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ON THE MOTIVIC COMMUTATIVE RING SPECTRUM BO

IVAN PANIN AND CHARLES WALTER

ABSTRACT. We construct an algebraic commutative ring T-spectrum BO which is stably
fibrant and (8,4)-periodic and such that on 8mOp/S the cohomology theory (X,U)
BO?%(X, /Uy) and Schlichting’s hermitian K-theory functor (X,U) KOggfp (X,U) are
canonically isomorphic. We use the motivic weak equivalence Z x HGr = KSp relating the
infinite quaternionic Grassmannian to symplectic K-theory to equip BO with the structure
of a commutative monoid in the motivic stable homotopy category. When the base scheme
is Spec Z[%], this monoid structure and the induced ring structure on the cohomology theory
BO™™ are the unique structures compatible with the products
KOP™(X) x KOP™ (v) - KOF™ " (X x v).

on Grothendieck-Witt groups induced by the tensor product of symmetric chain complexes.
The cohomology theory is bigraded commutative with the switch map acting on BO** (T'AT')
in the same way as multiplication by the Grothendieck-Witt class of the symmetric bilinear
space (—1).

1. INTRODUCTION

In a recent paper [16] we defined motivic versions of symplectically oriented cohomology
theories A and of quaternionic Grassmannians HGr(r,n). This HGr(r,n) is the open sub-
scheme of the ordinary Grassmannian Gr(2r,2n) parametrizing subspaces on which the stan-
dard symplectic form on O%?" is nondegenerate. We defined Pontryagin classes of symplectic
bundles in such theories and calculated

A(HGr(r,n)) = A(pt)[p1,- -, 0rl/(hn—rs1, - hn) (1.1)

where the p; are the Pontryagin classes of the tautological bundle on HGr(r,n), and the h;
are the polynomials in the p; corresponding to the complete symmetric polynomials. This is
the same formula as the one which describes the cohomology of an ordinary Grassmannian
in terms of the Chern classes of an oriented cohomology theory.

In this paper we begin to apply those results to the hermitian K-theory of regular noether-
ian separated schemes X of finite Krull dimension with § € T'(X, Ox). We write K oM(x,U)
for Schlichting’s hermitian K-theory space for bounded complexes of vector bundles on X
which are acyclic on the open subscheme U C X and which are symmetric with respect to
the shift by n of the usual duality. We write K Ol[n] (X, U) for its homotopy groups (for ¢ > 0)
or for Balmer’s Witt groups W"~{(X,U) (for i < 0).

One of our main results is the following.
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Theorem 1.1. For a reqular separated noetherian scheme S of finite Krull dimension with
% € I'(S,Og) Schlichting’s hermitian K -theory is a ring cohomology theory with an SL¢ Thom
classes theory.

Here ring cohomology theory is used in the sense of [14, Definitions 2.1 and 2.13]. An

SL¢ Thom classes theory specifies a Thom class th(E,L,\) € KO([)"} (E,E — X) for every
SLS-bundle, by which we mean a triple (E,L,\) with E a vector bundle of rank n over
X, L a line bundle and A\: L ® L. — det E an isomorphism. These classes are functorial,

multiplicative, and induces isomorphisms Uth(E, L, \): K Ol[m} (X) = K OZ[er"} (E,E—X) for
all ¢ and m. The Thom classes restrict to Euler classes e(E, L,\) € K O([]"] (X). An SL¢ Thom
classes theory gives Thom classes for all special linear, special orthogonal and symplectic
bundles. So by the theory of [16] there are Pontryagin classes p;(E,¢) € K O([]m] (X) for
symplectic bundles. The p;(E, ¢) of a symplectic bundle of rank 27 is the class corresponding
to [E,¢] — 7[H] € KSpo(X,U) = GW~(X) under the natural isomorphism KSp = KOP.
Here H is the trivial symplectic bundle of rank 2. The higher Pontryagin classes will be
calculated elsewhere.

We also construct several motivic spectra representing hermitian K-theory. The first
construction is a T-spectrum whose spaces (KO[O],KO[”,KOM,...) are fibrant replace-
ments of presheaves composed of Schlichting’s Waldhausen-like hermitian K-theory spaces
for bounded complexes of vector bundles with shifted dualities [19]. The structure maps
KO AT — KO are adjoint to the maps KOM™(—) — KO (— A T) which are es-

sentially multiplication by the Thom class th € KO([)” (T') of the trivial line bundle. Note the
use of the appearance of the Thom classes in the very structure of the spectrum. For (X, U)
in 8mOp/S there are functorial isomorphisms

KO (X,U) = KO (X, /Uy) = BO® " (S5 (X, JUL)), (1.2)
and the boundary maps 0: KOZM(U) — KOZ[T_L}1 (X,U) and
0: BO*" " (L (Uy)) — BO™ (TP (X, /UL))

correspond. Because it is based on the hermitian K-theory of chain complexes, this spectrum
has advantages in certain situations over the one constructed several years ago by Hornbostel
[8]. Tt treats all shifts/weights uniformly instead of dealing in one way with the K"-theory of
the even weights and in another way with the U-theory and V-theory of the odd weights. It
naturally handles non-affine schemes X and even pairs (X,U) with U C X open. Finally we
can easily identify the Thom, Euler and Pontryagin classes in the Grothendieck-Witt groups
of chain complexes GW™ (X on X —U).

We show that the Morel and Voevodsky’s theorem on Grassmannians and algebraic K-
theory extends to the symplectic context. There are in truth only a few things to verify for
symplectic groups beyond what is in Morel and Voevodsky’s paper. (Orthogonal groups are
much more problematic. However it has been done recently by M.Schlichting and
Shanker Tripathi.)

Theorem 1.2. Let HGr = colim HGr(n,2n) be the infinite quaternionic Grassmannian.
Then Z x HGr and K Sp are isomorphic in the motivic unstable homotopy category He(S).

Next we define the x product. The final group of theorems in the paper concerns the
product structure. The groups K O([]"] (X,U), which are the Grothendieck-Witt groups of
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bounded chain complexes of vector bundles which are symmetric with respect to shifted but
untwisted dualities, have a naive product induced by the tensor product of chain complexes

KOJ(X,0) x KOPI(Y,V) = KOP™ (X x V. X x VUUxY). (13)

Let (1) and (—1) in K O([)O} (pt) denote the Grothendieck-Witt classes of the rank one symmetric
bilinear forms. The product is (—1)-commutative meaning that for « € BOPY(A) and 8 €
BO""9 (B) we have o x 3 = (—1)?" (=1)% 6*( x ) where 0: A x B — B x A switches the
factors. Recall that a motivic space A is called small if Homgp(s)(XF A, —) commutes with
arbitrary coproducts.

Theorem 1.3. The cohomology theory (BO™*,0) on the category MZ™¥(S) of small motivic
spaces over S has a product x which is associative and (—1)-commutative with the unit 1 =
(1) € BO"9(pt, ), which has a x Xg, 1 =g, a and a x Y11 =Yg for all o, and which

m

restricts via the isomorphism (1.2) to the naive ring structure (1.3) on the groups KO([)zn] (X)
for X € 8m/S. It is the unique product with these properties.

This is Theorems 11.5 and 11.6. Restricting to pairs (X, U) with U C X an open subscheme
of a scheme smooth over X, we get the following result.

Theorem 1.4. There is a canonical ring structure on the cohomology theory (K OL*},(‘)) on

8mOp/S which is associative and (—1)-commutative with unit (1) € KO([]O] (pt) and which
restricts to the naive product on the Grothendieck- Witt groups of chain compleres K O([)zn] (X).

This product and the Thom classes of SL¢-bundles make (KOL*],ﬁ) ring cohomology theory
with an SLC Thom classes theory.

Our strongest result on the product is the following theorem.

Theorem 1.5. There exist morphisms m: BO ABO — BO and e: ¥F1 — BO in SH(S)
which make (BO, m,e) a commutative monoid in SH(S) and which are compatible with the
naiwe product in the following sense.

(1) For all X andY in 8m/S and all even integers 2p and 2q the naive products
KOPPN(X) x KOPY(Y) - KO x x Y)
and the product
BO? (X ) x BO*24(Y,) — BO*He20H21( X AY,)

induced by m correspond under the isomorphisms (1.2).
(2) The elements (1) € KOéO] (pt) and e € BO®(S%9) correspond under the isomorphisms

(1.2).

Moreover, if for the base scheme S the groups KO1(S) and K Sp1(S) are finite (for example
S = SpecZ[}]), then the monoid structure (m, e) with these properties is unique.

For the proof of the theorem see Theorem 13.5.
We explain the basic ideas in the proofs of these three theorems. Gille and Nenashev’s
method [7] for constructing pairings in Witt groups of triangulated categories can be used in
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hermitian K-theory to construct pairings between hermitian K-theory groups and Grothen-
dieck-Witt groups

KOI(X,U) x KOJ'(Y,V) = KOI*(X x Y, X x VUU x Y) (1.4)
KOM(X,U) x KOV\(Y,V) = KOIH(X x Y, X x VUU x Y) (1.5)

T

(see (5.4¢)—(5.4d)). They respect the boundary maps of the cohomology theorem K o). This
gives the hermitian K-theory groups the structure of a cohomology theory with a partial
multiplicative structure with Thom classes for all SL¢ bundles including symplectic bundles.
Although this is less structure than we assumed while writing [16], it is enough to prove the
quaternionic projective bundle theorem and the symplectic splitting principle and to calculate

the cohomology of quaternionic Grassmannians. Thus formula (1.1) holds for A = K OL*] with
the p; € K Oézz](H Gr(r,n)). Because of the isomorphism (1.2) it also holds for A = BO™*

with the p; € BOY*(HGr(r,n)).

The isomorphism (1.2) also transplants these pairings to BO, giving in particular pairings

X: BO* (X)) x BO¥J(Y,) - BO¥ 2" (X, AY,) (1.6)

Theorem 1.2 and the isomorphisms KSp = K Ol4k+2] gives us a canonical elements 7510 €

BO+44+2(7 o HGr). Write [-n,n] = {m € Z | —n < m < n} and set
HGry, = [-n,n] x HGr(n,2n).

We have Z x HGr = colim HGr,. A standard formula for homotopy colimits in triangulated
categories gives us an exact sequence

0 — lim' BO* 3% 2(HGr,) — BO* 1 452(Z x HGr) — lim BO™H™2(HGr,) — 0
The inclusions HGr, — HGr,11 induce surjections on cohomology for any symplectically
oriented theory. So the @1 vanish, and we have

BOSET44k+2(7 o fGr) = @Bo8k+4,4k+2(HGrn)' (1.7)
For essentially the same reasons we have isomorphisms
BO'MSSH(Z x HGr) AN(Z x HGr)) = lim BO'* S (HGr, A HGry). (1.8)
Our class Tyryo € BOS4442(7 » HGr) and the pairing (1.6) gives us a system of classes
Takso| HGr, B Takio|HGr, € BOYKESEH4(Gr A HGr,). (1.9)
and therefore a class
Takrs X Tap o € BO16k+8,8k+4(KO[4k+2} A KO[4'€+2}).
There is also an exact sequence of the form
0 — lim' BO*~"*(KOl A KOl) — BO*’(BO A BO) — lim BO**(KOI A KOl) — 0.

The elements 74519 X 74510 define an element m € @B04i’2i(KO[i] A KOM). This m is
the unique element compatible with the naive product (1.9) and the isomorphisms (1.7) and
(1.8). Lifting this element to m € Homg(s)(BO ABO, BO) gives an element we can use to
define the product x. On small motivic spaces X depends only on m and not on the choice
of m. We deduce the associativity and bigraded commutativity of x on small motivic spaces
from the associativity and commutativity of the naive product on the K O([]%](H Gry). This
gives us Theorem 1.3.
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Theorem 1.5 is more subtle. The obstructions to the uniqueness of m and to the associativ-
ity, commutativity and unit property of the monoid it defines all live in certain l'£11 groups.
We show in §13 that when S = Spec R with 1 € R and with KO1(R) and KSp1(R) finite
groups, the @nl vanish. This uses the construction in §12 of three new spectra using a new
motivic sphere.

The geometry used to prove the quaternionic projective bundle theorem in [16] also shows
that the pointed quaternionic projective line (H P!, xq) is isomorphic to 77\ in the motivic
homotopy category He(S). The pointed scheme H P'* which is the A! mapping cone of the
pointing xo: pt — HP? is therefore also homotopy equivalent to 7/2. It is the union of H P!
and A! with 29 € HP' identified with 0 € A!, pointed at 1 € A'. Therefore the motivic
stable homotopy categories of T-spectra and of HP'T-spectra are equivalent.

We construct three HP'*-spectra BO g pi+, BOY°™ and BO/™ representing hermitian K-
theory. The spaces of BOyp1+ are the even-indexed spaces (KO[O},KOM, Ko, ... ) of the
T-spectrum. The spaces of BOY™ are alternately Z x RGr and Zx HGr. The spaces of BO/™
are finite unions of finite-dimensional real and quaternionic Grassmannians. Here a real Grass-
mannian RGr(r,2n) is the open subscheme of the ordinary Grassmannian Gr(r,2n) where
the hyperbolic quadratic form on O®2" is nondegenerate, while RGr = colim RGr(n,2n). For
the details of BO/™ see Theorem 12.3. The structure maps of the spectra are all essentially
multiplication with the Euler class —p;(U) of the tautological rank 2 symplectic subbundle
on HP'. The bonding maps BO5; A HP'™ — BO3, , of the two geometric spectra are
morphisms of schemes or ind-schemes which are constant on the wedge BO%;, v HP'*. The
inclusion BOf™ — BQOY°™ is a motivic stable weak equivalence, while the isomorphism
BOY“™ =2 BOgp1 in SH(S) is constructed from classifying maps

Ta: Z x RGr — KO, Tapro: Z x HGr 5> KOWF+2,

in He(S). The 7442 are the isomorphisms of Theorem 1.2, while the 74 are constructed from
the m4x12. We do not know if the 74 are isomorphisms, although stably they have a right
inverse (Proposition 12.7).

