote by P the pushout

J(p)&J(u+n—|—1)HJ(p—|—n+1)&J(u)
J(p+n+1)RJ (ut+n+1)

and by B the pushout

CY* AR YA ]_[ AR CYEA
s AXYt A

Let 9" be the map

Vputn+1 H Uptnitu: P = J(p+u+n+1)

Yp+n+1utntl

We can now define a map ¢: B — J(p+u+n—+1) by

é=y"(fRb][[arg)

@b

We shall show that the morphism ¢ € Ext 5 ' (A, J(p+u+n+1)) which is represented
by ¢ is the desired element in D!. As before, we are implicitly using the isomorphism
B> Y5t (AK A) of Lemma A 14l

It is easy to verify that the following diagram commutes

B

~ 3 Nz [z, wX¥g)
R0 [ 1505 ARg

b " JpRJIu+1) [ Je+1)RJI(u
J(p+1)RJ (u+1)

w// l w/

Jp+u+n+1) Jip+u+1)

~

Hence, by Lemma [6.13] we see that x(zy) = ("c.
It remains to show that 6(c) = 6(a)y-+(—1)*l20(b). There is the following commutative
diagram

TR Ju+n+ D)2 Jp+n+ DR I(w+n+1) 22 Jp+n+1) R J(u)

| | l

AP J(u+n+1) 0 Jp+n+1) XA
15




Taking the pushout of each row yields amap 7: P — AP K J(u+n+1)®(p+n+1)XA".
We leave it to the reader to check that the following diagram commutes

B F2 [ 5505 @ P T AP J(u+n+ 1)@
Jp+n+1) XA

lllﬁ@@@@l

1/’” (Ap & AqunJrl@)

™

Attt ® A

Lu+u

As+t+n+1

0

J(s+t+n+1)

From this diagram one sees that 6¢ is equal to p(0a X §) + p(i X 0b). Using the sign
convention from Lemma 14 we see that 0(c) = 0(a)y + (—1)120(b). O

7. THE HOCHSCHILD COHOMOLOGY SHEARING MAP

In this section we give three equivalent definitions for the Hochschild cohomology shear-
ing mapping
X : HH*(A) — Ext}.(A, k)
This morphism is well known and there is no claim to originality here. However, this is

only one possible variant of the shearing map; a more thorough discussion can be found
in [1].

7.1. Two descriptions of the shearing map. Let A; denote the dga A ® k and let A :
A¢ — A; be the obvious map of dgas. Clearly A; is isomorphic to A. The map A induces
an adjunction F : A°~mod = A;—mod : G where the left adjoint is F(M) = M ®4 k and
the right adjoint is G(IN) = N =2 N ® k with the left action of A on N and the right
action of A on k.

Since G preserves fibrations and weak equivalences, F' and G constitute a Quillen pair
and thereby yield a pair of adjoint functors on the derived categories

F:DA)=D(4):G
It is easy to see that F(A) is isomorphic in D(A4;) to k.

7.2. Definition. Choose an isomorphism F(A) % k in D(4;). Define the shearing map
for A to be the morphism y : Ext}y. (A, A) — Ext} (k, k) given by the composition

Ext’e (A, A) T Bxt’y (F(A), F(A)) B Bxthy (k, k)

where p(f) = ofp~t. We note two immediate properties of the shearing map. First, it
is clear that the shearing map is a map of graded rings. Second, this definition is in fact
independent of the choice of . This is because the automorphism group of k in D(A4,)
is the commutative group k*, which is also central in Ext (k, k).

Let na : A — GF(A) be the unit map of this adjunction. We can now define another
map « : Ext}. (A, A) — Ext} (k, k), as the composition
Ext’. (A, A) ™% Ext’. (A, GF(A)) = Ext’,(F(A), F(A)) = Ext (k, k)

where the left isomorphism comes from the adjunction. As above, the map a does

not depend on our choice of isomorphism F(A) = k. From classical category theory
16



we learn that the map Ext’.(A, 7, Ext® W(F(A), F(A)) is equal to the composition

A)
Ext’. (A4, A) 5 Bxt’.(A,GF(A)) S E Ext’:(F(A), F(A)). Hence we conclude that o and
X are equal.

