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A new characterization of Sobolev spaceson R"

Roc Alabern, Joan Mateu and Joan Verdera

Abstract

In this paper we present a new characterization of SobolagesporR". Our
characterizing condition is obtained via a quadratic recétie expression which ex-
ploits the particular symmetry properties of Euclideancgpain interesting feature
of our condition is that depends only on the metriffand the Lebesgue measure,
so that one can define Sobolev spaces of any order of smostioneany metric
measure space.

1 Introduction

In this paper we present a new characterization of the Solsple@cedvV*P onR", where
the smoothness indexis any positive real number and<l p < c. ThusW*P consists
of those functiond € LP = LP(R") such that £{A)*?f € LP. HereA is the Laplacean
and CA)*2f is defined on the Fourier transform side|by f (£). If 0 < @ < nthis means
that f is a function inLP which is the Riesz potential of orderof some other functiog
in LP, namelyf = c,1/|x™® = g. If « is integer, thenN*P is the usual space of those
functions inLP such that all distributional derivatives up to oradeare inLP.

To convey a feeling about the nature of our condition we firstwuks the case = 1.
Consider the square function

S(FP(9) = fo i

Heref is a locally integrable function oR" and fgx ;y denotes the mean dfon the open

ball with centerx and radiud. One should think OM as a quotient of increments
of f at the pointx. Our characterization diV*P reads as follows.

fBpy — f(X)r i[
t t’

eR". (1)

Theorem 1. If 1 < p < oo, then the following are equivalent.
(1) f e WEP
(2) f e LPand §f) € LP.
If any of the above conditions holds then

IS(Ollp = IV Fllp.
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The symbolA ~ B means, as usual, that for some constanhdependent of the
relevant parameters attached to the quantiasdB we haveC-*B < A< CB.

Notice that condition (2) in Theoreim 1 above is of a metric suea space character,
because only involves integrals over balls. It can be useéfioe in any metric measure
spaceX a notion of Sobolev spad&/P(X). It is not clear to the authors what are the
relations of this space with other known notions of Sobolesce in a metric measure
space, in particular with those of Hajlasz [H] or Shanmuggdim [$] (see also [HK]).

The proof of Theorerml1 follows a classical route (se€ [STrhje relevant issue is the
necessary condition. First, via a Fourier transform edtmae show that

IS(H)ll2 = clIVEll2,

for good functiond. In a second step, we set up a singular integral opefataith values
in L2(dt/t) such that
IT(O)lle@n, L2y = 1IS(F)Il2.

The kernel ofT turns out to satisfy Hormander’s condition, so that we careapto a well
known result of Benedek, Calderébn and Panzénel [GR, The8rdimp. 492] on vector
valued Calderbn-Zygmund Theory to conclude the proof. ifiagor technical dticulty
occurs in checking Hormander’s condition.

The proof extends without pain to cover orders of smoothaesigh 0 < a < 2. The
square functiors(f) has to replaced by

® | fan — F(X)? dt
su000 = [ [ T
0

The result is then that, forQ a < 2, f € W*P is equivalent tof € LP andS,(f) € LP.

Notice that
00 2
saireo= [ |f Mdy{ dt e, @

o |JBxt t t

where the barred integral on a set stands for the mean ovesathéstricharzt ([Str]) used
long ago the above square function for<da < 1 to characteriz&V/*P. However the
emphasis in[Str] was on a larger variant)f{( f) in which the absolute value is inside the
integral iny in (). In the interval 1< a < 2 putting the absolute value inside the integral
destroys the characterization, because then one giveswgythmetry properties dt".
For instanceS,(f) vanishes iff is a first degree polynomial.

There are in the literature square functions very closetavfich characteriz&Vv*P,
for 0 < @ < 2. For example, first dierences off may be replaced by secondidrences
and the absolute value may be placed inside the integral g8d [St, Chapter V]). The
drawback with second flerences is that they do not make sense in the setting of metric
measure spaces. See also the paper by Dorrorisoro [D].

We now proceed to explain the idea for the characterizatfoW4®. Take a smooth
function f and consider its Taylor expansion up to order 2 aroxind

f(Y)=f(X)+Vf(X)'(Y—X)+Zﬁﬁf(x)(Y—X)ﬁ+R, 3)
Bi=2

eR".




whereR is the remainder and a multi-index of length 20ur goal is to devise a square
function which plays the role d8,(f) (see[(2) fore = 1) with respect to second order
derivatives. The first remark is that the meanBi{m, t) of the homogeneous polynomial
of degree 1 in[(3) is zero. Now, the homogeneous Taylor polinbof degree 2 can be
written as 8,£() 1
X

2 =X = HY =X+ ATy - X (4)

. Bl n
for a harmonic homogeneous polynontiabf degree 2. Hence the mean B(x, t) of the
homogeneous Taylor polinomial of degree 2 is

1
—Af(X) |y — xdy.
ng)zn X ly y

This suggests defining

SA(F)(X)? = fo i

We cannot replace\(f )g 1y by Af(X) in the preceding definition, because the mean guar-
antees a little extra smoothness which one needs in a c&aamer transform computa-
tion. Notice that, according to the remarks made before emtkan on the baB(x, t)

of the homogeneous Taylor polynomials of degrees 1 and &eirxpression above for
S,(f)(X) one may add the missing terms to get the full Taylor polyradraf degree 2,
except for the fact thaa f(x) should be replaced by()g . Were f smooth enough,
one could even add the homogeneous Taylor polynomial ofe@e8r because it is odd
(taking x as the origin) and thus its mean B(, t) vanishes. This explains why whatever
we can prove forr = 2 will also extend to the range2 a < 4 by defining

S.(H(? = f i

Here is our second order theorem.

2

f(y) = f(X)— 2(Af ly - X

JE (f0) = F(0 = 3(ADecenly )d d_t xeR". (5)
B(x, 1) t2 t

2
F(y) = F(0) = 2(AFap ly — X2
JC ((Y) (x) 2ni Jecey Iy )dyi g, xeR".  (6)
B(x, t) t t

Theorem 2. If 1 < p < o0, then the following are equivalent.

(1) f e W2P

(2) f € LP and there exists a functiongLP such that $(f, g) € LP, where the square
function S(f, g) is defined by

xeR".

Sa(f.9)(%)? = fo

2 2
J[ (f(y)—f(x)—ga(x,t>|y—x|)d dt
B(x Y t? t’

If f € W2P then one can take g Af/2n and if (2) holds then necessarily=gAf /2n,
a.e.



If any of the above conditions holds then

ISC, 9)llp = AFlp.

Notice that condition (2) in Theorelm 2 only involves the Edeén distance oR" and
integrals with respect to Lebesgue measure. Thus one mayedefiotion ofAV/>P(X) on
any metric measure spa¥e For more comments on that see section 4.

