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ALGEBRAS GRADED BY DISCRETE DOI-HOPF DATA
AND THE DRINFELD DOUBLE OF A HOPF
GROUP-COALGEBRA

D. BULACU AND S. CAENEPEEL

ABSTRACT. We study Doi-Hopf data and Doi-Hopf modules for Hopf
group-coalgebras. We introduce modules graded by a discrete Doi-Hopf
datum; to a Doi-Hopf datum over a Hopf group coalgebra, we associate
an algebra graded by the underlying discrete Doi-Hopf datum, using a
smash product type construction. The category of Doi-Hopf modules
is then isomorphic to the category of graded modules over this algebra.
This is applied to the category of Yetter-Drinfeld modules over a Hopf
group coalgebra, leading to the construction of the Drinfeld double. It
is shown that this Drinfeld double is a quasitriangular G-graded Hopf
algebra.

INTRODUCTION

Hopf group coalgebras have been introduced by Turaev [11], and are impor-
tant for the study of certain 3-manifolds. A purely algebraic study of Hopf
group coalgebras and related structures was started in [I3], and continued
by several authors, see for example [14] 15, [16]. For a recent survey, we refer
o [12]. A categorical explanation was presented in [2], where it was shown
that group coalgebras, resp. Hopf group coalgebras, are coalgebras, resp.
Hopf algebras in a suitable symmetric monoidal category 7. We will recall
this construction in [[L4} it provides a natural method to generalize results
of classical Hopf algebra theory to the setting of Hopf group coalgebras. For
example, it is explained in [2, Sec. 4] how Yetter-Drinfeld modules over
Hopf group coalgebras can be introduced: first we introduce the category
of modules over a Hopf group coalgebra, and then we compute its center,
which is a braided monoidal category, by construction.

A crucial result in the classical theory is now the following: to a finite dimen-
sional Hopf algebra H, we can associate a new Hopf algebra D(H), called the
Drinfeld double of H. D(H) is quasitriangular, and the category of modules
over D(H) is isomorphic to the category of Yetter-Drinfeld modules. The
following natural question now arises: can this result be generalized to the
setting of Hopf group coalgebras? At first glance, this looks like another
straightforward application of the methods developed in [2]. This is not the
case, and the underlying reason for this is the fact that the category 7y is
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not rigid. However, we have a duality functor on 7, but this takes values
in a different category Zj.

To explain this, let us look at a less complicated situation. The dual of a fi-
nite dimensional coalgebra is an algebra, and the category of comodules over
the coalgebra is isomorphic to the category of representations of the dual
algebra. If we look at a group coalgebra, this is a coalgebra in T, then the
dual is an algebra in Zj, which turns out to be a G-graded algebra. The cat-
egory of representations of such an algebra is then the category of modules
graded by a (variable) G-set. We have two versions of this representation
category, one with a forgetful functor to 7T, and one with a forgetful functor
to Zi. There are two corresponding duality results, which are explained in
[L.ol

Before looking at Yetter-Drinfeld modules, we consider Doi-Hopf modules;
these are more general, but the formalism is easier, see [3]. Doi-Hopf data
and Doi-Hopf modules in 7}, are discribed in [[.7 and [L8 Our aim is then
to describe the category of Doi-Hopf modules as a category of representa-
tions. Before we are able to do this, we have to introduce a new kind of
graded algebra. Recall that a Doi-Hopf datum consists of a Hopf algebra
H, an H-comodule algebra A and an H-module coalgebra C. This con-
struction can be performed in any braided monoidal category, for example
in the category of sets, leading to the notion of discrete Doi-Hopf datum,
see In Section 2] we introduce algebras graded by a discrete Doi-Hopf
datum (G, A, X), and in Section Bl we discuss modules over a such a graded
algebra, graded by a (G, A, X)-set. Now if we have a Doi-Hopf datum in 7y,
then the underlying algebra and the dual of the underlying coalgebra are
both algebras, but in different monoidal categories. However, we can still
form their smash product, and this turns out to be an algebra graded by
the underlying Doi-Hopf datum (G, A, X), see Section 2l The main result
of Section [3] states that the category of Doi-Hopf modules is isomorphic to
the category of modules graded by (G, A, X)-sets, a result that comes in a
Z-version and in a 7 -version, similar to the duality result in

In Section M this result is applied to the category of Yetter-Drinfeld mod-
ules: we introduce the Drinfeld double; it can be constructed as a smash
product, and is an algebra graded by a certain discrete Doi-Hopf datum,
denoted G throughout the paper. In Sections Bl and [1, we introduce quasi-
triangular G-graded Hopf algebras, and we show that the Drinfeld double is
such a quasitriangular G-graded Hopf algebra.

1. PRELIMINARIES

1.1. Monoidal categories. Let C be a monoidal category. One can define
algebras, coalgebras, (bi)modules and (bi)comodules in C. If C is braided,
then we can consider bialgebras and Hopf algebras in C. Doi-Hopf data and
Doi-Hopf modules can then be introduced; in the case where C is symmetric,
this was done in [6], and it is easy to see that this can be extended to arbi-
trary braided monoidal categories. Let us briefly recall the definitions. Let
H be a bialgebra in C. The category C of right H-comodules is monoidal,
and a right H-comodule algebra is an algebra in C. The category of right
H-modules Cp is also monoidal, and a coalgebra in this category is called
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a right H-module coalgebra. A (right-right) Doi-Hopf datum is a triple
(H,A,C), where H is a bialgebra, A is a right H-comodule algebra and C'
is a right H-module coalgebra. An (H, A, C)-Doi-Hopf module is an object
M € C together with a right A-action vy and a right C-coaction pjs such
that thecompatibility condition pavar = (var ® C)(M @) (py @ A), where
Y= (ARvc)(cca®@A)(C®pa): CRA— A®C. 9 is called the en-
twining morphism. c is the braiding. We will denote the category of right
(H, A, C)-Doi-Hopf modules and right A-linear right C-colinear morphisms
by C(H)SG.

