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0 ARENS REGULARITY OF MODULE ACTIONS

AND WEAK AMENABILITY OF BANACH ALGEBRAS

KAZEM HAGHNEJAD AZAR

Abstract. For Banach left and right module actions, we will establish the rela-
tionships between topological centers of module actions with some result in the
weak amenability of Banach algebras.

1. Preliminaries and Introduction

As is well-known [1], the second dual A∗∗ of Banach algebra A endowed with the
either Arens multiplications is a Banach algebra. The constructions of the two Arens
multiplications in A∗∗ lead us to definition of topological centers for A∗∗ with respect
to both Arens multiplications. The topological centers of Banach algebras, module
actions and applications of them were introduced and discussed in [5, 9, 14, 17]. In
this paper, we will study some properties of topological centers of module actions and
we offer some relations between factorization properties and topological properties of
Banach A − bimodule X with topological centers properties of module actions. For
Banach algebra A, Dales, Rodrigues-Palacios and Velasco in [7] have been studied
the weak amenability of A, when its second dual is weakly amenable. Mohamadzadih
and Vishki in [17] have given simple solution to this problem with some other results,
and Eshaghi Gordji and Filali in [10] have been studied this problem with some new
results. We study this problem in the new way with some new results.
Now we introduce some notations and definitions that we used throughout this paper
as follows.
Let X be a normed space and X∗, X∗∗ be the first and the second dual of X, re-
spectively. We use (X∗, σ(X∗, X)) and (X, σ(X,X∗)) to denote the spaces X∗ and
X with respect to the weak∗ and weak topology, respectively.

Let A be a Banach algebra. For a ∈ A and a′ ∈ A∗, we denote by a′a and
aa′, respectively, the functionals in A∗ defined by 〈a′a, b〉 = 〈a′, ab〉 and 〈aa′, b〉 =
〈a′, ba〉, for all b ∈ A. The Banach algebra A is embedded in its second dual via
the identification 〈a, a′〉 = 〈a′, a〉 for every a ∈ A and a′ ∈ A∗. A bounded net
(eα)α∈I in A is called a bounded left approximate identity (BLAI) [resp. bounded

right approximate identity (BRAI)] if, for each a ∈ A, eαa → a [resp. aeα → a].
Moreover, (eα) is called a (two sided) bounded approximate identity (BAI), if for
every a ∈ A, the conditions eαa → a and aeα → a both hold.
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2 ARENS REGULARITY AND WEAK AMENABILITY

Let X,Y and Z be normed spaces and m : X × Y → Z be a bounded bilinear
map. Richard Arens in [1], offers two natural extensions m∗∗∗ and mt∗∗∗t of m from
X∗∗ × Y ∗∗ into Z∗∗ as follows. First we give m∗∗∗ in three steps:

(1) m∗ : Z∗ × X → Y ∗, given by 〈m∗(z′, x), y〉 = 〈z′,m(x, y)〉, where x ∈ X ,
y ∈ Y and z′ ∈ Z∗;

(2) m∗∗ : Y ∗∗ × Z∗ → X∗, given by 〈m∗∗(y′′, z′), x〉 = 〈y′′,m∗(z′, x)〉, where
x ∈ X , y′′ ∈ Y ∗∗ and z′ ∈ Z∗;

(3) m∗∗∗ : X∗∗ × Y ∗∗ → Z∗∗, given by 〈m∗∗∗(x′′, y′′), z′〉 = 〈x′′,m∗∗(y′′, z′)〉
where x′′ ∈ X∗∗, y′′ ∈ Y ∗∗ and z′ ∈ Z∗.

The map m∗∗∗ is the unique extension of m such that the mapping x′′ 7→ m∗∗∗(x′′, y′′)
from X∗∗ into Z∗∗ is weak∗ to weak∗ continuous for every y′′ ∈ Y ∗∗, and the mapping
y′′ 7→ m∗∗∗(x, y′′) is weak∗ to weak∗ continuous from Y ∗∗ into Z∗∗, for every x ∈ X .
Then the first topological center of m is defined as

Z1(m) = {x′′ ∈ X∗∗ : y′′ → m∗∗∗(x′′, y′′) is weak∗ to weak∗ continuous}.