The l'&ll calculated with BO and with BO/" are the same. Calculations based on the

quaternionic projective bundle theorem show that for BO/ the lim' are over inverse systems
of groups which are finite direct sums of copies of KO1(S) and KSp;(S). When those groups
are finite, the 1'&111 vanishes. This gives Theorem 1.5 for S = Spec Z[%] For other S one pulls

the structure back from Spec Z[§] using the closed motivic model structure of [15].

Theorem 1.6. The products of Theorems 1.3, 1.4 and 1.5 are compatible with all the naive
products of (1.3) and with the partial multiplicative structure of (1.4) and (1.5).

We do not know how to prove this theorem using our construction of the hermitian K-
theory product. But Marco Schlichting has described to us (oral communication) how to
put a pairing on his hermitian K-theory spaces when one has a pairing of complicial exact
categories with weak equivalences and duality. When applied to our situation his product is
isomorphic to ours on small motivic spaces by Theorem 1.3. Since Schlichting’s product is
compatible with all the naive products of (1.3) and with the partial multiplicative structure
of (1.4) and (1.5), therefore ours is as well.

We finish the paper in §14 by giving the analogue for algebraic K-theory of the spectra
BO/™ and BOY™ of hermitian K-theory of §12. The BGL/ seems to be completely new.
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We write CGr(r,n) for the affine Grassmannian, C P! = CGr(1,2) for the affine version of
P!, and CP'* for the A' mapping cone of the pointing map of CP*.

Theorem 1.7. There are CP'*-spectra BGL™ and BGLI®™ isomorphic to BGLgp1+ in
SHepi+(S) with spaces

BGL/™ = [—4" 4" x CGr(4™,2 - 4™), BGLY“™ = 7 x CGr,

which are unions of affine Grassmannians. The bonding maps BGL: A CP — BGLY

of the two spectra are morphisms of schemes or ind-schemes which are constant on the wedge
BGL; v CP'*.

The spectum BGL/™ can be used to give alternate proofs of the uniqueness results of [15]
concerning the Pl-spectrum representing algebraic K-theory and the commutative monoid
structure on that spectrum. These proofs avoid the use of topological realization and apply
to any noetherian base scheme S of finite Krull dimension with finite K;(S5).

2. COHOMOLOGY THEORIES

We fix a base scheme .S which is regular noetherian separated of finite Krull dimension and
with % € I'(S,0g). The hermitian K-theory of such schemes is simpler than for other schemes,
and we wish to avoid the complications of negative hermitian K-theory and of characteristic
2.

Let 8m/S be the category of smooth S-schemes of finite type. Let SmOp/S be the category
whose objects are pairs (X,U) with X in 8m/S and U C X an open subscheme and whose
morphisms f: (X,U) — (Y, V) are morphisms f: X — Y of S-schemes having f(U) C V.
We write X for (X, @). The base scheme itself will often be written as S = pt.

A cohomology theory on 8mOp/S [14, Definition 2.1] is a pair (4, d) with A a contravariant
functor from 8m/S to the category of abelian groups having localization exact sequences and
satisfying étale excision and homotopy invariance. The 0 is a morphism of functors with
components Oy r: A(U) — A(X,U) which are the boundary maps of the localization exact
sequences. A ring cohomology theory in the sense of [14, Definition 2.13] has products

x: AX,U) x A(Y,V) 5 AX xY, (X xV)U (U xY))

which are functorial, bilinear and associative and and which have a two-sided unit 14 € A(pt)
and satisfy d(a x ) = da x B.

A cohomology theory also defines groups A(X,x) for pointed smooth schemes and their
smash products such as

(] x1,1xx3)

A((X1,21) A (Xa, 22)) = ker (A(X1 x Xs) A(pt x Xo) @ A(X; x pt)). (2.1)

A bigraded cohomology theory (A** 0) is one in which the groups are bigraded, that is
AY(X,U) = @p,qEZ AP9(X,U), the pullback maps are homogeneous of bidegree (0,0) and
the boundary maps dx 7 are homogeneous of bidegree (1,0). In a bigraded ring cohomology
theory (A, 0, x,1) the x products respects the bigrading and we have 1 € A%%(pt).

Definition 2.1. Let (4,9, x, 1) bigraded ring cohomology theory, and suppose ¢ € A%?(pt) =
A%0(pt) satisfies 2 = 1. Then (4,0, x,1) is e-commutative if for « € AP4(X,U) and § €
A™5(Y,V) one has oc*(a x f) = f x a x (=1)P"e? where 0: Y x X — X X Y switches the
factors.
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Equivalently a bigraded ring cohomology is e-commutative if the associated cup product
satisfies aUf = (—1)P"e?® fUa for « € AP9(X,U) and 5 € A™*(X, V). For such a cohomology
theory the A**(X) are bigraded-commutative rings, and for any (X, U) the A**(X,U) and
AY*(U) are right and left bigraded A**(X)-modules. The Oy are morphisms of right
A**(X)-modules.

Sometimes it is easier to define certain products than others. For a bigraded cohomology
theory (A** 0) set A(X,U) = D,z A?PP(X,U). We need the following notion.

Definition 2.2. Let (A™*,0) be a bigraded cohomology theory as above. An e-commutative
partial multiplication on (A** 0) is given by
(1) pairings x: AP9(X,U) x A?""(Y,V) — APT2at((X,U) A (Y,V)) which are bilinear
and functorial, and
(2) elements 1 and € in A%0(pt)
satisfying
(a) ax (bxc)=(axb)xcforaecAPIX,U), be A?""(Y,V), c € A%55(Z,W);
(b) ax1=afor o€ API(Y,V),
(c) exe=1,
(d) axb=o0c*(bxa)xe"™ forac A>"(X,U), bec A?*>5(Y,V) where o: X xY =Y x X
switches the factors;
(e) ayXX,VXx(Oz x b) = ay,v(oé) x b for a € APYUV), b€ A2T’T(X).

If (A**,0) has such a partial multiplication, then for a € AP4(X,V) and b € A?""(X,U)
one has a cup product

aUb= A*(a x b) € AP (X T UV).

If (A4,0) is equipped with a partial multiplicative structure (x,1,e), then the functor
(X,U) — AY(X,U) is an e-commutative graded ring functor in the sense that the properties
(a), (b), (c) and (d) hold for a € A°(Y, V).

Moreover, A is a bigraded right A°-module in the same sense with 0 a morphism of bigraded
right A%-modules which is homogeneous of bidegree (1,0).

The switch 0: X x Y — Y x X allows us to define pairings x : A?""(X,U) x AP4(Y,V) —
APF2ratr (X U) x (Y,V)) by b x a = o*(a x b) x €9". There are also cup products bU a =
A*(b x «). The two pairings are compatible by (d). Thus A is a bigraded left and right
AY%-module, with 0 a morphism of right A°-modules.

3. SL AND SL¢ ORIENTATIONS

We discuss SL oriented cohomology theories. Hermitian K-theory will turn out to be one.
We also include a discussion of Thom classes for vector bundles whose structural group is the
double cover SL{ of GL,. It contains SL,. We believe this is the true level at which Witt
groups and hermitian K-theory are oriented.

An SL bundle on X is a pair (E,\) with E a vector bundle over X and \: Ox = det F
an isomorphism. An isomorphism of SL bundles f: (E,\) = (Ey, A1) is an isomorphism
f: E = Eq such that \; =det f o A

Definition 3.1. An SL orientation on a bigraded cohomology theory A™* with an e-commu-
tative partial multiplication or ring structure is an assignment to every SL bundle (E, \) over
every X in 8m/S of a class th(E,\) € A>»"(E,E — X) for n = rk F satisfying the following
conditions:
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(1) For an isomorphism f: (E,\) = (E1, A1) we have th(E,\) = f*th(E1, A\1).
(2) For u: Y — X we have u* th(E,\) = th(u*E,u*)\) in A>""(v*E,u*E —~Y).
(3) The maps — U th(E,\): A**(X) — A*?n*+(E F — X) are isomorphisms.
(4) We have

th(E1 D FEo, M1 ® )\2) = qf th(El, /\1) U q;‘ th(EQ, )\2),

where ¢1, q2 are the projections from F; ¢ Fs onto its factors.

The class th(E, \) is the Thom class of the SL bundle, and e(E, \) = 2*th(E,\) € A?»"(X)
is its Buler class.

This definition is analogous to the Thom classes theory version of the definition of an
orientation [14, Definition 3.32] or of a symplectic orientation [16, Definition 14.2].

The Thom and Euler classes of SL bundles are not necessarily central in contrast with the
classes in the oriented and symplectically oriented theories of [14] and [16]. But for an SL
bundle of rank n the Thom and Euler classes are in bidegree (2n,n), and such classes need
not be central when n is odd and ¢ # 1. Centrality occcurs for oriented theories because they
have ¢ = 1 and for symplectically oriented theories because the Thom and Pontryagin classes
of symplectic bundles are in bieven bidegrees (4r, 2r).

Twisted versions of cohomology groups with coefficients in a line bundle can be defined for
any SL oriented theory by

Apvq(X;L) — Ap+2’q+1(L,L o X)
and more generally by AP4(X, X — Z; L) = APY24TY([ [, — Z) for closed subsets Z C X.
Theorem 3.2. Let E be a vector of rank n over X. Suppose that A** is an SL oriented

bigraded cohomology theory. Then there are canonical isomorphisms of bigraded right A°(X)
or A**(X)-modules A*T2"* (B E — X) & A*(X;det F).

Proof. Write L = det E/. There are canonical isomorphisms
A Ox §det(E@L%), Ao Ox §det(LEEBL}§).

This gives us SL bundles (E @ LY, A1) and (Lg & LY, \2) over X. The pullback of the first
bundle along ¢: Ly — X gives an SL bundle whose structural map is the first projection
Ly ®E® LY, - Lg. The pullback of the second bundle along p: E — X and permutation of
the summands gives an SL bundle whose structural map is the second projection Lr & E @
LY, - E. We now have canonical isomorphisms

p* th(Lg®LY, 2)U

o

At (B B X) y At 2B g Lp o LY, E® Ly LY — X)

%lgn

A*+2n+4,*+n+2(LE o E® L%, Lpa E® L\E/‘ _ X)

o

g* th(E®LY% M )U

A*+2’*+1(LE',LE' o X),

and the bottom left module is A**(X;det E) by definition. The sign " is appropriate when
one permutes the rank 1 bundles and the rank n bundle. O

Hermitian K-theory and Witt groups have more Thom classes than just those for SL

bundles because of what are often called periodicity isomorphisms such as W*(X;L) =
WH*(X;L® Lﬁw). However, these periodicity isomorphisms depend on choices. A good way
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to structure these choices is to talk about SL¢ bundles, using extra structure analogous to
the Spin® structures frequently used in differential geometry.

An SL€ vector bundle on X is a triple (E, L, \) with E a vector bundle, L a line bundle,
and A: L ® L = det I/ an isomorphism. The structural group of an SL¢ bundle of rank n is
SL¢ which is the kernel of

det ™1t t2
GLy % Gy & 20,
There is a natural exact sequence 1 — ps — SLS — GL, — 1. The notation SL¢ is in
imitation of Spin©. The role of this double cover of GL,, in direct images in real topological
K-theory merited a mention by Atiyah [1, p. 55] nearly forty years ago.

Definition 3.3. An SL€ orientation on a cohomology theory A** with a e-commutative ring
structure or partial multiplication is an assignment to every SL¢ bundle (E, L, ) over every
scheme X in 8m/S of a class th(E, L,\) € A*»"(E,E — X) where n = rk E satisfying the
conditions (1)—(4) of Definition 3.1.

4. SCHLICHTING’S HERMITIAN K-THEORY AND THE GILLE-NENASHEV PAIRING

In [19, §2.7] Schlichting defines the hermitian K-theory space of a complicial exact category
with weak equivalences and duality in the style of Waldhausen’s K-theory. We will denote
his space by KO(C,w, #,n). More generally we write

KO"(C,w,t,m) = KO((C,w, t,n)[n])

for the hermitian K-theory space for the n'™ shifted duality, and K Ol[n](C’,w,ﬁ,n) for its
homotopy groups. A symmetric object of degree n in (C,w,$,n) is a pair (X, ¢) with ¢: X —
X*[n] a weak equivalence which is symmetric ¢ = ¢! for the shifted duality. There is a natural
definition of a Grothendieck-Witt group of symmetric objects of degree n, and The my of the
hermitian K-theory space is the Grothendieck-Witt group of degree n symmetric objects

KO (C,w,t,m) = GW™(C,w, 4,7).

When C'is Z[%]—linear, that is the same as the triangulated Grothendieck-Witt group of the
homotopy category Ho(C,w) = C[w™!] for the duality (4,7), defined & la Balmer.

For a duality-preserving exact functor (F, f): (C,w,#,n) — (D,v,4,w) there are induced
maps of spaces K O[”](C,w, t,n) — K ol (D,v,f,w). A weak equivalence between duality-
preserving exact functors (F, f) ~ (G, g) produces a homotopy between the maps.

There are natural periodicity isomorphisms KOM(C,w, #,1) ~ KO (C w, #, 7). More-
over, we may write

Ksp[n](07 w, 77) = KO[n] (Cv w, ﬁv _77)
because the effect of changing the sign is to interchange symmetric and skew-symmetric forms.
Then there are isomorphisms KSp["}(C, w, §,n) =~ KO["+4k+2](C, w, f,n) induced by the du-
ality preserving functor X — X[2k+1]|. However, it is more useful to use the identifications

KSp(Cw.zm) — KO (0w, )
§ — — €[2k+1]
because these commute with the forgetful maps to Waldhausen’s K-theory K;(C,w).