Again the special symmetry properties®f play a key role. For instanc&, anni-
hilates second order polynomials. Theorlem 2 has a natutaltemart for smoothness
indexesa satisfying 2< a < 4. The result states that a functidne W*P if and only if
f € LP and there exists a functiane LP such thatS,(f, g) € LP, where

- fy) = T - G ly = x2) [
sa(f,g)(x)zzfo ]i( 0( 20 )dy{ a

—, XeR"
t@ t

We proceed now to state our main result, which covers allreardesmoothness and
all pwith 1 < p < c. Before it is convenient to discuss the analogud_bf (4) for bgea
neous polynomials of any even degree. Bdte a homogeneous polynomial of degrge 2
ThenP can be written as

P(X) = H(X) + AIP Li X%,
J
whereL; = Al(|x[?) andH satisfiesA'H = 0. This follows readily from[[St, 3.1.2, p. 69].
Considering the spherical harmonics expansio®©f we see thatflxl:1 H(X)do = 0,

o being the surface measure on the unit sphere, and thug that(x) dx=0,t > 0. The
precise value ok ;, which can be computed easily, will not be needed.

Theorem 3. Givena > 0 choose an integer N suchth2lll <o <2N+2. If 1 < p < oo,
then the following are equivalent.

Q) f e WP

(2) f € LPandthere existfunctiong @ LP,1 < j < N suchthat $(f,91,02,...,09n) €
LP, where the square function,$f, g:, 9y, . . ., gn) is defined by

2
JC RN(y’ X) dyi gt X € Rn
Bt L7 t’ ’

Ru(Y, ) = F(¥) = F() = ga(Q) Iy = X% + - -+ + gn_1(¥) Iy = XPNY + (Gn) e nly — X2V

Sa(f, 01,92, ..., gN)(X)2 = f
0
and Ry(y. X) is
If f € WeP then one can take;g= A/f/L; and if (2) holds then necessarily &

Af/L;, a. e.
If any of the above conditions holds then

1Sa(f, 01, - - > Ollp = I(=A)2F ]|,
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Again condition (2) in Theorernl 2 only involves the Euclidedistance orR" and
integrals with respect to Lebesgue measure. Thus one mayedefiotion ofV*-P(X) for
any positivex and any 1< p < co on any metric measure spake For previous notions
of higher order Sobolev spaces on metric measure spacekl3&¢ [See section 4 for
more on that.

The proof of Theorernl3 proceeds along the lines sketchedd&fox = 1. First we
use a Fourier transform computation to obtain the relation

1Se(f, AT/La, ..., ANT/LN)Il2 = ClI(=A)*"? 5.

Then we introduce a singular integral operator with valuels’{dt/t>**1) and we check
that its kernel satisfies Hormander’s condition.

The paper is organized as follows. In sections 1, 2 and 3 weepespectively The-
oremd1[ P anf]3. In this way readers interested only in ficdkrngobolev spaces may
concentrate in section 1. Those readers interested in timeidea about jumping to orders
of smoothness 2 and higher may read section 2. Section Jiwesgkto those interested in
the full result. In any case the technical details for theopaf Theoreni]Il are somehow
different of those for orders of smoothness 2 and higher. Themaashat Horman-
der’s condition involves essentially taking one derivaidf the kernel and is precisely the
kernel associated to the first order of smoothness that hamalidifferentiability.

Our notation and terminology are standard. For instanceshedl adopt the usual
convention of denoting b€ a constant independent of the relevant variables under con-
sideration and not necessarily the same at each occurrence.

If f has derivatives of ordevl for some non-negative integht, thenVM f = (8°f) 5_m
is the vector with components the partial derivatives ofeod of f and|VMf| its Eu-
clidean norm.

The Zygmund class oR" consists of those continuous functiohsuch that, for some
constancC,

If(x+h)+ f(x—h)—-2f(x) <Clh, xheR".

The basic example of a function in the Zygmund class whichotslipschitz isf(x) =
IX| log|x|, x € R".

The Scharwtz class consists of those infinitelffetentiable functions oiR" whose
partial derivatives of any order decrease faster than atynpmial ateo.

2 Proof of Theorem[1

The dfficult part is the necessity of condition (2) and we start whils.t
As a first step we show that

1S1()ll2 = clIVEl2 (7)

for a dimensional constant Set

1
x(X) = m){ B(0.1)(X)
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and L
X
xi(X) = t_nX(Y)’

so that, by Plancherel,

© dt
fRn S,(F)(¥)? dx = fo fRan X)) = OO dx 5

_ ” ~ey 121 ge I
~c [ [ keo-1lfef ¢ .

Sincey is radial, (&) = F(|¢]) for a certain functionF defined on [Qc0). Exchange
the integration ind¢ anddt in the last integral above and make the change of variables
T =1|£]. Then

[ sunwrax=c [ [ (Fe-1¢ 5 i@ de

. dr
— [ IF@ -1 5 veIE
0 T

and [7) is reduced to showing that

[1E@-12 5 <o, ®

SetB = B(0,1) ande; = (1,0,...,0) € R". Then

F(t) = x(te) = Jgexp (Fixqt) dx

1
:f(l—let—§x§t2+-~-)dx
B
_1-1 chfdxtz+---,
2 Js

Ft)-1=0(t?), as t—0

and shows the convergence [of (8) at 0

Since F(|¢]) = x(¢&) is the Fourier transform of an integrable functida(r) is a
bounded function and so the integidl (8) is clearly convetrgéco.

We are left with the case of a genegbetween 1 andb. If f € WP, thenf =
g*1/|x"* for someg € LP (with 1/|X""* replaced by logx| for n = 1). Setl (x) = 1/|x"2.
Then

which yields

faety = F(X) = (F+x)(¥) — F(X) = (9* K)(X),
where

Ke(x) = (I x)(¥) = 1(%) =JC I(y)dy - 1(X). 9)

B(x.1)
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If we let T(g)(X) = (g = Ky)(X), x € R", then one can rewrit8,(f)(x) as

& dt)?
s = [ 10+ K ) = 1T
0
Then [7) translates into
LG
Rn

and we conclude thdt is an operator mapping isometrically(R") into L2(R", L2(dt/t)).
If the kernelK;(x) of T satisfies Hormander’s condition

f 1Ke(X - )~ Ki®llzaue) < C, y e R”
[X|>2lyl

then a well known result of Benedek, Calderobn and Panzonesotor valued singular
integrals (se€ [GR, Theorem 3.4, p. 492]) yieldsltReestimate

RI’]
which can be rewritten as
IS1(F)llp < CplIVElp.

The reverse inequality follows from polarization from (74 B well known argument
(IGR, p. 507]) and so the proof of the necessary conditiommplete. We are going to
prove the following stronger version of Hormander’s coiait

vl
IKe(X = y) = Ke(X)l 2atyiz) < C N%’ yeR", (10)

for almost allx satisfying|x| > 2y|.
To prove [(10) we deal separately with three intervals in tréablet.

