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0 The Freudenthal product and orbits in the Jordan

algebra over the exceptional Lie group of type

F4(−20)

Akihiro Nishio

Abstract

Let J 1 be the real form of complex simple Jordan algebra with
the automorphism group F4(−20). In terms of the Freudenthal prod-
uct on J 1 and the characteristic polynomial for X ∈ J 1, a concrete
classification of F4(−20)-orbits on J 1 is given.

1 Preliminaries.

Let R be the field of real numbers andC := R⊕
√
−1R be the field of complex

numbers. For F = R or C, let V be a F-linear space, GLF(V ) the group
of F-linear automorphims of V and EndF(V ) the linear space of F-linear
endomorphisms on V. For a mapping f : V → V, put Vf := {v ∈ V | f(v) =
v}. For a subgroup G of GLF(V ), an automorphism φ on G and v ∈ V, put
Gφ := {g ∈ G | φg = g}, Gv := {g ∈ G | gv = v}, OG(v) := {gv | g ∈ G}.

For a linear space V over R, its complexification V C := V ⊗R C =
V ⊕

√
−1V. For an f ∈ EndR(V ), its complexification by fC ∈ EndC(V

C) is
written by the same letter f. The complex conjugation on V C with respect
to V is denoted by τ : τ(u+

√
−1v) = u−

√
−1v, u, v ∈ V.

Let O be the R-algebra of octonions[2, 1, 11] with a base 1, e1, e2, e3, e4,
e5, e6, e7 and the multiplications among them are given as follows; 1 is the
unit of R; e2i = −1, eiej = −ejei for i 6= j; elem = en, emen = el, enel = em
for (l,m, n) ∈ {(1, 2, 3), (3, 5, 6), (6, 7, 1), (1, 4, 5), (3, 4, 7), (6, 4, 2), (2, 5, 7)}.
By convention, e0 := 1. The conjugation is defined as

∑7
i=0 xiei := x0 −∑7

i=1 xiei, xi ∈ R. Put Re(x) := 1
2(x + x), Im(x) := 1

2(x − x) and ImO =

{∑7
i=1 xiei | xi ∈ R}. And a positive definite inner product and the norm

are defined as (x, y) := 1
2(xy+yx) = 1

2(xy+yx) =
∑7

i=0 xiyi, |x| :=
√

(x, x)

for x =
∑7

i=0 xiei, y =
∑7

i=0 yiei ∈ O with xi, yi ∈ R.
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Proposition 1.1. (cf. [2]) Let x, y, a, b ∈ O.
(1) (ax, ay) = (a, a)(y, y) = (xa, ya).

(2) (ax, y) = (x, ay), (xa, y) = (x, ya).

(3) x = x, x+ y = x+ y, xy = y x.

(4) a(ax) = (aa)x, a(xa) = (ax)a, x(aa) = (xa)a, a(ax) = (aa)x,
a(xa) = (ax)a, x(aa) = (xa)a.

(5) b(ax) + abx = 2(a, b)x = (xa)b+ (xb)a.

(6) (ax)y + x(ya) = a(xy) + (xy)a, (xa)y + (xy)a = x(ay) + x(ya),
(ax)y + (xa)y = a(xy) + x(ay).

(7) (ax)(ya) = a(xy)a.

(8) Re(xy) = Re(yx), Re(x(yz)) = Re(y(zx)) = Re(z(xy)).

Let O
C be the complexification of O. Similarly O

C have the product

xy ∈ O
C, the conjugation

∑7
i=0 xiei := x0 −

∑7
i=1 xiei, xi ∈ C, the inner

product (x, y) := 1
2(xy + yx) = 1

2(xy + yx) ∈ C.
For a linear subspace K of OC over R or C, let M(n,K) be the set of

all n × n- matrices with entries in K. For A ∈ M(n,OC), let tA be the
transposed matrix of A, A the matrix with the conjugate entries of A, and
A∗ :=t A. Let us complex exceptional Jordan algebra as

JC := {X ∈ M(3,OC) | X∗ = X}

which has the Jordan product X ◦ Y, the inner product (X,Y ) and the
identity element E as follows:

X ◦ Y :=
1

2
(XY + Y X), (X,Y ) := tr(X ◦ Y ), E := diag(1, 1, 1).

Then an element X ∈ JC has the form

X



ξ1 x3 x2
x3 ξ2 x1
x2 x1 ξ3


 , ξi ∈ C, xi ∈ O

C.

After H. Freudenthal [3], another product X × Y is defined as

X × Y :=
1

2
(2X ◦ Y − tr(X)Y − tr(Y )X + (tr(X)tr(Y )− (X,Y ))E)

which is called the Freudenthal product and the trilinear form (X,Y,Z), the
determinant det(X) are defined as

(X,Y,Z) := (X,Y × Z), det(X) :=
1

3
(X,X,X).
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Proposition 1.2. Let X,Y,Z ∈ JC. By direct calculations, the following
formulas hold.

(1) X ◦ Y = Y ◦X, X × Y = Y ×X.

(2) E×E = E, X ×E = 1
2(tr(X)E −X). In particular, (X ×X)×E =

1
2 (tr(X ×X)E −X ×X).

(3) tr(X × Y ) = 1
2(tr(X)tr(Y )− (X,Y )).

(4) (X,Y,Z) = (Y,Z,X) = (Z,X, Y ).

(5) X ◦ (X ×X) = det(X)E, (X ×X)× (X ×X) = det(X)X.

(6) (X×X)×X = 1
2(−tr(X)X×X− tr(X×X)X+(tr(X×X)tr(X)−

det(X))E).

A linear Lie group FC
4 is defined as

FC

4 := {α ∈ GLC(JC) | α(X ◦ Y ) = αX ◦ αY }.

The following result is proved in [10, Lemma 2.1.2, Proposition 2.1.3]
after O. Shukuzawa and I. Yokota [7, p.3 Remark.]

Proposition 1.3. The following formulas hold.

FC

4 = {α ∈ FC

4 | tr(αX) = tr(X)}
= {α ∈ GLC(JC) | det(αX) = X, αE = E}
= {α ∈ GLC(JC) | det(αX) = X, (αX,αY ) = (X,Y )}
= {α ∈ GLC(JC) | (αX,αY, αZ) = (X,Y,Z), (αX,αY ) = (X,Y )}
= {α ∈ GLC(JC) | α(X × Y ) = αX × αY }.

Let us define

J := {



ξ1 x3 x2
x3 ξ2 x1
x2 x1 ξ3


 | ξi ∈ R, xi ∈ O}

and the complex conjugation τ with respect to J in JC. Put σ ∈ GLC(JC) :

σ



ξ1 x3 x2
x3 ξ2 x1
x2 x1 ξ3


 :=




ξ1 −x3 −x2
−x3 ξ2 x1
−x2 x1 ξ3


 .

Then σ ∈ FC
4 because of det(σX) = X and σE = E. And σ satisfies σ2 = 1.

Then τσ induce involutive automorphism τ̃σ of FC
4 : τ̃σ(α) = τσαστ, α ∈
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FC
4 , and so let us define the R-linear space J 1 as J 1 := (JC)τσ. Then an

element X ∈ J 1 has a form:

X =




ξ1
√
−1x3

√
−1x2√

−1x3 ξ2 x1√
−1x2 x1 ξ3


 , ξi ∈ R, xi ∈ O.

If Xi ∈ JC, i = 1, 2 satisfies τσ(Xi) = Xi, then τσ(X1 ◦X2) = τσ(X1) ◦
τσ(X2) = X1 ◦X2. Thus J 1 is closed under the Jordan product X ◦Y with
the identity E = diag(1, 1, 1) of Jordan product. And for all X,Y,Z ∈ J 1,
the trace tr(X) ∈ R, the inner pruduct (X,Y ) ∈ R, the Freudental product
X × Y ∈ J 1, (X,Y,Z) := (X,Y × Z) ∈ R, the determinant det(X) =
1
3 (X,X ×X) ∈ R. Then J 1 satisfies all formulas of Proposition 1.2. Let us
define a linear Lie group F4(−20) as

F4(−20) := {α ∈ GLR(J 1) | α(X ◦ Y ) = αX ◦ αY } = (FC

4 )τ̃σ|J 1.

In J 1, we use the following notations:

E1 :=



1 0 0
0 0 0
0 0 0


 , E2 :=



0 0 0
0 1 0
0 0 0


 , E3 :=



0 0 0
0 0 0
0 0 1


 ,

F 1
1 (x) :=



0 0 0
0 0 x
0 x 0


 , F 1

2 (x) :=




0 0
√
−1x

0 0 0√
−1x 0 0


 ,

F 1
3 (x) :=




0
√
−1x 0√

−1x 0 0
0 0 0


 .

For all X ∈ J 1, we can express X =
∑3

i=1(ξiEi + F 1
i (xi)), ξi ∈ R, xi ∈ O.

Put ǫ(1) := 1, ǫ(2) := −1, ǫ(3) := −1. Then the table of the Freudenthal
product among them are given as follows:

(1.1)





Ei × Ei = 0, Ei × Ei+1 =
1
2Ei+2,

Ei × F 1
i (x) = −1

2F
1
i (x), Ei × F 1

j (x) = 0 (i 6= j),

F 1
i (x)× F 1

i (y) = −ǫ(i)(x, y)Ei,
F 1
i+1(x)× F 1

i+2(y) = −ǫ(i)12F
1
i (xy)

where indices are counted modulo 3. For all X =
∑3

i=1(ξiEi + F 1
i (xi)),

4



Y =
∑3

i=1(ηiEi + F 1
i (yi)) ∈ J 1, by direct calculation, we have

(1.2)





(X,Y ) =
∑3

i=1(ξiηi + ǫ(i)2(xi, yi)),

det(X) = ξ1ξ2ξ3 + 2Re((x1x2)x3)−
∑3

i=1 ǫ(i)ξi(xi, xi),

X ×X =
∑3

i=1((ξi+1ξi+2 − ǫ(i)(xi, xi))Ei

+F 1
i (−ǫ(i)xi+1xi+2 − ξixi)),

where indices are counted modulo 3. For all X =
∑3

i=1(ξiEi+F 1
i (xi)) ∈ J 1,

we denote (X)Ei
:= ξi, (X)F 1

i
:= xi.

Theorem 1.4. The following formulas hold.

F4(−20) = {α ∈ F4(−20) | tr(αX) = tr(X)}
= {α ∈ GLR(J 1) | det(αX) = X, αE = E}
= {α ∈ GLR(J 1) | det(αX) = X, (αX,αY ) = (X,Y )}
= {α ∈ GLR(J 1)|(αX,αY, αZ) = (X,Y,Z), (αX,αY ) = (X,Y )}
= {α ∈ GLR(J 1) | α(X × Y ) = αX × αY }.

Proof. It follows from F4(−20) = (FC
4 )τ̃σ|J 1 and Proposition 1.3. (cf.[8,

p.18].)

Put ϕX(λ) := λE−X. Let us define the characteristic polynomial ΦX(λ)
of X ∈ J 1 as

ΦX(λ) := det(ϕX(λ)) = det(λE −X).

And a characteristic root of X ∈ J 1 is a solution of ΦX(λ) = 0 in C.

Proposition 1.5. The following assertions hold.
(1) ΦX(λ) = λ3 − tr(X)λ2 + tr(X × X)λ − det(X). In particular the

polynomial Φλ(X) is a R-coefficient polynomial of λ with degree 3.

(2) If ΦX(λ) = (λ − λ1)(λ − λ2)(λ − λ3), λi ∈ C, then tr(X) = λ1 +
λ2 + λ3, tr(X ×X) = λ1λ2 + λ2λ3 + λ3λ1,det(X) = λ1λ2λ3.