Among the many important results Schlichting proves is localization. Suppose that C; C
Ho(C,w) is a thick triangulated subcategory which is stable under the duality. Let C; C C

(4.1)
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be the full exact subcategory with the same objects as C;. Let wy be the set of all morphisms
in C' whose mapping cone is in C'.

Theorem 4.1 ([19, Theorem 6]). If (C,w,#,n) is a complicial exact category with weak
equivalences and duality, and Ci is as above, then

KO(Cy,w,4,n) = KO(C,w,§,1) = KO(C,w1,,n)
s a fibration sequence up to homotopy.

Gille and Nenashev [7] have defined pairings for Witt groups of triangulated categories.
We explain how their construction can be applied to hermitian K-theory to give pairings in
the spirit of the partial multiplicative structure of Definition 2.2. A pairing

(gytlat%/\): (vayﬁvn) X (D7U7b79) — (Evuvhyw)

of complicial exact categories with weak equivalences and duality is an additive bifunctor
X: C x D — E which commutes with the translations up to specified functorial isomorphisms
tixy: XQXY = (X XY)[1] and to xy: X KY[1] = (X X Y)[1] plus functorial weak
equivalences A\xy: X* X Y? — (X KY)? such that for any X in C' and any Y in D the
functors X X — and — XY are exact and preserve weak equivalences and such that all the
conditions of [7, Definitions 1.2 and 1.11] hold.

Suppose given a symmetric object (M, ¢) of degree r in (C,w, §,n) and a symmetric object
(N, ) of degree s in (D,v,b,0). Gille and Nenashev show how to define duality-preserving
exact functors [7, Lemma 1.14]

(— B (N, %), R(N,¥)) = (Cow,8,n) = (B, u,b,@)]s]

(M, ¢) W —, &(M, ) : (D, v,5,0) = (E,u, 1, @)[r]

It follows that these induce maps of KO spaces, which we will write as
(— B (N, ¢)).: KOM(CLw, 8,n) — KOM(E, u, b, w)|s] (4.3a)
(M, ¢) ¥ —),: KO"™(D,v,b,0) — KO"™(E, u,t,w)[r] (4.3b)

The duality-preserving functor (1g,—1), which acts on symmetric objects by (Z,£) —
(Z,—€), induces a map

e: KOM(E, u,8, @) = KO (E, u,b, w). (4.4)

These sign involutions exist for the hermitian K-theory of any complicial exact category
with weak equivalences and duality, and they satisfy €2 = 1 exactly. (In general ¢ is not
the same as the —1 which is the inverse map for the H-space structure induced by the
orthogonal direct sum.) The methods of Gille and Nenashev show [7, Lemma 1.15] that
the effect of the two functors on the Grothendieck-Witt classes [M, ¢] € GW"(C,w,4,7n) and
[N,y] € GW*(D,v,b,0) is

(= (N, )« [M, ¢] = (M, ¢) K =) [N, ¢]. (4.5)

Proposition 4.2. The homotopy classes of the maps (4.3a) and (4.3b) on hermitian K-
theory spaces depend only on the classes [N, ] € GW?*(D,v,b,0) and [M, ¢] € GW™(C,w, t,1n)
respectively.
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Proof. There are three relations in the definition of the Grothendieck-Witt groups [19, Defini-
tion 1]. The maps on homotopy groups are compatible with the relations [N, ¥] + [Ny, 1] =
[N @ Ny, @ 11] because the orthogonal direct sum of symmetric objects induces a monoidal
structure on the K O[”](E,u,h,w) giving a naive additivity for orthogonal direct sums of
duality-preserving functors.

The maps are compatible with the relations [N, )] = [Ny, o’10] for a weak equivalence
o: Ny — N because o induces a natural weak equivalence of duality-preserving functors.

The maps are compatible with the third relation related to lagrangians because of Schlicht-

ing’s Additivity Theorem [19, Theorem 5]. O
We thus get pairings

KO (C,w,,m) x KOF(D,v,5,0) — KO (B, u,b,) (4.62)

Kol w,4,n) x KOM™(D,v,b,0) = KO" (B, u,4, @) (4.6b)

which we call the right pairing and the corrected left pairing. They coincide on K O([)m] x K O([)"}.

The Gille-Nenashev pairings have a number of other properties such as functoriality, asso-
ciativity, compatibility with localization sequences. Using the right pairing means that the
boundary map on the homotopy groups in the localization sequences satisfies d(aU¢) = dalU¢
for a € KOZM(C’,wl,ﬁ,n) and £ € KO([)T](D,v,b,H).

In [19] Schlichting constructs a hermitian K-theory space for (C,w, £, 1) but not a spectrum.
So in principle what we have discussed so far does not yield any negative homotopy groups.
In practice it is known that if the categories are Z[%]-linear, then Balmer’s triangulated Witt
groups for the homotopy category Ho(C,w) = Clw™!] can function as negative homotopy
groups

KOZM(C,U), t,n) = W H(Clw™Y,4,7m) for i < 0.
This is explained in [18]. The localization sequences for the homotopy groups of the hermitian
K-theory spaces and Balmer’s localization sequence for triangulated Witt groups [2, Theorem
6.2] attach to each other because the m are triangulated Grothendieck-Witt groups.
Two other important theorems are the following.

Theorem 4.3 (Fundamental Theorem [18]). Let (C,w,4,n) be a Z[§]-linear complicial ezact
category with weak equivalences and duality. Then for all n

KO (C,w,t,m) & K(C,w) 2 KOM(C,w,,m)
is a homotopy fiber sequence, where I is the forgetful map and H the hyperbolic map.

Theorem 4.4 ([18]). Let (F, f): (C,w,4,n) — (E,u,b,w) be a duality-preserving exact func-
tor between Z[%]-linear complicial ezact categories with weak equivalences and duality. If (F, f)
induces a homotopy equivalence K(C,w) ~ K(E,u) of Waldhausen K -theory spaces and iso-
morphisms WH(Clw™1],4,1) = W Eu"'],4,@) of Balmer’s triangulated Witt groups, then
(F, f) induces homotopy equivalences KO (C,w, 4,n) ~ KOM(E,u, 4, w) for all n.

In particular if (F, f) induces an equivalence of Z[%]—linear triangulated categories with du-
ality (Clw™!],#,7) ~ (E[u~'],4, @), then it induces a homotopy equivalence KO(C,w, #,7) ~
KO(FE,u,f,w) by Thomason’s theorem and by the fact that Balmer’s Witt groups are a
functorial over the category with objects Z[%]-linear triangulated categories with duality and
arrows isomorphism classes of duality-preserving triangulated functors [3, Lemma 4.1].



12 IVAN PANIN AND CHARLES WALTER

5. THE COHOMOLOGY THEORY KOL*] ON THE CATEGORY 8mOp/k

Let S be a regular noetherian separated scheme of finite Krull dimension with % e I'(S,0g).
For every S-scheme X consider the category V BX of big vector bundles over X in the sense
of [5, Appendix C.4]. The assignments X — VBX and (f: Y — X) — f*: VBX — VBY
then form a strict functor (8m/S)°? — Cat because one has equalities (f o g)* = g* o f*
instead of simply isomorphisms.

For any X € 8m/S, let Ch®(VBX) denote the additive category of bounded complexes
of big vector bundles on X. We will consider Ch?(VBX) as a complicial exact category with
weak equivalences, the conflations being the degreewise-split short exact sequences, and the
weak equivalences wx being the quasi-isomorphisms. When we further endow Ch?(VBX)
with the duality consisting of the functor ¥ = Homg, (—, Ox) and the natural biduality maps
nx: 12V, we will write it as Ch®(V BX).

Ch(VBX) = (Ch*(VBX),wx,",nx)

Now suppose U C X is an open subscheme and Z = X — U. Let wy be the set of chain
maps whose restriction to U is a quasi-isomorphism. Let Ch?(VBX)™“U be the full additive
subcategory of complexes which are acyclic on U. We have two new families of complicial
exact categories with weak equivalences and duality

Ch®(VBX on Z) = (CR®*(VBX)"V  wx,",nx),
Ch*(VBX on U) = (Ch*(VBX),wy, ", nx).
We then have hermitian K-theory spaces
Kol (X)) = KoM(Cht(VBX))
KoM(x,U) = KO"(Ch*(VBX on Z7)).

with KOM(X) = KO (X,2). Let D*(VBX on Z) be the homotopy category equipped
with the triangulated duality (V,7x). We define the hermitian K-theory groups as

KoM (X,U) for i > 0,
Wn=(D*VBX on Z) fori <O0.
For f: (X,U) — (Y,V) a morphism in 8mOp/S write W =Y — V. Then the functor
f*: Ch*(VBX on Z) — Ch*(VBY on W) can by made duality-preserving by equipping it
with the natural isomorphism f*Homg, (—, Ox) = Homg, (f*—, Oy). This gives us maps
5 KoM(x,u) — Koy, v), (5.2a)
Fo KoM (x,U) —» ko (v, v). (5.2b)
By Schlichting’s localization theorem (Theorem 4.1) the sequences
Ko"(x,U) - Ko (X) - KOM(ChP(VBX on U))

are fibration sequences up to homotopy. The restriction map Ch?(VBX on U) — Ch?(VBU)
is a duality-preserving functor which induces an equivalence on the homotopy categories
DY(VBX on U) ~ DY(VBU). (Schlichting actually gives a different argument in [19, §9]
which is valid with fewer restrictions on the schemes.) So we get fibration sequences up to
homotopy

Ko"(x,U) = { (5.1)

KoM(x,U) - Ko (x) — Kol"(u) (5.3a)
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and therefore long exact sequences

= koM x,U) - kol (x) - koM & kol (x,U) — - (5.3b)

2

Now suppose (Y, V) is in 8mOp/S and write W = Y — V. There is then a pairing of
complicial exact categories with weak equivalences and duality

X: Ch®(VBX on Z) x Ch®(VBY on W) — Ch®(VB(X xY) on Z x W).

For a degree r symmetric complex (N,%) on Y which is acyclic on V and for a degree s
symmetric complex (M, ¢) on X which is acyclic on U we have maps of spaces

(=B (N, ), : KOM(X,U) - KO (X x Y, (X x V)U (U x Y)) (5.4a)
(M, )R —),: KOM(Y, V) = KOPl(X x Y, (X x V)U (U x Y)) (5.4D)
This leads to a right pairing and a corrected left pairing
KOM(X,U) x KO\ (Y, V) » KO (X x Y, (X x V) U (U x Y)), (5.4c)
KoM (x,U) x KO(v, V) = KOI"™(X x v, (X x V)U (U x Y)). (5.4d)

Now suppose (E, L, \) is an SL® bundle of rank n over X. Let p: E — X be the structural
map. We may construct Thom isomorphisms for hermitian K-theory using the same method
that Nenashev used for Witt groups [13, §2]. Namely, the pullback p*E' = E ® E — E has a
canonical section s, the diagonal. There is a Koszul complex

K(E)= (0 A"p*EY — A" 'p*EY — ... 5 A*p*EY — EY — O — 0)

(considered as a chain complex in homological degrees n to 0) in which each boundary map
the contraction with s. It is a locally free resolution of the coherent sheaf z,0x. There is
a canonical isomorphism O(FE): K(E) — K(F)Y ® detp*E"[n] which is symmetric for the
(det p* EV)-twisted shifted duality. The composition

o(E)

O(E,L,)\): K(E) @ p'L 2 K(E)Y @ det p*EY @ p*L[n] 22X 20,

K(E)" @p L [n]
is symmetric for the untwisted shifted duality. We consider the Grothendieck-Witt class
th(E,L,\) = [K(E) @ p*L,0(E, L, \)] € KOI"(E,E - X). (5.5)

o (
When L is trivial this is an SL Thom class th(E,\) = [ (E) O(E,)\)]. Finally for g a

nowhere vanishing function on X we let (g9) = [Ox,g] € K O (X ) be the Grothendieck-Witt
class of the rank one symmetric bilinear bundle.

Theorem 5.1. Let S be a regular noetherian separated scheme of finite Krull dimension with
1 €T(S,0s). Then the groups KOZM(X, U) of (5.1), the maps f* of (5.2b) and 0 of (5.3b),
the pairings of (5.4c) and (5.4d), the classes 1 = (1) and ¢ = (—1) in KO([)O}(pt) and the
classes th(E, L, \) of (5.5) form an SL¢ oriented cohomology theory with an e-commutative
partial multiplication.

In particular the products with the Thom classes are isomorphisms

~

— Uth(E,L,\): KO'™(X) 5 Ko™ ™(E, E - X) (5.6)
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Sketch of the proof. The verifications are all straightforward. For instance étale excision and
homotopy invariance amount to having certain pullback maps be isomorphisms, and pullback
maps are induced by duality-preserving functors. Since these duality-preserving functors give
isomorphisms for Quillen’s K-theory and Balmer’s Witt groups, they give isomorphisms for
hermitian K-theory as well under our hypotheses.

The Thom maps come from duality-preserving functors. The functor part Ch*(VBX) —
Ch*(V BE) is given by F + 7*F @, K (E) with the target quasi-isomorphic to the coherent
sheaf z,F. These produce dévissage isomorphisms in both Quillen-Waldhausen K-theory and
Balmer’s Witt groups [6].

For the e-commutativity of the partial multiplicative structure, o*(b x a) is calculated by
applying the right pairing for a with respect to b and then switching. That is equivalent to
applying the uncorrected left pairing for a with respect to b. But that satisfies (4.5). O

We will discuss later the Pontryagin classes associated to the Thom classes.

It is sometimes inconvenient that the K OZM (X,U) for i < 0 are not defined as homotopy
groups. But actually they are naturally isomorphic to direct summands of homotopy groups.

For we have the S-scheme G,, = A' — 0 (pointed by 1) and groups K Ol[n}(GQ{ x X,GN' xU)
defined as in (2.1).