Interval 1:t < % From the definition oK; in (@) we obtain
VKi(x) = (VI = x)(X) = VI(X). (11)

Notice that, in the distributions sense, the gradient & a constant times the vector
valued Riesz transform, namely

VI =—-(n-1)p.v

'|X|n+1 ’
If x| > 2]y|, then the segmenk[-y, X] does not intersect the ba®(0, |x|/2) and thus

IKi(x=y) = Ke(X)| < Iyl sup [VKi(2)I. (12)
ze[x-y.yl



If t <|x|/3andze [x-vV,Y], thenB(z t) c R"\ B(0, |x|/6), and hence
VKi(2) = JC (VI(w) — VI(2) dw. (13)
B(z 1)

Taylor’'s formula up to order 2 fovI(w) aroundz yields

VI(w) = VI(2) + V@)W -2) + 0("’|VX|%22'2),

whereV?I(2)(w — 2) is the result of applying the matrix?I(2) to the vectow — z The
mean value o¥21(2)(w — 2) on B(z t) is zero, by antisymmetry, and thus, yJ(13),

2

and so, by[(12)

t2
IKi(Xx=y) = Ki(X)| < Clyl ==

|X|n+2 :

Integrating int we finally get

s dt)’ o () e
Ki(x—y) = Ki(¥P — —— = . 14
([ o=k ) <ol ( [ ) —e s aa)

Interval 2: |x|/3 < t < 2|x|. The functionl = y; is continuously dierentiable on
R"\'S;, S; = {X: |X = t}, because its distributional gradient is givenlbyVy; and each
component oy, is a Radon measure supported®nThe gradient of = y; is given at
each poinx € R"\ S; by the principal value integral

V(] % x)(X) = —(n = 1)p.v. JC y

By Y™

which exists for all suclx. The dfficulty in the interval under consideration is that it may
happen thax| = t and then the gradient d¢f« y; has a singularity at such anWe need
the following estimate.

y X] + t ;
V. ——dy<Clo , XeR".
‘p fs(x,o Vg y{ IIxI—1

Proof. Assume without loss of generality that= (x;,0,...,0). The coordinatey;, j #
1, change sign under reflection around yhexes. Hence

Lemma 1.

Yi .
V. dy=0, 1<j<n.
P fB(x,t) ly|n+1 Y :



Now, if |X] < t,

Y1 f Y1 y{
V. dyl = [p.v. d
P L(x, y Iyl yi |p Bx )\B(O, t-x) IV

X gt t+ |X
sCf — =Clog +||.
t)y L t— I

If |x| > t,

Y1 f Y1 y’
V. dyl = d
P fB(x, o Iyt y’ Bty YN

M+ gt t
sCf —:CIog'X|+ .
x-t & IX| —t

O

Assume without loss of generality that= (y;,0,...,0). The distributional gradient

of | x yyis y
—(n— 1)p-V-W * Xt

which is inL?. Thenl = y; € W*? and consequently is absolutely continuous on almost alll
lines parallel to the first axes. Therefore

Ke(x— ) — Ki(3) = - f VK,(X— 1Y) -y dr

for almost allx and

lyl 1( |X—Ty|+t)
Ki(x-V) - Ki{(X)| < C— 1+log————— | dr.
IKe(X = y) = Ke(X) X s X7y -1
Hence
> U e x—nyi+t) , \dt)
Ke(X — —Kx2—) <C f (f(l+lo —)d)—
(ﬁ<|/3| (X=Y) =K t3 XM Jiwyz \Jo g||X—TY|—t| B
_~
=C |X|n+l ’

where the last identity is a definition &f. Applying Schwarz to the inner integral i
and then changing the order of integration we get

1 2/X] _ 2
Dzsf(f (1+Iogw) d—t)dr
o Unys IX=7yl=t]] t



For eachr make the change of variables
B t
IX =7yl

4 1+s)\’ ds
Dzsf (1+Io ) .
2/9 g|:|-—S| S

Interval 3: 2x| < t. For eache in the segmenty — vy, y] we haveB(0,t/4) c B(z1t).
Then, by [(IB),

VK@) = -0 1) p

to conclude that

IB(Z, Ol Je@zy IWIn+1 IZI””)

=—(n- —dw
" )(|B(Z» D Jez 0180, 1/4) |W|n |Z|”+l)
and so L
[VK{(29)l < C—, ze[x-V,y].

X"

Hence, owing to[(12),

KX~ y) - K(¥)| < Mﬂ

= dty? iyl ( f"" dt)% M
Ke(x — —sz—) <C— —| =C—=,
( ke -koar ) se ([ F) <o

which completes the proof of the strengthened form of Howheas condition[(1D).

We turn now to prove that condition (2) in Theoréin 1 isigient for f € WP, Let
f € LP satisfyS,(f) € LP. Take an infinitely diferentiable functiom > 0 with compact
support inB(0, 1), fqb = 1 and setp.(X) = E—lnqs(’;‘), e > 0. Consider the regularized
functionsf, = f x ¢.. Thenf, is infinitely differentiable and/V f|[, < [|flllIVéll1, so that
f. e WP, Thus, as we have shown before,

IVl = [IS2(fllp -

We want now to estimatigs, (f.)Il, independently ot. Since

(fdaeen = fe() = ((f  xt = ) 6c) (%) .

Minkowsky'’s integral inequality gives

S1(f)(X¥) = I(f)seey = FeMllz@yey < (Sa(f) * d)(X) .

and sq|V | < C|IS.(f)llp, € > 0. For an appropriate sequenge— 0 the sequencek f,
tend in the weal« topology ofLP to some functiorgy € LP, 1 < k < n. On the other
hand,f. — f in LP ase — 0 and thus)f, — dkf, 1 < k < nin the weak topology of
distributions. Thereforé, f = g, for all k and sof € WP,

and thus
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3 Proof of Theorem[2

The dfficult direction is (1) implies (2) and this is the first we taekiVe start by showing
that if f € W22 then
1S2(F)ll2 = cllAfIl2 (15)

where the square functid®y(f) is defined in[(b). To apply Plancherel in thevariable it
is convenient to write the innermost integrand(ih (5) as

B B Af(2 B 2)
ng(f(y) ) (fm It dz)|y <) d

_ T Af(x+K) 2)
_ﬁ(o,t)(f(x+h) f(X) (][E;(o,t) n dk)|h| dh

Applying Plancherel we get, for some dimensional constant

00 2
cisig= [ [ £ (ewen-1+(f  ewtra ") anforac .

Make appropriate dilations in the integrals with respecthtavariable?n andk to bring
the integrals orB(0, 1). Then use that the Fourier transform ghoXe0Y is a radial
function, and thus of the forfa(|£|) for a certain functiorF define n [0c0). The result

is
cliSa( I = fR fo“’

The change of variables= t|£] yields

1 2 dt -
F(LiE) ~ 1+ PPF(EN - f hedh 1) de.

B(0,1)

clISa(f)I5 =1 |AfI5

wherel is the integral

I:‘[Oc><>

The only task left is to prove that the above integral is finNew, asr — 0,

2
% : (16)

F(r) -1+ TZF(T)Z—ln f Ih|? dh

B(0,1)

F(r) = ]C exp ¢hy7) dh
B(0,1)

:JC (1+zh17'——hlr ‘. )dh
B(0,1)

:l—}(JC hfdh)7'2+0(r4).
2 \Us@.1)
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Hence

F(r) - 1+T2F(T)2—1nf > dh

B(0,1)

= (—EJC hidh+ if |h|2dh)72 +0O(t%) = O(r%),
2 Jeoy 2n Jeo

btecauge clearl)fB(O’l)|h|2dh =n fB(O’l) h2dh. Therefore the integra[ (16) is convergent
att =0.