Let now mt : Y × X → Z be the transpose of m defined by mt(y, x) = m(x, y),
for all x ∈ X and y ∈ Y . Then mt is a continuous bilinear map and so it may
be extended, as above, to the mapping mt∗∗∗ : Y ∗∗ × X∗∗ → Z∗∗. The mapping
mt∗∗∗t : X∗∗ × Y ∗∗ → Z∗∗ in general is not equal to m∗∗∗, see [1]; if it happens, then
we say that m is Arens regular. The mapping y′′ 7→ mt∗∗∗t(x′′, y′′) is weak∗ to weak∗

continuous for every y′′ ∈ Y ∗∗, but the mapping x′′ 7→ mt∗∗∗t(x′′, y′′) from X∗∗ into
Z∗∗ is not in general weak∗ to weak∗ continuous for every y′′ ∈ Y ∗∗. So we define the
second topological center of m as

Z2(m) = {y′′ ∈ Y ∗∗ : x′′ → mt∗∗∗t(x′′, y′′) is weak∗ to weak∗ continuous}.

It is clear that m is Arens regular if and only if Z1(m) = X∗∗, or equivalently Z2(m) =
Y ∗∗. Arens regularity of m is also equivalent to the following condition

lim
i
lim
j
〈z′,m(xi, yj)〉 = lim

j
lim
i
〈z′,m(xi, yj)〉,

whenever both limits exist for all bounded sequences (xi)i ⊆ X , (yi)i ⊆ Y and
z′ ∈ Z∗, see [6, 16, 20]. On the other hand, the map m is called left strongly Arens

irregular if Z1(m) = X, and right strongly Arens irregular if Z2(m) = Y .
Let A be a normed algebra with the algebra multiplication π. Then the regularity

of A is defined to be the regularity of the map π, when is considered as a bilinear map.
Let a′′ and b′′ be elements of A∗∗. By the Goldstin’s theorem [9, p.425], there are nets
(aα)α and (bβ)β in A such that aα → a′′ and bβ → b′′, both in (A∗∗, σ(A∗∗,A∗)). So
it is easy to see that for all a′ ∈ A∗,

lim
α

lim
β
〈a′, π(aα, bβ)〉 = 〈a′′ · b′′, a′〉

and

lim
β

lim
α
〈a′, π(aα, bβ)〉 = 〈a′′ob′′, a′〉,

where a′′ · b′′ and a′′ob′′ are the first and second Arens products of A∗∗, respectively,
see [6, 16, 20].
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For a Banach algebra A with the operation π : A×A → A , we shall also simplify
our notations. The first (left) Arens product of a′′, b′′ ∈ A∗∗ shall be simply defined
by the three steps:

〈a′a, b〉 = 〈a′, ab〉,

〈a′′a′, a〉 = 〈a′′, a′a〉,

〈a′′ · b′′, a′〉 = 〈a′′, b′′a′〉.

for every a, b ∈ A and a′ ∈ A∗. Similarly, the second (right) Arens product of
a′′, b′′ ∈ A∗∗ shall be defined by:

〈aoa′, b〉 = 〈a′, ba〉,

〈a′oa′′, a〉 = 〈a′′, aoa′〉,

〈a′′ob′′, a′〉 = 〈b′′, a′ob′′〉.

for all a, b ∈ A and a′ ∈ A∗. We remark that A∗∗ with respect to either Arens
products is a Banach algebra.

We find the usual first and second topological center of A∗∗, which are

Z1(A
∗∗) = Z1(π) = {a′′ ∈ A∗∗ : b′′ → a′′ · b′′ is weak∗ to weak∗ continuous},

Z2(A
∗∗) = Z2(π) = {a′′ ∈ A∗∗ : a′′ → a′′ob′′ is weak∗ to weak∗ continuous}.

An element e′′ of A∗∗ is said to be a mixed unit, if e′′ is a right unit for the first
Arens multiplication and a left unit for the second Arens multiplication. That is, e′′

is a mixed unit if and only if, for each a′′ ∈ A∗∗, a′′ · e′′ = e′′oa′′ = a′′. By [4, p.146],
an element e′′ of A∗∗ is mixed unit if and only if it is a weak∗ cluster point of some
BAI (eα)α∈I in A.