Lemma 5.2. For all i and n and all > 1 and all (X,U) in 8mOp/S there are natural
isomorphisms KOZ[T;T](GQ{ x X,G)'xU) = KOZM (X,0).

Proof. For r =1 we have a localization sequence which splits and a Thom isomorphism

KOITTY(AT x X, A x U)—— KO/ TG x X, G x U)

= %]
T in1><1X)* l

n n h n
KO (x,v) KO (Al x X, Al x UUG,, x X) o KO"(x,U)

with th € K O([)l} (A'; Al — 0) the Thom class of the trivial rank one SL bundle. Hence we
have a natural isomorphism

KO (G x X, G x U) = KO[T(X,U) & KO/ (X, U).

By induction K OZ[T;T}(G,X x X,G)" x U) is a direct sum of 2" terms of which exactly one is
Ko"(x,U). 0

Definition 5.3. The periodicity element 8s € K Ogl] (pt) is the element corresponding to

1e K O([)O} (pt) under the periodicity isomorphisms K OZM = K Ol[n+4} of the hermitian K-
theory of chain complexes.

Then for all X and n the periodicity isomorphisms K Ol[n](X )= K Ol[n+4] (X) coincides with
— X (g up to homotopy.
6. KO oF moTivic spacEs

In this section we recall what the category of pointed motivic spaces is and extend the
functor K OL*] to a functor KOL*} on that category.



ON THE MOTIVIC COMMUTATIVE RING SPECTRUM BO 15

The basic definitions, constructions and model structures we use are given in [21]. A motivic
space over S is a simplicial presheaf on the site 8m/S of smooth S-schemes of finite type.
A pointed motivic space over S is a pointed simplicial presheaf on the site 8m/S. We write
M, (S) for the category of pointed motivic spaces over S.

We equip the category M,(S) with the local injective model structure [21, p. 181] and with
the motivic model structure [21, p. 194]. In both model structures the cofibrations are the
monomorphisms. The weak equivalences and fibrations of the local injective model structure
are called local weak equivalences and global fibrations. Those of the motivic model structure
are called motivic weak equivalences and motivic fibrations.

We write Hq(S) for the pointed motivic unstable homotopy category obtained by inverting
the motivic weak equivalences. The homotopy category He(S) is equivalent to the motivic
homotopy category of [12]. For a morphism f: A — B of pointed motivic spaces we will write
[f] for the class of f in H(S).

Notation 6.1. There is a global fibrant model functor G: Idy,(s) — (—)7 functor in M,(S).
The natural transformation G is a local weak equivalence, but we do not require it to be
injective.

Lemma 6.2. Let KO = (KO, Then the map G: KOW — KO is a schemewise weak
equivalence, and the space KOl js motivically fibrant.

Proof. The space KOl satisfies Nisnevich descent because the homotopy groups K O,Li] satisfy
étale excision. Therefore [21, Theorem 5.21] the morphism G: KO — KO is a schemewise
weak equivalence. For every X € 8m/S the projection A}( — X induces a weak equivalence

of simplicial sets KOI(X) — KOUI(AL), since this the case for the space KO and G :
KOl — KO is a schemewise weak equivalence. This proves [21, p. 195] that the globally
fibrant space KO is motivically fibrant. O

We write S} for the r-sphere A[r]/0A[r] in sSet and in the homotopy category He of
pointed simplicial sets and for the corresponding constant simplicial presheaf in M, (S). We
write G,, for the pointed scheme (A! — 0, 1).

Definition 6.3. For any pointed motivic space A and any i define

KOl (A) = Homp,(s)(A N Sg,KO[i}) for r > 0,
' - Homp,(s)(A N GTAfL(_T),KO[i_T]) for r < 0.

Lemma 6.4. For any r and X € 8m/S one has functorial isomorphisms
ax : KOP(x) =S KO (x,).
Proof. In fact, the following chain of isomorphisms give the desired one
Homp, (S, KOU(X)) = Hompu, (57, KO (X)) Ly Homy, g)(X4 A 57, KO)

mo(KOUI(X x GX7)) S mo(KOFI(X x G5)) 2Ly Homy, (s (X x G7) 4, KOE))
All the arrows are indeed isomorphisms by Lemma 6.2. O

Now suppose (X,U) € 8mOp/S with j: U < X the inclusion and Z = X —U. Schlichting’s
localization sequence (5.3a)

KO(x,U) < ko(x) L5 Koli)
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can be described more precisely than we have done so far. The composite map j*e* is induced
by the functor Ch*(VBX on Z) — Ch?(VBU) such that the morphism of functors j*e* — 0
is a natural weak equivalence. This natural weak equivalence gives a homotopy from the map
of spaces j*e* to the trivial map, and that gives a factorization of e* as

KO X, U) 2% hofib(5*) 250 KOU(X). (6.1)
Schlichting’s theorem is that ex 7 a homotopy equivalence. This factorization is functorial in
(X,U).

For a pointed motivic space A write KO (A) = hom, (A4, KOM) for the pointed mapping
space, which is the pointed simplicial set [n] — Homyg,s)(A A Aln]4, KOU). For 4 = X,
with X a smooth scheme we have KO(4) = KOU(X). For j: U < X as above we can fill
out a commutative diagram of pointed simplicial sets

KOll(X,U)
eX,U
hofib(j*) » KO (x) —— KOl (U)

G1 G(X )\L JG(U)

: natx, ) 74 )
KOU(Conel(j)) = hofib(j;) ——— KOU (x,) — KO (U,)

9x,U

Koll(x,/U,)

We claim that all the vertical arrows are homotopy equivalences. This is true for G(X)
and G(U) by Lemma 6.2 and therefore for G; because it is the map between the homotopy
fibers. The map ex ;7 is a homotopy equivalence by Schlichting’s theorem. The map ¢x ¢ is a
homotopy equivalence because it is obtained by applying hom,(—, KOM) with KO fibrant
to the schemewise weak equivalence between cofibrant objects Cone(j;) — X4 /U.

The diagram is functorial in (X,U). We conclude:

Theorem 6.5. For (X,U) in 8mOp/S there is a functorial zigzag of homotopy equivalences
KOU(X,U) — KOW(Cone(Uy — X)) + KOW(X_/U,) which for (X, @) reduces to the
G(X): KOU(X) — KOW(X) of Lemma 6.2. These induce functorial isomorphisms of groups
KOV (X,U0) = KOV (X4+/Uxs) for all integers i and r.

Notation 6.6. Denote by a : K O,[f](—, -) = KOLi](—+ /—+) the functor isomorphism de-
scribed in Theorem 6.5.

7. THE T-SPECTRUM BO AND THE COHOMOLOGY THEORY BO™*

Let T = A'/(A! —0) be the Morel-Voevodsky object. A T-spectrum E over S consists of
a sequence (Fy, E1,...) of pointed motivic spaces over S plus structure maps o,: En NT —
E, 1. Let SH(S) denote the stable homotopy category of T-spectra as described in [9]. It is
canonically equivalent to the motivic stable homotopy category constructed in [20].

Here we define a T-spectrum BO. Its spaces are (KO[O],KO“],KOm,KO[?’}, ...). We
now define the structure maps.
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Let A! — pt be the trivial rank one SL bundle, and let th € KO([)H (A',A! —0) be its
Thom class as defined by (5.5). Because K O,[F*} is SL¢ oriented, the maps

— x th: KOM(X) - KOIU(X x A', X x (A' —0)) (7.1)
are isomorphisms. Recall that th is defined by (5.5) as the class of the symmetric complex
K(0) 0 Oar —— Opn 0
@((‘))l% —1J l1 (7.2)
K(O)V[1] 0 Op1 —— O 0

of degree 1 in Ch®(VBA' on 0). The maps — x th are induced by the maps of spaces
(- R (K(0),0(0))): KOM(X) » KO(X x A', X x (A! —0))

These maps are thus homotopy equivalences, and KO — KO (— x Al — x (Al —0))
is a schemewise weak equivalence.
From Lemma 6.2 and Theorem 6.5 we now have a zigzag

KOl <& gom — 2 5 golht1(— x AT, — x (Al —0))

KO (Cone(— A (A' —0); — — AAL)) < KO (= AT)

of schemewise weak equivalences in M, (S). Their composition is an isomorphism KO =~
KO["H](— AT) in the homotopy category.

There is a Quillen adjunction with left adjoint — AT and right adjoint F'(—) — F(—AT).
It follows that KO+ (—AT) is fibrant, while KO™ is cofibrant, so there exists a morphism
o KO — KO (— AT) in M, (S) representing the same isomorphism in the homotopy
category as the zigzag. Let o, : KOM AT — KO be the adjoint morphism. Since the
KOM and KOM™ are periodic modulo 4, we may choose the ¢} and o, so they are also
periodic.

Definition 7.1. The T-spectrum BO consists of the sequence of pointed motivic spaces
(Kol kol Ko? Kob!, .. ) (7.3)
together with the structure maps o, : KOM AT — KOt just described.

The spaces KO™ are motivically fibrant and the adjoints o) of the structure maps are
schemewise weak equivalences. So we have [9, Lemma 2.7]:

Theorem 7.2. The T-spectrum BO is stably motivically fibrant.

As explained in [20] any T-spectrum E defines a bigraded cohomology theory (E** ) on
the category M, (S) with

EP,Q(A) = HomSH.(S) (A, E N Sf_q A G;\nq)
The differential 9 increases the bidegree by (1,0).
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For any A € M,(S) the adjunction map induces isomorphisms

KO!"(A) = Homp, 5)(A A S, KO) = Homgyg)(A A S, BO AT = BO?" 7 (A),

KO!™(A) = Homp, 5)(A A G~ KO = Homgps) (A A G, BO AT )
— B02n—i,n(A)’
for i > 0 and i < 0 respectively. This gives us an isomorphism of functors on M,(.S)

B4 :KOM = BO> i,

Corollary 7.3. The composition isomorphism Blsmop/k © @ : Kol — BO™*[s;0p/s Te-
spects the boundary homomorphisms in both cohomology theories on 8mOp/S. So it is an
isomorphism

o KOL*] — BO*’*‘Smop/S

of cohomology theories in the sense of [14].

Definition 7.4. Using the cohomology isomorphism v we transplant to BO|g,,0, /s the par-

tial multiplicative structure of (K Olﬁ,@) and the Thom and Pontryagin classes of its SL¢
orientation described in Theorem 5.1. The unit of this partial multiplicative structure is the
element e = y((1)) € BO%(S9).

Theorem 7.5 (Bott periodicity). The adjoints of the structure maps and the categorical
periodicity isomorphisms give levelwise weak equivalences

o

BO = 04BO(4) = Q4BO.

8. A SYMPLECTIC VERSION OF THE MOREL-VOEVODSKY THEOREM

In [12, Theorem 4.3.13] Morel and Voevodsky showed that Z x Gr represents algebraic K-
theory in the motivic unstable homotopy category. If one replaces the ordinary Grassmannians
by quaternionic Grassmannians, the same holds for symplectic K-theory.

We write H for the trivial rank 2 symplectic bundle (0%2, ( % §)). The orthogonal direct
sum H®" is the trivial symplectic bundle of rank 2n. We will sometimes write H??" to designate
the trivial symplectic bundle over the scheme X.

The quaternionic Grassmannian HGr(r,n) = HGr(r,H®") is defined as the open sub-
scheme of Gr(2r,2n) = Gr(2r, H®") parametrizing subspaces of dimension 2r of the fibers
of H®"™ on which the symplectic form of H®" is nondegenerate. We write U, ,, for the re-
striction to HGr(r,n) of the tautological subbundle of Gr(2r,2n). The symplectic form of
H®" restricts to a symplectic form on U, which we denote by ¢, . The pair (U, ¢pp) is
the tautological symplectic subbundle of rank 2r on HGr(r,n). Morphisms X — HGr(r,n)
are classified by subbundles F C H??" of rank 27 such that the symplectic form of H??" is
nondegenerate on every fiber.

More generally, given a symplectic bundle (E, ¢) of rank 2n over X, the quaternionic Grass-
mannian bundle HGr(r, E, ¢) is the open subscheme of the Grassmannian bundle Gr(2r, E)
parametrizing subspaces of dimension 2r of the fibers of £ on which ¢ is nondegenerate.

For r = 1 we have quaternionic projective spaces and bundles HP™ = HGr(1,n + 1) and
HP(E,$) = HGr(1, E, ).
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There are commuting morphisms

A on

HGr(r,n) HGr(r,n+1)

Br,nl lﬁr,'rwrl (81)

HGr(r+1,n+1) frnd HGr(r+1,n+2)

with a.,, classified by the rank 27 subbundle U,., ® 0 C H®" @ H and S,11 41 classified by
the rank 2r + 2 subbundle H® U,.,, € H ® H®™. Composition gives us maps HGr(n,2n) —
HGr(n+1,2n+ 2). We define HGr = colim HGr(n,2n). We consider Z x HGr pointed by
(0, HGr(0,0)). It has a universal property.

Theorem 8.1. Suppose X € 8m/S is affine. Then for every & € GW ™ (X) there is a
morphism of ind-schemes f: X — Z x HGr such that £ = f*r. Moreover f is unique up to
naive A'-homotopy.

This is the equivalence moLg = moGW ™ of [4, Proposition 6.2.1.5] plus the isomorphism
10GW™ = GW™ which happens for our schemes which are regular with %

For a smooth S-scheme X let KSp(X) = KO(Ch*(VBX),wx,",—n) be its symplectic
K-theory space. There are natural isomorphisms K Sp = KOW#n+2],
Theorem 8.2. The objects 7Z. x HGr and KSp are isomorphic in the motivic unstable ho-
motopy category He(S).