To deal with the case — o we recall thatF can be expressed in terms of Bessel
functions. Concretely, one has (JGr, Appendix B.5, p. 429])

Jnj2(7)

2

IB(0,1) F(7) =

The asymptotic behaviour df,,(7) gives the inequality

1 1
F(@I<C—;<C-,
T2 T
which shows that the integral {{16) is convergentat
We turn our attention to the case<lp < . Let I,(X) stand for the kernel defined on

the Fourier transform side by .
In other words,l, is minus the standard fundamental solution of the Laplacddrus
12(X) = c 1/IX™2if n > 3, 15(X) = — log|x| if n = 2 andlx(X) = -3 |x if n = 1. Given
any f € W?P there existg € LP such thatf = I, g (indeed,g = —Af). We claim that
there exists a singular integral operafdg) taking values ir_?(dt/t%) such that

S2(F)(¥) = T (@)X L2(ayyes) - (17)

Set

x(X) = xe0,1)(X)

1B(O, 1)l
and T
xt(X) = t_”X(Y)'

Then, lettingM = fB(O N |z dz,

Jg(x’t) (f(y) - f(x) - Z_J;I(Af)B(X,t) ly— x| dy= ((I %yt — 1o — % 20 * 9)(%)

= (K% 9)(%),
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where M
Ki(¥) = (I2 % xt)(x) = 12(x) = 5~ t? (%) .

SettingT(g)(X) = (K; * g)(X) we get [I¥) from the definition d,(f) in (5). Then [15)
translates into

1T G0 gy = .

and we conclude that is an operator mapping isometrically(R") into L2(R", L?(dt/t°)),
modulo the constart. If the kernelK(x) of T satisfies Hormander’s condition

f IKe(X = y) = Ke(X)llL2@aysy < C, y e RY,
[X>2ly|

then a well known result of Benedek, Calderobn and Panzonesotor valued singular
integrals (se€ [GR, Theorem 3.4, p. 492]) yieldsltRestimate

TR
Rn

which can be rewritten as
IS2(F)llp < CpllAT]lp.

The reverse inequality follows from polarization from %) a well known duality argu-
ment ([GR, p. 507]) and so the proof of the necessary comdisicomplete.
We are going to prove the following stronger version of Homahex's condition

| |1/2
IK(x=3) = Kz < C . 1X12 2. (18)

For this we deal separately with the kernelgx) = (I> * y:)(X) — 12(X) andt? y(X). For
t2 y¢(X) we first remark that the quantity,(x—y) —x¢(X)| is non-zero only ifx—y| < t < |x|
or|x <t < |x—y|, in which cases takes the valugclt”, c, = |B(0, 1)|. On the other hand,
if Xl > 2]y] then eactzin the segment joining andx —y satisfiedz > |x|/2. Assume that
IX—y| < |X (the caseéx| < |x—y]is similar). Then

oo dt\? Mgt \?
(fo (t* (X - y) —xt(X)))zt—S) =C (fu—w tzm)

_ ( 1 1)% 2

Cc - < .

We check now thaH; satisfies the stronger form of Hormander’s conditiont ¥
Ix]/2, then the origin does not belong to the W&k — vy, t) nor to the ballB(x, t). Since
I, is harmonic & the origin, the mean df, on these balls is the value tf at the center.
ThereforeH;(x — y) — H¢(x) = 0 in this case.
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If t >|x]/2, then

1yl
|X|n—l '

IHi(x=y) = H(X)| <yl sup : IVH(2) < C

ze[x-y,X]

The last inequality follows from
VH(2) = JC Vi (w)dw - Viy(2),
B(z )

IVI»(2)] < C1/|Z™t < C1/|x"?! and

1 1
|JC Vio(w) dwf < JC <C )
B(z.1) 2W) B(z.1) w1 IZn-1

o diyd iy f‘” d)!
— — 2 J— J— e}
(f(; |Ht(X y) Ht(x)l t5) <C |X|n—1 ( X2 t5 C |X|n+1 :

We turn now to prove that condition (2) in Theoréin 2 ighsient for f € W?P.
Let f andgin LP satisfyS,(f,g) € LP. Take an infinitely diferentiable functioy > O
with compact support ifB(0, 1), f¢ = 1 and sei.(X) = E—ln¢(’;‘), € > 0. Consider the
regularized functiong, = f = ¢. andg. = g * ¢.. Then f. is infinitely differentiable and
ATl < [IfllpllAdll, SO thatf, € W2P. Recalling thatM = fB(Ol)|z|2dz, we get, by
Minkowsky'’s integral inequality, ’

Sa(fe, 9)(X) = lI(fe * x)(X) = fe(X) = (Qe * x)(X) M2t2|||_2(dt/t5)
= [1((F % x0) = f = (@ x0) M* % b)) (lLz(ayesy
< (Sa(f,9) * ¢e) (%)

Now we want to compare (En)Af, andg.. Define

DE(x):(fomlvl2

De(X) < Se(fe)(X) + Sa(fe, 9e)(X)
< So(f)() + (Sa(f. 9)(X) * &) (%) ,

and thusD.(x) is anLP function. In particulaiD.(X) < oo, for almost allx € R". Hence

(L/20A 1) = 6001 = M (2/20)(A . * () () = (G x)(9] = O,

Therefore

S (A (9~ (@ = X))

2 dt 1/2
" .

Then

for almost allx € R", and so (}2n)Af, — gin LP ase — 0. Sincef, — fin LP ase — 0,
thenAf. — Af in the weak topology of distributions. Therefore/2h)Af = g and the
proof is complete.
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4 Proof of Theorem3

The dificult direction in Theoreml3 is to show that condition (2) isessary foff € W*P,
The proof follows the pattern already described in the piegesections. One introduces
an operatof taking values irL.?(dt/t>*1) and shows via a Fourier transform estimate that
T sendd_?(R") into L?(R", L?(dt/t?**1)) isometrically (modulo a multiplicative constant).
The second step consists in showing that its kernel satidbesmander’s condition, after
which one appeals to a well known result of Benedek, Caldaréd Panzone on vector
valued singular integrals to finish the proof.

4.1 Thefundamental solution of (—A)®/?

Letl, be the fundamental solution 6£4)*/2, thatis, |, is a function such that,(£) = |&
and is normalized prescribing some behaviosaatt is crucial for our proof to have an
explicit expression fot,. The result is as follows (see [ACL] ar [MOPV, p. 3699)).

If @ is not integer then

lo(X) = Con [X*", xeR", (19)

for some constart, , depending only o andn.

The same formula works if is an even integer and the dimension is odd ari$ an
odd integer and the dimension is even.

The remaining cases, that isandn are even integers @ andn are odd integers are
special in some cases.df< nformula [I9) still holds, but ifr is of the formn + 2N, for
some non-negative integhk; then

[,(X) = ConIX* " (A+ Blog|x]), xeR",

wherec, », A andB are constants depending arandn, andB # 0. Thus in this cases a
logarithmic factor is present. For instancegit= n, thenl,(X) = Blog|x|. If n = 1 and
a = 2, thenl,(X) = —(1/2)|x| and there is no logarithmic factor.

