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Abstract

Quantum Rabi oscillations driven by a pulse stream are basic operations in Cirac-Zoller scheme of
quantum computation. We investigate the failure probability and population inversion of quantum
Rabi oscillation of trapped ion in this case. It is shown that when the wavelength of the driven field
is of the order 107% m, the mean number of photons cannot be greater than 10*, and the failure
probability of quantum Rabi oscillation is of the order 102 after about 100 coherent 27 pulses
considering of the sideband transition in Cirac-Zoller scheme. We find also that the envelope of
population inversion is different from the Gaussian function which is that for oscillation driven by
a continuous-wave field. The conclusion we arrived at is that the quantum computations via Cirac-
Zoller scheme cannot be reliable if the number of Controlled-NOT operation on any physical qubit
involved is greater than 100, except making use of driving fields with much smaller wavelength.

This conclusion may be independent of any possible technical improvement in future.
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I. INTRODUCTION

The quantum Rabi oscillation and the accompanied collapse and revival phenomenon are
essential in quantum optics. When a coherent field is used to drive Rabi oscillation, different
number state components of the driving field lead to different oscillation amplitudes, and
the different amplitudes become uncorrelated gradually. It has been proved that the cosine

oscillations are terminated by Gaussian envelope [1].

J. H. Eberly et al. studied the dynamics of coherent Jaynes-Cummings model, in which
the field mode is initially a coherent state, and confirmed the existence of periodic sponta-
neous collapse and revival of coherence [2]. Then, N. B. Narozhny et al. gave a description
of the temporal behavior of the dynamic elements of coherent Jaynes-Cummings model [3].
P. L. Knight and P. W. Milonni studied the effects of intense coherent resonant radiation on
the dynamics of atoms, and found that Rabi oscillations of state probability amplitudes lead
to many new effects in optical spectra |4]. Later, P. L. Knight and P. M. Radmore inves-
tigated the coherent Jaynes-Cummings model in a transformed representation emphasizing
quantum corrections to the semiclassical Rabi problem, and gave an intuitive explanation
of the collapse and revivals of oscillations in the population inversion [5]. H. I. Yoo and
J. H. Eberly presented a dynamical theory of an atom with two or three levels interacting
with quantized cavity fields in the framework of models of the Jaynes-Cummings type, and

discussed phenomena like quantum wave packet collapse and revival [6].

However, quantum Rabi oscillation driven by coherent pulse streams has not been fully
investigated. In this paper we discuss it in details. The discussion focus on oscillation of
trapped ion, which is a fundamental issue in physics, and has wide applications, such as in
Cirac-Zoller physical realization scheme of quantum computations, laser control of chemical

reaction [7], etc..

Quantum computers (QC) can solve some problems intractable on classical computers
[8], and challenge most public-key cryptosystems currently in use [9, [10]. Many proposals
for implementing QC have been raised. The cold ion trap method [11] is a classic one. In
this scheme, implementation of quantum logic gates is realized right through the ions’ Rabi

oscillation driven by pulse streams of laser fields.

C. Monroe et al. [12]demonstrated the essence of controlled-NOT (CNOT) gate in Cirac-
Zoller scheme in 1995. The complete CNOT gate was implemented by F. Schmidt-Kaler et



al. [13]. Since then, much effort has been made towards large-scale, robust ion trap QC.
There is a scheme to perform probabilistic quantum gates on remote trapped atom qubits
[14]. A method to achieve scalable quantum computation based on fast quantum gates on an
array of trapped ions was also proposed [15]. An experimentally feasible scheme to achieve
quantum computation based solely on geometric manipulations of a quantum system [16]
offers a possible method for robust quantum computation. In 2009, D. R. Leibrandt et al.
[17] developed a scalable, multiplexed chip for ion trap quantum information processing and
tested ion lifetimes and heating rate of it.