The proof of this theorem is identical to Morel and Voevodsky’s proof for ordinary K-theory
except for one point. Let HU(r,n) — HGr(r,n) be the principal Sp,,-bundle associated
to the tautological rank 2r symplectic subbundle on HGr(r,n). There is an isomorphism
HU(r,n) = Span/Span—2-. To establish Theorem 8.2 by following the proof of Morel and
Voevodsky exactly we would need the HU(r,n) to form an admissible gadget in the sense
of [12, Definition 4.2.1]. It does not seem as if they do. Nor can we use the admissible
gadget used by Morel and Voevodsky, for that would substitute for HU(r,n) the principal
GL(2r)-bundle associated to the tautological subbundle on Gr(2r,2n), called Uy, 2, in [12].
(This Usy 2y, is the space of 27 x 2n matrices of maximal rank.) But the quotient Us, 2y,/Spa,
is not the quaternionic Grassmannian HGr(r,n), and its cohomology risks being much less
tractable.

So we give a new definition based on the property actually used in the proof of [12, Propo-
sition 4.2.3]. For a commutative ring B let

Ay = Spec Blty,. .., ty], OAL = Spec Blty, ..., tn]/(tita - tn(1 — D t;)) C AR

Definition 8.3. An acceptable gadget over an S-scheme X is a sequence of smooth quasi-
projective X-schemes (U;) ey and closed embeddings U; — U1 of X-schemes such that for
any henselian regular local ring B and any commutative square

inclusionl Jpro jection

AR —— X
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there exists a j > ¢ and a map A% — U; making the following diagram commute.

OA™ gadget map

B U; Uj
inclusionl / mej .
A% X

N
7

Sections of the principal bundle HU (r,n) — HGr(r,n) are given by symplectic frames (i.e.
symplectic bases) of the tautological symplectic subbundle. Therefore giving a morphism
V — HU(r,n) is equivalent to giving an embedding H%‘;T C H%‘;" such that the symplectic
form on H%‘;T’ is the restriction of the symplectic form on Hi‘;”. This is also equivalent by duality
to giving 2n sections 1, ..., S, of the bundle of linear forms ngv such that Z?:l S$9i—1 /N S9;
is equal to the symplectic form of H%‘;T’.

We need the HU(r,n) to form an acceptable gadget in the relative case as well (cf. [12,
Lemma 4.2.8]). Given a symplectic bundle (E, ¢) of rank 2r over X, the relative HU(E, ¢;n)
is constructed by taking the Spy,-torsor P — X associated to (£, ¢) and forming the quotient
(P x HU(r,n))/Sp,, by the diagonal action of Sp,, on the two torsors. This gives us a fiber
bundle HU(E, ¢;n) — X x HGr(r,n) with fibers Sp,, and structural group Sp,, X Sp,
acting on the fibers by left and right translation. Giving a morphism V' — HU(E, ¢;n) is
equivalent to giving a triple (f,g,¢) with f: V. — X and g: V — HGr(r,n) morphisms of
schemes and ¢: f*(E, ¢) = g*(Uy 1, ¢rn) an isometry of symplectic bundles. This is equivalent
to giving (f,u1,...,u2,) with f: V. — X a map and the w; sections of f*E" such that
Yo ugi—1 Aug = .

Lemma 8.4. Let R be a commutative ring, let ¢ € R and let R = R/(g). Let (E,¢) a
symplectic R-module, and let (E, @) be the associated symplectic R-module. Let uy, ..., us, €
EY be linear forms such that Y ;| Ugi—1 AUz = ¢ in A2E". Then there exist linear forms
Ul,y..., Vo and Wy, ..., Wy in B such that

n

m
Z(U%—l + guai—1) A (uz; + gua;) + Z gwazj—1 N gwaj = ¢.

i=1 j=1
Proof. The uq,...,us, generate E’. So there exist v1,. ..,V € EY such that
n 2n
gb—Zug,-_l/\uQi EgZuj/\(—l)ij (mod ¢?%). O
i=1 j=1

Proposition 8.5. For any symplectic bundle (E, ¢) of rank 2r over a scheme X, the schemes
(HU(E, ¢;n))n>r together with the closed embeddings HU (E, ¢;n) — HU(E, ¢;n+1) induced
by the inclusions H®™ C H®™ & H form an acceptable gadget.

Proof. Let R = Blt,...,t,] and g = tity---t,(1 — > t;) € R. Giving the first diagram of
Definition 8.3 is then equivalent to giving the (E,¢) and (uy,...,Us,) of Lemma 8.4. The
map A — Uj is then given by (u1 + gvi, ..., u2n + gvan, gwi, ..., gway,). The top triangle
of the second diagram commutes because modulo ¢ this last vector is (@i, ...,U2,,0,...,0).
The lower triangle commutes because of the equation involving ¢. O

Substituting the acceptable gadgets HU (r,n) — HU(r,n + 1) — --- and the quaternionic
Grassmannians HGr(i,n) for the admissible gadgets Uy, ; — Uy, i+1 — - - - and Grassmannians
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Gr(i,n) of Morel and Voevodsky, the proof of [12, Theorem 4.3.13] can be used to prove
Theorem 8.2. Proposition 8.5 substitutes for the last paragraph of the proof of Proposition
4.2.3 and for Lemma 4.2.8. We get hocolim,, HU (r,n) = pt and

BSpo, = BetSpar = HGr(r, 00)

in H(S), and we get the theorem. At the end one needs the equivalence of hermitian K-
theories based on group completion and of Schlichting’s Waldhausen-like construction. But
Schlichting has shown that each is equivalent to the hermitian @-construction: see [17, The-
orem 4.2 and [19, Proposition 6.

Similar but less definitive results can be proven for the orthogonal group. Let H?n denote
the trivial orthogonal bundle (0?2", q2n) with the split quadratic form go, = > 1" | X912
Let RGr(r,2n) = RGr(r,HY") be the open subscheme of Gr(r,2n) parametrizing subspaces
of rank r on which go,, is nondegenerate. Then over RGr(r,2n) we have a tautological rank
r orthogonal subbundle (U|rar, g2n|rer) whose structural group scheme is the orthogonal
group scheme O(r, gon|rGr) — RGr(r,2n). The associated principal bundle is RU(r,2n) —
RGr(r,2n). To give a morphism V' — RU(r,2n) one gives a quadratic bundle (E,q) of
rank r over V and 2n sections si,...,So, of EY such that ¢ = >°"" | s9;_152;. The data
(E,q,81,...,52,) and (E1,q1,t1,...,to,) define the same morphism if and only if there is an
isomorphism ¢: E = F; such that ¢ = ¢*¢q1 and s; = ¢*t; for all 7. The relative case is like
the relative symplectic case described earlier.

Proposition 8.6. (a) For any quadratic bundle (F,q) the RU(E,q,2n) and the inclusions
RU(E,q,2n) — RU(E,q,2n+2) corresponding to (E,q,s1,...,8,) +— (E,q,81,...,82,0,0)
form an acceptable gadget, as do their relative versions.

(b) For any quadratic bundle (E,q) of rank r over X the fiber bundles RU(FE,q,2n) — X
have sections for n > r over any open subscheme over which the vector bundle E trivializes.

Part (b) of the proposition is of concern [12, Proposition 4.1.20 and Definition 4.2.4.3].
It is not an issue for symplectic bundles because symplectic bundles are locally trivial in
the Zariski topology. It holds because to give a section of RU(F,q,2n) — X is to give

sections 1, ..., 89, of EY such that ¢ = ) s9;_189;. If E trivializes over U with coordinates

T1,...,% and ¢ = ZKJ- a;jr;xj, then one can give a local section over U by s9;_1 = x; and
n P .

S9; = Zj:iaijxj for 1 <i<rands;=0fori>2r.

The results of Proposition 8.6 and of the arguments of Morel and Voevodsky are isomor-
phisms B;O, = RGr(r,00) and Be;O = RGr in He(S). However, neither of the natural maps
Z x BO — 7 x ByO or Z x BO — KO are isomorphisms in H,(S) because orthogonal
bundles are not always locally trivial in the Nisnevich topology.

We also do not know how to calculate KO (RGT).

9. THE COHOMOLOGY OF QUATERNIONIC GRASSMANNIANS

We review the calculation of the cohomology of quaternionic Grassmannians of [16]. We
reformulate the definitions and some of the theorems for a bigraded e-commutative partial
multiplication. In [16] we assumed we had a full ring structure. We do not redo the proofs
because no change is needed: all the needed products are with the Thom and Pontryagin
classes of symplectic bundles or with pullbacks of such classes, and those lie in the A%,

Definition 9.1 ([16, Definition 7.1]). A symplectic Thom structure on a bigraded coho-
mology theory (A**, 0) with an e-commutative partial multiplication or ring structure is
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a rule assigning to every rank 2 symplectic bundle (F,¢) over an X in 8m/S an element
th(E, ¢) € A%?(E, E — X) with the following properties:
(1) For an isomorphism w : (E, ¢) = (Eq, ¢1) one has th(E, ¢) = u* th(E1, ¢1).
(2) For a morphism f :Y — X with pullback map fg : f*E — E one has f}th(E,¢) =
th(f*E, f*¢).
(3) For the trivial rank 2 bundle H over pt the map

— X th(H): A"*(X) — A™*(X x A%, X x (A% —{0}))
is an isomorphism for all X.

The Pontryagin class of (E, ) is p(E, ¢) = —2* th(E, ¢) € A%*(X) where z: X — FE is the
zero section.

From Mayer-Vietoris one sees that for any rank 2 symplectic bundle
Uth(E,¢): A**(X) = A™*(E,E — X)

is an isomorphism. The sign in the Pontryagin class is simply conventional. It is chosen so
that if A** is an oriented cohomology theory with an additive formal group law, then the
Chern and Pontryagin classes satisfy the traditional formula p;(E,¢) = (—1)%co;(E). The
following is [16, Theorem 8.2].

Theorem 9.2 (Quaternionic projective bundle theorem). Let (A**,0) be a bigraded coho-
mology theory with an e-commutative partial multiplication or ring structure and a symplectic
Thom structure. Let (U, ¢|y) be the tautological rank 2 symplectic subbundle over the quater-
nionic projective bundle HP(E, ), and let t = p(U, ¢|y) be its Pontryagin class. Then we
have an isomorphism of graded A°(X)-modules

(1t,...,t" ) A (X))@ A (X))@ - @ AY(X) — AV (HPx(E, $))
and an isomorphism of graded modules over A°(X) = D, APP(X):
(Lt .., ") A2X) e A (X))@ @ A%(X) —» AY(HPx(E, ¢)).

Definition 9.3. Under the hypotheses of Theorem 9.2 there are unique elements pi(E,¢) €
A%2(X) for i = 1,2,...,n such that

" —p1(E,¢) Ut" ! + pa(E,¢) Ut" 2 — - 4 (—=1)"pu(E, ¢) = 0.

The classes p;(E, ¢) are called the Pontryagin classes of (E, ¢) with respect to the symplectic
Thom structure of the cohomology theory (A, d). For i > n and ¢ < 0 one sets p;(E,¢) = 0,
and one sets po(F, ¢) = 1.

The quaternionic projective bundle theorem has consequences the symplectic splitting prin-
ciple and the Cartan sum formula for Pontryagin classes [16, Theorems 10.2, 10.5]. With them
one can compute the cohomology of quaternionic Grassmannians. Let e; denote the " el-
ementary symmetric polynomial, and let h; be the i* complete symmetric polynomial, the
sum of all monomials of degree 7. There are formulas relating them, including the recurrence
relation hy + Zi>1(—1)ieihk_,~ = 0. Let II, ,_, be the set of all partitions whose Young dia-
grams fit inside an r x (n —r) box. (More formally these are partitions A with [(\) = \; <r
and \; < n—r.) Associated to any such partition is a Schur polynomial, which can be written
in terms of the e;.
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Theorem 9.4. For any bigraded ring cohomology theory A™* with an e-commutative partial
multiplication or ring structure and a symplectic Thom structure and any X the map

A (X)e1s .- e/ (hnerits - hn) — AY*(HGr(r,n) x X) (9.1)
sending e; — pi(Uy n, ¢r.n) for all i is an isomorphism, as is the map

n S ur,ru r,n R,
A*’*(X)EB(T) (sa( Gr.n))rell, ,

A (HGr(r,n) x X). (9.2)

Theorem 9.5 ([16, Theorem 11.4)). For any bigraded ring cohomology theory A** with an
e-commutative partial multiplication or ring structure and a symplectic Thom structure and
any X the o, and By, of (8.1) induces split surjections
(o x1x)" : A(HGr(r,n+1) x X) - A(HGr(r,n) x X)
(Brn x 1x)*: A(HGr(r+1,n+1) x X) - A(HGr(r,n) x X)
which the isomorphisms (9.2) identify with the surjections A(X)@(njl) — A(X)@(:) and

1 n

n+
A(X)@(TH) — A(X)EB(T-) which are the identity on the summands corresponding to A € 1L,
and which vanish on the summands corresponding to X € I1,, .. We have isomorphisms

A (X)[[pr, - pe)" = lim AV (HGr(r,n) x X) (9.3)
A (X)[pr, p2sps, - 1™ S lim A (HGr(n, 2n) x X) (9.4)

with each variable p; sent to the inverse system of i Pontryagin classes (pi(WUppn))n>r or
(pi(un,2n))neN-

The notation on the left in (9.3)—(9.4) is the bigraded ring of homogeneous power series.
We have a simple lemma.

Lemma 9.6. If A is a T-spectrum, then for any pointed motivic spaces X andY the canonical
map X xY — X AY induces a split injection A™*(X NY) — A™*(X xY). The image of the
injection coincides with the kernel of the map

[(idx x y)*, (x x idy)]: A (X xY) = A™*(X xy) ® A" (x xY).
We write [-n,n| ={i € Z | —n < i < n}. We have a sequential colimit of pointed spaces
(Z x HGr,(0,29)) = colim(([-n,n] x HGr(n,2n), (0,z))
to which Theorem 10.1 applies. Theorem 9.5 and Lemma 9.6 now give the following result.