1.2. Discrete Doi-Hopf data. Let us describe Doi-Hopf data in Sets. An
algebra in Sets is a monoid. Every set X is in a unique way a coalgebra
in Sets: the comultiplication is the diagonal map X — X x X, and the
augmentation map is the unique map X — {x}, where {x} is a singleton.
With this coalgebra structure, every monoid is a bialgebra in Sets. A Hopf
algebra in Sets is then a group. Let G be a monoid. A G-comodule algebra
is a monoid A together with a morphism of monoids v : A — G. The
corresponding G-coaction A — A X G sends A to (A,y(\)). Finally, a G-
module coalgebra is a right G-set. All these assertions are well-known; they
can be proved as easy exercises, and details can be found in [2]. We conclude
that a Doi-Hopf datum (G, A, X) in Sets consists of two monoids G and A,
a monoid map v : A — G and a right G-set X. We will call (G, A, X) a
discrete Doi-Hopf datum.

Now it is easy to show that an object in m(G)f\( is a right A-set Y together
with a map 8 : Y — X such that B(y\) = B(y)y(N), for all y € Y and
Ae A Wecal YV a (G, A, X)-set.

A morphism Y — Y’ in Sets(G)X is a map of right A-sets n : Y — Y’
satisfying 8'(n(y)) = B(y), for all y € Y.

An example of a (G, A, X)-set is Y = Ax X, with S(\,z) = z and (\,2)\ =
(W, 29(V)).

1.3. The Fam-category. Let C be a braided monoidal category. To sim-
plify the computations, we assume that C is strict; this assumptions is jus-
tified by the fact that every monoidal category is equivalent to a strict one,
see for example [7]. A new braided monoidal category Fam(C) is introduced
as follows: objects are families of objects in C indexed by a set X, which we
denote as M = (X, (My)zex ), where X is a set, and M, € C, for all z € X.
A morphism M — M’ is a couple ¢ = (f, (¢z)zex), where f: X — X’
is a map and ¢, : M, - M }(x) is a morphism in C. The composition of
morphisms is defined in the obvious way. The tensor product on Fam(C) is
given by
M®N = (X x X/, (Mg ® M:::’)(:B,:B’)EXXX/)'

The unit object is ({*}, k), where {*} is a singleton, and k is the unit object
of C. The braiding ¢ is given by

M = (tenymr,) s M® M — M @M,
where t : X x X’ — X’ x X is the switch map, and c is the braiding on C.

Obviously, we have a strictly monoidal functor U : Fam(C) — Sets, sending
(X, (Mx)xeX) to X and (f7 ((Px)xeX) to f
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1.4. Group-coalgebras. Group-coalgebras and Hopf group-coalgebras
have been introduced by Turaev in [11]. In [I3], Virelizier studied Hopf
group-coalgebras from an algebraic point of view. Group-coalgebras and re-
lated structures have been investigated by several authors, see for example
[14, [15, [16]. For a recent survey, see [12].

Let k be a field (or, more generally, a commutative ring), and My, the cat-
egory of k-vector spaces (or, in the case where k is a commutative ring,
k-modules). Now consider the categories

Z, = Fam(My) and Ty = M(sz)op.

2, and Ty, have the same objects M = (X, (M,),ex), where X is a set, and
M, is a k-module, for all z € X. For the description of the morphisms in
2y, see [[3] with C replaced by My. A morphism M = (X, (M,)zex) —
N = (Y, (Ny)yey) in Ty is a couple (f, (¢y)yey), with f: Y — X a map,
and ¢y 1 M) — Ny a k-linear map, for every y € Y.

It was observed in [2] that a group-coalgebra (resp. a Hopf group-coalgebra)
is a coalgebra (resp. a Hopf algebra) in 7, = Fam(M;”)°P. An algebra in
Ti is a collection of k-algebras indexed by a set X.

In a similar way, a coalgebra in Z; is a collection of k-coalgebras indexed
by a set X. Algebras in Z; are in one-to-one correspondence to algebras
graded by a monoid.

1.5. Isomorphism of categories. Let C be as in [L3] and consider the
subcategory Fam®” (C) of Fam(C), with the same objects as Fam(C), but with
morphisms of the form (f, (¢z)zex), with f a bijection. Then we have an
isomorphism F' between the categories Z,in] and 775” , acting as the identity
on objects. At the level of morphisms, F' is defined by

F(f, (p2)zex) = (f 71 (9p-1(y) Jyey )-

1.6. A duality result. It is well-known that the dual B = C* of a k-
coalgebra C' is a k-algebra; we have a functor M® — M pes, which is an
isomorphism of categories if C' is finitely generated and projective as a k-
module.

We will now discuss a similar result for group coalgebras. Actually, it is
a special case of a more general duality result that will be discussed in
the subsequent sections. But this special case might be illuminating, as it
incorporates some of the subtleties that will reappear later in a more general
situation, and this is why we decided to give an outline here.

Let A be a G-graded k-algebra, and Z4 the category of right modules over
A, viewed as an algebra in Zj. The objects of Z4 are couples (X, M),
where X is a right G-set, and M = $,cx M, is a right A-module graded
by X; we refer to [9] for detail on modules graded by G-sets. A morphism
(X, M) — (Y,N)in Z4 is a couple (f,¢), where f : X — Y is a morphism of
G-sets, and p : M — N is a right A-module map such that p(M,;) C Ny,
for all x € X. It is obvious that we have a forgetful functor Z4 — Zj.