(3) The polynomial ΦX(λ) is invariant by the action of F4(−20). In partic-
ular, the set of all characteristic roots and thier multiplicities are invariant
by the action of F4(−20).

Proof. (1) It follows from direct calculation using Proposition 1.2.
(2) It follows from (1).
(3) det(λE − αX) = det(α(λE −X)) = det(λE −X) for all α ∈ F4(−20)

by Theorem 1.4.
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Let A, B, C be sets. A = B
∐

C means A = B ∪ C and B ∩ C = ∅ in
this paper. We define hyperbolic planes and null cones.

H := {X ∈ J 1 | X ×X = 0, tr(X) = 1},
H+ := {X ∈ J 1 | X ×X = 0, tr(X) = 1, (X)E1 ≥ 1},
H− := {X ∈ J 1 | X ×X = 0, tr(X) = 1, (X)E1 ≤ 0},
N := {X ∈ J 1 | X 6= 0,X ×X = 0, tr(X) = 0},

N+ := {X ∈ J 1 | X ×X = 0, tr(X) = 0, (X)E1 > 0},
N− := {X ∈ J 1 | X ×X = 0, tr(X) = 0, (X)E1 < 0},
Ñ := N

∐
{0} = {X ∈ J 1| X ×X = 0, tr(X) = 0}.

We denote N1 := E1−E2+F 1
3 (1) and N2 := −E1+E2+F 1

3 (1). Using (1.1),
E1 ∈ H+, E2, E3 ∈ H−, N1 ∈ N+ and N2 ∈ N−.

Proposition 1.6. The following assertions hold.
(1) H = H+

∐H−.

(2) N = N+
∐N−.

(3) The group F4(−20) acts on H, N , Ñ .

Proof. (1) H+∩H− = ∅ is obvious. Take X =
∑3

i=1(ξiEi+F 1
i (xi)) ∈ H. By

(1.2), 0 = (X×X)E2 = ξ3ξ1+(x2, x2) and 0 = (X×X)E3 = ξ1ξ2+(x3, x3).
Therefore ξ1(ξ2 + ξ3) = −(x2, x2) − (x3, x3) ≤ 0. Hence (X)E1 = ξ1 ≤ 0
or ξ2 + ξ3 ≤ 0. If ξ2 + ξ3 ≤ 0, then (X)E1 = ξ1 = 1 − (ξ2 + ξ3) ≥ 1 by
tr(X) = ξ1 + ξ2 + ξ3. Thus (1) follows.

(2) N+ ∩ N− = ∅ is obvious. Suppose that X ∈ N satisfies (X)E1 = 0.
By tr(X) = 0, we can express X = ξE2−ξE3+

∑3
i=1 F

1
i (xi), ξ ∈ R, xi ∈ O.

Then by (1.2), 0 = (X ×X)E1 = −ξ2 − (x1, x1) ≤ 0 and 0 = (X ×X)Ei
=

(xi, xi) ≥ 0 (i = 2, 3). Therefore ξ = 0, xi = 0 (i = 1, 2, 3) so that X = 0. It
contradicts with X 6= 0. Hence (2) follows.

(3) The group F4(−20) acts on H, N , Ñ by Theorem 1.4.

For all X ∈ J 1, put

VX := {aX ×X + bX + cE | a, b, c ∈ R}

which is called the minimal subspace of X in J 1, because VX is closed under
the Freudenthal product by Proposition 1.2 (2)(5)(6). For λ1 ∈ R, let us
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define the following elements in VX :

EX,λ1 :=
1

tr(ϕX(λ1)× ϕX(λ1))
ϕX(λ1)× ϕX(λ1),

WX,λ1 := −ϕX(λ1) +
tr(ϕX (λ1))

2
(E − EX,λ1)

= X − (λ1EX,λ1 +
tr(X)− λ1

2
(E − EX,λ1)).

If tr(ϕX(λ1)× ϕX(λ1)) 6= 0, EX,λ1 and WX,λ1 are well-defined.

Proposition 1.7. Assume that λ1 is a characteristic root of X in R. Then
the following assertions hold.

(1) (ϕX(λ1)× ϕX(λ1))× (ϕX(λ1)× ϕX(λ1)) = 0.

(2) tr(ϕX(λ1)× ϕX(λ1)) = Φ′
X(λ1) = ( d

dλ
ΦX)(λ1).

(3) If λ1 is a characteristic root of X in R of multiplicity 1, then
tr(ϕX(λ1)× ϕX(λ1)) 6= 0. Furthermore, EX,λ1 ∈ H = H+

∐H−.

Proof. (1) Since λ1 is a characteristic root, det(ϕX(λ1)) = 0. By Proposition
1.2(5), (ϕX(λ1)×ϕX(λ1))× (ϕX(λ1)×ϕX(λ1)) = det(ϕX (λ1))ϕX (λ1) = 0.

(2) By Proposition 1.2(2), Proposition 1.5(1) and direct calculation,
tr(ϕX(λ1)× ϕX(λ1)) = 3λ2

1 − 2tr(X)λ1 + tr(X ×X) = Φ′
X(λ1).

(3) Since λ1 is a characteristic root of multiplicity 1, 0 6= Φ′
X(λ1) =

tr(ϕX(λ1) × ϕX(λ1)). Using (1), tr( 1
tr(ϕX(λ1)×ϕX(λ1))

ϕX(λ1) × ϕX(λ1)) = 1

and Proposition 1.6(1), we obtain EX,λ1 ∈ H = H+
∐H−.

Proposition 1.8. Assume that X ∈ J 1 has a characteristic root λ1 of
X in R of multiplicity 1 and α ∈ F4(−20). Then EαX,λ1 and WαX,λ1 are
well-defined. Furthermore,

αEX,λ1 = EαX,λ1 , αWX,λ1 = WαX,λ1 .

Proof. By Proposition 1.5(3), αX ∈ J 1 has a characteristic root λ1 ∈ R of
multiplicity 1. By Proposition 1.7(3), tr(ϕαX(λ1) × ϕαX(λ1)) 6= 0, so that
EαX,λ1 and WαX,λ1 are well-defined. Then the last equations follow from
Theorem 1.4.

Let us define the sublinear space (J 1)0 := {X ∈ J 1| tr(X) = 0} in J 1

and the R-linear map p : J 1 → (J 1)0 ; p(X) := X − 1
3tr(X)E. By Theorem

1.4, α(p(X)) = p(αX) for all α ∈ F4(−20).
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Proposition 1.9. Assume X ∈ J 1 has a characteristic root λ1 in R of
multiplicity 3. The following assertions hold.

(1) Φp(X)(µ) = µ3. In particular, tr(p(X)) = 0, tr(p(X) × p(X)) = 0,
det(p(X)) = 0.

(2) If p(X)× p(X) 6= 0, then p(X)× p(X) ∈ N .

Proof. (1) By Proposition 1.5(2), we get (λ− 1
3tr(X))3 = ΦX(λ) = det((λ−

1
3 tr(X))E − p(X)) = Φp(X)(λ − 1

3tr(X)). Hence Φp(X)(µ) = µ3 and so by
Proposition 1.5(1), 0 = tr(p(X)) = tr(p(X)× p(X)) = det(p(X)).

(2) By (1), det(p(X)) = 0 and tr(p(X) × p(X)) = 0. Using Proposition
1.2(5), (p(X)×p(X))× (p(X)×p(X)) = det(p(X))p(X) = 0. Hence p(X)×
p(X) ∈ N follows.

Main Theorem. F4(−20)-orbits on J 1 are classified as follows.
(I) Assume that X ∈ J 1 admits the characteristic roots λ1 > λ2 > λ3.

Then there exists the unique i ∈ {1, 2, 3} such that H+ ∩ VX = {EX,λi
} and

H− ∩ VX = {EX,λi+1
, EX,λi+2

} where i, i + 1, i + 2 are counted modulo 3.
In this case, X can be transformed to one of the following canonical forms
by F4(−20).

Cases The canonical forms of X

1. EX,λ1 ∈ H+ diag(λ1, λ2, λ3)
2. EX,λ2 ∈ H+ diag(λ2, λ3, λ1)

3. EX,λ3 ∈ H+ diag(λ3, λ1, λ2)

(II) Assume that X ∈ J 1 admits the characteristic roots λ1 ∈ R, p ±√
−1q (q > 0). Then X can be transformed to the following canonical form

by F4(−20).

the characteristic roots of X The canonical form of X

4. λ1 ∈ R, p±
√
−1q (q > 0)




p
√
−1q 0√

−1q p 0
0 0 λ1




(III) Assume that X ∈ J 1 admits the characteristic roots λ1 of multi-
plicity 1 and λ2 of multiplicity 2. Then WX,λ1 ∈ Ñ . In this case, X can be
transformed to one of the following canonical forms by F4(−20).
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Cases The canonical form of X

5. WX,λ1 = 0, EX,λ1 ∈ H+ diag(λ1, λ2, λ2)
6. WX,λ1 = 0, EX,λ1 ∈ H− diag(λ2, λ2, λ1)

7. WX,λ1 ∈ N+



λ2 + 1

√
−1 0√

−1 λ2 − 1 0
0 0 λ1




8. WX,λ1 ∈ N−



λ2 − 1

√
−1 0√

−1 λ2 + 1 0
0 0 λ1




(IV) Assume that X ∈ J 1 admits the characteristic root of multiplicity
3. Then X can be transformed to one of the following canonical forms by
F4(−20).

Cases The canonical form of X

9. p(X) = 0 1
3tr(X)E

10. p(X) ∈ N+




1
3 tr(X) + 1

√
−1 0√

−1 1
3 tr(X)− 1 0

0 0 1
3tr(X)




11. p(X) ∈ N−




1
3 tr(X)− 1

√
−1 0√

−1 1
3 tr(X) + 1 0

0 0 1
3tr(X)




12. p(X) /∈ Ñ




1
3 tr(X) 0

√
−1

0 1
3tr(X) 1√

−1 1 1
3tr(X)




(V) By F4(−20), the above canonical forms cannot be transformed from
each other.

2 Generalized spheres and Hyperbolic planes.

Let fC4 := {X ∈ EndC(JC) | exp(tX) ∈ FC
4 , t ∈ C} be the Lie algebra of

FC
4 . The following notations are used in this paper:

A1(a) :=



0 0 0
0 0 a
0 −a 0


 , A2(a) :=



0 0 −a
0 0 0
a 0 0


 , A3(a) :=




0 a 0
−a 0 0
0 0 0




where a ∈ O
C. Then Ãi(a) ∈ EndC(JC) is defined as Ãi(a)X := Ai(a)X −

XAi(a), X ∈ JC. And dC4 := {D ∈ fC4 | DEi = 0, i = 1, 2, 3}, ũCi :=
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{Ãi(a) | a ∈ O
C}. Let f4(−20) := {X ∈ EndR(J 1) | exp(tX) ∈ F4(−20), t ∈

R} be the Lie algebra of F4(−20).

Proposition 2.1. The following assertions hold.
(1) fC4 = dC4 ⊕ ũC1 ⊕ ũC2 ⊕ ũC3 .
(2) f4(−20) = (fC4 )τσ = (dC4 )τσ⊕(ũC1 )τσ⊕(ũC2 )τσ⊕(ũC3 )τσ . Here,(d

C
4 )τσ =

{D ∈ (fC4 )τσ | DEi = 0, i = 1, 2, 3}, (ũC1 )τσ = {Ã1(a)| a ∈ O}, (ũCi )τσ =
{Ãi(

√
−1a)| a ∈ O} (i = 2, 3).

Proof. (1) cf.[2]. (2) It follows from direct calculations.