42 Thecasep=2

Given a positive real numberlet N be the unique integer satisfyindN2< a < 2N + 2.
Define the square function associated withy

00 2
S.(F2(x) = f JC Mdy{ dt er, (20)
0 B(x1) t t
whereon(y, X) is
1 2 1 N-1 2(N-1) 1 N 2N
FO) = 1) = - ATy = X7 = = AT ) ly = X7 = (AT g gly — X7
n L|\|_1 LN
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Recall thatlL; = AJ(]x|?) and that the role which thk; play in Taylor expansions was
discussed just before the statement of Thedrem 3 in thedinétmn.
In this subsection we prove that
ISa(f)llz = ClI(=2)""*(F)ll2. (21)

Our plan is to integrate ix in (20), interchange the integration ynandt and then
apply Plancherel irx. Before we remark that making the change of variaglesx + th
we transform integrals oB(x, t) in integrals orB(0, 1) and we get

N-1

f pn(, X dy= 1 f(x+th)dh- ZAf(X)tZiJC he dh
B(x.1) B(0, 1) L; B(O.1)

=0

—f ANf(x + th) dh tZN]C Ih>N dh.
B(0, 1) B(0,1)

Now apply Plancherel ir, as explained before, and make the change of variabtegs|,
whereé is the variable in the frequency side. We obtain

1ISe(F)I5 = c1I(-A)*2f|]3,

where

2
F() - Z( 't 21 - (- ZN—N“ F()

[

Here F is a function deflned on [@o) such thatF(|£]) gives the Fourier transform of
the radial functlqu(TXB(o 1y at the point, and we have introduced the notatibh) =
fB o1 Ih|?! dh. We have to show that the integtais finite.

Using the series expansion of the exponential we see that:a8,

F(r) = ]C exp ¢hy7) dh
B(0,1)

1 ]C 2N 2N+2
h2N dh+ O(2\+2) |
(ZN)' B(0,1) !
We need to comparfg(0 " h2N dh with fB(O " Ih>N dh. The linear functional® — A% (P)

andP — fBOl P, defined on the spadd,; of homogeneous polynomials of degreg 2
have the same kernel. This follows from the discussion ledfoe statement of Theorédrn 3
in the introduction. Therefore, for some constant

A?%(P) :cf P, PeHy.
(0.1)

=14+ (-1

TakingP(x) = [x|? we getL; = c fB(O N X% = dx and takingP(x) = X' we get
20)! = ¢ fyou .} dx Hence

1 , 1 . M
o £ Wax=p f ixPdx=
(2j)! B(0,1) Li Jeo) L;

16



and thus, owing to the definition dfand the fact thaf(r) = 1 + O(?), ast — 0,

| = f 0(72(2N+2>)£ ast — 0.
0

T20+1 ’

Thenl is convergent at 0 because< 2N + 2.
We turn now to the case — . Notice that the only diiculty is the last term in the
integrand ofl, because

fr‘” dr <o, 0<j<N-1,
1

T2ct+l

provided N < «. To deal with the term

* dr
| eEor 22)

we only need to recalF can be expressed in terms of Bessel functions. Concretedy, o
has ([GF, Appendix B.5, p. 429])

Jnj2(7)

2

IB(0,1) F(7) =

The asymptotic behaviour df,,(7) gives the inequality, as — oo,

<c:,
i

F(r) < C —

[
2

which shows that the integral{22) is convergent finite piled N < «a.

4.3 A vector valued operator and its kernel

Givenf € W*P, there exists a functiog € LP such thatf = I, *g. Indeedg = (-A)*2(f).
Then

N-1
1 . 1
£ 10 -100- ) F ARy =4 = @ D ly - x| dy = (K + 9.
B(x.1) = Li Ln
where the kerneK(x) is
N1, 1
Ke(x) = JC [Ia(y) - Z ™ Al () ly = x? - L—(AN|a)B(x,t) ly - X|2N] dy. (23)
B(x, 1) =0 N
Hence the square function associated with the smoothneéssdns
s (200 = [ 1K > _dt R"
«(F)°(¥) = . (Kt = g)(X)| et XeER".
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Define an operatdF acting on functiond € L?(R") by
Tog¥) = (Ki=g)(x), xeR",

The identity [21) in subsection 4.2 says tfatakes values in.2(R", L?(dt/t?**1)) and,
more precisely, that

T 6001y 8% = 1S = gl
Rn

ThereforeT is an operator mapping isometrically (modulo a multipiatconstant)
L2(R") into L2(R", L2(dt/t>**1)) and we have an explicit expression for its kernel. If we
can prove thak(x) satisfies Hormander’s condition

f IKe(X = Y) = Ke(X)llL2@yyzerry dX < C, Yy € R",
[X>2ly|

then the proof is finished by appealing to a well known restiBenedek, Calderon and
Panzone ([GR, Theorem 3.4, p. 492]; see dlsol[GR, p. 507]Jadih we will show the
following stronger version of Hormander’s condition

Iyl”

|X|n+y ’

IKe(X = Y) = Ke(X)ll2(qyezesry < C Xl > 2y, (24)

for somey > 0 depending o andn.
The proof of [24) is lengthy. In the next subsection we wilhsiwer the case of small
“increments” int, namelyt < |x|/3.

4.4 Hormander'scondition: t < |x|/3

We distinguish two casesN2< a < 2N + 2 anda = 2N. To deal with the first case we
setK(X) = KP(x) — K@ (x), where

K200 = £ (I -3 LAy« | dy (25)
t sy AL

and

1
K200 = £ (@M ey - ML (R ly - XP .
B(x,t) =N

We first estimat&™. To compute the gradient &£ we remark that

N
Oy M .
K00 = 1o 1009 = 371 109,
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whereM; = fB(O’l) |Z% dz Thus

N

VK9 = f UROEDY L NI Iy - x| dy.
B(x, 1 L
Let P (F, X) stand for the Taylor polynomial of degree of the functionF around the
point x. Therefore

VKI(x) = JC (VIa(y) = Pan:a(Via, X)(y)) dy,
B(x 1)

because the terms which have been added have zero integtia¢ doall B(x, t), either
because they are Taylor homogeneous polynomiald pbf odd degree or because they
are the “zero integral part” of a Taylor homogeneous polybwf VI, of even degree
(see the discussion before the statement of Theorem 3 intitoeluction). Giverx andy
such thatx > 2ly|, apply the formula above to estimaVé(t(l)(z) for z in the segment
from x — ytoy. The standard estimate for the Taylor remainder gives

VKO (2)] < N2 sup [v2N+31,(w)) .
weB(z t)

Notice that ifz € [x —y,y], w € B(z t) andt < |x//3, then|w| > |x|/6. Now, one has to
observe that
|V2N+3IQ(W)| < C |W|a/—n—2N—3 ,

owing to the fact that possible logarithmic terms do not @pjecause the exponent-
n—2N - 3 < —n -1 is negative. By the mean value Theorem we then get

KO =y) = KOO <yl sup [VKD (@] < Cly V2 xem2=2.

ze[x-y,y]

Since
w73 2(2N+2) dt e 2N+2
+ _ +2-a
[ o) -emere
we obtain
ME W) e Ot e 1]
([ -~ KPP ) <ot (26)

which is the stronger form of Hormander’s conditibnl(24)lwit= 1 in the domairi<|x|/3.
We turn now to estimatk®. Arguing as above we get

VK@(x) =C ]C (ANV1)) = PLAN(V1,), X)) ly — X dy.