We have a second category T4, with the same objects as Z4, but morphisms
defined in a different way: (f, (¢y)yey) : (X, M) — (Y, N) consists of a
morphisms of right G-sets f : Y — X, and a bunch of k-linear maps
¢y + Mgy — N, such that ¢,4(ma) = p,(m)a, for all m € My, and
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a € Ay. Observe that we have a forgetful functor 74 — 7.
In a similar way, we have two categories associated to a group coalgebra
C = (G,(Cy)geq), one with a forgetful functor to 7Ty, and the other one
with a forgetful functor to Z;. The two categories 7€ and Z< have the
same objects (X, (My)zex), where X is a right G-set, M, is a k-module,
and

Pz,g : Mmg — M, ® Cg
are k-linear maps such that the following coassociativity and counit condi-
tions hold:

(M @ Ag,h) © Px,gh = (Pm,g ® Cp) o Pzg,h 3 (M;®¢)o Pre = M.

A morphism M — N in 7€ is a morphism (f, (py)yey) in Ty such that f is
a morphism of G-sets and

(py ® Cg) © pr(y).g = Py,g © Pyg-

A morphism M — N in 2% is a morphism (f, (¢z)zex) in 2 such that f
is a morphism of G-sets and

(2 ® Cy) © pag = Pf(z),g © Pag-
Now let C be a group coalgebra, and suppose that the underlying monoid G
is a group. Write B, = C;_l. Then B = ©g4eqBy is a G-graded k-algebra,
with multiplication maps B, ® By, — By, given by opposite convolution: for
el §' € Cy_y and c € Cgpy—1, we have

(£€')(c) = &(c,9-1))E (c(1p-1))-

We have functors T : T — T and Z : 2% — Zp defined as follows: at
the level of objects, T' and F are defined in the same way:

T(X7 (MJC)xEX) = Z(X7 (MJC)J:EX) = @ M,,
zeX

with the following right B-action: for m € M, and { € B, = C’;_I:

mE = (€, 1MY1,9-1))M[0 zg]
At the level of morphisms, T" and Z are the identities. If every C is finitely
generated and projective as k-modules, then 7" and F' are isomorphisms of
categories. The inverse functors are defined as follows: if M is graded by
the G-set X, then T-1(M) = Z71(M) = (X, (My)zex), with coaction maps
Pag: Mgy — M, ® Cy given by the formula

Pag(m) = meW @ 9.
We implicitly introduced the following notation, which will be used through-
out the rest of this paper. It is well known that Cj is finitely generated
and projective if and only if there exists a unique £ @ ¢l9) € Cy @ Cy,
called finite dual basis of Cy (summation is implicitly understood) such that

c=£9 () and € = £(c9)¢W for all ¢ € Cy and € € Cj. Also observe
that

(1) h—£W @ cl9) = ¢9) g @,
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for all h € H,(y). Indeed, let £ @ 9 = 5(9) ® &9, Then
h—£W9 @ 9 = (h—=£9)(#9)&9 @ 9 = €9 @ (h—£9)(9)c9) = £ @ D,

1.7. Doi-Hopf data in 7. First, let H = (G, (Hy)4ec) be a semi-Hopf
group coalgebra, that is a bialgebra in 7. This means that we have the
following data and properties:

e (G is a monoid;

e H, is a k-algebra, for every g € H;

e we have k-algebra maps e : H, — kand Ay, : Hyy — Hy® Hy,
for all g,¢' € G.

The Sweedler notation for the comultiplication maps is the following:
Agg(h) = hag) @ hzg).
The following coassociativity and counit property have to be satisfied:
(Hg ® Agrgn) 0 Ag grgr = (Dg,g @ Hyr) 0 Nggr g
(Hg®e)oAge=(e®Hg)oAcg=H,.
Now let A = (X, (Az)zex) be aright H-comodule algebra. This means that

we have the following data and properties:

e X is a right G-set;
e A, is a k-algebra, for all z € X
e we have k-algebra maps p; 4 : Azg — Ay @ Hy;

The following coassociativity and counit properties have to hold:
(Am ® Ag,h) [¢] p$7gh = (px,g ® Hh) @) p$g7h;

(A:v ® 5) O Pze = A:v
We use the following Sweedler-type notation for the coaction maps:

pm,g(a) = @0, ® a,gl-
Finally, let C' = (A, (Cx)xen) be a right H-module coalgebra. This means
that we have the following;:

e A is a monoid, and we have a monoid morphism v: A — G;

e (), is aright H,(y)-module, for every A € A;

e ('is a group-coalgebra, that is, we have k-linear maps Ay y : Chy —
Cy® Cy and € : C. — k satisfying the appropriate coassociativity
and counit properties;

e the following compatibility conditions have to be fulfilled: for all
c € Cy\y and h € H, )y, we have

Ao (eh) = canhaao ® ceanheam)):,
and e(ch) = e(c)e(h), for all ¢ € C,, h € H,.
Observe that (G, A, X) is a discrete Doi-Hopf datum; we call it the discrete
Doi-Hopf datum underlying (H, A, C).
1.8. Doi-Hopf modules in 7;. Now we describe the objects of M =
(Y, (My)yey) € ﬁ(ﬂ)% These consist of the following data

o a (G, A, X)-set Y (seell2);
e for every y € Y, a right Ag(,)-module M;
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e k-linear maps py\ : My — M, ® C), satisfying the appropriate
coassociativity and counit conditions;

e the following compatibility conditions have to be satisfied, for all
m € My, and a € Ag(,y):

(2) Py (ma) = mioy1aj0,50)] ® M1, X 1)
Here we use the following Sweedler-type notation for the coaction on M:
py(m) = mg ) @ myy y), for m € Myy.
. . C .

A morphism M = (Y, (M,)yey) = M = (Y, (M;,)y/ey/) in ﬁ(ﬂ)g is a
couple (1, (¢y)y'ey’), where

e n: Y/ =Y is a morphism of (G, A, X)-sets;

o for every y' € Y', ¢y 1 M) — M, is a right Ag(,-linear map;

e for all ¢ € Y and X € A, diagram (3]) commutes.