Theorem 9.7. Let A be a T-spectrum whose associated cohomology theory (A**,0) has an
e-commutative partial multiplication or ring structure and a symplectic Thom structure. Then
the natural map

A**((Z x HGr), (0,29)) — @A*’*([—n,n] x HGr(n,2n),(0,z0))
is an isomorphism. More generally for any v and s the natural map
A (ZxHGr, (0,20))""A(HP!, 20)"%) — @A*’*(([—n, n|x HGr(n, 2n), (0,20))"" A(H P, 2¢)"*)
is an isomorphism.

We complete our review of parts of [16] by looking at the geometry of HP' = HGr(1,H®?).
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Theorem 9.8. In Ho(S) we have a canonical isomorphism n: (HPL, pt) = T2,

Proof. By definition HP' is by the open subscheme of Gr(2,4) parametrizing 2-dimensional
symplectic subspaces of the 4-dimensional trivial symplectic bundle. It contains two dis-
tinguished points 9 = [H @ 0] and 2o = [0 @ H]. The z, is the origin of an open cell
A* C Gr(2,4) of the usual Grassmannian consisting of subspaces with basis of the form
(y1,%2,1,0) and (y3,v4,0,1). Within the A? there are two transversal loci N* = A? defined
by y2 = ys = 0 and N~ =2 A? defined by y; = y3 = 0. They are closed in HP'.

The complement H P! — Nt is the quotient of A% by a free action of G, [16, Theorem 3.4].
Consequently the structural map HP' — Nt — pt and its section xo: pt — HP' — Nt are
motivic weak equivalences. This gives us motivic weak equivalences

A
TA2 = N=J(N- — 0) =208 pplygpl - N+) 2 (Pt )

Al \20ut Ofg\) Texcision (9 5)

AYJ(A*— N*+) «——— (A‘NHPY/((A*n HPY) — N+)

excision

The zigzag on the top line is the canonical isomorphism in He(.S). O

A symplectic bundle (E, ¢) is naturally a special linear bundle (E, \y) with A4 the inverse
of the Pfaffian of ¢. Hence special linear Thom classes of hermitian K-theory (Theorem
5.1) give BO™* a symplectic Thom structure. So there are Pontryagin classes for symplectic
bundles in hermitian K-theory, and all the formulas of this section are valid for them.

We may compute the Pontryagin classes induced by the Thom classes of this particular
symplectic Thom structure. We need the isomorphism of (4.1), which becomes the isomor-
phism

o

GwW-(X) = Kol (x)
(X0 — —[(X,0)0]].
The sign makes the isomorphism commute with the forgetful maps to Ky(X). For a rank
2 symplectic bundle (E, ¢) has Pontryagin class p1(E, ¢) = —z"th(E,Ox, Ay), which is the
image under the isomorphism of [E, ¢] — [H] € GW™(X). The symplectic splitting principle
[16, Theorem 10.2] now gives the following.

(9.6)

Proposition 9.9. Let (F,v) be a symplectic bundle of rank 2r on X . Its first Pontryagin class
p1(F, ) € KO([)z} (X) is the image under the isomorphism (9.6) of [F,v¢] —r[H] € GW~(X).

Formulas for higher Pontryagin classes in terms of exterior powers of (F, 1) will be given
in [22].

10. THE STRATEGY FOR PUTTING A RING STRUCTURE ON A**

We explain our strategy for turning our partial multiplicative structure on BO™* into a
full ring structure.

We will need the following standard facts about spectra. Recall that a motivic space X is
small if Homgp(s) (37X, —) commutes with arbitrary coproducts. We write M (S) for
the full subcategory of small motivic spaces.
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Theorem 10.1 ([15, Lemma A.34]). Let D — DU — D@ — ... be a sequence of
morphisms in SH(S) with hocolim D = D, let X be a small motivic space, and let A be a
T'-spectrum. Then there is a canonical isomorphism

Homg(s) (55X, D) = colim Homp, (s)(X, D™).
and a canonical short exact sequence:
0 = lim" AP~14(DW) — AP4(D) — lim A»9(DW) — 0.
Particular cases of this are the following.

Theorem 10.2 ([16, Theorem 5.2]). Let X be a small motivic space and A a T-spectrum.
Then we have

Homgp(s) (37X, A) = colim Homy, (s)(X AT, Ay).

Theorem 10.3 ([15, Corollaries 3.4, 3.5]). Let A and E be T-spectra. Then for any r there
is a canonical short exact sequences

O—)@l A*—2rn—1,*—rn(E;L\r) —)A*’*(E/\T) _)mA*—%“n,*—rn(E?/l\r) = 0.

Definition 10.4. An almost commutative monoid in SH(S) is a triple (A, pu,e) with A a
T-spectrum and p: ANA — A and e: X1 — A morphisms in SH(S) such that
(1) the morphism po (A1) —po(1Ap) € Homgrsy(ANANA, A) lies in the subgroup
@1 A*—Gn—l,*—Sn(An /\An /\An),
(2) foro: ANA — AN A the morphism switching the two factors, the morphism p—poo €
Homgp(s)(A A A, A) lies in the subgroup @11 Ax—in=la=IniA A A,
(3) the map 1 —po(1Ae) € Homgg(g)(A, A) lies in the subgroup @11 AxTn=lamn g ),

An almost commutative monoid (A, u1, e) defines pairings
x: APIU(X) x A5(Y) — APTHITS(X AY) (10.1)

for X and Y in M,(S) as follows. For a: XX — AN SP9 and B : XFY — A A S™® define
a x e APTHITS(X AY) as the composition

IP(XAY)XEPX ALFY OB ANSPUNANSTE = AN AN SPITTHS AL 4 A gptnats,

The unit e € Homgp(s)(XFpts, A) defines an element 1 € A%0(pt,). There is then a
unique element e € A%?(pt, ) such that Ype € Homgps)(T, ANT) is the composition of the
endomorphism of 7" induced by the endomorphism x — —x of Al with e A 17.

Theorem 10.5. For an almost commutative monoid (A, p,e) in SH(S) the cohomology
theory (A**,0) with the pairing x of (10.1) and the element 1 € A%°(pt.) form an e-
commutative ring cohomology theory on Me(S)*™ and on 8mOp/S.

Proof. There are canonical elements a,: 33 A, (—n) — A. The definition of an almost com-
mutative monoid is equivalent to having (A, p,e) such that the induced pairing satisfies
(an, X ap) X ap = ap X (ap X ay) and o*(a, X a,) = €"a, X a, and a, X e = a, for all
n. It then also satisfies

1 1

e Vw4
(SPg, x P9 q,) x 2P0 g, = SPq, x (SP 9 q, x SPq,)
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for all (p,q), (p',¢') and (p”,q"). By Theorem 10.2 for a small motivic space X any morphism
YPX — AN SPY factors as
DR — 5 A, (—n) A SPT 210 A GP

for some n. So on small motivic spaces the multiplication is associative. The e-commutativity
and the unit property are treated similarly. The signs in the commutativity come from
permuting the spheres. O

11. THE UNIVERSAL ELEMENTS

The isomorphism 7: (Z x HGr, (0, x0)) =, KSp of Theorem 8.2 is classified by an element
which has restrictions

T’{i}XHGr(nQn) = [un,2n7 ¢n72n] + (Z - n)[H] € KSPQ(HGT(H, 2”)) (111)
Its image under the isomorphism (9.6) is a class 7 € KO([)2] (Z x HGr,(0,z0)) with

7'2|{i}><HGr(n,2n) =D (un,2m ¢n,2n) +ih € Kog](HGT(na 2”))
according to Proposition 9.9. Here h € KO([)2] (pt) = BO*?(pt) is the class corresponding to
[H] € GW ™ (pt) under the isomorphism. By Theorem 9.5 we have an isomorphism

BO**(Z x HGr) = HBO*’*(pt)[[pl,pg,pg, . ])remes
1€EZ
with the product taken in the category of graded rings. Setting
P11 = (pl)ieZ € BO*’*(Z X HGT), %rk = (“BO)Z’GZ S BO*’*(Z X HGT‘)

we see we have 75 = p; + (5 rk)h.
For any k we have a composition of isomorphisms in the homotopy category He(.S)

transsg1
—_—

(Z x HGr,(0,20)) = KSp KO+ —1, glik+2]

where the transsg1 comes from translation and the —1 is the inverse operation of the H-space
structure, which we add as in (4.1) so that the forgetful maps to K-theory should commute up
to homotopy. (The inverse in the H-space structure comes from the Qp-spectrum structure
and to the authors’ knowledge not from a duality-preserving functor.)

Definition 11.1 (Universal element). We denote by
Tinrs € KOM (7 x HGr, (0, 20)) = BOS 44427 5 HGr, (0, 20))
the element corresponding to the composition. It is given by Tyx40 = (p1 + (% rk)h) U 5§.

We write [-n,n] = {i € Z | —n < i < n}. The class 7 € GW~(Z x HGr) giving the
isomorphism Z x HGr = KSp has a universal property.

Lemma 11.2. There are unique p and psk+4 in He(S) making the diagram commute
(Z x HGr,(0,30)) A (Z x HGr, (0,20)) ——— KO

T4k+2 /\7'4k+2l% %Jtranslation

Ko[4k+2} A Ko[4k+2} K0[8k+4]

H8k+4



ON THE MOTIVIC COMMUTATIVE RING SPECTRUM BO 27

and such that for each i, j and n the restriction of u
({i} x HGr(n,2n)) x ({j} x HGr(n,2n) — KO

is the class in He(S) of the morphisms of ind-schemes represing the orthogonal Grothendieck-
Witt class which is

([Un 20, Pn2n] + (i = n)[H]) B ([Un,2n, Pn2n] + (5 — n)[H]).

The p with the asserted restrictions exists and is unique because of Theorem 9.7. It factors
through the wedge space because of Lemma 9.6. Then g4 is the map making the diagram
commute.

Lemma 11.3. The following diagram commutes in He(S).

_aN1
KO4—2 A\ KOME—2) 5 78 _ ekl KOk A 78
T4k+2/\74k+zl%
Ko[4k—2} ATM A K0[4k—2] A TN structure maps

lstructure maps

KOM4++2 A KO4k+2] v KOBk+4]

Proof. Because of Theorem 9.7 it is enough to observe that the compositions of the two paths
of arrows with the composition

({i} x HGr(n,2n)) x ({j} x HGr(n,2n)) x (HP!, x)**

\[ Tak—2ATag—o An?
(Z x HGr) x (Z x HGr) x (HP?', 2¢)*4 % KOM“:—2 A KO4k—2] 5 718

are the same for all 4, j and n. O
By Theorem 10.3 we have a surjection
Homgp s)(BO ABO,BO) — lim BO'*88:+4(KQ M2 A KOI"+2]) — 0
the compositions
299 (KOWH2) A KOWH2)) (g — 4) L4552, sioog QBRI (g — 4) <2ronical, gy

form a system of elements of the groups in the inverse limit. They are compatible with the
connecting maps of the inverse limit because the diagrams of Lemma 11.3 commute. Let

m = (M8k+4)k‘€N c @B016k+8’8k+4(K0[4k+2} A K0[4k+2}) (112)

and let
m € Homgps)(BO A BO) (11.3)

be an element lifting it. As in (10.1) m defines a pairing

x: BOPI(A) x BO™(B) — BOP*™+5(A A B). (11.4)
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Theorem 11.4. Suppose S satisfies the hypotheses of Theorem 13.1. For X and Y in 8m/S
and all p and q the pairing

BO?(X,) x BO%(Y,) » BOWTe2T24(x  AY,)
induced by m is identified via the isomorphism v of Corollary 7.3 with the naive pairing

KOPP (X) x KOPY(v) » KOP (X x v).

Proof. Because of Jouanolou’s trick it is enough to consider affine X and Y.

Let a € KO([]2P] (X) and B € KO([)zq}(Y).

When we have 2p = 2¢g = 4k +2 and X =Y = [-n,n] x HGr(n,2n) and a = S is the
restriction of the universal class 74,49, then we have the identification by the construction of
m.
When we have 2p = 2¢ = 4k +2 but X, Y, a and 3 are general then by Theorem 8.1 there
exists an n and morphisms fo: X = [-n,n]x HGr(n,2n) and fg: Y — [—n,n] x HGr(n,2n)
in ‘Sm/s such that fgz(7_4k+2|[—n,n]XHGr(n,2n)) = o and f§(7_4k+2|[—n,n]XHGr(n,2n)) = (. The
identification of the two pairings for o and 5 now follows from that for the restrictions of the
universal classes because both pairings are functorial for morphisms in 8m/S.

For general p and ¢ pick 4k + 2 > max(2p, 2q). The identification of the two pairings on «
and ( follows from the identification of the two pairings on

a X pl([]7 ¢)><2k+1—p c KOé4k+2}(X x (le)XZk-l—l—p)’

5 > p1(U, ¢)><2k+1—q e KO([)4k+2](Y % (HPl)X2k+1_q). 0
Theorem 11.5. Let m be as in (11.3), and let e € BO"O(pty) be the unit of the partial
multiplicative structure on (BO™*,0) of Definition 7.4. Then (BO,m,e) is an almost com-

mutative monoid in SH(S), and the x and 1 induced by m and e make (BO®*,0,x,1) a
(—1)-commutative bigraded ring cohomology theory on M8 and on 8mOp/S.

Proof. We prove associativity. The morphisms

mo(m/\idBo )

BO ABO ABO ¢ BO

mo(idso Am)
define two elements of BO%?(BO A BO A BO) with images in
@ BOXkH1212k+6 (K Q442 \ KOUH+2) A KOMF+2]),
This last group is isomorphic to
r&lBo24k+12,12k+6((Z x HGr, (0,20))")

So it is enough to show that the corresponding elements (74542 X Tykr2) K 7y 12 and 7410 X
(Tag+2 X T4r1+2) in each group of the inverse system are equal. However, since we have

BO24k+12’12k+6((Z % HGT‘, (0, 330))/\3) ~ @BO24k+12,12k+6(([_n’ n] % HGr(n, 2n), (0, 330))/\3)

by Theorem 9.7 it is enough to show that the restrictions to the smooth affine schemes
[—n,n] x HGr(n,2n) are equal. But then by Theorem 11.4 the pairings coincide with the
naive products, and those are associative.