B(x1)

If ze [x-Y,Y], then

|VKt(2)(Z)| < t2N+2 SUp |V2N+3IQ(W)| < C t2N+2 |X|a—n—2N—3 ,
weB(z t)

and so we gef(26) witK{® replaced byk? exactly as before.
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Let us consider now the case= 2N. SinceANI,y is the Dirac delta at, AN,y (X) = O.
HenceK;(x) = KP(x) - K@ (x), whereK® is given by [25) withx replaced by R and

1 M
K9 = f (@) ly = X dy = =2 (Ao )egey -
B(x.t) bN N

The kernelK™ is estimated as in the first case by just setting 2N. The kernelK®
requires a dferent argument.
Set

x(X) = xe0,1)(X)

1B(O, 1)
and T
xi(X) = t_nX(Y)’

so that, since\Nl,y is the Dirac delta at the origirk(® is a constant multiple o2 y;.
We show now that this kernel satisfies the strong form of Howhea’s condition. The
quantity [yt(x — y) — x«(X)| is non-zero only ifix -yl <t < [X or|x <t < [x-Y],In
which cases takes the valugclt”, c, = |B(0, 1). On the other hand, ifx > 2|y| then
eachzin the segment joining andx — y satisfiedz > |x|/2. Assume thakx—y| < |X| (the
casegx < [x—y|is similar). Then

- dt \2 Mgt \?
(\L (t2 (Xt(X—y) _Xt(x)))z t4|\|+1) =C («fl‘—yl t2n+l)

1
1 1\ _ o
=C — <C——
(|X _ y|2n |X|2”) - |X|n+1/2 ’

which is (24) withy = 1/2.

45 Hormander'scondition: t > |x|/3
The last term in the definitiof (23) of the kern€lis of the form

1 M
- JC —(AM ey ly — XN dy = N (ANt »
B(x ) LN Ln

and our first goal is to show that this kernel satisfies Horregaaondition in the do-
maint > |x|/3. Notice that

N N —
A |a(X)| - |X|n—a+2N ’
provided no logarithmic factors appear, which is the cagedBN < n. Sincea — 2N < 2
the inequalitye — 2N < n certainly holds whenevar > 2. Hence the only cases with
logarithmic factors aren = 1 anda = 2N + 1, which will be dealt with separately.
In the previous subsection we dealt with the case 2N and so we can assume that
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2N < a < 2N + 2, which implies thatAN1, is locally integrable. Giverx andy with
IX| > 2y let D stand for the symmetric fference B(x-y, t)\ B(x, t))U(B(x, t)\ B(x-V, 1)).

It is easy to realize thab| < C|y| t"1. We remind the reader of the following well known
and easy to prove inequality.

Lemma. Let E be a measurable subset®dfand0 < g8 < n. Then

dz
<CIEP",
e [2"F

where|E]| is the Lebesgue measure of E.

We have
dz

| Z|n—a+2N

thAMmewr%AMJmmﬂSCFMnj‘
D

<C t2N—n (lyl tn—l)(a—ZN)/n — |y|(a—2N)/n ta—n—(a—ZN)/n

00 dt 1/2
t2(a—n—(a—2N)/n) ~ —n—(a—2N)/n
(fm/s tz“”) = '

and

Combining the preceding two inequalities one gets Hormeasmdendition [24) withy =
(@ = 2N)/nin the domairt > |x|/3.

We have to investigate now the exceptional casesl anda = 2N + 1, in which no
logarithmic factors appear. We have

lo(x) = XN (A + Blog|x),
for some constant& andB # 0. Then

AN1,(X) = (A + B’ log|x))
and

d . 1
&A |Q(X) = CVp;( 5

in the distributions sense. Thus, denoting Hythe Hilbert transform and applying
Schwarz inequality,

X
N 1AM ey y — (ANW)Byl = 2N |f H(xt)(7) dr]
x-y

2N 1/2 2N-1/2 1/2
< N2 |l = N2y 2
Since

. dt \"?
(f t2(2N—l/2) t2a+l) =C |X|2N—l/2—a =C |X|—1—l/2 ,
1xI/3
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we obtain Hormander’s condition_(24) with= 1/2 in the domairt > |x|/3.

Our plan is to continue the proof by distinguishing threeesag < n+ 1, =n+1
anda > n+ 1.

If @ < n+ 1, then all terms in the expressidn23) definikgsatisfy Hormander’s
condition in the domain> |x|/3. Indeed, consider first the terms of the fotfhAll,,(X),
j = 0. One has the gradient estimate

t2 VAl (X)| < C ¥ |xe"-2-L (27)

because no logarithmic factors appear, the reason beitththexponent —n—-2j -1 <
a — (n+ 1) is negative. Since

ot \Y2 |
22)) 7 _ 2j-a
[ o) —cver.

we get Hormander’s condition with= 1 in the domairt > |x|/3.
It remains to look at the first terr}fg(x ) l.(y)dyin (23). Its gradient can be easily

estimated as follows
f Vi, (y) dyi <C f yl* "t dy.
B(x, 1) B(x.1)

Notice that there are no logarithmic factors precisely bsea < n + 1. The integrand
in the last integral is locally integrable if and onlyaf> 1. Assume for the moment that

l<a<n+1 Then
f Vi (y) dy’ < et
B(x. 1)

oo dt \Y2
2(a—n-1) _ -n-1
(ﬁq/e»t tz‘“l) SO

we get Hormander’s condition with = 1 in the domairt > |x|/3. The caser = 1 has
been treated in section 1, so we can assume tkatO< 1. In this case, denoting bl
the symmetric dference betweeB(x, t) andB(x — y, t), we obtain

Since

d
| f 1u(y) dy - f Lydy<cen [ S
B(x-y, 1) B(x, 1) o Yl

< C t—n (tn—l |y|)a/n =C ta—n—a/n |y|a/n )

) dt 1/2
2(a—n-a/n) _ —-n—-a/n
([ gerems) = cmmen,

we get Hormander’s condition with= «/n in the domairt > |x|/3.
We tackle now the case = n + 1. Sincea andn are integers with dierent parity no
logarithmic factor will appear in,. Thusl,(x) = C|x|. The proof above shows that the

Since
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termst? All,(x) appearing in the expressidn {23) of the kerKektill work for j > 1.
The remaining term is

f (1) - 1.(9) dy
B(x, 1)

and its gradient is estimated by remarking that the fundi¢ratisfies a Lipschitz condi-
tion. We obtain

<C.

f (V1) - V1a(3) dy
B(x. 1)

© gt \M?
(f 5 1) =CIX ™" =CIx ™",
/3 T50F

which completes the argument.
We turn our attention to the caae> n+ 1. There is a unique positive integht such
that-1 < @ — n—2M < 1. The part ofK; which has to be estimated is

~ B N—ll ' o
H() = ]g(x’t)(la(y) ;Lj AL (91y = X ,) dy.