7.3. The unit map. For what follows we need to identify the unit map n4. First we
define a map p : kX k — k to be the composition of the natural map kX k — k ®4 k
from Lemma with the isomorphism k£ ® 4 k& = k. One can think of y as extending the
pairing p, , of Definition 6.9

Next we choose a model for the derived functor of F, set

LF(M)=F(MXA) =~ MRk

we leave it to the reader to ascertain this indeed yields the derived functor of F'. Now
LF(A)=F(AX A) and GF(AX A) = AX k and the unit map AN A - GF(AK A) is
clearly 1 X a. Commutation of the following diagram

ARA S ARE
lw lu(c@l)
A—2 k

shows that x is equal to the composition
Ext’. (A, A) 5 Ext’. (4, k) = Ext} (k, k)

Since the map I : Ext’.(A, A) — Ext}y (k, k) defined by [I1] is induced by Ext.(A,a)
we have proven

7.4. Lemma. The shearing map X : Exty.(A, A) — Ext}y (k, k) is equal to the morphism
I defined in [11].

In addition we can now identify the morphism adjoint to a given element g € Ext’ (k, k).
The map pu(aX 1) : AXk — k, is clearly a cofibrant replacement of k. We represent
g by the map g : AKXk — X"k. By classical category theory the adjoint map to g is
g(1Xa): AR A — X"k,

7.5. The adjunction. To specify the adjunction we need to identify the counit map
€ : FG(k) — k as well.

7.6. Lemma. The counit ¢ : FG(k) — k map is represented by p: kX k — k.

Proof. The counit map is the composition LF(G(k)) — fow, FG(k) 2% k where [ is the
natural map LF — F and ¢ is the counit for the adjunction of F' and G. Now ¢, is simply

the isomorphism k ® k = k. From the definition it is easy to see that [gq,) is p. O

7.7. Corollary. (1) Let f € Exti.(A,k) be represented by f : A — X"k, then the
adjoint is represented by p(f X k).
(2) Let g € Exty (k k) be represented by g : ANk — X"k, then the adjoint is
represented by g(1 X a).
17



7.8. The induced pairing. Since Ext}.(A, k) is isomorphic to Ext’ (k, k), there is a
graded algebra structure on Ext’.(A, k). We detail this structure.

7.9. Definition. Define a pairing m : Ext’. (A, k) ® Ext/,. (A, k) — Ext}7(A, k) in the
following way. Let f : A — Yk represent an element f € Ext,. (A, k) and let § : A — X7k
represent an element g € Ext’,. (A4, k). Let m(f ® g) be the morphism represented by the
composition

o~ . xR , o
A" ANA > Yk RSk — Nitif

7.10. Lemma. Under the isomorphism Exty.(A, k) = Exty (k, k) given by the adjunction,
the pairing m corresponds to the multiplication on Exty (k, k).

Proof. By Corollary [[7] we need first to represent the composition of u(f X k) with
(g X k). One easily sees that this composition is represented by

1X¥GR1

() ARAREZM Amsipxe 22 AR sk 22 vk sk & sitig

This composition is equal to p(1 X p)(f X §X1,). It is easy to see that p satisfies the
associativity relation p(1 X p) = p(pu X 1). This, together with the associativity of X,
shows that the composition (%) is equal to u(u(f X §) X 1), whose adjoint is u(f X §) by
Corollary [T O

7.11. The third description of the shearing map. Every element © € HH"(A)
induces a natural transformation of functors ((x) : Ipa)y — X"1pga) which we now
describe. For an A-module M the morphism ((x),; is represented by

XM

MEARM Z5 S AR M Y M

where 7 : A — X" A represents z and u = e(e X 1,/). Addition and multiplication of
elements in HH*(A) become addition and composition of such natural transformations.
In this way we get a map ( of graded commutative rings from HH*(A) to the graded
commutative ring of natural transformations {1p4) — X"1p(a)},. This is a well known
map whose target is called the centre of D(A).

We can now define a third map HH*(A) — Ext’(k,k) by = — ((x),. It is easy to
see this map is the shearing map as defined in Definition [Z.2l From this description it is
also clear that the image of the shearing map lies in the graded commutative centre of

Ext’ (k, k).