Let now X be a Banach A-bimodule, and let

πℓ : A×X → X and πr : X ×A → X

be the right and left module actions of A on X . Then X∗ is a left Banach A-
module and a right Banach A-module with respect the module actions πt∗t

r and π∗

ℓ ,
respectively. Also the second dual X∗∗ is a Banach A∗∗-bimodule with the module
actions

π∗∗∗

ℓ : A∗∗ ×X∗∗ → X∗∗ and π∗∗∗

r : X∗∗ ×A∗∗ → X∗∗,

where A∗∗ is considered as a Banach algebra with respect to the first Arens product.
Similarly, X∗∗ is a Banach A∗∗-bimodule with the module actions

πt∗∗∗t
ℓ : A∗∗ ×X∗∗ → X∗∗ and πt∗∗∗t

r : X∗∗ ×A∗∗ → X∗∗,

whereA∗∗ is considered as a Banach algebra with respect to the second Arens product.
We say that a Banach right A-bimodule X with right module action πr, factors

on the left with respect to A, if πr is onto, i.e., πr(X,A) = X. Similarly, if X is
left Banach A-module and πℓ(A, X) = X, we say that X factors on the right, with
respect to A. In particular, we say that A∗ factors on the left (right), if A∗ = A∗A
(A∗ = AA∗). Recall that a bounded net (eα)α in A is called a bounded left (right)
approximate identity for X, if πℓ(eα, x) → x (πr(x, eα) → x), for every x ∈ X.
Furthermore, if A has the unit element e and

πℓ(e, x) = πr(x, e) = x (x ∈ X),

we say that X is a unital A-bimodule.
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Let X be a Banach A-bimodule. A derivation from A into X is a bounded linear
mapping D : A → X such that

D(ab) = aD(b) +D(a)b for all a, b ∈ A.

The space of continuous derivations from A into X is denoted by Z1(A, X). Easy
examples of derivations are the inner derivations, which are given for each x ∈ X by

δx(a) = ax− xa for all a ∈ A.

The space of inner derivations from A into X is denoted by N1(A, X). The Ba-
nach algebra A is said to be amenable, when for every Banach A-bimodule X , the
inner derivations are only derivations existing from A into X∗. It is clear that A is
amenable if and only if H1(A, X∗) = Z1(A, X∗)/N1(A, X∗) = {0}, for every Banach
A-bimodule X. The concept of weak amenability was first introduced by Bade, Curtis
and Dales in [2] for commutative Banach algebras, and was extended to the noncom-
mutative case by Johnson, see [13]. For Banach A− bimodule X , the quotient space
H1(A,X) of all continuous derivations from A into X modulo the subspace of inner
derivations is called the first cohomology group of A with coefficients in X .
A Banach algebra A is said to be weakly amenable, if every derivation from A
into A∗ is inner. Similarly, A is weakly amenable if and only if H1(A,A∗) =
Z1(A,A∗)/N1(A,A∗) = {0}.

2. Arens regularity and weak amenability

Theorem 2.1. Let X be a Banach A-bimodule and X∗ factors on the left with respect

to A. If AA∗∗ ⊆ Z1(πℓ), then Z1(πℓ) = A∗∗.

Proof. Let a′′ ∈ A∗∗ and x′′ ∈ X∗∗. Also suppose that (x′′

α)α is a convergent net to
x′′ in σ(X∗∗, X∗). Since X∗ factors on the left, for every x′ ∈ X∗, there are a ∈ A
and y′ ∈ X∗ such that x′ = y′a. Since aa′′ ∈ Z1(πℓ), we have

lim
α
〈π∗∗∗

ℓ (a′′, x′′

α), x
′〉 = lim

α
〈π∗∗∗

ℓ (a′′, x′′

α), y
′a〉 = lim

α
〈π∗∗∗

ℓ (aa′′, x′′

α), y
′〉

= 〈π∗∗∗

ℓ (aa′′, x′′), y′〉 = 〈π∗∗∗

ℓ (a′′, x′′), x′〉.

It follows that π∗∗∗

ℓ (a′′, x′′

α) → π∗∗∗

ℓ (a′′, x′′) in σ(X∗∗, X∗), and so a′′ ∈ Z1(πℓ). Thus
Z1(πℓ) = A∗∗. �

Theorem 2.2. Let X be a Banach A-bimodule and X∗ factors on the left with respect

to A. If AX∗∗ ⊆ Z1(πr), then Z1(πr) = X∗∗.