For t ∈ R, let us define elements of F4(−20) as β1(t) := exp(tÃ1(1)) and

β3(t) := exp(tÃ3(
√
−1)). Put etAj(r) :=

∑∞
n=0

1
n!(tAj(r))

n where (j, r) ∈
{(1, 1), (3,

√
−1)}. By direct calculation,

etA1(1) =



1 0 0
0 cos t sin t
0 − sin t cos t


 ,

etA3(
√
−1) =




cosh t
√
−1 sinh t 0

−
√
−1 sinh t cosh t 0
0 0 1


 .

Let X ∈ J 1 and (j, r) ∈ {(1, 1), (3,
√
−1)}. By direct calculation, we get

d
dt
(etAj (r)X)e−tAj (r) = Ãj(r)((e

tAj (r)X)e−tAj (r)) and (e0·Aj(r)X)e−0·Aj(r) =

X. Now d
dt
βj(t)X = Ãj(r)βj(t)X and βj(0)X = X. By the uniqueness of

ordinary differential equations, we obtain

βj(t) = (etAj (r)X)e−tAj (r).

In particular, put Y := β1(t)(
∑3

i=1(ξiEi + F 1
i (xi))). Then

(2.1)





(Y )E1 = ξ1,

(Y )E2 = ξ2+ξ3
2 + ξ2−ξ3

2 cos 2t+Re(x1) sin 2t,

(Y )E3 = ξ2+ξ3
2 − ξ2−ξ3

2 cos 2t−Re(x1) sin 2t,

(Y )F 1
1

= Im(x1) + Re(x1) cos 2t− ξ2−ξ3
2 sin 2t,

(Y )F 1
2

= x2 cos t− x3 sin t,

(Y )F 1
3

= x3 cos t+ x2 sin t.

Put Y := β3(t)(
∑3

i=1(ξiEi + F 1
i (xi))). Then
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(2.2)





(Y )E1 = ξ1+ξ2
2 + ξ1−ξ2

2 cosh 2t−Re(x3) sinh 2t,

(Y )E2 = ξ1+ξ2
2 − ξ1−ξ2

2 cosh 2t+Re(x3) sinh 2t,
(Y )E3 = ξ3,
(Y )F 1

1
= x1 cosh t+ x2 sinh t,

(Y )F 1
2

= x2 cosh t+ x1 sinh t,

(Y )F 1
3

= Im(x3) + Re(x3) cosh 2t− ξ1−ξ2
2 sinh 2t.

Let us define the subgroup D̃4 in SO(8)×3 and the group homomorphism
p : D̃4 → SO(8) as

D̃4 := {(α1, α2, α3) ∈ SO(8)×3 | (α1x)(α2y) = α3(xy), x, y ∈ O},
p(α1, α2, α3) = α1.

Lemma 2.2. (Y.Mastushima)[5, Lemma 2, Lemma 3]. cf.[9, Lemma 5.3,
Lemma 5.4].

Assume that there exists (α1, α2, α3) ∈ O(8)×3 such that

(αix)(αi+1y) = αi+2(xy), x, y ∈ O

where i, i + 1, i + 2 are counted modulo 3. Then the following assertions
hold.

(1) (αi+1x)(αi+2y) = αi(xy), x, y ∈ O.

(2) αi ∈ SO(8) for all i ∈ {1, 2, 3}.

Let us define the subgroup of F4(−20) as

D4 := {α ∈ F4(−20) | αiEi = Ei, i = 1, 2, 3},

and the mapping ϕ : D̃4 → GLR(J 1) as

ϕ(α1, α2, α3)(

3∑

i=1

(ξiEi + F 1
i (xi)) :=

3∑

i=1

(ξiEi + F 1
i (αixi)).

Proposition 2.3. The following assertions hold.
(1) p is a group homomorphism D̃4 onto SO(8).
(2) ϕ is a group isomorphism D̃4 onto D4.

Proof. It can be similarly proved as [5, Theorem 1]. cf.[9, Proposition
5.7,5.9].
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Hereafter, we identify D̃4 with D4 via ϕ in this paper.

Let Ei, (J 1)2Ei,1, (J 1)2Ei,−1 be subspaces of J 1 defined as

Ei := {ξEi | ξ ∈ R},
(J 1)2Ei,1 := {X ∈ J 1 | 2Ei ×X = X},

(J 1)2Ei,−1 := {X ∈ J 1 | 2Ei ×X = −X}.

Then by (1.1), (J 1)2Ei,1 = {ξ(Ei+1 + Ei+2) | ξ ∈ R} = {ξ(E − Ei)| ξ ∈ R},
(J 1)2Ei,−1 = {ξ(Ei+1 − Ei+2) + F 1

i (x) | ξ ∈ R, x ∈ O} where i, i + 1, i + 2
are counted modulo 3. Next, we define generalized spheres and null cones.
For r > 0,

S+(Ei; r) := {W ∈ (J 1)2Ei,−1 | (W,W ) = r2},
S−(Ei; r) := {W ∈ (J 1)2Ei,−1 | (W,W ) = −r2},

N (Ei) := {W ∈ (J 1)2Ei,−1 | W 6= 0, (W,W ) = 0}.

Since the inner product over (J 1)2E1,−1 is positive definite, S−(E1; r) =
N (E1) = ∅. Moreover, for i = 2, 3, we put

S+
+ (Ei; r) := {W ∈ S+(Ei; r) | (W )E1 > 0},

S+
− (Ei; r) := {W ∈ S+(Ei; r) | (W )E1 < 0},
N+(Ei) := {W ∈ N (Ei) | (W )E1 > 0},
N−(Ei) := {W ∈ N (Ei) | (W )E1 < 0}.

Lemma 2.4. Let X be a set and a group G acts on X. Assume that there are
subsets Xi ⊂ X and elements vi ∈ X which satisfy the following conditions
(i)-(iv), where I is an index set and i, j ∈ I:

(i) X = ∪i∈IXi, (ii) vi ∈ Xi, (iii) OG(vi) 6= OG(vj) ⇔ i 6= j,
(iv) Xi ⊂ OG(vi).

Then Xi = OG(vi) for all i ∈ I.

Proof. Since G acts on X, OG(vi) ⊂ X. Now take x ∈ OG(vi). Since x ∈
OG(vi) ⊂ X = ∪i∈IXi, there exists j ∈ I such that x ∈ Xj . By (iv), x ∈
Xj ⊂ OG(vj). Then i = j by (iii). Therefore x ∈ Xi, so that OG(vi) ⊂ Xi.
Next by (iv), Xi ⊂ OG(vi). Thus Xi = OG(vi).

For Y ∈ J 1, the inner product BY on J 1 is defined as BY (X1,X2) =
(X1,X2, Y ), Xi ∈ J 1.
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Proposition 2.5. For Y1, Y2 ∈ J 1, if BYi
(i = 1, 2) have different signatures

then OF4(−20)
(Y1) 6= OF4(−20)

(Y2). In particular:
(1) OF4(−20)

(E1) 6= OF4(−20)
(E2) = OF4(−20)

(E3) :

(2) OF4(−20)
(E1 − E2) 6= OF4(−20)

(−E1 + E2).

Proof. Suppose that there exists α ∈ F4(−20) such that αY1 = Y2. Using The-
orem 1.4, BY1(X1,X2) = (X1,X2, Y1) = (αX1, αX2, αY1) = BY2(αX1, αX2).
Therefore inner products BY1 and BY2 have the same signatures. This con-
tradicts with the assumption. Thus OF4(−20)

(Y1) 6= OF4(−20)
(Y2). Then we

have the table of signatures: for X =
∑3

i=1(ξiEi + F 1
i (xi)) ∈ J 1,

Y ∈ J 1 BY (X,X) types of signature

E1 ξ2ξ3 − (x1, x1) (+ ⇒ 1,− ⇒ 9)
E3 ξ1ξ2 + (x3, x3) (+ ⇒ 9,− ⇒ 1)
E1 − E2 ξ2ξ3 − ξ3ξ1 − (x1, x1)− (x2, x2) (+ ⇒ 2,− ⇒ 18)
−E1 + E2 −ξ2ξ3 + ξ3ξ1 + (x1, x1) + (x2, x2) (+ ⇒ 18,− ⇒ 2)

Therefore OF4(−20)
(E1) 6= OF4(−20)

(E3), OF4(−20)
(E1−E2) 6= OF4(−20)

(−E1+

E2). Next, by (2.1), β1(
π
2 )E3 = E2, so that OF4(−20)

(E2) = OF4(−20)
(E3).

Hence the assertion follows.

Proposition 2.6. The following assertions hold.
(1) If there exists X0 ∈ (J 1)0 such that X0×X0 = Ni for some i ∈ {1, 2},

then X0 × (X0 ×X0) = 0.

(2) {X0 ∈ (J 1)0 | X0 ×X0 = N1} = ∅.
(3) {X0 ∈ (J 1)0 | X0 ×X0 = N2}

= {−rN2 + F 1
1 (x) + F 1

2 (x)| r ∈ R, x ∈ O, |x| = 1}.
(4) OF4(−20)

(N1) 6= OF4(−20)
(N2).

Proof. (1) Since X0 ∈ (J 1)0, tr(X0 × X0) = tr(Ni) = 0 and det(X0)X0 =
(X0 × X0) × (X0 × X0) = Ni × Ni = 0 by Proposition 1.2(5), we have
tr(X0) = tr(X0×X0) = det(X0) = 0. Thus X0× (X0×X0) = 0 follows from
Proposition 1.2(6).

(2) Set P = {X0 ∈ (J 1)0 | X0 × X0 = N1}. Suppose that there exists
X0 =

∑3
i=1(riEi+F 1

i (xi)) ∈ P. Then by (1) and (1.1), 0 = X0×(X0×X0) =
X0×N1 = − r3

2 E1+
r3
2 E2+(− r1

2 + r2
2 +(1, x3))E3+

1
2F

1
1 (−x1−x2)− 1

2F
1
2 (x2+

x1) − 1
2F

1
3 (r3). Therefore r3 = 0. However, 1 = (N1)E1 = (X0 × X0)E1 =

r2 · 0 − (x1, x1) = −(x1, x1) ≤ 0 by (1.2). It is a contradiction. Hence
{X0 ∈ (J 1)0 | X0 ×X0 = N1} = ∅.
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(3) Set P1 = {X0 ∈ (J 1)0 | X0 ×X0 = N2} and P2 = {−rN2 + F 1
1 (x) +

F 1
2 (x) | r ∈ R, x ∈ O, |x| = 1}. Take X0 =

∑3
i=1(riEi + F 1

i (xi)) ∈ P1. Then
by (1) and (1.1), 0 = X0 × (X0 ×X0) = X0 ×N2 = r3

2 E1 − r3
2 E2 + (− r2

2 +
r1
2 +(1, x3))E3+

1
2F

1
1 (x1−x2)− 1

2F
1
2 (−x2+x1)− 1

2F
1
3 (r3). Therefore r3 = 0

and x2 = x1. Next, by (1.2), N2 = X0 × X0 = −(x1, x1)E1 + (x1, x1)E2 +
(r1r2 + (x3, x3))E3 +F 1

1 (−(x3 + r1)x1) +F 1
2 ((x3 − r2)x1) +F 1

3 (x1x1). Since
(N2)E1 = −1 and (N2)F 1

1
= (N2)F 1

2
= 0, we get |x1| = 1, x3 = r2 = −r1.

Therefore X0 = −r1N2 + F 1
1 (x1) + F 1

2 (x1) where |x1| = 1. Hence X0 ∈ P2

and so P1 ⊂ P2. Conversely, take X0 = −rN2 + F 1
1 (x) + F 1

2 (x) ∈ P2 where
r ∈ R, x ∈ O and |x| = 1. By direct calculation, X0 ∈ P1, so that P2 ⊂ P1.
Hence P1 = P2.

(4) Suppose that there exists α ∈ F4(−20) such that αN1 = N2. Then
∅ = α({X0 ∈ (J 1)0 | X0 ×X0 = N1}) = {Y0 ∈ (J 1)0 | Y0 × Y0 = N2} 6= ∅
by Theorem 1.4, (2) and (3). It is a contradiction, as required.