The proofs of commutativity and of the unit property are similar.



ON THE MOTIVIC COMMUTATIVE RING SPECTRUM BO 29

Thus (BO,m, e) is an almost commutative monoid in SH(S). The rest of the statement
of the theorem follows from that fact by Theorem 10.5 except for the value of . For that
note that X71 € BO?*Y(T) is the class in GWHI(A!, Al — 0) of the symmetric complex
(K(09),60(0)) of (7.2). The pullback of the complex along the endomorphism z ++ —x of Al
is isometric to (K (0),—6(0)). So we have ¢ = (—1). O

Theorem 11.6. Suppose x and x' are two products on (BO**,0) on M (S) which as-
sociative and (—1)-commutative with unit 1 = (1), and such that o X 3¢, 1 = Xg,,a and

m m

axYgl=3Yga forala. If x and x" are both compatible with the products KO([]2m] (X) x

KO([]%} Y) — KO([)m+"] (X xY) induced on Grothendieck-Witt groups of smooth schemes by
the tensor product, then we have x = x/.

Proof. Suppose first that we have a € BO**(A) and 8 € BO%7(B) with A and B small
pointed motivic spaces. By Theorems 10.1 and 10.2 there exist m and n such that Z4Tm+2_’a €
BOSmH4AMT2(A A TA2M) has a factorisation

ANTMH2 5 ([=n,n] x HGr(n,2n),(0,20)) — Z x HGr = KO 2 _ BO(4m + 2)

and such that Zf}mw_j [ has a similar factorization. Since Z4Tm+2_ia and Z4Tm+2_j 5 are thus
pullbacks of classes on which x and x’ agree, the products agree on Ealﬂmw_ioz and E;{mH_j 5.
The compatibility of the products with the suspension and their e-commutativity imply that
we also have E§m+4_i_j (a x B) = E%m+4_i_j (o X" 8). Since the suspension operation is a
bijection on cohomology groups, we have o x 3 = o x’ f3.

For a« € BO”Y(A) and 8 € BOp/’q/(B) with for instance p < 2¢ and p’ > 2¢’ the products
agree on E;‘il_pa € BO?4(A) and Zg;2ql5 e BO% ~20'P'~4(B) by the previous case. By
the same sort of argument they also agree on «v and 8. The other cases are similar. O

Theorem 11.7. The assertions of Theorem 1.8 and 1.4 hold.

This follows from Theorems 11.5 and 11.6.

12. SPECTRA OF FINITE AND INFINITE REAL AND QUATERNIONIC (GRASSMANNIANS

We now wish to switch our sphere from 7' to the pointed HP'. This is possible because the
pointed H P! is isomorphic to T2 in H,(S). The result is a spectrum BO p1 very similar to
BO except that the structural maps are induced by a product with the Pontryagin class of a
symplectic bundle on a pointed scheme rather than a Thom class on a Thom space. This is
important because the universal property of Z x HGr deals with Grothendieck-Witt classes
of bundles on schemes not of chain complexes on an X acyclic over U.

The zigzag (9.5) also gives us an equivalence between the stable homotopy categories
SHpn2(S) and SHgp1 4. )(S) [9, Proposition 2.13]. There is also a Quillen equivalences
between Sptr(S) and Sptpaz(S) given by the forgetful functor and its adjoints.

Theorem 12.1. The stable homotopy categories of T-spectra and of (HP?', xq)-spectra are
equivalent.

The class —p1(Ugp1, ¢pgp1) € KO([)2](HP1,:EOO) corresponds to th*? e KOgﬂ (A2/A% —0)
under the identifications. So we may define our new spectrum.
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Definition 12.2. The HP'-spectrum BOyp1 corresponding to the T-spectrum BO has
spaces (KO’ KO? KO ...) and bonding maps adjoint to the maps

— x —p1(Ugpr, g pr): KOP (=) — KOP" P2 (— A (HP, 24))

The purpose of this section is to prove the following result. For parallelism with the labelling
of real and complex Grassmannians, we write HGr'(2r,2n) = HGr(r,n) so that RGr(2r,2n)
and HGr'(2r,2n) are both open subschemes of the ordinary Grassmannian Gr(2r, 2n) where
a certain bilinear form is nondegenerate. We also write

[-n,n)'={i€Z|-n<i<nandi=nmod2}.
For even n the scheme [—n,n]" x RGr(n,2n) is pointed in the component corresponding to

0 € [-n,n] by the point corresponding to an/z P0C Hf”. For odd n we either do not use

a base point or we use a disjoint base point. To compactify our notations we write
HGr), = [-n,n] x HGr'(2n,4n), (12.1)
RGra, = ([-2n,2n]) x RGr(2n,4n)) U ([-2n + 1,2n — 1]’ x RGr(2n — 1,4n — 2)). (12.2)
The first step in the proof of this theorem is the following general construction. For (X, )
a pointed scheme over S, let (X, z)" be the pushout of

xT

pt » X (12.3)

Al 2
pointed by 1 € Al(pt). (This is essentially the A' mapping cone of the inclusion z: pt — X.)
The natural projection (X,z)™ — (X, ) which is the identity on X and sends A! — 7 is a
motivic weak equivalence.

We abbreviate HP't = (HP', 29)". We will actually consider H P'*-spectra. The natural
functor SH g p1 4)(S) = SH(gpi+(S) is an equivalence, and let BOgp1+ be the (HP', xq)"-
spectrum corresponding to BO.

Theorem 12.3. There are H Pt -spectra BO™ and BOY™ which are isomorphic to BO g p1+
in SHypi+(S) with spaces

BOf" — {RGTQI.gi for even.i, (12.4)
HGr, o for odd i,
BOOm _ {Z X RGr  for even 1, (12.5)
2 7. x HGr for odd i,

which are unions of real and quaternionic Grassmannians. The bonding maps BO5,ANH P —
BO3, , with x = fin or geom are morphisms of schemes and ind-schemes, respectively, which
are constant on BO%, v HP™.

Proposition 12.4. Let (X,z), (Y,y) and (Z,z) be pointed schemes. There is a natural
bijection between

(1) the set of morphisms of pointed schemes g: (X, z) x (Y,y)* — (Z, z) which restrict to
the constant map (X X 1) U (:17 x (Y, y)+) — z, and
(2) the set of pairs (f,h) where
(a) f: (X xY,z xy) = (Z,2) is a morphism of schemes which restricts to the
constant map r XY — z and
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(b) h: (X,z)x Al = (Z,2) is a pointed A'-homotopy between f|xx, and the constant
map X — z.

The idea is that (X,z) x (Y,y)" is the union of two subschemes, and the restrictions of g
to these subschemes are g|xxy = f and g|xxa1 = h.

Let Us, and U be the tautological symplectic subbundles on HGr'(2n,4n) and HP! =
HGr'(2,4) resp., and let Vig, be the tautological orthogonal subbundle on RGr(16n,24n).
Let H be the trivial rank 2 symplectic bundle, and let Hy be the trivial rank 2 orthogonal
bundle for the split quadratic form ¢(z1, z2) = z129.

Lemma 12.5. There exist morphisms of pointed schemes

font ([-n,n] x HGr'(2n,4n)) x HP' — RGr(16n, 32n)
such that the Grothendieck-Witt classes satisfy

fon([Vien] = 8n[H1]) = ([Uzn] — (n —4)[H]) W ([U] — [H]) (12.6)
(where i € [=n,n] C Z is the index of the component) and such that fon|yxppr s constant,
and fgn\([_nmXHGW(QTLA,@))XM is pointed A'-homotopic to a constant map. These maps and

homotopies are compatible with the inclusions HGr'(2n,4n) — HGr'(2(n+1),4(n + 1)) and
RGr(16n,32n) < RGr(16(n +1),32(n + 1)).

Proof. There are orthogonal direct sums Us,, ® Us:, = H®?" and U @ U+ = H®2, Consequently
we have

([Uan] = (n — )[H])) B ([U] — [H]) = [Uzp RU] + [H*" R U] + [Uzy, R H] — (6n — 2i)[Hy].

We have inclusions of orthogonal bundles

Usy XU € HP" X U, Uy XH C H®2" K H,
HEBTL—i X UJ_ C H@QH X UJ_, H$2n+2i C Hfﬁln
Consequently the orthogonal subbundle
(U2n RU) & (HP" " RUT) @ (Us, B H) @ HP" T2 (12.7)

of
(H#" ) (U @ U+ @ H)) @ HP™ = Yo"
is classified by a map fo,: ([-n,n] x HGr'(2n,4n)) x HP' — RGr(16n,32n).
When we restrict to pt x HP', we have i = 0, and the direct sum Us, & Uan becomes
H®" @ H®", The orthogonal direct sum (12.7) becomes
(H*"20)RUaeUta0) e (08H*)R (0008 H)) & (HP*" @ 0).
Since U @ U+ @ 0=H®H® 0, this is the same as the subbundle
(H*" @ 0)RHeHa0) @ (00H*)R (0@ 0o H)) ® (HP*" @ 0). (12.8)

corresponding to the pointing of RGr(16n,32n). So fon(pt x HP') = pt.

A similar argument shows that fs, is compatible with the inclusions of the Grassmannians
in higher-dimensional Grassmannians.

When we restrict fo, to ([—n,n] x HGr'(2n,4n)) x pt, the direct sum over pt C HP!
becomes U @ UL = H @ H. The orthogonal direct sum (12.7) becomes

(Usn®(H®080) @ (H*" "R (O0&H®0) & (Us, R(0&0&H)) & HP*" ™ (12.9)
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This direct sum decomposition of the subbundle of rank 16n is compatible with the orthogonal
direct sum decomposition of the bundle of rank 32n into two summands
H?"RH® 0D H) = (U2, @Us,) RHO 0@ H) = (H" o H" )R (Ho 0@ H)  (12.10)

and

(H*" R (0@ H®0)) @ HY" = HY". (12.11)
Because
00 -1 0 10 0 O 1 0 -1 0 1 00 O
M. — 00 0 -1 (010 -1 01 0 O 01 0 -1
110 0 o 101 o0 00 1 0 1 01 0
01 0 O 00 0 1 01 0 1 0 0 0 1

is a product of matrices which are elementary symplectic and elementary orthogonal, there
is a morphism M: At — Sps N Oy with M(0) = I and M(1) = M, namely

1—¢2 0 —t 0
0 1—¢2 0 —2t + 3

M(t) = 2t — 3 0 1—¢2 0
0 t 0 1 —¢2

When we restrict to pt x pt the direct sum U @ U~ becomes H & H. We may see that
((1hengo B The2) & (Loghen B M) ™ (10, B lyez) & (1. B M))
is a pointed A'-homotopy between the subbundle
(U2 R (HB 08 0)) & (Uz;, K (060 & H))
and the subbundle
(H"®0) X (He060) @ (0@ HP)K (0@ 0@ H))
One may construct a similar pointed A'-homotopy between the subbundles
(H"" @ 0) R (0®H®0)) @ (HP* 2 ¢ 0)
and
(H*" 2 0) R (0B H®0) @ (HY* & 0)

Combining the two gives a pointed A!-homotopy between (12.9) and (12.8) and thus between

f2n‘([—n,n}XHGT’(2n,4n))><pt and the constant map.
The compatibility of the homotopies with the inclusions of Grassmannians is relatively

straightforward. O
The next lemma is proven in the same way as the last one.
Lemma 12.6. There exist morphisms of pointed schemes
gn: ([-n,n]) x RGr(n,2n)) x HP' — HGr'(8n,16n)
such that the Grothendieck- Witt classes satisfy
9n([Usn] = 4n[H]) = ([Va] = 5(n — 9)[H4]) K (U] = [H]) (12.12)

(where i € [-n,n] C Z is the index of the component) and such that gnl|yxmpr is con-
stant, and gn|((—n,n)'x RGr(n,2n))xpt 5 pointed A'-homotopic to a constant map. These maps
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and homotopies are compatible with the inclusions RGr(n,2n) < RGr(n + 2,2n + 4) and
HGr'(8n,16n) — HGr'(8(n + 2),16(n + 2)).

Proof of Theorem 12.3. By Proposition 12.4 the maps and homotopies of Lemmas 12.5 and
12.6 give us maps

F,: HGr,, N HPY — RGrig,,
Gn: RGrao, N HP'™ — HGr,,.

We now define BO/” to be the H P!-spectrum with spaces as in the statement of Theorem
12.3 and with bonding maps the compositions

RGrygei N HPY — HGr goii1 — HGT) goirs
HGTé,gzi AHPY - RGry.g2it1 — RGry.git2

of the appropriate F,, or G, with the maps induced by the inclusions of Grassmannians.
We define BOY“™ to be the HP'-spectrum with spaces

BOO™ _ colim, RGre, = Z x RGr  for even i,

" Ycolim, HGrh, =Z x HGr for odd i,

and with bonding maps induced by the F}, and G,,.

We claim that the inclusion map BO/™ — BOY™ is a stable weak equivalence. To show
this we need to show that the maps colim; Q% (Bogﬁrzj)f — colim; Q11 (Bogfig})f are
weak equivalences for all j. The (—)7 denotes fibrant replacement. This is because we have
two NZ-indexed families of spaces

B - Q51 (RGrygi)!  for even i,
QY (HGrl g)!  for odd i,
B o Qi (HGr, )7 for even i,
| Qi (RGrygi) for odd 4,

The inclusions of Grassmannians the F),, and G, give us maps E,; — E,41; and E,; —
Ey+1,i41 which commute, and similarly for the E;H Thus the E,; and E;” are filtered
systems of spaces indexed by a category with set of objects N? such that there is a unique
arrow (n,i) — (n/,i') if and only if n < n’ and i — n < ¢ —n/. By cofinality we have
isomorphisms colim; Fj 249 = colim,, ; £, ; = colim;(colim,, F, ;) for all j and similarly for
E;H These are the required weak equivalences for even and odd j respectively.