We splitH; into two terms according tM, that is,H, = HY — H®, where

M-1
1 .
HO ) = f L) = > S ALY Iy = x? | dy
t BX Y ,Z:;‘Lj

But clearly

and
N1 N
HO(x) = f LAty x? | dy.
t B(X ,Z‘M L

The estimate of each of the termsHtf) is performed as we did for the case< n + 1.
The gradient estimate is exactly {27). Now no logarithmictdaes appear because the
exponentr —n—-2j-1<a-n-2M - 1< 0is negative. The rest is as before.

To estimateH® we distinguish three casesl < a—n—-2M < 0,0<a-n-2M < 1
anda — n—2M = 0. In the first case we write the gradientiaf* as

VHO (%) = ]g( )[vna(y)—

_ Jg( | (710) = Pau-a(71,: 0)) .

M

11 .
™ A (VI ly - X|21] dy
J

j=0

whereP,y_; is the Taylor polynomial of degreeM2 — 2 of VI, around the poink. As
before, the added terms have zero integraBx t) either because they are homogeneous
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Taylor polynomials of odd degree or the “zero integral paftiomogeneous Taylor poly-
nomials of even degree. Now fixin B(x,t) but not in the half line issuing fromt and
passing through the origin. Define a functigon the interval [01] by

(1) = VI,(X+ 7(y = X)) = Pom_2(Vlg, X)(X+7(y - %)), 0<7<1.
Sinceg’(0)=0,0< j <2M -2,

2M-2 I 0
T1O) - o700 = 0(0) - Y, S0
=0
~ 1 (1- T)ZM—Z
Jo (@M =2)!
by the integral form of Taylor's remainder. The obviousmstie for the derivative af of
orderM —1is

g™ () dr.

tZM—l

M V(@) < VMV (x + oy — X))y - XM < C

X+l = P2

Since we are in the first casels not integer and thus no logarithmic factors exist. More-
over 0< n— (o — 2M) < 1, which implies that and that/iz|™ 2™ is locally integrable
in any dimension. Therefore

1 dy
IVHO(X) < C f (tZM‘l‘” f ) dr,
Y 0 By |X+ T(y — X)|n-(@2M)

1

_ C fM-1-n dz dr

- |z |n—(a—2M) n
0 B(xtt) T

1
dr
2M-1- a—2M

— ta—n—l fl dT — C ta—n—l )

0 Tn—(a—ZM)

°° dt \Y2
2(a—n-1) _ -n-1
(ﬁq/?»t tz‘”l) =G

we get Hormander’s condition with= 1 in the domairt > |x|/3.
Let us consider the second casexs @—n-2M < 1. This time we express the gradient
of HY by means of a Taylor polynomial of degre®2- 1:

Since

M-1
1 . '
VHO(x) = JC [V'a(y) = ) T AWy - x| dy
B(x.1) i=0

_ ]g( | (710) = Pav-s(V1,: 0)) .
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Using again the integral form of the Taylor remainder of thedtiong, with Pyy_, re-
placed byP,\_1, we obtain

1 dy
1) 2M-n
o <c [ Juwo 777 o) &

_ C fM-n fl f dz dr
0 \Upir [Z|"-@=2M-D) ] 70

< C tZM—n fl(t T)a—ZM—l g
0

Tn

1

dr
_ 3a—n-1 _ -n-1
=t [} h—(e-2M-1) — ct ’

from which we get the desired estimate as before.
We turn now to the last case left,= n+ 2M, with M a positive integer. In this case

l,(X) = C|X™ (A+Blog|x]), xeR", B=#0,
whereA, B andC are constants depending nomndM. We also have
AM1,(X) = C|X? (AL + Bilog|x]), xeR"

and
VAV, (X) = Cx(A; + Bylog|x]), xeR".

In particularvAM-1l, is in the Zygmund class dR". We have
M2 1
VHO() = f [Vla(y) = T AR Y= = = A1) |y—x|2M—2] dy
B(x, t) j=0 ! M-1

= ]CB( )(Vla(Y) — Pom—3(Vlg, X)(y) — Li AMLYLY00 y X|2M‘2) dy.

M-1
Introduce the functiog as above, withP,y_, replaced byP,y_z, so that

2M-3

i
V1) - Pau oVl 9O) = 1) = Y T

=

~ 1 - g2M—2)(,[.)
- fo 2M - 2)(1- 1) Smd“
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Now

92M—2)(T) ~ Z (33VIQ(X+T(y— X))) (y— X)ﬁ

(2M - 2)! o5 Bl

= > (@T1(x+ Ty - X))~ PV1,(%) =X

|B=2M-2 P!
. (GBVI?(X)

IBI=2M-2 B

The last term in the preceding equation is the homogeneoysrTaolynomial of de-
gree M - 2 of the vectoV1, around the poink. It is then equal to a homogeneous poly-

nomial of the same degree with zero integralB{®, t) plus -~ AM(V1,)(x) ly — V2
(by the discussion before the statement of Theorem 3 in theduction). Hence

f [ 2 (GBVIQ(X))( =X = = ATVl - X 2) dy=0,
B(x.t) |=2M—2

)(y—X)ﬁ-

B

and therefore, remarking thﬁ(ZM -2)(1-7)M=3dr =1,

VH(x)
f f(ZM 2)(1-7)M- 3[ Z (6°V1a(x+7(y—x) = °V14(¥)) v- )ﬁ]d dy.
B(x.D Bi=2M-2
Thus
&) ' o (y-x/
IVH! (x)lsCfowzm_2 fB(xt)(aBVIa(X+T(y X)) agwa(x)) 5 dyi dr.

Making the change of variablés= 7(y — X) the integral iny above becomes
J=7V¥ f (GBVIQ(X+ h)—aﬁVIa(x))Tdh
B(O,t7) B!
which is invariant under the change of variabtés:- —h, becauség| is even. Hence
2) =1V f (6°V1a(x+h) + VI, (x — h) = 20°V1,(x)) L dh
B(0,t7) B
Now we claim that’Vl,, is in the Zygmund class fd6| = 2M — 2. This follows from the
fact that the Zygmund class in invariant under homogenema®th Calderon -Zygmund

operatorsAM-1 is an elliptic operator andM-1VI, is in the Zygmund class. Hence

|IJj<Cr ¥ f ¥ dh< CcttM1r
B(O,t7)
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Thus
VHP(] < C M2

© dt \Y?
2(2M-1) _ —n-1
(fm/st tz‘“l) = O

we get Hormander’s condition with= 1 in the domairt > |x|/3.

Since

4.6 The sufficient condition

In this section we prove that condition (2) in Theoreim 3 iffisient for f € WP, Let
f,01,...,0v € LP satisfyS,(f,01,...,0n) € LP. Take an infinitely diferentiable func-
tion ¢ > 0 with compact support iB(0, 1), f¢ =1 and set.(X) = E—ln¢(’;‘), e > 0. Con-
sider the regularized functioffs = f = ¢, gj c = gj *¢., 1 < j < N. We want to show first
that the infinitely diferentiable functiorf, is in WP, We have {A)/2f, = f x (-A)Y/?¢..
We need a lemma.