Lemma 2.7. Let X =
∑3

i=1(ξiEi + F 1
i (xi)) ∈ J 1 and j ∈ {1, 2, 3}. Then

there exists ϕ(α1, α2, α3) ∈ D4 such that ϕ(α1, α2, α3)X =
∑3

i=1 ξiEi +
F 1
j (|xj |)+F 1

j+1(αj+1xj+1)+F 1
j+2(αj+2xj+2) where j, j+1, j+2 are counted

modulo 3.

Proof. There exists αj ∈ SO(8) such that αjxj = |xj|. By Proposition 2.3(1),
there exists (αj , αj+1, αj+2) ∈ D̃4 such that p(αj, αj+1, αj+2) = αj. Us-
ing Lemma 2.2(1), we have (α1, α2, α3) ∈ D̃4. Then by Proposition 2.3(2),
ϕ(α1, α2, α3) ∈ D4 satisfies the assertion.

Proposition 2.8. The following assertions hold.
(1) S+(E1; r) = O(F4(−20))E1

( r√
2
(E2 − E3)).

(2) S+(E3; r) = S+
+ (E3; r)

∐S+
− (E3; r).

(3) S+
+ (E3; r) = O(F4(−20))E3

( r√
2
(E1 − E2))

6= O(F4(−20))E3
( r√

2
(−E1 + E2)) = S+

− (E3; r).

(4) S−(E3; r) = O(F4(−20))E3
(F 1

3 (
r√
2
)).

(5) N (E3) = N+(E3)
∐N−(E3).

(6) N+(E3) = O(F4(−20))E3
(N1) 6= O(F4(−20))E3

(N2) = N−(E3).

Proof. For all W ∈ (J 1)2Ei,−1 and α ∈ (F4(−20))Ei
, 2Ei × αW = α(2Ei ×

W ) = −W and (αW,αW ) = (W,W ) by Theorem 1.4. In particular,
(F4(−20))E1 acts on S+(E1; r). And (F4(−20))E3 acts on S+(E3; r), S−(E3; r)
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and N (E3). By (2.1) and (2.2), {β1(t)| t ∈ R} ⊂ (F4(−20))E1 and {β3(t)| t ∈
R} ⊂ (F4(−20))E3 .

(1) Take W ∈ S+(E1; r). By Lemma 2.7, there exists α0 ∈ D4 ⊂
(F4(−20))E1 such that α0W = ξ(E2 − E3) + F 1

1 (r0) where r0 ≥ 0. Next by
(2.1), (β1(t)α0W )E2 = ξ cos 2t+ r0 sin 2t =

r√
2
cos(2t+ t0) for some t0 ∈ R.

Then β1(−1
2t0)α0W = r√

2
(E2 − E3). Hence (1) follows.

(2) S+
+ (E3; r) ∩ S+

− (E3; r) = ∅ is obvious. Suppose that there exists
W ∈ S+(E3; r) such that (W )E1 = 0. Then we can write W = F 1

3 (x) ∈
S+(E3; r), so that (W,W ) = −2(x, x) ≤ 0 by (1.2). It contradicts with
(W,W ) = r2 > 0. Thus (W )E1 6= 0 and (2) follows.

(3) We use Lemma 2.4. We know that (F4(−20))E3 acts on S+(E3; r),

and so we consider that X = S+(E3; r), G = (F4(−20))E3 , X1 = S+
+ (E3; r),

X2 = S+
− (E3; r), v1 =

r√
2
(E1 − E2) and v2 = r√

2
(−E1 + E2) in Lemma 2.4.

The first, the condition (i) follows from (2). The second, the condition (ii)
follows from direct calculations. The third, we notice O(F4(−20))E3

(ǫ r√
2
(E1−

E2)) ⊂ OF4(−20)
(ǫ r√

2
(E1 − E2)) where ǫ = ±1. Using Proposition 2.5(2), we

have OF4(−20)
( r√

2
(E1 −E2)) 6= OF4(−20)

( r√
2
(−E1 +E2)). Thus the condition

(iii) follows. We will show the condition (iv).
(Case 1) Take W ∈ S+

+ (E3; r). By Lemma 2.7, there exists α0 ∈ D4 ⊂
(F4(−20))E3 such that α0W = ξ(E1 − E2) + F 1

3 (r0) where ξ > 0 and r0 ≥ 0.

Using ξ > 0 and 2(ξ2− r20) = r2, β3(
1
4 log(

ξ+r0
ξ−r0

))α0W = r√
2
(E1−E2). Hence

W ∈ O(F4(−20))E3
( r√

2
(E1 − E2)), and so S+

+ (E3; r) ⊂ O(F4(−20))E3
( r√

2
(E1 −

E2)).
(Case 2) Take W ∈ S+

− (E3; r). By Lemma 2.7, there exists α0 ∈ D4 ⊂
(F4(−20))E3 such that α0W = ξ(E1 − E2) + F 1

3 (r0) where ξ < 0 and r0 ≥ 0.

Using ξ < 0 and 2(ξ2−r20) = r2, β3(
1
4 log(

ξ+r0
ξ−r0

))α0W = r√
2
(−E1+E2). Hence

W ∈ O(F4(−20))E3
( r√

2
(−E1+E2)). and so S+

− (E3; r) ⊂ O(F4(−20))E3
( r√

2
(−E1+

E2)).
Hence the condition (iv) follows. Thus (3) follows from Lemma 2.4.
(4) Take W ∈ S−(E3; r). By Lemma 2.7, there exists α0 ∈ D4 ⊂

(F4(−20))E3 such that α0W = ξ(E1 − E2) + F 1
3 (r0) where r0 > 0 and

(W,W ) < 0. Using 2(ξ2 − r20) = −r2, β3(
1
4 log(

r0+ξ
r0−ξ

))α0W = F 1
3 (

r√
2
). Hence

S−(E3; r) = O(F4(−20))E3
(F 1

3 (
r√
2
)).

(5)N+(E3)∩N−(E3) = ∅ is obvious. Suppose that there exists (0 6=)W ∈
N (E3) such that (W )E1 = 0. Then we can express W = F 1

3 (x) ∈ N (E3).
Therefore by (1.2), 0 = (W,W ) = −2(x, x) so that x = 0. It contradicts
with W 6= 0. Thus (W )E1 6= 0 and (5) follows.
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(6) We use Lemma 2.4. We know that (F4(−20))E3 acts on N (E3),
and so we consider that X = N (E3), G = (F4(−20))E3 , X1 = N+(E3),
X2 = N−(E3), v1 = N1 and v2 = N2 in Lemma 2.4. The first, the condi-
tion (i) follows from (5). The second, the condition (ii) follows from direct
calculations. The third, we notice O(F4(−20))E3

(Ni) ⊂ OF4(−20)
(Ni) where

i = 1, 2. Using Proposition 2.6(4), the condition (iii) follows. We will show
the condition (iv).

(Case 1) Take W ∈ N+(E3). By Lemma 2.7, there exists α0 ∈ D4 ⊂
(F4(−20))E3 such that α0W = ξ(E1 − E2) + F 1

3 (r0) where ξ > 0 and r0 >

0. Using ξ > 0 and ξ2 − r20 = 0, β3(
1
2 log ξ)α0W = N1. Therefore W ∈

O(F4(−20))E3
(N1), so that N+(E3) ⊂ O(F4(−20))E3

(N1).

(Case 2) Take W ∈ N−(E3). By Lemma 2.7, there exists α0 ∈ D4 ⊂
(F4(−20))E3 such that W = ξ(E1 − E2) + F 1

3 (r0) where ξ < 0 and r0 > 0.

Using ξ < 0 and ξ2 − r20 = 0, β3(
1
2 log |ξ|)α0W = N2. Therefore W ∈

O(F4(−20))E3
(N2), so that N−(E3) ⊂ O(F4(−20))E3

(N2).

Hence the condition (iv) follows. Thus (6) follows from Lemma 2.4.

Let us define J 1(2;E3) := {ξ1E1 + ξ2E2 +F 1
3 (x) ∈ J 1 | ξi ∈ R, x ∈ O}.

Lemma 2.9. The following assertions hold.
(1) Assume X ∈ J 1. Then there exists α ∈ F4(−20) such that (αX)F1 = 0

and (αX)E1 = (X)E1 .

(2) Assume X ∈ J 1 satisfies X × X = 0. Then there exists α ∈
(F4(−20))E1 such that αX ∈ J 1(2;E3) and (αX)E1 = (X)E1 .

(3) Assume X ∈ H. Then there exists α ∈ F4(−20) such that αX =
1
2 (E − E3) +W for some W ∈ S+(E3;

1√
2
)), and (αX)E1 = (X)E1 .

(4) Assume X ∈ N . Then there exists α ∈ F4(−20) such that αX ∈ N (E3)
and (αX)E1 = (X)E1 .

Proof. (1) Take X =
∑3

i=1(ξiEi + F 1
i (xi)) ∈ J 1. Put (J 1)−σ = {X ∈

J 1 | 2E1×X = 0, (E1,X) = 0}. By (1.1), (J 1)−σ = {F 1
2 (x2)+F 1

3 (x3) | xi ∈
O}. Then X can be expressed by

X = ξ1E1 +
ξ2 + ξ3

2
(E − E1) + (

ξ2 − ξ3
2

(E2 − E3) + F 1
1 (x1))

+ (F 1
2 (x2) + F 1

3 (x3))) ∈ E1 ⊕ (J 1)2E1,1 ⊕ (J 1)2E1,−1 ⊕ (J 1)−σ.

For all α0 ∈ (F4(−20))E1 , by Theorem 1.4, (α0X)E1 = (X)E1 , α0(
ξ2+ξ3

2 (E −
E1)) =

ξ2+ξ3
2 (E−E1), α0(J 1)−σ ⊂ (J 1)−σ and α0(J 1)2E1,−1 ⊂ (J 1)2E1,−1.
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By Proposition 2.8(1), there exists α ∈ (F4(−20))E1 such that α( ξ2−ξ3
2 (E2 −

E3) + F 1
1 (x1)) = r(E2 − E3) where r ≥ 0. Then, since (J 1)−σ is invariant

over the (F4(−20))E1-action, α(F
1
2 (x2)+F 1

3 (x3)) = F 1
2 (y2)+F 1

3 (y3) for some
yi ∈ O. Therefore

αX = ξ1E1 + (
ξ2 + ξ3

2
+ r)E2 + (

ξ2 + ξ3
2

− r)E3 + F 1
2 (y2) + F 1

3 (y3).

Hence (1) follows.
(2) By (1), there exists α0 ∈ (F4(−20))E1 such that α0X = ξ1E1+ r2E2+

r3E3+F 1
2 (y2)+F 1

3 (y3) where ri ∈ R, yi ∈ O and (X)E1 = (α0X)E1 = ξ1.Now
0 = α0(X×X) = α0X×α0X by Theorem 1.4. Since 0 = (α0X×α0X)E1 =
r2r3 by (1.2), we get (i) r2 = 0 or (i) r3 = 0.

In Case (i) r2 = 0, then 0 = (α0X×α0X)E3 = (y3, y3) by (1.2). Therefore
y3 = 0. Next step, by (2.1), β1(

π
2 ) ∈ (F4(−20))E1 , so that β1(

π
2 )αX = ξ1E1+

r3E2 + F 1
3 (y2) ∈ J 1(2;E3) and (β1(

π
2 )αX)E1 = ξ1 = (X)E1 .

In Case (ii) r3 = 0, then 0 = (α0X × α0X)E2 = (y2, y2) by (1.2).
Therefore y2 = 0, so that α0X = ξ1E1 + r2E2 + F 1

3 (y3) ∈ J 1(2;E3) and
(α0X)E1 = ξ1 = (X)E1 .