Py’ A

(3) Mn(y/)A M;’A

Pn(y/),xl l”;',x

@, 1 QC
My @ Cy s Mé’ ® O

Example 1.9. Let G be a monoid; then (G,G,G) is a discrete Doi-Hopf
datum. G is a right G-module by right multiplication, and the identity on
G is a morphism of monoids. A (G,G,G)-set is a right G-set Y together
with a map 8: Y — G satisfying B(yg) = B(y)g, for all y € Y and g € G.
Let H = (G, (Hg)geq) be a semi-Hopf group coalgebra. (H,H, H) is a Doi-
Hopf datum in 7;. A Doi-Hopf module (Y, (My)yecy) € E(ﬂ)g consists of
the following data: Y is (G, G, G)-set as above; every M, is a right Hg,)-
module, and pyq : My, — M, ® H, is a coassociative coaction. For every
m € Myg and h € Hpg(,q), we have the compatibility relation

Py,g(mh) =mig b sa)) @ Mg he,g)-

These Doi-Hopf modules are simply called Hopf modules, and have been con-
sidered in [2], Sec. 3.1], where the Structure Theorem for Doi-Hopf modules
was discussed.

1.10. Let Zk(ﬂ)% be the category with the same objects as E(ﬂ)i, but
with morphisms defined in a different way. A morphism M = (Y, (My)yecy)
M = (Y, (M;/)y/ey/) in Zk(ﬂ)% is a couple (1, (¢y)yey ), where

e 1: Y — Y’ is a morphism of (G, A, X)-sets;

o foreveryy €Y, o, : My, — Mé(y) is a morphism of Ag(,) = Ag/((y))-

1

modules;
e for all y € Y and A € A, diagram (@) commutes.

Pyx
(4) My - Mr’z(y)A
”Wl lpimn,x
®C
My ® Oy ———" My ) © Cy
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2. ALGEBRAS GRADED BY A DISCRETE DoOI-HOPF DATUM

Definition 2.1. Let (G, A, X) be a discrete Doi-Hopf datum. A (G, A, X)-
graded algebra is an associative algebra A (not necessarily with unit) to-
gether with a direct sum decomposition

A= Drep Prex Arng,
such that
(5) Axa Az C gt gy ANV a7

where ¢ is the Kronecker symbol. Moreover, for every x € X, there exists a
1, € Ac, such that

(6) al, = a, forall A € A and a € A) 4;
(7) I;b = b, forall A € Aand b € Ay 4 (n)-
Proposition 2.2. Let A be a (G, A, X)-graded algebra, with either G or A
a group, and put

Ay = DrexAre,
forall A € A. Then A = ®ycp Ay is a A-graded algebra with idempotent local
units. If X is finite, then A is a A-graded algebra with unit 1 =% s 1,.

Proof. Tt follows from (Bl that AyAy C Ayyv. If G or A is a group, then
v(A) is invertible in G, for all A € A.
Take a € Ay ,. From (GHT), it follows that

aly = dzya and 1ya = 0y p\(n)-10-

In particular, 1,1, = 05414, so {1, | z € X} is a set of orthgonal idempo-
tents. This implies the following: for any finite subset I C X, we have the
following implications:

rel = a(Zly):a;

yel
v\ lel = (Z ly)a = a.
yel

Now take a finite subset B C A. Thereexist Ay, -+ , A\ € Aand z1,--- , 2z, €
X such that

n m

B C €£>€}9‘4Ahxf

i=1 j=1
We can always add e to {\1, -+, \,}, so it is no restriction to assume that
A1 = e. Let a be a homogeneous component of one of the elements of

B. Then we find i € {1,---n} and j € {1,--- ,m} such that a € Ay, 4.
Consider I = {z;v(\;)"t | i € {1,---n}, j € {1,---,m}}. Since z; =
ziy(M) 7L, xy(N) T € I, we have

a(z 1) = (Z ly)a = a,

yel yel
and then it follows that

(Y L,) =0 1,)b=b,

yel yel
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for all b € B. If X is finite, then the above arguments show that 1 =
> zex le is a unit for A, and then A is a unital A-graded algebra. O

From (@) and (@), we deduce that Ac Ac ;0 = 6540 Ac . Therefore every
A, is a k-algebra, with unit 1., and (X, (Acz)zcx) is an algebra in 7.

Assume that X is finite, so that A is a unital A-graded algebra. Then 1 € A.,
see for example [8, Prop. I.1.1], and we can write 1 = ) 1, € Qrex e

Proposition 2.3. Take a discrete Doi-Hopf datum (G, A, X), with G or A a
group, and assume that X is finite. The following assertions are equivalent:
(a) A= ®xrer Prex Arg is a (G, A, X)-graded algebra;
(b) A = @xen (@xeXA)Hm) s a unital A-graded algebra, and, with 1, €
Ae o defined as above,

(8) A)\,mlzv’ = 51,1“4)\,:1:;
(9) 11A>\/7$/ = 61/,:137()\’)"4)\’,2:"

Proof. (a) = (b). We have already seen above that A is a unital A-graded
algebra; (89) follow immediately from (BHT).

(b) = (a). Take a € Ay,. It follows from (B) that al, = 0 if x # 2.
Therefore a = al = ) cxaly = alg, proving (@). (@) is proved in a
similar way: let b € Ay z(x). It follows from (@) that 1,0 = 0 if 2’ # z, so
b=1b=3 ey lob = 1,b.

Let a =1, € Ac ;. It follows that 1,1, = 0, »/1,.

In order to show that (&) holds, take a € Ay, and b € Ay 5. Then ab €
Ay, since A is a A-graded algebra. Now we have that

ab = ((Zlm)(lxl,yo\/)flb) = a(lmlﬂv()\/)a)b == 0,

if x # 2’y(N)71, or, equivalently, 2’ # xy()\). Now let 2/ = xy()\'). Since
A is a A-graded algebra, a € Ay and b € Ay, we have that

ab € Ay = @ Axvy = @ Axxv yly,
yeX yeX

hence we have that ab = ZyeX cyly, with ¢, € Ayy . Now bl = b, hence

ab = abl, = Z Cylylm/ =cply € A)\)\/,xlll./ = A)\X,x’,
yeX
and this shows that (5l) holds. O

2.4. 2-categorical interpretation. The definition of algebra graded by
a discrete Doi-Hopf datum can be rephrased in terms of 2-categories. For
more detail on 2-categories, we refer the reader to [1, Ch. 7].