This paper is arranged as follows: in Section [I], we develop a method to describe quantum
Rabi transformation of trapped ion after one coherent pulse. In Section [IIl we deal with the
relationship between the density matrices for the ion before and after one coherent pulse,
and gives failure probability of quantum Rabi oscillation of trapped ion driven by coherent
pulse streams. In Section [V] we give out some discussions. In Section [Vl some conclusions

are reached.

II. QUANTUM RABI TRANSFORMATION OF TRAPPED ION RELATED WITH
ONE COHERENT PULSE

A. Modeling

Consider of a two-level ion trapped in a Paul trap interacts with a laser field. The
laser field is actually a multimode field, but when the bandwidth of the laser satisfies some
requirements, it is justified to take the field to be a single-mode coherent state [18]. Then

the ion-field system can be described by Jaynes-Cummings interaction [19]
H = hg(e ™o a+e%a’o.), (1)

where ¢ is the coupling constant, ¢ is the beam phase, 0, and o_ are the raising and lowering
operators of the ion, and a' and a are the creation and annihilation operators of photons

respectively. Then the unitary time-evolution operation is given by

U(t) =cos(gty/ata + 1)]1)(1] 4 cos(gtVala)[0)(0]
it sin(gtvata + l)a _ip_1sin(gtvata + 1) (2)
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here, |0) and |1) denote the ground and excited state of the ion respectively.

The coherent state is usually described by Yo7 ¢, |n), here |c,|?> = <= is the probability
that the state is in the n-photon state. If the ion is initially in the ground state, then the

ion-field state is Y, ¢,|0,n), the state for the ion-field system at time ¢ is therefore
= Z cnlcos(gtv/n + 1)|1,n) —ie “sin(gtv/n + 1)[0,n + 1)]. (3)
n=0

Similarly, if the ion is initially in the excited state, then the ion-field state is >~ c,|1,n),

the state for the ion-field system at time ¢ is
- Z cnlcos(gty/n)|0,n) — iesin(gty/n)|1,n — 1)]. (4)
n=0

Now move to the practical case, the ion’s initial state is generally a superposition of the
ground and excited states, thus initially the ion-field state is [1(0)) = Y07 ¢,|n)(|0) +
B|1)), where |a|*+|3]2 = 1. A single qubit gate is usually implemented through a k7 pulse,
whose duration ty satisfy gtov/n = %° | here n is the mean number of photons in the pulse.
Without loss of generality, consider the case we apply a 27 pulse, then the ion-field state
becomes

_a{z ncos( \/—)|1 ny — ie_i‘bsin(@
Vi Vi

+5{ch cos f)\o n>—ze¢sm(7f)| n—1)}

)0,n+ 1)}

B. Estimation of mean number of photons

In the discussions followed we need to know the mean number of photons. When a
laser beam is applied to a trapped ion, it is actually a scattering problem. The effective
interaction area is the same order of magnitude as the scattering cross section. The total
resonant scattering cross section for an atomic dipole transition is ¢ = 3A?/27 [20], and
for inelastic scattering which we are interested in, the cross section is virtually that for

scattering out of the paraxial modes 0.7y = 3\*/87 [21]. Thus it is the number of photons

IO’Efft
hw

1At

in volume o, ct that is important for the decoherence of the ion, not n’ = i

n =
in volume Act, here [ is intensity of the laser, ¢ the duration of the laser pulse, and A the
cross section area of the beam. The beam can not be focused to less than a wavelength, so

we will always have A > oy, thus n’ > n [22].
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In estimating the effective mean number of photons of one pulse, we can not apply
Jaynes-Cummings model directly. Consider two pulses propagating in opposite directions,
then when they meet they form a standing wave. The standing wave fits well into the
Jaynes-Cummings model, and the mean number of photons in each pulse is half of that in
the standing wave. Thus we only need to focus on mean number of photons in the standing

wave. The electric field ' can be expressed as

E = &Vn. (6)