Hence (2) follows form above Case (i) and Case (ii).
(3) By (2), there exists α0 ∈ (F4(−20))E1 such that α0X = ξ1E1 + rE2 +

F 1
3 (x) ∈ J 1(2;E3). Put W = ξ1−r

2 (E1 − E2) + F 1
3 (x). By Theorem 1.4,

1 = tr(X) = tr(αX) = ξ1 + r, so that α0X = ξ1+r
2 (E1 + E2) + W =

1
2 (E − E3) + W ∈ (J 1)2E3,1 ⊕ (J 1)2E3,−1. By Theorem 1.4 and (1.2), 0 =
(α(X × X))E3 = (αX × αX)E3 = ξ1r + (x, x). Therefore (W,W ) = 1

2(ξ −
r)2 − 2(x, x) = 1

2 ((ξ1 + r)2 − 4(ξ1r + (x, x))) = 1
2 . Hence (3) follows.

(4) By (2), there exists α0 ∈ (F4(−20))E1 such that α0X = ξ1E1 + rE2 +
F 1
3 (x). By Theorem 1.4, ξ1 + r = tr(α0X) = tr(X) = 0 so that r = −ξ1.

Therefore α0X ∈ (J 1)2E3,−1. By Theorem 1.4 and Proposition 1.2(3), 0 =
tr(X×X) = tr(α0X×α0X) = 1

2(tr(α0X)2− (α0X,α0X)). By tr(α0X) = 0,
(α0X,α0X) = 0. Hence (4) follows.

Proposition 2.10. F4(−20) acts on H+, H−, N+, N−. Furthermore, the
following assertions hold.

(1) H+ = OF4(−20)
(E1) 6= OF4(−20)

(E2) = OF4(−20)
(E3) = H−.

(2) N+ = OF4(−20)
(N1) 6= OF4(−20)

(N2) = N−.

Proof. (1) We use Lemma 2.4. We know that F4(−20) acts on H by Propo-
sition 1.6(3), and so we consider that X = H, G = F4(−20), X1 = H+,
X2 = H−, v1 = E1 and v2 = E2 in Lemma 2.4. The first, the condition (i)
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follows from Proposition 1.6(1). The second, the condition (ii) follows from
direct calculations. The third, the condition (iii) follow from Proposition
2.5(1). We will show the condition (iv).

(Case 1) Take X ∈ H+. Then (X)E1 ≥ 1. By Lemma 2.9(3), there exists
α0 ∈ (F4(−20))E1 such that α0X = 1

2 (E − E3) +W where W ∈ S+(E3;
1√
2
)

and (α0X)E1 = (X)E1 ≥ 1. Then (W )E1 = (α0X)E1 − 1
2 > 0, so that

W ∈ S+
+ (E3;

1√
2
). By Proposition 2.8(3), there exists α1 ∈ (F4(−20))E3 such

that α1W = 1
2 (E1−E2). Therefore by Theorem 1.4, α1α0X = 1

2(E1+E2)+
1
2 (E1 − E2) = E1. Hence X ∈ OF4(−20)

(E1) and so H+ ⊂ OF4(−20)
(E1).

(Case 2) Take X ∈ H−. Then (X)E1 ≤ 0. By Lemma 2.9(3), there exists
α0 ∈ (F4(−20))E1 such that α0X = 1

2 (E − E3) +W where W ∈ S+(E3;
1√
2
)

and (α0X)E1 = (X)E1 ≤ 0. Then (W )E1 = (α0X)E1 − 1
2 < 0 so that

W ∈ S+
− (E3;

1√
2
). By Proposition 2.8(3), there exists α1 ∈ (F4(−20))E3 such

that α1W = 1
2(−E1+E2). Therefore by Theorem 1.4, α1α0X = 1

2(E1+E2)+
1
2 (−E1 + E2) = E2. Hence X ∈ OF4(−20)

(E2) and so H− ⊂ OF4(−20)
(E2).

Therefore the condition (iv) follows. Thus (1) follows from Lemma 2.4.
(2) We use Lemma 2.4. We know that F4(−20) acts on N by Proposition

1.6(3), and so we consider that X = N , G = F4(−20), X1 = N+, X2 = N−,
v1 = N1 and v2 = N2 in Lemma 2.4. The first, the condition (i) follows
from Proposition 1.6(2). The second, the condition (ii) follows from direct
calculations. The third, the condition (iii) follows from Proposition 2.6(4) .
We will show the condition (iv).

(Case 1) Take X ∈ N+. Then (X)E1 > 0. By Lemma 2.9(4), there
exists α0 ∈ (F4(−20))E1 such that α0X = W ∈ N (E3) and (α0X)E1 =
(X)E1 > 0. Therefore α0X ∈ N+(E3). By Proposition 2.8(6), there exists
α1 ∈ (F4(−20))E3 such that α1α0X = N1. Hence X ∈ OF4(−20)

(N1) and so

N+ ⊂ OF4(−20)
(N1).

(Case 2) Take X ∈ H−. Then (X)E1 < 0. By Lemma 2.9(4), there
exists α0 ∈ (F4(−20))E1 such that α0X = W ∈ N (E3) and (α0X)E1 =
(X)E1 < 0. Therefore α0X ∈ N−(E3). By Proposition 2.8(6), there exists
α1 ∈ (F4(−20))E3 such that α1α0X = N2. Therefore X ∈ OF4(−20)

(N2) so

that N− ⊂ OF4(−20)
(N2).

Hence the condition (iv) follows. Thus (2) follows from Lemma 2.4.

Remark (1) Let us define

Herm′(3,O) := {




r1 −
√
−1x1 −

√
−1x2√

−1x1 r2 x3√
−1x2 x3 r3


 | ri ∈ R, xi ∈ O}
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and
F ′
4 := {α ∈ GLR(Herm

′(3,O)) | α(X ◦ Y ) = αX ◦ αY }
where X ◦ Y = 1

2(XY + Y X), (X,Y ) = tr(X ◦ Y ) and E = diag(1, 1, 1)
for X,Y ∈ Herm′(3,O). F.R. Harvey [4, page 296–297] mentions that F ′

4 is
considered to be a simple Lie group of F4(−20) and F ′

4/Spin(9) ≃ OF ′

4
(E1) =

{A ∈ Herm′(3,O) |A ◦ A = A, tr(A) = 1}, which is {A ∈ Herm′(3,O)| A ×
A = 0, tr(A) = 1} with A×B := 1

2(2A◦B−tr(A)B−tr(B)A+(tr(A)tr(B)−
(A,B))E) for A,B ∈ Herm′(3,O).

Recall J := {



r1 x3 x2
x3 r2 x1
x2 x1 r3


 | ξi ∈ R, xi ∈ O} and note that F4 :=

{α ∈ GLR(J ) | α(X ◦ Y ) = αX ◦ αY } is the compact type of F4(−52).
Now, there exists a Jordan algebra isomorphism Φ : J → Herm′(3,O);
Φ(A) = diag(−

√
−1, 1, 1) A diag(−

√
−1, 1, 1)−1, so that F ′

4 is the compact
type of F4(−52).

(2) By Proposition 2.10(1) and Proposition 1.6(1), we obtain

{X ∈ J 1 | X ×X = 0, tr(X) = 1} = OF4(−20)
(E1)

∐
OF4(−20)

(E3).

3 The characteristic root of multiplicity 1

For X ∈ J 1, let us define L×
X ∈ EndR(J 1) as L×

XY := X×Y. By Proposition
1.2(1)(4), L×

X is symmetric; (L×
XY,Z) = (Y,L×

XZ), Y, Z ∈ J 1. Assume that
X ∈ J 1 has a characteristic root λ1 ∈ R of multiplicity 1. By Proposition
1.7(3), the minimal subspace VX has the elements EX,λ1 ∈ H = H+

∐H−

and WX,λ1 . Let us define the subspaces of VX as

EX,λ1 := {rEX,λ1 | r ∈ R},
(VX)2EX,λ1

,1 := {Y ∈ VX | L×
2EX,λ1

Y = 2EX,λ1 × Y = Y },
(VX)2EX,λ1

,−1 := {Y ∈ VX | L×
2EX,λ1

Y = 2EX,λ1 × Y = −Y },

and denote ∆X,λ1 := −1
2(3λ

2
1 − 2tr(X)λ1 + tr(X)2 − 2(X,X)).

Proposition 3.1. Assume that X ∈ J 1 has a characteristic root λ1 in R

of multiplicity 1. Then the following assertions hold.
(1) E − EX,λ1 ∈ (VX)2EX,λ1

,1, WX,λ1 ∈ (VX)2EX,λ1
,−1.

(2) (i) If WX,λ1 6= 0, then dimVX = 3, VX = Eλ1 ⊕ (VX)2EX,λ1
,1 ⊕

(VX)2EX,λ1
,−1 and

X = λ1EX,λ1 +
tr(X)− λ1

2
(E − EX,λ1) +WX,λ1 .
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(ii) If WX,λ1 = 0, then dimVX = 2, VX = Eλ1 ⊕ (VX)2EX,λ1
,1 and

X = λ1EX,λ1 +
tr(X)− λ1

2
(E − EX,λ1).

In particular,

(VX)2EX,λ1
,1 = {r(E − EX,λ1) | r ∈ R}, (VX)2EX,λ1

,−1 = {rWX,λ1 | r ∈ R}.

Furthermore, this decomposition is an orthogonal decomposition and

(EX,λ1 , EX,λ1) = 1, (E − EX,λ1 , E − EX,λ1) = 2, (WX,λ1 ,WX,λ1) = ∆X,λ1 .

(3) If EX,λ1 ∈ H+, then there exists α ∈ F4(−20) such that αEX,λ1 = E1

and

αX = λ1E1 +
tr(X) − λ1

2
(E − E1) + αWX,λ1

where αWEX,λ1
∈ (J 1)2E1,−1 and (αWEX,λ1

, αWEX,λ1
) = ∆X,λ1 ≥ 0.

(4) If EX,λ1 ∈ H−, then there exists α ∈ F4(−20) such that αEX,λ1 = E3

and

αX = λ1E3 +
tr(X)− λ1

2
(E − E3) + αWEX,λ1

where αWEX,λ1
∈ (J 1)2E3,−1 and (αWEX,λ1

, αWEX,λ1
) = ∆X,λ1 ∈ R.