To a discrete Doi-Hopf datum (G, A, X), we associate a 2-category G, under
the assumption that G or A is a group. The objects of G are the elements
of X, and the morphisms are the elements of A x X. (A\,z) € A x X
is a morphism with target = and source zy(A)~!: s(A,x) = zy(\)~! and
t(A,x) = x. Then the composition (X, 2) o (\,y) is defined if and only
y=t(\y) =s(N,2) = zy(\N)~!, and, in this case (X,z) o (\,y) = (AN, 2).
It is easy to verify that the identity morphism on z is (e, ).

Like every category, G can be viewed as a 2-category: the O-cells are the
objects of G, and, for all z,y € X, Hom(x,y) is the discrete category with
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objects the morphisms z — y in G. The only 2-cells are then the identity
2-cells. For every z € X, we have the unit functor u, : 1 — Hom(z,x),
sending the object 0 of 1 to (e, ), and the morphism 1 of 1 to the identity
of (e,x). 1 is the category with one object 0 and one morphism 1.

The category of k-modules M, is monoidal, so it can be viewed as a bi-
category with one object x. To simplify notation, we will treat My as if it
were a strict monoidal category, or a 2-category with one object. The unit
functor u, : 1 — My sends 0 to k and 1 to the identity of k.

Proposition 2.5. Assume that X is finite, and that A or G is a group.
Then we have a bijective correspondence between (G, A, X)-graded algebras
and lax functors F: G — M.

Proof. According to [, Def. 7.5.1], a lax functor F' : G — M, consists of
the following data:

(a) for every z € X, a 0-cell F(x) of M. Since My, has only one 0-cell, so
there is only one way to define F' at the level of 0-cells;

(b) for every z,y € X, a functor F,, : Hom(z,y) — Hom(F(z), F(y)) =
M. Since Hom(z, y) is discrete, it suffices to give F,(y)-1 4(), ), for every
morphism (A, ) in G. Write F\(3)-1 (A, 2) = Ap 4.

(c) for x,y,z € X, we have to give a natural transformation p : F,, =
F,. — F, .. This means that for every (\,y) € Hom(z,y) and (X,z) €
Hom(y, z), we have to give a k-linear map

H(ng),(V,2) - Ay © Aovz) = Apiz)-

Since y = 2y(\)~!, we find k-linear maps Ay @ A gy = A z)s
which is precisely what is needed to define on A = @) 1)eaxxA(re) @ mul-
tiplication that satisfies (Bl). The naturality of p is automatically fulfilled
since Hom(x,y) is discrete. The associativity of the multiplication on A
follows from the functorial properties of F'.

(d) For all z € X, we need a natural transformation

Op 0 Ux = Fyp g0 Uy,
This natural transformation is determined by a linear map
02(0) : uy(0) = k = Fy 2(uz(0)) = Ae .

The diagrams (7.12) in [I] have to commute. In our particular situation,
this means that the diagrams

0z (O)®A/\,x'y(/\)

k ® A)x,x'y()\) Ae,g: & A)\,Jr’y()\)
\ lﬂ(e,x),(/\’x—y(/\))
Axar(n)
Ax 2®62(0
A)“m ®k 22850 A)\,a: b2y Ae,:v

\ lﬂ(x,z),(e,z)

A)\,J:
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commute. Now write 1, = J,(0)(1;). The commutativity of the above
diagrams is equivalent to (GHT]). O

2.6. The smash product. We propose a first method to construct algebras
graded by a discrete Doi-Hopf datum (G, A, X), in the situation where G or
A is a group. Let A be a right H-comodule algebra, as in[L7l Let B be a
A-graded algebra, and assume that every By is a left H,)-1-module; the
action of h € H,(y)-1 on b € By is denoted by h—b. Moreover, assume that

(10) h= (V') = (hy-1)=0) (h1)-1)—b),
for all b € By, V' € By, h € Hyzyy-1, and h—1 = ¢(h)1, for all h € H..

Now define
AEA zeX
Here By#A, = B) ® A, as a k-module. We define a multiplication map on
B#A, making it a (G, A, X)-graded algebra. We need to define multiplica-
tion maps
(Ba#As) @ (By#Ay) — B#A.
If 2’ # xzy()\'), then we let this multiplication map be zero. For 2’ = zy()\'),
po (Bax#Az) ® (By#Ay) = Baw#Aw
is given by the formula
(b#a)(V'#a") = blag 4 (nv)-11=0")#ap.zy ()@ -
Proposition 2.7. With notation as above, B#A is an algebra graded by
(G, A, X).