& is usually given as & = £—°{, [23] , where w is the frequency of the single mode in a cavity,
and V' is the volume of the cavity. It can be seen that V' ~ o.ssct, then & = ,/Eoor;f/\t.
Thus
_ EOO'effCt 2
n=——>"—F" 7
o (7)
Moreover, for a km pulse, gtv/n = '2—”, g~ % = %, here p ~ eayq is the electric dipole
moment of the ion, with e the charge of a electron, and ay Bohr radius, then we get
kmh
t=—. (8)
2pE
Then
kegoers A
n=-—2p 9)
4 p
One case of interest is the sideband transition, where the laser detuning A = Hwy,

here w; is the frequency of the trap. Sideband transition is necessary for two-qubit gates
in quantum computation |11]. For sideband transition, because of AC-Stark shift and off-
resonant transitions, the sideband Rabi frequency €2, has upper bound. People have adopted
methods to partially cancel the effect, and it seems feasible to have €2, close to w; for special
temporal and spectral arrangements of the laser field [24, [25].

As we know, Q, = 7€), so we have

Q< —. 10
p (10)
here
21 h
= — 11
=3V 2Me, (11)

is the Lamb-Dicke parameter, with M the mass for a single ion, For €2, there exists the

relation Q = —<©Z [26], then

4
B< (12)
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As to wy, the separation between ions Az satisfies [27]

Az ()1
2~ (——
dregMw?’ 7

/ o2
wer dregM (Az)3 (13)

In Eq. (I3]), Az should be large enough to ensure individual addressing of ions, thus it can

SO

be expressed as £\, with £ > 2, thus w; has a corresponding lower limit.

Thus, from Eqs. (I to (I3)), we get
2\/2h( e?

pw 4meg

=
ot

E < ViMTEETINE, (14)

Substitute £ in Eq. (@) with that in Eq. (I3]), we get

k3vV2hey , €?
2 8m2p? “dmeq

_ S \/ﬁkag—ZA
32aima Ve

=6 x 10TkM 1IN,

N[}
NI

A

ViMagm

n <

=

(15)

SR

In the cases we consider here, k < 2, 9u < M < 200u, with u = 1.66057 x 10727 kg. When
M=9u,k=2,£6=2)~10"%m, we get the maximum for mean number of photons when

optical frequency is used

o~ 2.3 x 10°.

For £ = 5 case which is the best result experimentally reached [28], we can get
i~ 2.9 x10%

When microwaves are used to drive the oscillation, the frequency v is usually below 10GHz
[25]; and it should be much greater than 1/27 GHz [27], which is the upper bound for a
phonon used in experiments. Suppose v > 5 GHz, then 3 x 1072 m < A < 0.38 m, then for
& = 5 case, we get

29x10° <7n < 1.7 x 10*2.

There exists another way to calculate the mean number of photons in a k7 pulse [1§]:

they considered the situation where a single laser is used to drive Rabi oscillation of the
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atom, and adopted the formalism introduced by K. J. Blow et al. [29], taking the laser as a

continuous-mode coherent state, then they worked out the interaction time t for k7 pulse is

. @ €oCA

d \ 2P (16)

here d is the coupling distant between the atom and laser, and for a dipole transition it is

the atomic dipole moment p, and W is the power of the laser. Thus, the mean number of

Pt km |egcAP
n A~ = 17
" th de 2 ’ ( )

where wy, is the frequency of the fictitious single-mode coherent state. Thus, obviously, they

photons in one k7 pulse is

take all the photons in area A as effective photons when considering the interaction, but
actually the effective photons is much less.Substitute parameters in Eq. (I7) with that in
our approach, and use A > 2um x 2um [28], the mean number of photons with A ~ 1076 m

is 1.4 x 10* when £ = 5.