Proof. (1) By Proposition 1.7(3), EX,λ1 ∈ H, so that EX,λ1 ×EX,λ1 = 0 and
tr(EX,λ1) = 1. By Proposition 1.2(2), 2EX,λ1 × (E − EX,λ1) = E − EX,λ1 .
Therefore E − EX,λ1 ∈ (VX)2EX,λ1

,1. Put Z = ϕX(λ1). Using Proposition

1.2(6) and det(Z) = ΦX(λ1) = 0, 2EX,λ1 × Z = 2
tr(Z×Z)(Z × Z) × Z =

−Z+tr(Z)(E−EX,λ1). Therefore 2EX,λ1×WX,λ1 = 2EX,λ1×(−Z+ tr(Z)
2 (E−

EX,λ1)) = Z − tr(Z)
2 (E − EX,λ1) = −WX,λ1 . Hence WX,λ1 ∈ (VX)2EX,λ1

,−1.
(2) By Proposition 1.2(3) and tr(EX,λ1) = 1, 0 = tr(EX,λ1 × EX,λ1) =

1
2 (tr(EX,λ1)

2 − (EX,λ1 , EX,λ1)). Therefore (EX,λ1 , EX,λ1) = 1. Using 1 =
(EX,λ1 , EX,λ1) = tr(EX,λ1) = (E,EX,λ1), we get (E−EX,λ1 , E−EX,λ1) = 2,
so that E − EX,λ1 6= 0. Note that eigenvectors with different eigenval-
ues are linearly independent. Therefore if WX,λ1 6= 0, then EX,λ1 , E −
EX,λ1 and WX,λ1 is a basis of VX because of eigenvectors of L×

2EX,λ1
and

dim VX ≤ 3. Since WX,λ1 = X − (λ1EX,λ1 + tr(X)−λ1

2 (E − EX,λ1)), X =

λ1EX,λ1 + tr(X)−λ1

2 (E − EX,λ1) + WX,λ1 . Also, if WX,λ1 = 0, then X =

λ1EX,λ1 +
tr(X)−λ1

2 (E−EX,λ1). In this case, by direct calculation, X ×X =
λ1(tr(X)−λ1)

2 (E − EX,λ1) + ( tr(X)−λ1

2 )2EX,λ1 and E = (E − EX,λ1) + EX,λ1 .
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Therefore, since VX is generated by E, X and X×X, the minimal space VX

is generated by EX,λ1 and E −EX,λ1 . Hence we obtain the following table:

WX,λ1 6= 0 WX,λ1 = 0

R-basis EX,λ1 , E − EX,λ1 , WX,λ1 EX,λ1 , E − EX,λ1

VX EX ⊕ (VX)2EX,λ1
,1 ⊕ (VX)2EX,λ1

,−1 EX ⊕ (VX)2EX,λ1
,1

dimVX 3 2

And (VX)2EX,λ1
,1 = {r(E − EX,λ1) | r ∈ R}, (VX)2EX,λ1

,−1 = {rWX,λ1 | r ∈
R}. Thus (i) and (ii) follows.

Since L×
2EX,λ1

is a symmetric transformation of VX , the eigenvectors

EX,λ1 , E−EX,λ1 , WX,λ1 are orthogonal. And usingWX,λ1 = X−(λ1EX,λ1+
tr(X)−λ1

2 (E − EX,λ1)) and direct calculation, (WX,λ1 ,WX,λ1) = −3
2λ

2
1 +

tr(X)λ1 − 1
2tr(X)2 + (X,X) = ∆X,λ1 . Thus (2) follows.

(3) By Proposition 2.10(1), there exists α ∈ F4(−20) such that αEX,λ1 =
E1, so that α(E − EX,λ1) = E − E1. Since 2E1 × αWX,λ1 = α(2EX,λ1 ×
WX,λ1) = −αWX,λ1 by Theorem 1.4, αWX,λ1 ∈ (J 1)2E1,−1. Therefore
αX = λ1E1+

1
2 (tr(X)−λ1)(E−E1)+αWX,λ1 where αWX,λ1 ∈ (J 1)2E1,−1.

By (2) and Theorem 1.4, (αWX,λ1 , αWX,λ1) = (WX,λ1 ,WX,λ1) = ∆X,λ1 .
The inner product is positive definite over (J 1)2E1,−1, so that ∆X,λ1 =
(αWX,λ1 , αWX,λ1) ≥ 0.

(4) By Proposition 2.10(1), there exists α ∈ F4(−20) such that αEX,λ1 =
E3, so that α(E − EX,λ1) = E − E3. Since 2E3 × αWX,λ1 = α(2EX,λ1 ×
WX,λ1) = −αWX,λ1 by Theorem 1.4, αWX,λ1 ∈ (J 1)2E3,−1. Therefore αX =
λ1E3+

1
2(tr(X)−λ1)(E−E3)+αWX,λ1 where αWX,λ1 ∈ (J 1)2E3,−1. By (2)

and Theorem 1.4, (αWX,λ1 , αWX,λ1) = (WX,λ1 ,WX,λ1) = ∆X,λ1 ∈ R.

Proposition 3.2. Assume that X ∈ J 1 has a characteristic root λ1 ∈ R of
multiplicity 1. Then the following assertions hold.

(1) If EX,λ1 ∈ H+ and ∆X,λ1 > 0, then

X ∈ OF4(−20)
(diag(λ1,

1

2
(tr(X)−λ1)+

√
∆X,λ1

2
,
1

2
(tr(X)−λ1)−

√
∆X,λ1

2
)).

(2) If EX,λ1 ∈ H+ and ∆X,λ1 = 0, then

X ∈ OF4(−20)
(diag(λ1,

1

2
(tr(X) − λ1),

1

2
(tr(X) − λ1))).

(3) If EX,λ1 ∈ H− and ∆X,λ1 > 0, then

X ∈ OF4(−20)
(diag(

1

2
(tr(X)−λ1)+

√
∆X,λ1

2
,
1

2
(tr(X)−λ1)−

√
∆X,λ1

2
, λ1))
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or

X ∈ OF4(−20)
(diag(

1

2
(tr(X)−λ1)−

√
∆X,λ1

2
,
1

2
(tr(X)−λ1)+

√
∆X,λ1

2
, λ1)).

(4) If ∆X,λ1 < 0, then

X ∈ OF4(−20)
(diag(

1

2
(tr(X) − λ1),

1

2
(tr(X) − λ1), λ1) + F 1

3 (

√
|∆X,λ1 |

2
)).

(5) If EX,λ1 ∈ H− and WX,λ1 = 0, then

X ∈ OF4(−20)
(diag(

1

2
(tr(X) − λ1),

1

2
(tr(X)− λ1), λ1)).

(6) If ∆X,λ1 = 0 and WX,λ1 6= 0, then EX,λ1 ∈ H− and WX,λ1 ∈ N .
(7) If ∆X,λ1 = 0 and WX,λ1 ∈ N+, then

X ∈ OF4(−20)
(diag(

1

2
(tr(X)− λ1),

1

2
(tr(X)− λ1), λ1) +N1).

(8) If ∆X,λ1 = 0 and WX,λ1 ∈ N−, then

X ∈ OF4(−20)
(diag(

1

2
(tr(X)− λ1),

1

2
(tr(X)− λ1), λ1) +N2).

Proof. (1) By Proposition 3.1(3), there exists α0 ∈ F4(−20) such that α0X =

λ1E1 +
1
2(tr(X)− λ1)(E −E1) +α0WX,λ1 where α0WX,λ1 ∈ (J 1)2E1,−1 and

(α0WX,λ1 , α0WX,λ1) = ∆X,λ1 > 0. Therefore α0WX,λ1 ∈ S+(E1;
√

∆X,λ1).
By Proposition 2.8(1), there exists α1 ∈ (F4(−20))E1 such that α1α0X =

λ1E1 +
1
2 (tr(X)− λ1)(E − E1) +

√
∆X,λ1

2 (E2 − E3). Hence (1) follows.
(2) By Proposition 3.1(3), there exists α0 ∈ F4(−20) such that α0X =

λ1E1 + 1
2(tr(X) − λ1)(E − E1) + α0WX,λ1 where α0WX,λ1 ∈ (J 1)2E1,−1

and (α0WX,λ1 , α0WX,λ1) = ∆X,λ1 = 0. Since the inner product is positive
definite over (J 1)2E1,−1, α0WX,λ1 = 0. Hence α0X = λ1E1 + 1

2(tr(X) −
λ1)(E − E1). Thus (2) follows.

(3) By Proposition 3.1(4), there exists α0 ∈ F4(−20) such that α0X =

λ1E3 +
1
2(tr(X)− λ1)(E −E3) +α0WX,λ1 where α0WX,λ1 ∈ (J 1)2E3,−1 and

(α0WX,λ1 , α0WX,λ1) = ∆X,λ1 > 0. Therefore α0WX,λ1 ∈ S+(E3;
√

∆X,λ1).
By Proposition 2.8(2), we get (i) α0WX,λ1 ∈ S+

+ (E3;
√

∆X,λ1) or (ii) W ∈
S+
− (E3;

√
∆X,λ1).

In Case (i), by Proposition 2.8(3), there exists α1 ∈ (F4(−20))E3 such

that α1α0X = λ1E3 +
1
2(tr(X)− λ1)(E − E3) +

√
∆X,λ1

2 (E1 − E2).
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In Case (ii), by Proposition 2.8(3), there exists α1 ∈ (F4(−20))E3 such

that α1αX = λ1E3 +
1
2(tr(X)− λ1)(E − E3) +

√
∆X,λ1

2 (−E1 + E2).
Hence (3) follows.
(4) By Proposition 1.7(3), EX,λ1 ∈ H+

∐H−. Suppose EX,λ1 ∈ H+.
By Proposition 3.1(3), there exists α ∈ F4(−20) such that αX = λ1E1 +
1
2 (tr(X)− λ1)(E −E1) + αWX,λ1 where αWX,λ1 ∈ (J 1)2E1,−1 and ∆X,λ1 =
(αWX,λ1 , αWX,λ1) ≥ 0. It contradicts with ∆X,λ1 < 0. Therefore EX,λ1 ∈
H−. By Proposition 3.1(4), there exists α0 ∈ F4(−20) such that α0X =

λ1E3 +
1
2(tr(X)− λ1)(E −E3) +α0WX,λ1 where α0WX,λ1 ∈ (J 1)2E3,−1 and

(α0WX,λ1 , α0WX,λ1) = ∆X,λ1 < 0. Therefore α0WX,λ1 ∈ S−(E3;
√

|∆X,λ1 |).
By Proposition 2.8(4), there exists α1 ∈ (F4(−20))E3 such that α1αX =

λ1E3 +
1
2 (tr(X)− λ1)(E − E3) + F 1

3 (

√
|∆X,λ1

|
2 ). Hence (4) follows.

(5) By Proposition 3.1(4), there exists α ∈ F4(−20) such that αX =

λ1E3 +
1
2 (tr(X)− λ1)(E − E3). Hence (5) follows.

(6) By Proposition 1.7(3), EX,λ1 ∈ H+
∐H−. Suppose EX,λ1 ∈ H+.

Then there exists α ∈ F4(−20) such that αX = λ1E1+
1
2(tr(X)−λ1)(E−E1)+

αWX,λ1 where αWX,λ1 ∈ (J 1)2E1,−1. Since (αWX,λ1 , αWX,λ1) = ∆X,λ1 = 0
and the inner product is positive definite over (J 1)2E1,−1, αWX,λ1 = 0 and so
WX,λ1 = 0. It contradicts withWX,λ1 6= 0. Therefore EX,λ1 ∈ H−. By Propo-
sition 3.1(4)(ii), there exists α0 ∈ F4(−20) such that α0X = λ1E3+

1
2(tr(X)−

λ1)(E−E3)+α0WX,λ1 where α0WX,λ1 ∈ (J 1)2E3,−1, (α0WX,λ1 , α0WX,λ1) =
∆X,λ1 = 0 and α0WX,λ1 6= 0. Therefore α0WX,λ1 ∈ N (E3). By Proposi-
tion 2.8(5)(6) and Proposition 2.10(2), N (E3) =

∐2
i=1O(F4(−20))E3

(Ni) ⊂
∐2

i=1 OF4(−20)
(Ni) = N . Hence by Proposition 1.6(3), WX,λ1 ∈ α−1

0 N (E3) ⊂
α−1
0 N = N . Thus (6) follows.
(7)(8) By (6) and Proposition 3.1(4), there exists α0 ∈ F4(−20) such

that α0X = λ1E3 + 1
2(tr(X) − λ1)(E − E3) + αWX,λ1 where α0WX,λ1 ∈

(J 1)2E3,−1 and (α0WX,λ1 , α0WX,λ1) = ∆X,λ1 = 0. Therefore α0WX,λ1 ∈
N (E3). Using Proposition 2.10(2), if WX,λ1 ∈ N+, then α0WX,λ1 ∈ N+, so
that (α0WX,λ1)E1 > 0 and α0WX,λ1 ∈ N+(E3). Similarly if WX,λ1 ∈ N−,
then α0WX,λ1 ∈ N−, so that (α0WX,λ1)E1 < 0 and α0WX,λ1 ∈ N−(E3). By
Proposition 2.8(6), if WX,λ1 ∈ N+, then there exists α1 ∈ (F4(−20))E3 such

that α1α0X = λ1E3 +
1
2(tr(X) − λ1)(E − E3) + N1. And if WX,λ1 ∈ N−,

then there exists α1 ∈ (F4(−20))E3 such that α1α0X = λ1E3 +
1
2(tr(X) −

λ1)(E − E3) +N2. Hence (7) and (8) follow.