Proof. The proof is similar to the Theorem 2.1. �

Corollary 2.3. Let A be a Banach algebra and A∗ factors on the left. Then AA∗∗ ⊆
Z1(A

∗∗) if and only if A is Arens regular.
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By [16], for a locally compact group G, its group algebra L1(G) factors on the right
if and only if L1(G) factors on the left if and only if G is discrete. On the other hand,
L1(G) is Arens regular if and only if G is finite. Consequently, the following result is
immediate.

Corollary 2.4. Let G be any group. Then we have ℓ1(G)ℓ∞(G)∗ ⊆ ℓ1(G) if and only

if G is finite.

Theorem 2.5. Let X be a Banach A-bimodule and A∗∗ has a BAI for X∗∗. Then
X∗∗ is a unital Banach A∗∗-bimodule.

Proof. Let (e′′α)α be a BAI for X∗∗. By passing to a subnet, we may assume that
e′′α → e′′ in σ(A∗∗,A∗), for some e′′ in A∗∗. Then for every x′′ ∈ X∗∗ and x′ ∈ X∗,
we have

〈π∗∗∗

ℓ (e′′, x′′), x′〉 = lim
α
〈π∗∗∗

ℓ (e′′α, x
′′), x′〉 = 〈x′′, x′〉.

Thus π∗∗∗

ℓ (e′′, x′′) = x′′.
Now for every x ∈ X we have

π∗∗∗

r (x, e′′) = weak∗ − lim
α

π∗∗∗

r (x, e′′α) = x.

Take x′′ ∈ X∗∗ arbitrary and (xβ)β ⊆ X such that xβ → x′′ in σ(X∗∗, X∗). Then

π∗∗∗

r (x′′, e′′) = weak∗ − lim
β

π∗∗∗

r (xβ , e
′′) = weak∗ − lim

β
xβ = x′′.

Consequently π∗∗∗

r (x′′, e′′) = x′′. �

Corollary 2.6. Let A be a Banach algebra such that A∗∗ is amenable. Then A∗∗

has the identity element.

Proof. The proof is clear by the preceding theorem and the fact that every amenable
Banach algebra has a BAI, see [9, Proposition 1.6]. �

Theorem 2.7. Let X be a left Banach A-module. Then we have the following asser-

tions:

(i) π∗∗∗∗

ℓ (X∗,A∗∗) ⊆ X∗ if and only if Z1(πℓ) = A∗∗.
(ii) The mapping x′′ 7→ π∗∗

ℓ (x′′, x′) from X∗∗ into A∗ is weak∗ to weak continuous

for all x′ ∈ X∗ if and only if Z1(πℓ) = A∗∗.
(iii) If for every x′′′ ∈ X∗∗∗, the mapping x′′ 7→ π∗∗∗∗∗

ℓ (x′′, x′′′) from X∗∗ into

A∗∗∗ is weak∗ to weak∗ continuous, then the mapping x′′ 7→ π∗∗∗

ℓ (a′′, x′′) from
X∗∗ into X∗∗ is weak∗ to weak continuous, and so Z1(πℓ) = A∗∗.
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Proof. (i): Suppose that a′′ ∈ A∗∗ and (x′′

α)α ⊆ X∗∗, such that x′′

β → x′′ in the weak∗-

topology. Let x′ ∈ X∗ and x ∈ X. Since π∗∗∗∗

ℓ (X∗,A∗∗) ⊆ X∗, π∗∗∗∗

ℓ (x′, a′′) ∈ X∗.
Thus we have

lim
α
〈π∗∗∗

ℓ (a′′, x′′

α), x
′〉 = lim

α
〈a′′, π∗∗

ℓ (x′′

α, x
′)〉 = lim

α
〈π∗∗∗∗∗

ℓ (x′′

α, x
′), a′′〉

= lim
α
〈x′′

α, π
∗∗∗∗

ℓ (x′, a′′)〉 = 〈x′′, π∗∗∗∗

ℓ (x′, a′′)〉

= 〈π∗∗∗

ℓ (a′′, x′′), x′〉.

Consequently, we have π∗∗∗

ℓ (a′′, x′′

α) → π∗∗∗

ℓ (a′′, x′′) in weak∗ topology in X∗∗, and so
a′′ ∈ Z1(πℓ).
Conversely, suppose that Z1(πℓ) = A∗∗. Take (x′′

α)α ⊆ X∗∗ such that x′′

β → x′′ in

(X∗∗, σ(X∗∗, X∗)). Then

lim
α
〈π∗∗∗∗

ℓ (x′, a′′), x′′

α〉 = lim
α
〈π∗∗∗

ℓ (a′′, x′′

α), x
′〉

= 〈π∗∗∗

ℓ (a′′, x′′), x′〉

= 〈π∗∗∗∗

ℓ (x′, a′′), x′′

α〉.