C. The Density Matrix

The corresponding density matrix for the state in Eq. (@) is pgzal = |¢(t))(¢(¢)| . This
matrix contains the information of both the ion and the field, but we are interested only in
the ion. Thus we perform a partial trace over the field to obtain the reduced state of the

ion alone, the reduced density matrix p(V is

|a)?sy + i(af* — a*B) sy + |B12(1 — s¢) af*ss +i(|a|*s; — |B]%s7) + a*Bss3
a*Bss —i(lal’si + [B]*s7) + aBs;  |af*(1 = s4) —i(aB* — a*B)sy + |B]*s6



e " [ n
s = ; p - 1cos( NG )sin( NG ),
= e " n 27r n+
2= Z n \Vn 1 )
n=0
] 7T\/7 Tvn+ 1
53—;:0 o ”n—l—lsm( \/E)sm( N )
T T/n
S4 = Z cos(—=)?, (18)
! NG

2, e " mv/n + 1
o= 30 T (V2 E Ly
n=0
e ™" n  m/n+1 . 7w/n
= —cos sin
o7 ;_0 n! n ( NG )1<\/ﬁ)

D. Calculation of the sums in the density matrix

We can’t get accurate results for s; to s; in p™® via usual method. The precision of
method generally used is of the order f’ which is not enough to validate the result for the

iteration. Our approach with much better precision is as follows.

1. The approach

Given one of the sums in p™" mentioned above, for example,

R n 7T\/7 W\/W
Z oy @/n+lcos )sin 7 ),

n=0

here we assume i = 10%.

1. First deal with the part

" cos( Tn
n—l—l NG

foln,n) = )sin(

substitute n in fo(n,n) with (z + 1)7 , we get

n cos (ﬂ\/ﬁ(1+x)>sin (7? 1+7_L(1—|—$)>.

1+7a(1+x) Vi

fl(l’, ﬁ) =



This actually rewrites fo(n,n) as a function of x = 2=2 and 7, and x < 1 is satisfied for
n < 2n.
2. Do Taylor expansion forfi(z,n)at x = 0, to ensure a sufficiently high precision, we

expand it to z'°, and we get fo(z,7) .

3. Sums like >~ CfZ!ﬁn n* can get accurate results, so we replace z in fo(x,n) by 2=,
and use 1 = 105. Then we get f3(n).

4. Use f3(n) instead of fo(n,n) in the expression of so(n2) and calculate the new sum.
The result is fy(n).

5. Again use i = 10*, and we obtain a high-precision result of the original sum. The

value for s; to s7 in the cases where we expand f;(z,n) to z'° and z'® are shown in Table[ll

TABLE I: Values for s; to s7, here n = 10*. Valuel denote value of the sums when we
expand z to z1° and Value2 denote that when we expand z to z!®. Valuel and Value2 are

same to a precision of 10723,

Sum Valuel Value2

s1 0.000039303916656063668561519091 0.000039303916656063668561194770
s 0.000039265164255300772996074590 0.000039265164255300772995750283
sz 0.000246659192761352167541307293 0.000246659192761352167542402758
s4 - 0.999753309972685637856777333369 0.999753309972685637856776237858
s5  0.999753316133881571308212070145 0.999753316133881571308210974684
s¢  0.999753322301165250291025614276 0.999753322301165250291024518866
s7  0.000039226416698193975826600887 0.000039226416698193975830095264

2. The precision of our approach

(1) For a given integer [, there exists a appropriate integer k, such that

k _
_n
P

Proof. For each ¢ satisfying « < k+ 1 < n, we have % <

n=0

k+1
[

(19)

thus we can get



S o L < (k+ 1)(k]r11) = ﬁ];; , 50 the sufficient condition for ([J) is 2 %—7, ie.
AR
< (20)
From Stirling’s formula
k.
k! = V2rk(=)Fem® 0 < 0 < 1, (21)
e
then (20) becomes
L ew k+1+1
— 12k < 22
R < (22)
and the sufficient condition for is (£)Fpitirt < em,
Denote k = i — ay/n, we then have
7—1’ a\f—i-l-l—l Aa—av/n _ ~
e Y
(0 — an/i)—avn
Le.
Sl _
. < VR (23)

(1 o %)T(O‘ n—a?)

When a << /n, [23) equals m < e je. a® > (I + 1)lnfi. Then the sufficient
condition for (9] is
Vi >>a > /(1 +1)nn, (24)

which equals to k < 7 — /(I + 1)nlnn.