Lemma 2.

(i) If ¢ is a function in the Scharwtz class andany positive number, thef-A)*/2¢
belongstoall @ spaces 1 < q< oo.

(i) If f € LP,1< p < oo, then(-A)¥?f is a tempered distribution.

Proof. Sety = (-A)*?¢. If @ = 2mwith m a positive integer, thesr = (-A)"¢ is in the
Scharwtz class and so the conclusioni)fdllows. If @ = 2m+ 1, then

U= (~A)2(=A)"p = =1 )" Ri(9; (-A)"),
j=1

where R; are the Riesz transforms, that is, the Calderon-Zygmuretatprs whose
Fourier multiplier is&;/|&]. It is clear from the formula above thétis infinitely differ-
entiable onR" and so the integrability issue is only at. Sinced; (-A)"¢), has zero
integral, one has, as— oo, |y(X)| < C|x|""1, and so the conclusion follows.

Assume now thamn— 1 < @ < m, for some positive integen. Thus

1
jg|m-e

If mis even, of the fornrm = 2M for some positive integdvl, then

U(€) = IE1°@(&) = 1EI"p(&)

w:AMQD*Im—(Za

wherel,_,(X) = C|X™™". Hencey is infinitely differentiable oR". SinceAMy has zero
integral,|y(X)] < C|X™* "1 asx — co. Buta —m+1 > 0 and thus is in all L9 spaces.

27



If mis odd, of the fornm = 2M + 1 for some non-negative integht, then
n
W= Z Ri(0;AM0) * I -
j=1

Again y is infinitely differentiable orR" and, sinceR;(9;AMy) has zero integral (just
look at the Fourier transform and remark that it vanishesatarigin), we gety(X)| <
C|x™ "1 asx — oo, which completes the proof of)(

To prove (i) take a functiorp in the Schwartz class. Letbe the exponent conjugate
to p. Define the action of{A)*/?f on the Schwartz functiop as{f, (-A)*%¢) . By part
(i) and Holder’s inequality one has

K(=8)"21, @) = KT, (=8)"%p)] < CIIflIplI(=A)"?¢llq.
which completes the proof oii |. |

Let us continue the proof of the Siciency of condition (2). By the lemma-{A)*/?¢,
isinL! and so

I(=A)"2fllp = I = (=A)"2pllp < 11 Fllp I(=A)*2plls .

Hencef, € W*P,
Next, we claim that

Sa(fea gl,ea R gN,E)(X) < (Sa(f’ gla D) gN) * ¢€)(X)’ S Rn . (28)

One has

N-1

So(f. 91, N = II(F *x)(X¥) - F(X) - Z M; g; () t2 = My (9n #x0) () M lILzqayrenety

=1

whereM; fB(O 1 12 dz Minkowsky’s integral inequality now readily yields (28).
Set

Al f(x)

- AN,
De(X) =l Z M; ( — 0j.(¥) 7 — My (( = On.e) = Xt | () BNl Lzt -

Ln

By (28)
De(¥) < Sa(f)(X¥) + Sa(fe. Gres - -, On)(X)
< So(f)(X¥) + (Se(f, G, - .-, On) * Be)(X) 5
and soD, € LP. In particular,D.(X) is finite for almost alix € R". Thus
N-1

- ATF(%) | ANF
it 00 - (T o x 00 )

@0,
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for almostallx € R". It is easy to conclude that the only way this may happen is even

j
A |f_E(X) =g (0, 1<j<N,
j

for almost allx € R". Hence

Al f,
Lj

—0;, 1<j<N,

in LP ase — 0. Sincef, — fin LPase — 0,
Af. > Alf, 1<j<N,
in the weak topology of tempered distributions. Hence

Nt _

=q: 1<j<N.
LJ gj’ —J—

We claim now that the functiong are uniformly bounded iW*P . Indeed, by the
proof of necessity of condition (2) and Hy (28),

I(=A)"?fllp = 1Sa(fes Afe/La, ..., ANT/LN)II
<NISu(f, Af /Ly, ..., ANF/L)IIp < 0.

Hence there exist a functidne LP and a sequenag — 0 asj — oo such that
(—A)a/zfEj —-h as j-o

in the weakx topology ofLP. On the other hand, by Lemma 2;4)*/?f is a tempered
distribution and so
(=A)"2f, - (~A)?f as e—0

in the weak topology of tempered distributions. Therefera)(/f = h € LP and the
proof is complete.

5 Final remarks

Let (X, d, u) be a metric measure space, thaiss a metric space with distandeandu
is a Borel measure oK. We assume that the supportofis X. Then, givene > 0 and
1 < p < oo, we can define the Sobolev spad&-P(X) as follows. LetN be the unique
integer such thatl? < a < 2N + 2. Given locally integrable functiong g, . . ., gy define
a square function by

2
JC RN(ya X) dﬂ(y)’ ?:’ X € Rn ,
B(x. 1)

D
Sa/(f’ gl’ 92, ) gN)(X)2 = \L te
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whereD is the diameter oK andRy(y, X) is

Ru(y, ¥) = F(y) = () = g1(¥) d(y, X)? + - - — gn-1(X) d(y, )2 = (gn)sc pd(y, 2

Here the barred integral stands for the mean with respegcbtothe indicated seB(x, t)
is the open ball with centerand radiug andgg) is the mean of the functiomon B(x, t).

We say that a functiorf belongs to the Sobolev spa@é"-P(X) providedf € LP(u)
and there exist functions, 9o, . . ., gn € LP(u) such thaS,(f, 91,2, ..., 0n) € LP(w).

We have seen in the previous sections that this definitiollyithe usual Sobolev
spaces iX = R" is endowed with the Euclidean distance and Lebesgue measure. One
can prove with somefkort that the same is true K" is replaced by a half-space. Very
likely this should also work for smoothly bounded domaingt, Wwe have not gone that
far.

There are many interesting questions one may ask about tie@s&obolev spaces.
For instance, how do they compare, tor= 1, to the known first order Sobolev spaces,
notably those introduced by Hajlasz inl[H] or the Newtonipaces of([S] ? For higher
orders of smoothness one would like to compare them withetimdsoduced by Liu, Lu
and Wheeden i [LLW]. One may also wonder about their inicipsoperties, namely,
about versions of the Sobolev imbedding theorem, the Pa@rinaquality and so on.

For the Sobolev imbedding theorem the following remark rhigé useful. InR"
the LP space can be characterized by means of the following “zemp#mess” square
function: . q

So(f)*(x) = fo [foex — foge 0] Tt
The resultis then that a locally integrable functibis in LP if and only if So(f) € LP. The
proof follows the pattern described several times in thisgpa One first deals with the
casep = 2 via a Fourier transform computation. Then one introduceddt/t)-valued
operatofT such that

xeR".

T (F)ll2gn, L2y = ClISo(F)Il2
and one shows that its kernel satisfies Hormander’s comditio
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