It follows that π∗∗∗∗

ℓ (x′, a′′) ∈ (X∗∗,weak∗)∗ = X∗. Consequently, we have

π∗∗∗∗

ℓ (X∗, A∗∗) ⊆ X∗.

(ii): Let the mapping x′′ 7→ π∗∗

ℓ (x′′, x′) be weak∗ to weak continuous. Suppose
that a′′ ∈ A∗∗ and (x′′

α)α ⊆ X∗∗, such that x′′

β → x′′ in (X∗∗, σ(X∗∗, X∗)). Then for

every x′ ∈ B∗, we have

lim
α
〈π∗∗∗

ℓ (a′′, x′′

α), x
′〉 = lim

α
〈a′′, π∗∗

ℓ (x′′

α, x
′)〉

= 〈a′′, π∗∗

ℓ (x′′, x′)〉

= 〈π∗∗∗

ℓ (a′′, x′′), x′〉.

(iii): Let a′′ ∈ A∗∗ and (x′′

α)α ⊆ X∗∗, such that x′′

β → x′′ in (X∗∗, σ(X∗∗, X∗)).

Then for every x′′′ ∈ X∗∗∗ we have

lim
α
〈x′′′, π∗∗∗

ℓ (a′′, x′′

α)〉 = lim
α
〈π∗∗∗∗

ℓ (x′′′, a′′), x′′

α〉 = lim
α
〈x′′

α, π
∗∗∗∗

ℓ (x′′′, a′′)〉

= lim
α
〈π∗∗∗∗

ℓ (x′′

α, x
′′′), a′′〉 = 〈π∗∗∗∗∗

ℓ (x′′, x′′′), a′′〉

= 〈x′′′, π∗

ℓ (a
′′, x′′)〉.

It follows that π∗∗∗

ℓ (a′′, x′′

α) → π∗∗∗

ℓ (a′′, x′′) weakly as required. �

Corollary 2.8. By each of the following conditions, a Banach algebra A is Arens

regular.

(i) A is a left ideal in its second dual and A∗ factors on the left.

(ii) The mapping a′′ 7→ a′′a′ is (A∗∗, σ(A∗∗,A∗)) to (A∗, σ(A∗,A)) continuous,

for every a′ ∈ A∗.
(iii) The mapping a′′ 7→ a′′a′′′ is (A∗∗, σ(A∗∗,A∗)) to (A∗∗∗, σ(A∗∗∗,A∗∗)) con-

tinuous, for every a′′′ ∈ A∗∗∗.
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The next result provides some conditions under which weak amenability is inherited
by a Banach algebra A from the second dual A∗∗.

Definition 2.9. Let X be a Banach A-bimodule and x′ ∈ X∗. We say that x′ has
RW∗WC-property with respect to A′′, if for every (a′′α)α ⊆ A∗∗ such that a′′αx

′ → 0
in weak∗ topology, it follows that a′′αx

′ → 0 weakly.

Theorem 2.10. For a Banach A-bimodule X, the following assertions are equivalent:

(i) Every x′ ∈ X∗ has the RW∗WC-property with respect to A′′.

(ii) Z1(πr) = X∗∗.

Proof. (i)→(ii): Let (a′′α)α ⊆ A∗∗ such that a′′α → a′′ in (A∗∗, σ(A∗∗,A∗)). Then for
every x ∈ X and x′ ∈ X∗ we have

lim
α
〈a′′αx

′, x〉 = lim
α
〈a′′α, x

′x〉 = 〈a′′, x′x〉 = 〈a′′x′, x〉.

It follows that a′′αx
′ → a′′x′ in weak∗ topology. Since every x′ ∈ X∗ has the RW∗WC-

property with respect to A∗∗, for every x′′ ∈ X∗∗, we have
limα〈x

′′a′′α, x
′〉 = limα〈x

′′, a′′αx
′〉 = 〈x′′, a′′x′〉 = 〈x′′a′′, x′〉. It follows that a′′αx

′′ →
a′′x′′ in weak∗ topology. Hence Z1(πr) = X∗∗.