(2) For a given integer [, there exists a appropriate integer k, such that

a1
Proof.
n _ﬁ'ﬁ/n _ﬁ'ﬁ/k e ,ﬁln—k‘kl _ﬁ'ﬁ/k e 'ﬁ,n_k
;e al =" _v; T _‘;n(n—l) (k+1)
RN ) N S k41
< e M n—k _ ,—n_"_
‘ !;(k+1) C Hkri-n
Let k+1 = < k, that means X
k>n+—. (26)
n
Suppose (26) is fulfilled, we get a sufficient condition for (25):
B ’ﬁ,k—l 1
k=1 S A
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then from Stirling’s formula we get the sufficient condition for (25]):

n

ne (._1 e
(k _ 1) 'ﬁ,l—l—l ° (27)
Let A = % < 1, here we require k — 1 > 7, i.e.
kE>n+1. (28)

It can be seen that (28)) implies (26). When (28)) is fulfilled, a sufficient condition for (23]) is

(%)A —eA >0, (29)
where n = ({/n)*L.
Define
fla) = <§>x — ez,

then solving (23] can be reduced to finding zero point of f(x). Suppose f(z9) = 0, then it

is demanded that A < xg, i.e.

k>4, (30)

Lo
which is a solution of (25). We can have

_ _ Inn
n= (YAt ="M a4 (14 1)t 21 44,

n
here § << 1. From f(xy) =0, we get zo(1 —Inn) = 14 Inzy, it can be seen that xy < 1. Let

zo=1—A, from In(1+ z) ~ z — 322, we get

AnVaVE -5+ L 5VEt
2V/2

1 Inn
— Rl ART+HVVE =14+ 20+1)—=.
ZTo \/ﬁ
vVInn
N

For n = 10%, if the precision demanded is 1072, then | = 5,

vIn10 _ 10.513
=n -+

Vi Vi

For n = 10%, if the precision demanded is 1072°, then [ = 3.3,

Therefore

k=n+«

k=n+4V3




We expand fi(z,7) at x = 0 to 2%, and find the value for the sum is the same to a
precision of 1072 with that when we expand f;(z,n) to x'° (see Table[l). The possible reason
may be that in the proof above, we didn’t take into account the periodicity of trigonometric
functions. The precision of the sum’s value can be remarkably improved since the positive

and negative values would cancel. Thus the precision is probably smaller than 10723,

III. FAILURE PROBABILITY OF THE QUANTUM RABI OSCILLATION OF
TRAPPED ION DRIVEN BY COHERENT PULSE STREAMS

A. Relationship between the density matrices for the ion before and after one

coherent pulse

The final state p*) in Eq. (I8) describes the state of the ion after one 27 pulse when

n = 10%, and the density matrix of corresponding initial state is

al? afp*
po = (e @1

a*p |B?

Now we consider the relationship between p() and p(®, so as to get the state of the
ion after a stream of coherent pulses. For a single ion, the density matrix p satisfies the
condition p = (I 4+ 7 &) [30], ¥ = (rs, ry,7), known as the Bloch vector for state p, is a
real three-dimensional vector such that |[r] < 1, & denote the vector of Pauli matrices.

Let 79 = (rg(f),r@(f),rgi)) denotes the Bloch vector of p@, we can get 7% and #V. Let

7 = M9 + & here M is a 3 x 3 matrix and & a three-dimensional vector, we get

S3 + S5 0 0
M = 0 S5 — S3 —(81 + 87) ) (32)
0 282 S4 + Sg — 1
5: (O, S7 — 81,84 — 86), (33)
values for s;,7 = 1,---,7 are those shown in Table [l
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B. Final state of the ion after a pulse stream
Provided 9 = M7= + &, then
7 = M) (M M+ )G
the state of the ion after ¢ 2w pulses is

. 1 .
P = S0+ . 7). (34)

C. Envelope of population inversion after coherent pulse streams

~—

Suppose the initial state is |1), if we have applied a km pulse stream, then define

W, 2

z

N —

1
(1= ) = S(1 4 1) = =,

where m = 0,2/k,4/k,6/k,---. We plot W,, as a function of Rabi period N which is actually
the envelope of population inversion in the 27 pulse case when i = 10? in Fig.(Tal), and
show derivative at the points sampled in Fig.(Ih). The result is the envelope of population
inversion of oscillations driven by pulse streams is not a Gaussian function, which describes

the envelope of inversion for oscillations driven by a continuous-wave (cw) field.