Proof. We have to show that the mulitplication is associative. Take a € A,
a € Ay, d € Ay, b € By, bV € By and V' € Bys. Also assume that
' =axy(N) and 2" = 2'y(\").
((b#ta)(V'#a")) (V" #a") = (b(ap o)1= )F#ap a’) (b #a")
= b(ap’,\{()\/)—l};bl)((a[17,y(>\//)—1]CLI[L,Y(X/)_l])—\b”)#a[07m//]a/[07$//]al/;
(b#a) ((V'#a')(b"#a")) = (b#a) (b/(a/[lﬁ()\u)fl]Ab”)#a/[()’mu]a")
= b<a[1ﬁ(>\/>\n)f1}—\(b/(a/[lﬁ()\//)_l}—\b”)))#a[07m//}a/[07m//]a'/
= b(a[zﬂ()\/)q}éb')((a[lﬁo\n)a]al[lﬁo\,,)fl])Ab”)#am’mn]a/{o’mn]a”.
With the same notation, we easily compute that
(1#133)(1)/#(1/) = 1(17()\/)—1)45)#193’@/ = bl#a/;
(b#a)(141s) = blap 4 (v)-1y—1)#aj0,21ar
== b#e(a[lﬁ()\/)fl})a[o,x/] = b#a.
O

2.8. The Koppinen smash product. Now we introduce a second method
to construct algebras graded by a discrete Doi-Hopf datum. Let (H, A,C)
be a Doi-Hopf datum in 7, with A a group, and let

A= P @ Hom(Cy—1,4:) = P P Axe-

AeGzeX AeGzeX
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We define multiplication maps
-A)\,J: b2y -A)\’,J:’ — -’4;

for 2/ # xvy()\'), this multiplication map is 0. For 2’ = xy()\'), then we
describe

o Ay e @ Ay g — Axn o
For f € Ay, and g € Ay, p(f ® g) = f#9 € Ay, Is given by the
following formula, for ¢ € C(yy)-1
(f#g)(c) = f(c(Q,)ﬁl))[O,x’}g(c(l,()\’)*l)f(C(27)\71))[17q/()\/)—1}) € Ay
Proposition 2.9. A, as defined in[2Z.8 is an algebra graded by (G, A, X).

Proof. Take f € Ay,, g € Ay and h € Ayr v, Assume also that o’ =

xy(N') and 2" = 2'y(\"). We have to show that (f#g)#h = f#(g#h). For
cE C()\)\/)\u)fl, we have

((f#9)#h)(c)
= ((f#9)(c,on)- ))[O’x//}h<c(1()\” ) ((F#9) (c,0)- ))[17,\/()\//)71})

= f (C<3,A—1>)[o,x~}9(C(zm—l)f (C(3A‘1))[2N(A’)‘1]> o x,,}h<0<1w>—l>

Fleaan)pyom-n9(ce,on-1f (0(3«\*1))[277(/\’)*1])[1,7(/\")*1])
f( (2)\ 1))[0 z!'] (g#h)( )\/)\u) )f(C(27)\71))[1770\/)\//)71])
= (f#(g#h))(c).

Define e, : Ce — A, by e;(c) = e(c)1;. Then it is easy to compute that
ex#g = g and ffe, = f. O

2.10. Let (H,A,C) be a Doi-Hopf datum in T, with A a group, and put
- @

AEA
with By = C5_;. In[L6l we showed that B is a A-graded algebra. B, is a

left H.,(y)-1-module: for £ € By, h € H,(y-1and ¢ € C)-1, let

(h—¢&)(c) = &(ch).
It is easy to verify that (I0) is satisfied: for & € By, h € Hyy-1 and
c € Cpay-1, we have
(h—=(€€") () = (£€')(ch) = £((ch) 2, —1)) € ((ch) (1,00)-1))
Eleea-nhesm-)€ (ca.on-nlaann-)
= ((h(2 y(A)~ 45)(h(1,7(>« n—§ ))( )
Now we can consider the smash product B#A, as in[2.6l Consider the maps
ang Oy # A, = Ay = Hom(Cy-1, Ay), oo (E#a)(c) = &(c)a,

for { € C5_1, a € Az, c € Cy-1. It is well-known that a , is an isomorphism
of k-modules if C) is finitely generated and projective as a k-module. For
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later use, we describe oz)_\i, using the notation introduced in for the dual

basis of C'y:
- —1 —1
(11) ay b (f) = E€XTHF(T).
Proposition 2.11. With notation as in[2.10,
a=PEPor.: B#A— A
AEA zeX
is a morphism of algebras graded by (G, A, X). If every Cy is finitely gen-
erated and projective as a k-module, then it is an isomorphism.

Proof. Take § € By, & € By,a € A, d € Ay, and assume that 2/ = zy(\).
For all ¢ € C(\y)-1, we have

oo ((E#a)(E#d))(€) = aan o (§(ap A -1 =) #(ap,a’)) ()
= &lepan)E (ea o1 a0 -1)aped
= (aro(EHa)ay . (€'#d)) (o).

It is also obvious that ae o (e#1z) = eg. O

3. MODULES GRADED BY (G, A, X)-SETS

Definition 3.1. Let (G,A,X) be a discrete Doi-Hopf datum, and A a
(G, A, X)-graded algebra. Let Y be a (G, A, X)-set, see A right A-
module M is graded by the (G, A, X)-set YV if

M =P M,

yey
with
(12) MyA)\@ C 59:,6(y>\)My>\
and
(13) mlﬁ(y) =m,

for all m € M,.

Example 3.2. Let Y be a (G,A, X)-set. Z CY isa (G,A, X)-subset of Y’
ifzA e Z, forall A€ A and z € Z.

Now suppose that M = @,cy M, is aright A-module graded by the (G, A, X)-
set Y. Then N = @,z M, is a right A-module graded by the (G, A, X)-set
Z. Indeed, for all z € Z, A € A and z € X, we have

N Ay g = M2 Axw C 0y gean)Max = 05 8(20) Nax-

Example 3.3. Recall from that Y = A x X is a (G, A, X)-set. Let A
be a (G, A, X)-graded algebra; then A viewed as a right A-module is graded
by the (G, A, X)-set A x X. We need to verify that

(14) AxazAxz C 0 g((na)N) A z)N -

We have seen in that (A, )N = (AN, zy(\)) and B((A\, 2)\) = zy(N),
and then (I4)) reduces to (B). It is also easy to check the unit condition: for
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a € Ay gz, we have that alg(y ») = al, = a.
Now fix € X. Then

Zy = {(Aay (V) [ A € A}

is a (G,A, X)-subset of A x X. Indeed, for all ' € A, (A\,zy(A\))N =
(AN, zy(AX)) € Z,. Tt follows from Example B2 that A®) = DreaArzy(\)
is a right A-module graded by the G-set Z,.