We now construct an isomorphism BO°™ =~ BOypi+ in SHypi+(S). By Theorem 10.3
we have an exact sequence

0 = lim' BO,*"(BOE™) — BOy; 1., (BO*™) — lim BOy (BOG™) — 0.

For every odd n = 2k + 1 the universal element of Definition 11.1 gives an isomorphism

Taet2: Z x HGr = KOW 2 in H,(S) and by adjunction a 74, ,, € BOS 4 +2(BOY™).
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The inverse system sends Tik 4o Tik_2 because in the diagram

(Z x HGr) NHPYY ANHPYY ————————— 7, x HGr

T4k2/\1/\llE T4k+2l% (12.13)
KOU—2 A P A HPY KO+

both horizontal maps are a x product with py(U)** = ([U] — [H])*?. So the 7j,_, define

8k+4,4k+2 geom . / . .
Hpt (BOj,.5). Since the 74,  , are all isomorphisms, any

element of BO%’,Opl(Bogeom) lifting 7/ is an isomorphism by general facts about homotopy
colimits of sequential direct systems in triangulated categories. O

an inverse system 7’ € lim BO

The inverse system 7’ also lies in @Bogﬁi (BOJ°™). So it also gives us maps 7y : Z X
RGr — KO in H,(S). Essentially these are the compositions of 74419 and the maps in the
motivic unstable homotopy category induced by the adjoint bonding maps of the two spectra

7 x RGr — Qupi+(Z x HGr) = Qg pi KO 2 KOIUH,
We do not know whether these are isomorphisms in He(S). The best we know how to do is:
Proposition 12.7. The morphism Qg p1(Tar) has a right inverse in Hq(S).

This is because in the commutative diagram

7Zx HGr —— QHP1+(Z X RGT)

KO =2 —=— Q51 KO

the arrows on the left side and bottom of the square are weak equivalences by Theorem 8.2
and 7.2 respectively.

13. THE COMMUTATIVE MONOID STRUCTURE IN SH(S)

The main technical result of this section is the following theorem. We use it to show that
the almost commutative monoid structure on the T-spectrum BO we constructed in Theorem
11.5 is actually a commutative monoid for S = SpecZ[].

Theorem 13.1. Let S be a regular noetherian separated Z[%]—scheme of finite Krull dimen-
sion. Suppose that KO1(S) and KSp1(S) are finite. Then for all m the natural map

BOO,O(BO/\m) N 1£1B02mz,m1((K0[2})/\m)
is an isomorphism.

Proof. We prove the theorem for the HP'-spectrum BOyp1. The theorem then follows for
the T-spectrum BO.
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By Theorem 10.3 and Theorem 12.3 there is a commutative diagram with exact rows

@11 BOm 2 (KOPT) vy s BOYS,, (BOYR) —» LBO‘}%EW ((KO[Riyrm)

l J/E lé by cofinality

. dmi—1,2ma N\ AM
@1BOHP1 (BOL")"™) »— BOYY, s

(BOM™)™) —» im BO L™ (BOY)"™)
7
The middle vertical arrow is an isomorphism because the morphism (BOﬁ N — BOYR
is a stable weak equivalence. The righthand vertical arrow is an isomorphism by a cofinality
argument as in the proof of Theorem 12.3. It follows that the lefthand vertical arrow is also
an isomorphism.
The @11 in the lower row is isomorphic to

lim' KO (HGryy, ™) or  lim' KSpi(HGryy,"™)

i odd 7 odd
for even m and odd m, respectively, where N; = 8%. By Theorem 9.4 each group in the
system is a direct sum of a finite number of copies of KO;(S) and of K Spl(S). By the
hypothesis it follows that each group in this system is finite, and so the L in the lower
row of the diagram vanishes. Therefore the L in the upper row also vanishes, proving the
isomorphism. ]

Theorem 13.2. Let R be a Euclidean domain. Then we have KSpi(R) = 0.

This is classical. It is proven essentially by showing that the action of the group ESpa,(R)
on unimodular vectors is transitive.

Theorem 13.3. Let R be a Euclidean domain with 3 € R. Then we have KO;(R) =
Z)27 x R* |R*2.

This must be very well known to the experts. We include the proof for completeness’ sake.

Proof of Theorem 13.83. We use the long exact sequences of Karoubi’s fundamental theorem
11, 18]

S koM (R B Kki(r) 1 KOM(R) % KO (R) 5 -

2

with F' the forgetful map and H the hyperbolic map. This amounts to four exact sequences
including

& WV K = KO = US Ky GWwt - w0 =0 (13.1)
S KSpr o Ky = VS GW™ s Ky — U > WL 0 (13.2)

with the GW™ and GW ™~ the Grothendieck-Witt groups of symmetric and skew-symmetric
bilinear forms respectively, the _1V and U the groups of [10, Appendices 2 et 3|, and the
W* the Witt groups with cohomological indexing ¢ la Balmer.

For a principal ideal domain containing % we have W' = 0 for i = 2 or 3 (mod 4), while
the the forgetful map GW~ — Kj of (13.2) is the inclusion 2Z C Z, and the hyperbolic map
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Ko — GW™ of (13.1) is injective. It then follows from the two sequences that we have a
short exact sequence

0 — coker(Ky; —» 1V — Ky) = KOy — Z/27Z — 0.

By [11, §4.1] or [4, §4.5] the composition K3 — 1V — Kj is [z] — [z] — [(z7!]. For a
euclidean domain with trivial involution, this is [z] — [2%]. So we have an exact sequence
1 — RX/R*? - KOy — Z/27Z — 0. The image of [b] € R*/R*? in KO is the class of the
auto-isometry [8 bgl] of the hyperbolic quadratic form q(z1,x2) = x129. The class of the
auto-isometry [? (1)] is not in that image because its determinant is —1. It provides a splitting
of the surjection in the exact sequence. O

For a nice discussion of the group 1V and a bit of the other two exact sequences of Karoubi’s
fundamental theorem see [4, §4.5].

Theorem 13.4. Suppose KO1(S) and K Spi(S) are finite, for instance S = SpecZ[%]. Let
m € Homgp(s)(BO ABO,BO) be the morphism of (11.3). Let e € Homgp(s)(pt4,BO) =

BO"(pt ) be the element corresponding to (1) € GW(pt) = KO([)O} (pt).

(a) Then (BO,m,e) is a commutative monoid in SH(S).

(b) The map m is the unique element of Homgps)(BO A BO,BO) defining a pairing
which, when restricted to pairing

BO? (X, ) x BO2(Y, ) — BOPH42P 20X AY,)
with X, Y € 8m/S coincides with the tensor product pairing
KOPP (X)) x KOPY(v) » KOPP (X x v)
of Grothendieck- Witt groups.

Proof. (a) By Theorem 11.5 (B, m,e) is an almost commutative monoid in SH(S). By Defi-
nition 10.4 the obstructions to (B, m,e) being a commutative monoid are three classes in the
kernels of the maps of Theorem 13.1 for m = 1,2,3. Those classes vanish.

(b) The product on the K O([)2p ) (X+) determined uniquely the m of (11.2). By Theorem
13.1 m is the unique element of HomSH(S)(BO A BO,BO) mapping onto m. ([l

We now wish to use the closed motivic model structure of [15, Appendix A]. Among its
properties are:

(1) The closed motivic model structure and the local injective motivic model structure
used in §§6—7 have the same weak equivalences, but the closed motivic model structure
has fewer cofibrations and more fibrations than the local injective motivic model
structure.

(2) A pointed smooth S-scheme (X, x¢) is cofibrant in the closed motivic model structure.
More generally, a closed embedding Z — X in 8m/S induces a cofibration Z; — X |
[15, Lemma A.10].

Hence the pointed scheme H P is cofibrant for the closed motivic model structure,
so we may define levelwise and stable closed motivic model structures for HPt-
spectra.

(3) For any morphism u: S — S of noetherian schemes of finite Krull dimension, the
pullback u*: M4 (S’) — M, (S) is a strict symmetric monoidal left Quillen functor for
the closed motivic model structure [15, Theorem A.17]. Consequently Lu*: SH(S’) —
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SH(S) can be computed by taking levelwise closed cofibrant replacements and then
applying u*.

To extend m to other base schemes S, we need to discuss base change for morphisms
u: S — S’ For any X € 8m/S’ there is a duality-preserving pullback functor inducing
morphisms of hermitian K-theory spaces (1 x u)*: KOM(X) — KOP(X xg S). This
gives us maps K 0[’5} — u K Ogl] and adjoint maps u*K ng] — K O[S"}. These maps are
compatible with Thom isomorphisms, inducing maps of spectra. The maps u*Bngom
Bngmm are isomorphisms in SH(S) because u* acts as base change on the quaternionic
and real Grassmannians and their direct colimits. The maps Lu*BOiﬁom — u*BOg(fom are
isomorphisms SH(S) because for the closed motivic model structure BOZ"™ is levelwise
cofibrant and u* is a levelwise left Quillen functor.

Setting S’ = SpecZ[1] with u: S — SpecZ[4] the canonical map, we can now define the

monoidal structure on BOg in SH(S) as in [15, Definition 3.7] as the composition

* * A~ % Z *

1
3
Theorem 13.5. The assertions of Theorem 1.5 hold.

For S = Spec Z[%] this is part of Theorem 13.4. For other S it is deduced by base change
from SpecZ[3].

Theorem 13.6. The assertions of Theorem 1.1 hold.

Theorem 5.1 shows that hermitian K-theory is an SL%oriented cohomology theory with a
partial multiplicative structure. The ring structure is given by Theorem 13.5. The compati-
bility of the two multiplications is Theorem 11.4.

Schlichting’s multiplicative structure, which we mentioned when discussing Theorem 1.6,
could replace our partial multiplicative structure for Theorems 1.1, 1.3, 1.4, etc. However, as
we understand it, Schlichting’s product is defined in unstable homotopy theory. To get our

main Theorem 1.5 with the monoid structure for T-spectra, we need our argument with the
1

g
14. CPY-sPECTRA BGL/™ AND BGLY™ FOR ALGEBRAIC K-THEORY

The H P -spectra constructed in §12 have an analogue for ordinary algebraic K-theory:
the CP'-spectra BGL/™ and BGLI™. We sketch their construction. The first can be used
to show that the uniqueness results concerning the algebraic K-theory spectrum BGL and
its x product of [15, Remark 2.19 and Theorem 3.6] hold for any base scheme S which is
noetherian of finite Krull dimension with finite K;(S) and not just for S = SpecZ.

We use the affine Grassmannians which can be defined as

CGr(m,n) = GLy/(GLy, X GLy—p,)
or as the open subscheme
CGr(m,n) C Gr(m,n) x Gr(n —m,n)

where the two tautological subbundles of O®™ are supplementary or as the closed subscheme
of the space on n x n matrices parametrizing projectors of rank m. Each CGr(m,n) is affine
over the base scheme and an A™("~™)_bundle over the ordinary Grassmannnian Gr(m,n).
Morphisms V' — CGr(m,n) are in bijection with direct sum decompositions 03" = U}, &
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Ul —m
colim,, CGr(n,2n).

In particular CP! = CGr(1,2) = P! x P! — A is an A'-bundle over P!. We may point
CGr(1,2) by CGr(0,0). Let CP' then be the pointed scheme constructed in (12.3). The
motivic stable homotopy categories of P'-spectra, of C'Pl-spectra and of CP'T-spectra are
equivalent. In particular there is a C'P'T-spectrum BGLgpi+ corresponding to the P!l-

spectrum BGL of [15]. For any smooth S-scheme X we write n = n[Ox] € Ko(X).

with U/ and U

5 _m subbundles of ranks m and n — m respectively. We let CGr =

Lemma 14.1. There exist morphisms of pointed schemes
hn: ([=n,n] x CGr(n,2n)) x CP' — CGr(4n,8n)

such that the classes in Ky satisfy

hi([Utn] = 4n) = ([Up] = (n — 1)) R ([U7] - 1) (14.1)
(where i € [=n,n] C Z is the index of the component) and such that hy|y.cpr is constant,
and hp|((—n,n)x CGr(n,2n))xpt 8 pointed A'-homotopic to a constant map. Moreover, these maps
and homotopies are compatible with the inclusions CGr(n,2n) < CGr(n+1,2(n + 1)) and
CGr(4n,8n) — CGr(4(n +1),8(n +1)).

This lemma is proven in the same way as Lemma 12.5 using the equality
([Un] = (n = D) B([U7] = 1) = [U;, R U1} + [0F" T R UY] + (U K O] = (3n — )[0 K O]
in Ko([—n,n] x CGr(n,2n)) and the direct sum decompositions of vector bundles
(U, RU) & (U RUY) = 09" ) U,
(O RUY) @ (09" RUY) = 09" R UY,
(U/'RO)@ (U RO) =09 KO,
(OF" TR O)@ (0P R O) = 0P RO,

yielding a decomposition of the trivial bundle of rank 8n on ([-n,n] x CGr(n,2n)) x CP! as
the direct sum of two subbundles of rank 4n.

Theorem 14.2. There are C P -spectra BGL™ and BGLY*™ isomorphic to BGLgp1 in
SHepi(S) with spaces

BGL/" = [—4" 4" x CGr(4",2 - 4") BGLY“™ = 7, x CGr

which are unions of affine Grassmannians. The bonding maps BGL: A CP — BGLY

of the two spectra are morphisms of schemes or ind-schemes which are constant on the wedge
BGL: v CP'*.

This theorem is proven in the same way as Theorem 12.3.
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