D. Accuracy of gate operation

Suppose we have applied m coherent pulses and reached a state p™. Let |¥) be the
expected state, then the failure probability of the Rabi oscillation driven by that pulse is

m A
pr=1-(¥[p"™0) =1 —p,.
From Eq. (84) and the relation for pure state
P = Ja*10)(0] + @B 0) (1] + Bicry [1) (0] + B, *[1) (1],
we can get for 27 pulse stream

ps = (a0 + 5*(1])p"(a]0) + B]1))

— a6 + 1126 + 0B + ol
35
L4 0L O 40 (35)

1
= SO o)

13



N — k=12)=4
R - - k=1=4
NN e k=2,1=4
0.8r = .
N
\\
A Y
., N
0.6 . :
) ".l \\

0.4 T 1
0.2f e ]
0 | | | | | L
0 1000 2000 3000 4000 5000 6000 7000
N

(a) Inversion
1X 10"
O, 4

()
2
T
2 1
@
o
_37 4
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-5t
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N
(b) Derivative calculated

FIG. 1: Envelope of population inversion E(W) versus number of Rabi periods N. Here 27
pulses are applied and 7 = 10*. In (a) we plot the envelope of inversion, which looks
different from Gaussian functions. In (b) we show derivative of the envelope, and show it is

definitely different from that of Gaussian functions.

for a mixed state, ¥ < 1, then p, < 1.

It can be seen that

=y
3L
S
I

(O MmO, (36)
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then

1

P =5+ (FNT MmO

The failure probability for different k7w pulses and mean number of photons are given
in Fig. ([2). It can be seen that the failure probability increases with the number of Rabi
periods, and grows with the value k. Moreover, it is in inverse proportion to mean number

of photons 7.

-o— k=2,I=4

< - k=1,=4

b e k=1/2,=4

_Si - k=2,I=6 7
= k=1,=6
== k=1/2,1=6
_55 L L L L L L I I
10 20 30 40 50 60 70 80 90 100

FIG. 2: Logarithm of failure probability lg (ps) versus number of Rabi periods N. Here km
pulses are applied and 7 = 10. It can be seen that the failure probability increases with
the number of Rabi periods and the value k. Moreover, it is in inverse proportion to mean

number of photons 7.

The fidelity of p™ and |W¥) is

F(19), p™) = V/(¥lpum|¥) = /1= py. (37)
We can also get the trace distance between p(™ and |¥) under 27 pulse stream [30]
my = L0 _ qm)
D), o) = 5170 = %)
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IV. DISCUSSIONS
A. Threshold theorem of fault-tolerant quantum computation

In ion trap quantum computers, we usually perform many operations on one ion to
implement an algorithm. As we have derived, the failure probability of gate operation is of
order 1072 after approximate 90 operations.

However, there exists a threshold theorem in quantum computation, which declares that
an arbitrarily long quantum computation can be performed reliably if the failure probability
of each quantum gate is less than a critical value. One form of this theorem is as follows
130]:

A quantum circuit containing p(n) gates may be simulated with probability of error at

most € using

O(poly(log(p(n)/e))p(n)) (38)

gates on hardware whose components fail with probability at most p, provided p is below
some constant threshold, p < py,, and given reasonable assumptions about the noise in the
underlying hardware.

There has been many discussions about the value of the threshold. M. Liang and L. Yang
has pointed out that [31], the optimal error-correction period to get maximum threshold
depends on the value of level number of concatenated quantum error-correction code. Knill
used numerical calculations and obtained a threshold of the order 1072 [32]. Then, P. Aliferis
et al. reached a threshold of 107 with provable constructions [33]. If the failure probability
for a quantum gate is beyond the threshold, then the whole quantum computation will not
be reliable. Thus for ion trap quantum computers, after 90 27 sideband operations on one

ion, the computation will not be reliable.