Assume now that X is finite; then we know that A is an algebra with unit
1 =73 ,cx 1z If M is aright A-module graded by a (G, A, X)-set Y, then we
have for all m € M, that ml, = 0 if x # B(y), hence ml = _xml, =
mlg,y = m, so M is a unital A-module. It also follows from (I2)) that
MyAy C Mgy, hence M is a right A-module graded by the A-set Y. We
refer to [9] for a discussion of modules graded by G-sets.

Conversely, let M be a right A-module graded by a A-set Y (which is not
necessarily a (G, A, X)-set). Since 1 = > 1, we have, for all y € Y,
M, = M,1 = erX My1,. Let o # 2’ € X, and assume that m & M1, N
My1,,. Then m = nl, for some n € M, and m = ml, = nl,1, = 0. Hence
My1, N My1,, = {0} and

(15) M, = @uex My1,.

If M is graded by a (G, A, X)-set Y, then it follows from ([I2)) that M1, =
{0} if = # B(y), and then we find that M,1g.,) = M,. Hence at most one
direct summand in (I5) is nontrivial.

Proposition 3.4. Let A be a (G, A, X)-graded algebra, with X finite, and Y
a (G,A\, X)-set. For a (unital) right A-module M = @ycy M,, the following
assertions are equivalent

e M is graded by the (G, A, X)-set Y;

o M is graded by the A-set Y and Myl, = 6, g,y My.

Proof. 1) = 2): see the arguments preceding Proposition [3.4]
2) = 1). Take m € M,. If z # (y), then ml, = 0, hence m = ml =

ZmeX mlx = mlﬁ(y)
Take m € M, and a € A) ,. Then

ma = (mlge))a =m(lgy)a) = m(d )0 a)-

If z # B(y)y(N), then ma = 0. In any case ma € M,, so we conclude that
([I2) holds, since B(y)y(A) = B(yA). O

Now we introduce the category ZAG’A’X) of right A-modules graded by

(G, A, X)-sets. The objects are couples (Y, M), where Y is a (G, A, X)-
set, and M is a right A-module graded by the (G, A, X)-set Y. A morphism
(Y,M) = (Y',M') in ZI(L‘G’A’X) is a couple (n,¢), wheren: Y = Y isa
morphism of (G, A, X)-sets, and ¢ : M — M’ is a right A-linear map such
that p(M,) C Mé(y). If the condition ¢(M,) C Mé(y) is satisfied, then the

condition that ¢ is right A-linear is equivalent to the commutativity of the
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diagrams
(16) My @ A ya) My
goy®idl l@yk
! / /
M) ® Ax ) Myyyn) = My
7;§G’A’X) has the same objects as Z(G AX) A morphism (Y, M) — (Y', M")
in ’7;§G’A X) is a couple (0, (¢y )yrey?), where np : Y — Y is a morphism
of (G, A, X)-sets, and ¢, : M, — M,, are k-linear maps such that the
diagram
(17) Miyyr) @ Ax 8 Miyyyn = Maya)
lpy/®ldl/ lcpy/)\
My & Ax gy My

commutes, for all y/ € Y and A € A.
Observe that these definitions are designed in such a way that we have
forgetful functors

ZAG AX) 2, and 7;§G’A’X) — Tk.

Proposition 3.5. Let (H,A,C) be a Doi-Hopf datum in Ty. Then we have
fully faithful functors
T: E(E)E%TAG’A’X) and 7 - Zk(ﬂ)%—)sz’A’X).

At the level of objects, the functors are defined in the same way: T(M) =
Z(M) = (Y, ®yey My), with multiplication maps My®@Ax gy — Myx given
by the formula
(18) mf = migyaf(mp 1))
At the level of morphisms, T and Z are defined by

T(n, (py )yey) = (0, (g )yey) and Z(n, (¢y)yey) = (0, @ Py)-

yey

Proof. We will show that the action (8] is associative and satisfies the unit
property. Take f € Ay,, f' € Ay, with 2’ = zy()\), so that f#f €
Axy . Let m € M, and take x = 3(y). Now
mf)f" = (m[O,yA}f(m[l )
= mpef(mpa-1) e (mpon-1f (Mea-1)p o)1)
= m(f#f )-

The unit property is handled as follows. For m € M,, we have
meg(y) = Mo0,41€6() (M[1e]) = Mo,y1€(M1,e)) Lp() = M-

Now we look at the morphisms. Let (1, (¢, )y ey’) be a morphism M — M’
in E(ﬂ)%. We then have to show that it is also a morphism (Y, ®ycy M) —
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(Y, @y/ey/MZ//,) in Z(GA X). To this end, it suffices to show that the dia-
grams (I7) commute. Take m € My and f € Ay g(n(y)n)- Then

(B3)
Oy (M) f = @y (M) 0,2 f (0 (M) a-11) = Py A (Mo, )n) f (M a-1)
= oya(mpnwaf(mpa-1)) = eya(mf).

Finally, take a morphism (7, (¢y)yey) : M — M’ in Zk(ﬂ)% We have to

show that (7, ®ycy is a morphism in Z(G A% To this end, we have to show

that (I6) commutes. For m € M, and f € .A)\ﬂ(y)\), we have
@
©y (M) f = 0y (m)10mnf @y (M) a-11) = wya(mio ) f(mpa-17)
= oyr(myyn f(mp x-1)) = eya(mf).
U
Theorem 3.6. Let (H,A,C) be a Doi-Hopf datum in Ty, and assume that

every Cy is finitely generated and projective as a k-module. Then the func-
tors T and Z from Proposition are isomorphisms of categories.