23



Lemma 3.3. Assume that X ∈ J 1 has a characteristic root λ1 ∈ R of
multiplicity 1. If X ∈ J 1 has the characteristic polynomial such that Φ(λ) =
(λ− λ1)(λ− λ2)(λ− λ3), λ2, λ3 ∈ C, then ∆X,λ1 =

1
2 (λ2 − λ3)

2.

Proof. By Proposition 1.2(3) and Proposition 1.5(2), ∆X,λ1 = −1
2(3λ

2
1 −

2tr(X)λ1+tr(X)2−2(X,X)) = −1
2(3λ

2
1−2tr(X)λ1−tr(X)2+4tr(X×X)) =

−1
2(3λ

2
1 − 2(λ1 + λ2 + λ3)λ1 − (λ1 + λ2 + λ3)

2 + 4(λ1λ2 + λ2λ3 + λ3λ1)) =
1
2 (λ2 − λ3)

2.

Lemma 3.4. For all α ∈ F4(−20), α(H+ ∩ VX) = H+ ∩ VαX and α(H− ∩
VX) = H− ∩ VαX .

Proof. By Theorem 1.4, αVX = α({aX × X + bX + cE | a, b, c ∈ R}) =
{a(αX × αX) + b(αX) + cE | a, b, c ∈ R} = VαX . Since α is bijection
and Proposition 2.10(1), α(H+ ∩ VX) = (αH+) ∩ (αVX) = H+ ∩ VαX and
α(H− ∩ VX) = (αH−) ∩ (αVX) = H− ∩ VαX .

Proposition 3.5. Assume that real numbers r1, r2, r3 are different from
each other and Y = diag(r1, r2, r3) ∈ J 1. Then :

(1) All of characteristic roots of Y are r1, r2, r3.

(2) Ei = EY,ri ∈ VY for all i ∈ {1, 2, 3}.
(3) H+ ∩ VY = {EY,r1} and H− ∩ VY = {EY,r2 , EY,r3}.
(4) H+ ∩ VαY = {EαY,r1} and H− ∩ VαY = {EαY,r2 , EαY,r3} for all

α ∈ F4(−20).

(5) (F4(−20))Y = D4.

Proof. (1) It follows from ΦY (λ) = (λ− r1)(λ− r2)(λ− r3) by (1.2).
(2) By (1,1), ϕY (ri)×ϕY (ri) = (ri − ri+1)(ri − ri+2)Ei, and tr(ϕY (ri)×

ϕY (ri)) = (ri − ri+1)(ri − ri+2) 6= 0. Hence Ei =
1

tr(ϕY (ri)×ϕY (ri))
ϕY (ri) ×

ϕY (ri) = EY,ri ∈ VY .
(3) By (2), E1, E2, E3 ∈ VY , so that {aE1 + bE2 + cE3 | a, b, c ∈ R} ⊂

VY . Since Y × Y, Y, E are diagonal matrices and Y × Y, Y, E are the
generators of VY , VY ⊂ {aE1 + bE2 + cE3 | a, b, c ∈ R}. Therefore VY =
{aE1 + bE2 + cE3 | a, b, c ∈ R}. Suppose that aE1 + bE2 + cE3 ∈ VY ∩ H.
That is (aE1+bE2+cE3)×(aE1+bE2+cE3) = bcE1+caE2+abE3 = 0, and
1 = tr(aE1+bE2+cE3) = a+b+c. Hence bc = ca = ab = 0 and a+b+c = 1.
Therefore (a, b, c) = (1, 0, 0), (0, 1, 0), (0, 0, 1), so thatH∩VY = {E1, E2, E3}.
Then H+ ∩ VY = {E1} = {EY,r1} follows from (Ei)E1 ≥ 1 iff i = 1. And
H− ∩ VY = {E2, E3} = {EY,r2 , EY,r3} follows from (Ei)E1 ≤ 0 iff i = 2, 3.
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(4) By (3), Lemma 3.4 and Proposition 1.8, H+ ∩ VαY = α(H+ ∩ VY ) =
{EαY,λi

} and H− ∩ VαY = α(H− ∩ VY ) = {EαY,λi+1
, EαY,λi+2

}. Hence (4)
follows.

(5) If α ∈ D4(⊂ F4(−20)), then αY = α(
∑3

i=1 riEi) =
∑3

i=1 riEi = Y.
Therefore α ∈ (F4(−20))Y , so that D4 ⊂ (F4(−20))Y . Conversely, suppose
that α ∈ F4(−20) and αY = Y. By (2) and Proposition 1.8, αEi = αEY,ri =
EαY,ri = EY,ri = Ei. Therefore α ∈ D4, so that (F4(−20))Y ⊂ D4. Hence
(F4(−20))Y = D4.

Proposition 3.6. Assume that real numbers λ1, λ2, λ3 are different from
each other and Yi = diag(λi, λi+1, λi+2) ∈ J 1 where i, i+1, i+2 are counted
modulo 3. Then orbits OF4(−20)

(Yi) (i ∈ {1, 2, 3}) are different orbits from
each other.

Proof. We will show that OF4(−20)
(Yi) 6= OF4(−20)

(Yi+1). By Proposition

3.5(3), H+ ∩ VYi
= {EYi,λi

} and H− ∩ VYi
= {EYi,λi+1

, EYi,λi+2
}. Simi-

larly, H+ ∩ VYi+1 = {EYi+1,λi+1
} and H− ∩ VYi+1 = {EYi+1,λi+2

, EYi+1,λi
}.

Suppose there exists α ∈ F4(−20) such that αYi = Yi+1. Since H+ ∩ VYi
=

{EYi,λi
} and Proposition 3.5(4), H+ ∩ VαYi

= {EαYi,λi
} = {EYi+1,λi

}. Hence
EYi+1,λi

∈ H+∩H−. It contradicts with H+∩H− = ∅. Hence OF4(−20)
(Yi) 6=

OF4(−20)
(Yi+1). Thus the assertion follows from moving i ∈ {1, 2, 3}.

Proposition 3.7. Assume that X ∈ J 1 has the characteristic polynomial
Φ(λ) = (λ − λ1)(λ − λ2)(λ − λ3) where λi ∈ R with λ1 > λ2 > λ3, and
i, i+ 1, i+ 2 are counted modulo 3. Then following assertions hold.

(1) There exists the unique i ∈ {1, 2, 3} such that X is transformed to
diag(λi, λi+1, λi+2) by F4(−20).

(2) The following assertions are equivalent:
(i) X ∈ OF4(−20)

(diag(λi, λi+1, λi+2)).

(ii) H+ ∩ VX = {EX,λi
} and H− ∩ VX = {EX,λi+1

, EX,λi+2
}.

(iii) EX,λi
∈ H+.

(3) There exists the unique i ∈ {1, 2, 3} such that H+ ∩ VX = {EX,λi
}

and H− ∩ VX = {EX,λi+1
, EX,λi+2

}.

Proof. (1) By (0 6=)λ2−λ3 ∈ R, Lemma 3.3 and Proposition 1.7(3), EX,λ1 ∈
H+

∐H− and ∆X,λ1 = 1
2(λ2 − λ3)

2 > 0. By Proposition 3.2(1)(3), X is
diagonable over the action of F4(−20). And by Proposition 1.5(3), charac-
teristic roots are invariant by the action of F4(−20). By Proposition 3.5(1),
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X can be transformed to one of diag(λi, λi+1, λi+2) or diag(λi, λi+2, λi+1)
where i ∈ {1, 2, 3}. Now by (2.1), β1(

π
2 )E2 = E3, β1(

π
2 )E3 = E2 and

β1(
π
2 )E1 = E1, so that if X is transformed to diag(λi, λi+2, λi+1), then

β1(
π
2 )diag(λi, λi+2, λi+1) = diag(λi, λi+1, λi+2). Therefore X can be trans-

formed to diag(λi, λi+1, λi+2) where i ∈ {1, 2, 3}. Now by Proposition 3.6,
such i is unique. Hence (1) follows.

(2) (i)⇒(ii) follows from Proposition 3.5(4). (ii)⇒(iii) is obvious. We will
show that (iii)⇒(i). By (1), there exists the unique j ∈ {1, 2, 3} such that
X ∈ OF4(−20)

(diag(λj , λj+1, λj+2)) where j, j + 1, j + 2 are counted modulo

3. Using (i)⇒(ii), H+ ∩ VX = {EX,λj
} and H− ∩ VX = {EX,λj+1

, EX,λj+2
}.

Therefore i = j. Hence (iii)⇒(i) follows.
(3) It follows from (1) and (2).

Proposition 3.8. Assume that X ∈ J 1 has the characteristic polynomial
Φ(λ) = (λ − λ1)(λ − (p +

√
−1q))(λ − (p −

√
−1q)) where λ1, p, q ∈ R and

q > 0. Then X ∈ OF4(−20)
(diag(p, p, λ1) + F 1

3 (q)).

Proof. λ1 is a root of ΦX(λ) of multiplicity 1. Put λ2 = p + q
√
−1, λ3 =

p − q
√
−1. By Lemma 3.3, ∆X,λ1 = 1

2(λ2 − λ3)
2 = −2q2 < 0. Hence the

assertion follows from Proposition 3.2(4).

Proposition 3.9. Assume that X ∈ J 1 have the characteristic polynomial
Φ(λ) = (λ − λ1)(λ − λ2)

2 where λi ∈ R and λ1 6= λ2. Then WX,λ1 ∈ Ñ =
N+

∐N−∐{0}, EX,λ1 ∈ H+
∐H− and following assertions hold.

(1) If WX,λ1 ∈ N+, then X ∈ OF4(−20)
(diag(λ2, λ2, λ1) +N1).

(2) If WX,λ1 ∈ N−, then X ∈ OF4(−20)
(diag(λ2, λ2, λ1) +N2).

(3) If WX,λ1 = 0 and EX,λ1 ∈ H+, then X ∈ OF4(−20)
(diag(λ1, λ2, λ2)).

(4) If WX,λ1 = 0 and EX,λ1 ∈ H−, then X ∈ OF4(−20)
(diag(λ2, λ2, λ1)).

(5) By F4(−20), the above canonical forms (1)-(4) cannot be transformed
from each other.

Proof. Since λ1 is a root of ΦX(λ) of multiplicity 1, by Proposition 1.7(3),
EX,λ1 ∈ H+

∐H−. By Lemma 3.3, we have ∆X,λ1 = 1
2(λ2 − λ2)

2 = 0.
Therefore, if WX,λ1 6= 0, then by Proposition 3.2(6), WX,λ1 ∈ N . Hence
by Proposition 1.6(2), WX,λ1 ∈ Ñ = N+

∐N−∐{0}. Now (1) and (2)
follow from Proposition 3.2(7)(8). And (3) and (4) follow from Proposition
3.2(2)(5).
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(5) By Proposition 1.8 and Proposition 2.10(1), EαX,λ1 = αEX,λ1 ∈
αH+ = H+. Therefore, if EX,λ1 ∈ H+, then EαX,λ1 ∈ H+ for all α ∈ F4(−20).
Similarly by Proposition 1.8 and Proposition 2.10(1), if EX,λ1 ∈ H− is
EαX,λ1 ∈ H− for all α ∈ F4(−20). Next by Proposition 1.8 and Proposition
2.10(2), WαX,λ1 = αWX,λ1 ∈ αN+ = N+ for all α ∈ F4(−20). Therefore, if
WX,λ1 ∈ N+ then WαX,λ1 ∈ N+. Similarly by Proposition 1.8 and Proposi-
tion 2.10(2), if WX,λ1 ∈ N−, then WαX,λ1 ∈ N− for all α ∈ F4(−20). And by
Proposition 1.8, if WX,λ1 = 0, then WαX,λ1 = 0 for all α ∈ F4(−20). Hence
canonical forms (1)-(4) cannot be transformed from each other.