(ii)→(i): Let (a′′α)α ⊆ A∗∗ such that a′′α → 0 in (A∗∗, σ(A∗∗,A∗)) and a′′αx
′ → 0 in

weak∗ topology where x′ ∈ X∗. Since Z1(πr) = X∗∗, for every x′′ ∈ X∗∗, we have

〈x′′, a′′αx
′〉 = 〈x′′a′′α, x

′〉 = 0

It follows that a′′αx
′ → 0 in weak topology, and so x′ ∈ X∗ has the RW∗WC-property

with respect to A′′. �

Theorem 2.11. Let A be a Banach algebra and the mapping a′′ 7→ a′′a′′′ from A∗∗

into A∗∗∗ is σ(A∗∗,A∗) to σ(A∗∗∗,A∗∗) continuous, for every a′′′ ∈ A∗∗∗. Then weak

amenability of A∗∗ implies this property for A.

Proof. Assume that D : A −→ A∗ is a derivation. We show that D′′ : A∗∗ −→ A∗∗∗

is also a derivation. Take a′′ and b′′ in A∗∗ arbitrary and then take (aα)α and (bβ)β
two nets in A convergent to a′′ and b′′, respectively, in σ(A∗∗,A∗)-topology. Since by
assumption the mapping a′′ 7→ a′′a′′′ is weak∗ to weak∗ continuous, then we have

lim
α

lim
β

aαD(bβ) = a′′D′′(b′′).

Thus D′′(a′′b′′) = limα limβ D(aαbβ) = limα limβ [aαD(bβ) +D(aα)bβ] = a′′D′′(b′′) +
D(a′′)b′′. Since A∗∗ is weakly amenable, there exists a′′′ ∈ A∗∗∗ such that D′′ = δa′′′ .
Consequently D = δa′ , where a′ is the restriction of a′′′ on A. �

Let A be a Banach Algebra. A dual Banach A − bimodule X is called normal if,
for each x ∈ X the map a → ax and a → xa from A into X is weak∗ − to − weak∗
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continuous.
A dual Banach algebra A is Connes-amenable if, for every normal, dual Banach
A − bimodule X , every weak∗ − to − weak∗ continuous derivation D ∈ Z1(A,X) is
inner. Then we write H1

w∗(A,X) = 0.
Let A be a Banach Algebra. We denote by Z1

w∗(A,X) for every weak∗ − to− weak∗

continuous derivation D ∈ Z1(A,X) where X is a Banach A − bimodule. Thus we
can write first weak∗ cohomological group on A as follows

H1

w∗(A, X∗) = Z1

w∗(A, X∗)/N1

w∗(A, X∗).

Theorem 2.12. Let A be an Arens regular Banach algebra. If A is weakly amenable,

it follows that H1(A∗∗,A∗) = 0.

Proof. LetD ∈ Z1
w∗(A∗∗, A∗). TakeD1 = D |A. Then it is clear thatD1 ∈ Z1(A,A∗).

Since H1(A,A∗) = 0, there is a′ ∈ A∗ such that D1 = δa′ in A. Assume that a′′ ∈ A∗∗

and (aα)α ⊆ A∗∗, such that aα → a′′ in the weak∗-topology. Then Since A is Arens
regular, by using Theorem 2.7 part (i), for every a′ ∈ A∗, we have a′a′′ ∈ A∗, and so
w∗ − limα(a

′aα) = a′a′′. Then we have

D(a′′) = D(w∗− lim
α

aα) = w∗− lim
α

D(aα) = w∗− lim
α

δa′(aα) = w∗− lim
α
(a′aα−aαa

′)

= a′a′′ − a′′a′ = ∆a′(a′′).

Thus D = ∆a′ on A∗∗, and so H1(A∗∗,A∗) = 0. �

Example 2.13. Consider the algebra c0 = (c0, .) is the collection of all sequences
of scalars that convergence to 0, with the some vector space operations and norm as
ℓ∞. By using [5, Example 2.6.22 ] we know that c0 = (c0, .) is Arens regular, and
also by [6], c0 is weakly amenable. Thus by using preceding theorem , it is clear that
H1(c∗∗0 , c∗0) = 0.

Problem. Let A be a Banach algebra and the mapping a′′ 7→ a′′a′ from A∗∗ into A∗

is weak∗ to weak continuous, for every a′ ∈ A∗. Then, H1(A,A∗) = 0 if and only if
H1(A∗∗,A∗) = 0.
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