B. Error propagation

The error in the calculation is spread as follows: in the beginning to ensure the precision
of final result, we calculate the sum s; to s; with precision (10723). During further computa-
tions, these errors go into M and 7. In the calculation of density matrix p™ after m times

of successive operations, the errors from M and 7 spread into p™. Finally, the precision of
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failure probability and population inversion we get is at least 1075.

C. An application of our results in quantum computation

Single qubit and CNOT gates are universal for quantum computation. The quantum
nature of km pulses first bring about errors in single qubit gates themselves. Moreover, in
the implementation of Cirac-Zoller gate in an ion trap |L1], they use sideband transitions
three times to complete a CNOT gate, including one 27 transition and two 7 transitions.

As we have calculated, error for the 27 sideband transition is the largest compared to that
of 7 and /2, which amounts to 1072 after approximately 90 operations when 7 = 10%. This
failure probability is already beyond the well-recognized threshold. Then the total CNOT
gate will not be implemented reliably.

Moreover, there also exists a two-qubit gate scheme totally different from the Cirac-Zoller
gate [34]. In the scheme implemented by the NIST group [35], they state that off-resonant
excitations of the stronger carrier transition is absent, which allows a greater gate speed thus
a higher laser intensity. In addition, additional Stark shifts can be efficiently suppressed by
choosing almost perpendicular and linear polarizations for the laser beams [3G]. Hence,
studies on this type of gate may lead to different results.

For Rabi oscillation driven by microwaves, the failure probability may be much smaller
because of a large mean number of photons. However, the corresponding qubits manipulated
by microwaves are always Zeeman or the hyperfine structures. For the Zeeman structure,
a strong field may shift the corresponding levels and change the qubits. Then for the
hyperfine structure arisen from nuclear spin, the magnetic moment caused by nuclear spin
will possibly have a non-negligible interaction with strong driving fields and also change the
qubits. Factors above increase failure probability, then whether the total fidelity could be

improved is still an open problem.

V. CONCLUSIONS

Based on the collapse and revival phenomenon of quantum Rabi oscillation driven by a
coherent field, and the fact that similar oscillation driven by a pulse stream is a basic opera-

tion in Cirac-Zoller scheme of quantum computation, we have derived the failure probability
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of quantum Rabi oscillation of trapped ion driven by coherent pulse streams instead of a
cw field. The failure probability of sideband transition driven by m/2 pulse stream is the
smallest, and in the 27 pulse stream case it is the largest.

Moreover, for Cirac-Zoller gate in ion-trap quantum computers, one sideband transition
driven by 27 pulse stream is required to implement the gate. When the wavelength of
the driven field is of the order 107 m and n = 10%, the failure probability of quantum
Rabi oscillation is of the order 1072, which is beyond the well-recognized threshold, after 90
coherent 27 pulses considering of the sideband transition in Cirac-Zoller scheme. For Rabi
oscillation driven by microwaves, the failure probability may be much smaller because of
a large mean number of photons, but other factors arise which increase failure probability,
then whether the total fidelity could be improved is still an open problem.

Yang and Chen has pointed out that besides depth of logical operation which describes
an algorithm, there also exists a permitted depth of logical operation, which physically limit
the number of operations on any physical qubit. If the permitted depth of logical operation
is less than the depth of logical operation of an algorithm, then the algorithm will not be
implemented reliably [37]. Considering of the result given above and the threshold theorem
of fault-tolerant quantum computation, the quantum computations with Cirac-Zoller scheme
cannot be still reliable as the depth of logical operation of an algorithm is greater than 90.
This limitation may be independent of any possible technical improvement in future.

Besides, for the quantum Rabi oscillation of trapped ion driven by coherent pulse streams,
we should note that the envelope of population inversion is different from a standard Gaus-

sian function which is the envelope of oscillation driven by a cw field.
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