8. IDENTIFYING THE E2-TERM

8.1. Lemma. Suppose A is coconnected of finite type, then there is an isomorphism of
graded algebras
E. . = HP(A) @y Exty) (k, k)

Proof. Let B be the differential bigraded algebra given by
By = A @y Ext'(k, k), d%(a® f)=d"(a)® f
where d* is the given differential on A. We will show there exists a morphism of differential
bi2graded algebras ¢ : B — E' which induces an isomorphism H,(¢) : H.(B) — H,.(E') =
. Composition of morphisms yields natural morphisms
Ext. (k, A") @, Ext'y. (A, k) — Ext’,. (A, A™)
18



Note that there is an obvious monomorphism A" 2 Ext{ (k, A") — Ext%.(k, A"). In this
way we get morphisms

Apg : AP @y ExtJ(A k) — Ext2(A, A7P)

Recall that there is an isomorphism Ext, (k, k) & Ext’. (A, k). Thus we have a morphism
of graded vector spaces:

Opg : AP @y Ext 1 (k, k) — B = Ext 2(A, A7)

Since the differential on E' is simply Ext’.(A,d") we see that ¢ yields a morphism of
differential bigraded vector spaces ¢ : B — E*.

Next we show that ¢ is a quasi-isomorphism. The observation we need here is that
A" is a k-module whose A®-module structure is induced by the augmentation A¢ — k
(one can use [7, Proposition 3.9] to see this, but in our setting it is obvious). Hence A"
is isomorphic, as an A°-module, to d4(A""1) @ H"(A) @ (A"/ker(d?)). Since H"(A) is
finite dimensional, then the map H"(A) ® Ext} (k, k) — Exty.(A, H"(A)) induced by ¢
is an isomorphism. It is now clear that ¢ is a quasi-isomorphism. 3

It remains to show that ¢ is a morphism of graded algebras. Let k be a cofibrant
replacement of k£ over A. Suppose given elements x € A" ue A% and mapsy : k — X"k
and v : k — ¥"™k. We shall now compute the product ¢(z @ y) - p(u @ v).

Choose maps x : k — A" and u : k — A~° representing the elements x and y. Recall
that A is a cofibrant replacement for A over A¢ and let a : A — k be a map equivalent
to the augmentation map a : A — k. From the definition ¢ and Corollary [Z.7] one sees
that ¢(r ® y) is represented by the composition xya. The product ¢(z ® y) - ¢(u ® v) is
then represented by the composition

- ~ - . ayXav Xu st
(*) A—"= Ak A LE sk Rk 2% s gt /g 5m A=~ yinkm g—s—t

Let w : k — A™°7" be a map representing the element zu € A7 ie. w(l) = xu.
We leave it to the reader to ascertain that the composition (x) above is equal to the
composition

~ ~ ~ ~ ayNav o w o
A AR A== Tk R 5"k ——= Srmf — gntm gt

From Lemma [[.T0] we see that, under the isomorphism Ext%.(A, k) = Ext’ (k, k), the
composition

~ o~ ~ ~ ayXav w
A— AR A—= X"k XYk — Xtk
corresponds to the composition y o v € Ext’ (k, k). We conclude that

o oz ®y) p(u@v)) =ru® (yow)
O

8.2. Lemma. Under the isomorphism Ea* = Fzth(k, k), the infinite cycles in Ea* can
be identified with the image of the shearing map x : HH*(A) — Ext)(k, k).

Proof. Consider the trivial filtration on k& given by I(0) = k and I(p) = 0 for p > 0.
As the filtration of A gave a spectral sequence for Ext 4¢(A, A) in Section Bl so does this
filtration of k yield a spectral sequence £, for Ext.(A, k), one which collapses on the
E" stage. Indeed Ej, = Ext.(A, k) and is zero otherwise.

The augmentation map a : A — k is then a map of filtered A-bimodules and so
induces a map of the aforementioned spectral sequences. This map is easily described on

the E*term: it is the identity map Ej, — Eg’, and zero elsewhere. It follows that the
19



infinite cycles in Ef, are the image of the map Ext’.(A, A) — Ext’.(A, k) induced by
the augmentation a : A — k. As we saw in [Z.T] this indeed gives the image of the shearing
map after composing with the adjunction isomorphism Ext’.(A, k) = Ext (k, k). O

10.
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13.

14.

15.

REFERENCES

. D. J. Benson, J. P. C. Greenlees, and S. Shamir, Complete intersections and mod p cochains, In

preparation.