4 The characteristic root of multiplicity 3

By Proposition 2.1(2), Ã1(−1) + Ã2(
√
−1) ∈ f4(−20), so that let us define

β1,2(t) := exp(t(Ã1(−1) + Ã2(
√
−1))) ∈ F4(−20), t ∈ R.

Put M := A1(−1) + A2(
√
−1) and etM :=

∑∞
n=0

1
n!(tM)n. Then by direct

calculation, etM =




1 + t2

2 −
√
−1 t2

2 −
√
−1t

−
√
−1 t2

2 1− t2

2 −t√
−1t t 1


 . Set X ∈ J 1. By di-

rect calculation, d
dt
(etMX)e−tM = (Ã1(−1) + Ã2(

√
−1))((etMX)e−tM ) and

(e0·MX)e−0·M = X. Now, d
dt
β1,2(t)X = (Ã1(−1) + Ã2(

√
−1))β1,2(t)X and

β1,2(0)X = X. Since the uniqueness of ordinary differential equations, we
have β1,2(t)X = (etMX)e−tM . In particular, take X0 = −rN2 + F 1

1 (x) +
F 1
2 (x) where r ∈ R and x ∈ O. Then by direct calculation,

(4.1) β1,2(t)X0 = (−r − 2tRe(x))N2 + F 1
1 (x) + F 1

2 (x).

If (r, x) = (−1, 0) in (4.1), then β1,2(t)N2 = N2, and so β1,2(t) ∈ (F4(−20))N2 .
In this section, we use the exceptional Lie group G2 (cf.[4, 11]):

G2 := Aut(O) = {α ∈ GLR(8) | α(xy) = (αx)(αy), x, y ∈ O)}.

Note that α1 = 1, αx = αx and (αx, αy) = (x, y) for all α ∈ G2. Using
αx = αx, (αx)(αy) = α(xy) = α(xy). It implies G2 ⊂ D̃4

∼= D4 ⊂ F4(−20).
Therefore we consider that G2 is the subgroup of F4(−20) as

α(

3∑

i=1

(ξiEi + F 1
i (xi))) =

3∑

i=1

(ξiEi + F 1
i (αxi)), α ∈ G2.
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Since α1 = 1 for all α ∈ G2, G2 is the subgroup of (F4(−20))N2 . Set

S6 := {a ∈ ImO | |x| = 1}.

Note that the group G2 acts on S6 transitively (cf.[11, Theorem 1.9.2]).
That is, if x ∈ S6, then there exists α ∈ G2 such that αx = e1.

Lemma 4.1. For all a, b ∈ S6, let βi ∈ EndR(O) such that

β1x = b(ax), β2x = (xa)b, β3x = b(axa)b, x ∈ O.

Then ϕ(β1, β2, β3) ∈ (F4(−20))N2 .

Proof. Let p ∈ S6. By Proposition 1.1(1), (px, py) = (p, p)(x, y) = (x, y) and
(xp, yp) = (x, y)(p, p) = (x, y), x, y ∈ O. Therefore βi ∈ O(8) (i = 1, 2, 3).
Now by Proposition 1.1(7)(3) and a, b ∈ S6 ⊂ ImO,

(β1x)(β2y) = (b(ax))((ya)b) = b(axa)b = b(a(xy)a)b = β3(xy).

Therefore, by Lemma 2.2(2) and Proposition 2.3(2), we get βi ∈ SO(8) and
ϕ(β1, β2, β3) ∈ D4 ⊂ F4(−20). Next, by direct calculation, ϕ(β1, β2, β3)N2 =
N2. Hence the assertion follows.

By Lemma 4.1, for a, b ∈ S6, we can define ϕa,b ∈ (F4(−20))N2 as ϕa,b :=
ϕ(β1, β2, β3) where

β1x := b(ax), β2x := (xa)b, β3x := b(axa)b, x ∈ O.

Proposition 4.2. Assume that X0 ∈ (J 1)0 satisfies X0 ×X0 = N2. Then
there exists α ∈ (F4(−20))N2 such that αX0 = F 1

1 (1) + F 1
2 (1).

Proof. By Proposition 2.6(3), we can write X0 = −rN2 + F 1
1 (x) + F 1

2 (x)
where r ∈ R, x ∈ O and |x| = 1.

(Step 1) We will show the following assertion: If x ∈ ImO, then there
exists β0 ∈ (F4(−20))N2 such that βX0 = −rN2 + F 1

1 (x
′) + F 1

2 (x
′) where

x′ ∈ O, |x′| = 1 and Re(x′) 6= 0. Suppose that x ∈ ImO. Then x ∈ S6.
Since G2 acts on S6 transitively, there exists β1 ∈ G2 ⊂ (F4(−20))N2 such
that β1X0 = −rN2 + F 1

1 (e1) + F 1
2 (−e1). Now e2, e3 ∈ S6, so that ϕe2,e3 ∈

(F4(−20))N2 . And ϕe2,e3β1X0 = −rN2+F 1
1 (1)+F 1

2 (1). Hence (Step 1) follows.
(Step 2) We may assume X0 = −rN2 + F 1

1 (x) + F 1
2 (x) where r ∈ R,

x ∈ O, |x| = 1 and Re(x) 6= 0 by (Step 1). Then β1,2(t) ∈ (F4(−20))N2 , and
by (4.1), β1,2(− r

2Re(x))X0 = F 1
1 (x) + F 1

2 (x).
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(Step 3) We may assume X0 = F 1
1 (x) + F 1

2 (x) where x ∈ O and |x| = 1
by (Step 2). Then x = cos θ + a sin θ for some a ∈ ImO and θ ∈ R. Since
G2 acts on S6 transitively, there exists α1 ∈ G2 ⊂ (F4(−20))N2 such that
α1X0 = F 1

1 (α1x)+F 1
2 (α1x) = F 1

1 (cos θ+e1 sin θ)+F 1
2 (cos θ−e1 sin θ). Next

e2, e1 ∈ S6, so that ϕe2,e1 ∈ (F4(−20))N2 . And ϕe2,e1α1X0 = F 1
1 (e3 cos θ +

e2 sin θ) + F 1
2 (−e3 cos θ − e2 sin θ). Since G2 acts on S6 transitively, there

exists α3 ∈ G2 ⊂ (F4(−20))N2 such that α3ϕe2,e1α1X0 = F 1
1 (e1) + F 1

2 (−e1).
And last, e2, e3 ∈ S6, so that ϕe2,e1 ∈ (F4(−20))N2 . And ϕe2,e3α3ϕe2,e1α1X0 =
F 1
1 (1) + F 1

2 (1). Hence the assertion follows.

Proposition 4.3. Assume that X ∈ J 1 satisfies ΦX(λ) = (λ− λ1)
3. Then

following assertions hold.
(1) If p(X) = 0, then X = 1

3tr(X)E.

(2) If p(X) ∈ N+, then X ∈ OF4(−20)
(13tr(X)E +N1).

(3) If p(X) ∈ N−, then X ∈ OF4(−20)
(13tr(X)E +N2).

(4) If p(X) /∈ Ñ , then X ∈ OF4(−20)
(13tr(X)E + F 1

1 (1) + F 1
2 (1)).

(5) By F4(−20), the above canonical forms (1)-(4) cannot be transformed
from each other.

Proof. (1) By 0 = p(X) = X − 1
3tr(X)E, (1) follows.

(2) By Proposition 2.10(2), there exists α ∈ F4(−20) such that αp(X) =

N1. Hence αX = α(13 tr(X)E + p(X)) = 1
3tr(X)E +N1 by Theorem 1.4.

(3) By Proposition 2.10(2), there exists α ∈ F4(−20) such that αp(X) =

N2. Hence αX = α(13 tr(X)E + p(X)) = 1
3tr(X)E +N2 by Theorem 1.4.

(4) Suppose that p(X)× p(X) = 0. By tr(p(X)) = 0, p(X) ∈ Ñ . It con-
tradicts with p(X) /∈ Ñ . Therefore p(X)×p(X) 6= 0. Put Y = p(X)×p(X).
By Proposition 1.9(2) and Proposition 1.6(2), Y ∈ N+ or Y ∈ N−. Suppose
that Y ∈ N+. By Proposition 2.10(2), there exists α ∈ F4(−20) such that
αY = N1. Then N1 = α(p(X) × p(X)) = p(αX) × p(αX) and tr(p(αX)) =
tr(α(p(X))) = tr(p(X)) = 0 by Theorem 1.4. Using Proposition 2.6(1), this
can not be happened. Therefore Y ∈ N−, so that by Proposition 2.10(2),
there exists α1 ∈ F4(−20) such that α1Y = N2. Then by Theorem 1.4, N2 =
p(α1X) × p(α1X) and p(α1X) ∈ (J 1)0. Now by Proposition 4.2, there ex-
ists α2 ∈ (F4(−20))N2 such that α2α1(p(X)) = α2(p(α1X)) = F 1

1 (1)+F 1
2 (1).

Hence α2α1X = α2α1(
1
3tr(X)E + p(X)) = 1

3tr(X)E + F 1
1 (1) + F 1

2 (1) by
Theorem 1.4.

(5) By Theorem 1.4 and Proposition 2.10(2), p(αX) = αp(X) ∈ αN+ =
N+. Therefore, if p(X) ∈ N+, then p(αX) ∈ N+ for all α ∈ F4(−20).
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Similarly if p(X) ∈ N−, then p(αX) ∈ N− for all α ∈ F4(−20). And by

Proposition 1.6(3), if p(X) /∈ Ñ , then p(αX) /∈ Ñ for all α ∈ F4(−20). Thus
canonical forms (1)-(4) cannot be transformed from each other.

Proof of Main Theorem. For X ∈ J 1, by Proposition 1.5(1), Φλ(X) is
a R-coefficient polynomial of λ with degree 3, so that we have the following
Cases (I)-(IV) by the set of characteristic roots and their multiplicities.

(I) X ∈ J 1 admits the characteristic roots λi ∈ R and λ1 > λ2 > λ3.
(II) X ∈ J 1 admits the characteristic roots λ1 ∈ R, p±

√
−1q (q > 0).

(III)X ∈ J 1 admits the characteristic roots λi ∈ R and λ1 of multiplicity
1 and λ2 of multiplicity 2.

(IV) X ∈ J 1 admits the characteristic real root of multiplicity 3.
By Proposition 1.5(3), the set of characteristic roots and their multi-

plicities are invariant by the action of F4(−20), the difference of the set of
characteristic roots and their multiplicities induce the difference of orbits in
J 1 over the F4(−20)-actions. Therefore Cases (I)-(IV) are different cases of
orbits from each other.

In Case (I), by Proposition 3.7(2)(3), we obtain the canonicals form of
X. And by Proposition 3.6, the cases are different orbits from each other.

In Case (II), by Proposition 3.8, we obtain the canonical form of X.
In Case (III), by Proposition 3.9(1)-(4), we obtain the canonicals form of

X. And by Proposition 3.9(5), the cases are different orbits from each other.
In Case (IV), by Proposition 4.3(1)-(4), we obtain the canonical form of

X. And by Proposition 4.3(5), the cases are different orbits from each other.
Thus we obtain a concrete classification of F4(−20)-orbits on J 1.
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