J. Michael Boardman, Conditionally convergent spectral sequences, Homotopy invariant algebraic
structures (Baltimore, MD, 1998), Contemp. Math., vol. 239, Amer. Math. Soc., Providence, RI,
1999, pp. 49-84. MR MR1718076 (2000m:55024)

Ralph L. Cohen and John D. S. Jones, A homotopy theoretic realization of string topology, Math.
Ann. 324 (2002), no. 4, 773-798. MR 1942249 (2004¢:55019)

Ralph L. Cohen, John D. S. Jones, and Jun Yan, The loop homology algebra of spheres and projective
spaces, Categorical decomposition techniques in algebraic topology (Isle of Skye, 2001), Progr. Math.,
vol. 215, Birkhé&user, Basel, 2004, pp. 77-92. MR MR2039760 (2005¢:55016)

Daniel Dugger, Multiplicative structures on homotopy spectral sequences i, arXiv:math/0305173v1
[math.AT], May 2003.

,  Multiplicative structures on homotopy spectral sequences i, arXiv:math/0305187v1
[math.AT], May 2003.

W. G. Dwyer, J. P. C. Greenlees, and S. Iyengar, Duality in algebra and topology, Adv. Math. 200
(2006), no. 2, 357-402. MR MR2200850 (2006k:55017)

W. G. Dwyer and J. Spalinski, Homotopy theories and model categories, Handbook of algebraic
topology, North-Holland, Amsterdam, 1995, pp. 73-126. MR 1361887 (96h:55014)

William G. Dwyer, Noncommutative localization in homotopy theory, Non-commutative localization
in algebra and topology, London Math. Soc. Lecture Note Ser., vol. 330, Cambridge Univ. Press,
Cambridge, 2006, pp. 24-39. MR MR2222480 (2007g:55010)

Yves Félix, Steve Halperin, and Jean-Claude Thomas, Differential graded algebras in topology, Hand-
book of algebraic topology, North-Holland, Amsterdam, 1995, pp. 829-865. MR 1361901 (96j:57052)
Yves Felix, Jean-Claude Thomas, and Micheline Vigué-Poirrier, The Hochschild cohomology of
a closed manifold, Publ. Math. Inst. Hautes Etudes Sci. (2004), no. 99, 235-252. MR 2075886
(2005g:57054)

Mark Hovey, Model categories, Mathematical Surveys and Monographs, vol. 63, American Mathe-
matical Society, Providence, RI, 1999. MR 1650134 (99h:55031)

Saunders Mac Lane, Categories for the working mathematician, second ed., Graduate Texts in Math-
ematics, vol. 5, Springer-Verlag, New York, 1998. MR 1712872 (2001j:18001)

W. S. Massey, Products in exact couples, Ann. of Math. (2) 59 (1954), 558-569. MR MR0060829
(15,735a)

Stefan Schwede and Brooke E. Shipley, Algebras and modules in monoidal model categories, Proc.
London Math. Soc. (3) 80 (2000), no. 2, 491-511. MR MR1734325 (2001¢:18006)

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF BERGEN, 5008 BERGEN, NORWAY
E-mail address: shoham.shamir@math.uib.no

20



	1. Introduction
	1.3. Relation to other work
	1.4. On the choice of setting and method of proof
	1.5. Organization of this paper
	1.6. Notation and terminology

	2. Consequences of the spectral sequence
	3. Model category preliminaries
	3.1. The category of dg-k-modules
	3.2. The category of A-modules
	3.3. Cones and cylinders

	4. Differential graded preliminaries
	4.1. Realization of simplicial A-modules
	4.4. The bar construction
	4.8. Properties of the bar construction
	4.13. Signs

	5. Construction of the spectral sequence
	5.1. Filtering the dga
	5.2. The spectral sequence

	6. The multiplicative structure
	6.1. The pairing on the filtration
	6.3. The pairing on D1
	6.6. The multiplication on E1
	6.11. Representing multiplication on E1
	6.14. The multiplicative property of the spectral sequence

	7. The Hochschild cohomology shearing map
	7.1. Two descriptions of the shearing map
	7.3. The unit map
	7.5. The adjunction
	7.8. The induced pairing
	7.11. The third description of the shearing map

	8. Identifying the E2-term
	References