Proof. We will construct a functor G : T (@AX) Ti(H )Z and show that

it is the inverse of T'. Take (Y, M) € ./\/lEfAX) Let G(M )7: (Y, (My)yey),

with structure described as below.

a) M, is a right Ag(,)-module: ma = ma, g(y)(e#a), for m € My, a € Agy).
Let z = B(y). It is straightforward to see that this action is associative.

b) Coaction maps py x : Myx — M, ® C) are defined as follows:

pya(m) = may-1 g, (EV#1g4)) @ ),

where we use the notation introduced in We have to show that this
coaction is coassociative. For m € My, we have that

(Pyr ® Car)(pya, v (m))
= (pyr ® Cx)(mapn-1 g (§(X)#15(yA )) ® )

= magy)- 16(yA>(5( #1a,0) 001,50 (EV#15)) @ Y @ )

= map)-1,) (6 #m)) o e @ (),
(My®c>\,>\’)(:0y>\>\’( ))

= mapyy- (5( ) #1B(y)®A>\ v(e (AX))

These expressions are equal since

ENEN @ (N g A (50\’)5 )( (>v\’))§(>v\’) @™ @ )
£N(e E;AA', )EX (¢ Eﬁ'))g(w) ® W & ()
£ON) g ¢ ( ))) 2N (e E;\);\/’)))C(X)
= M g @) =M @ Ay ().
Let us prove that the counit property holds. For m € M,, we have

(My ® &) py.e(m) = mag g, (€9 %1 51))e()) = mae g (e#15()) = m.
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Finally, we need to prove that the action and coaction on M are compatible,
that is,

Py A(Ma) = mioy1ap0 )] © M1, A1)
for m € My and a € Ag(yy)-
pyr(ma) = macy-1 50, (EN#15(,)) @
ma g (e#a)an-1 40 (€Y #15() © <V
man-1 50 ((e#a) (N #15,)) @
man-1 g (a0 =€) #ap ) ®
ma-1gy) (€N #ap,a0) © Map v

=)

=Nl

= may-1 ) (EV #1050 (E#ap,a0) ® N ap )

M{o,y]@[0,5(y)] © ML A1,7(N)]-

Let us now show that 7" and G are inverses. Take (Y, (My)yey) € E(ﬂ)%

Then GT(Y, (My)yey) = (Y, (My)yey), where every M, is a right Ag,-
module; this new action is denoted -, and we prove that it coincides with
the original one: for m € My and a € Ag(,), we have

mea = mae gy (E#a) = mpoy) (e pry) (E#a))(mp,e) = mpye(mp,e)a = ma.

We also have to show that the coaction maps p, » on GT'(Y, (My)yey) coin-
cide with the original p, x on (Y, (My)yey ). For all m € M, we have

Pya(m) = may-1 ) (EV#15.,)) @ W
miog1en-1 50y (€N #10)) (mpr 5) @
= myg N (mp ) s @ Y =mpy) @ mp .y = pya(m).

Now let (Y, M) € TOM) Then TG(Y,M) = (Y, M), with new right
A-action denoted -. In order to show that this new action coincides with
the original one, it suffices to show that m - f = mf, for all m € M, and
fe AA,B(yA) of the form

f=ax g (E#a),
where § € C}_, and a € Ag(yy)-

m - f = mpg g f(mpa-1) = mas suay € #1g)) f( )

-1 -1
ma g (€ #L5))E()a = man g (#Ls() e s (#a)
= may g (§#a) =mf.
It is left to the reader to show the result at the level of morphisms. The
inverse H of Z is constructed in a similar way. O
4. YETTER-DRINFELD MODULES AND THE DRINFELD DOUBLE

4.1. Crossed G-sets. Let G be a group. Recall that a right crossed G-set
is a G-set V together with a map v: V — G such that

v(vg) = g~ 'w(v)g = v(v)?,
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for all v € V and g € G. This notion goes back to Whitehead, and it can
be reformulated as follows. Observe first that G is a right G x G-set, with

action
/

L (9,9) =g "lg'.
The diagonal map v: G — G x G is clearly a morphism of monoids. Hence
G = (G x G,G,G) is a discrete Doi-Hopf datum. Then it is easy to see
that a right crossed G-set is the same thing as a G-set. The category Xg
of right crossed G-modules is a braided monoidal category: for two crossed
G-modules (V,v) and (V,v'), (V x V' w), with w(v,v") = v(v)/(v'), and
(v,v")g = (vg,v'g) is again a crossed G-set. The unit object is the singleton
{*}, as a trivial right G-set, together with the map sending % to the unit
element e € G.
The braiding cyys : V x V! — V' x V and its inverse are given by the
following formulas:

CV7V/(’U,UI) = (U’”Ul/l(’l)/)) ; C;/,IV/(U/”U) = (’U]//(fv/)fl,v/).

This can be verified directly, see [5] or [7, XIII.1.4]. It is also a consequence
of the (folklore) fact that the category of crossed G-sets can be obtained
from the category of G-sets using the centre construction, see [2, Sec. 4] for
a detailed explanation.

4.2. Hopf group coalgebras. Recall that a Hopf group coalgebra is a
semi-Hopf group coalgebra H (as in [LT]), such that the underlying monoid
G is a group, together with maps Sy, S, : Hy,-1 — Hy (g € G) such that

Sg(h(l,g’l))h(lg) = h(l,g)Sg(h(Zg*l)) = E(h)lgn
h,g)S9(hag-1) = Sylh@g-1)hag =eh)lg,
for all g € G and h € H.. The S, are called the antipode maps, while the
gg are called the twisted antipode maps. The gg are then the antipode

maps of the opposite Hopf group coalgebra H°P, which is defined as follows:
Hg® = H,, with opposite multiplication, and Ang, =A,y. Forall geG,

gg is the inverse of S,-1 and, according to [I3], they always exist in the case
when each H, is finite dimensional (G is arbitrary).

4.3. Yetter-Drinfeld modules. Let H be a semi-Hopf group coalgebra.
Right-right H-Yetter-Drinfeld modules were introduced in [2 Def. 4.4]. We
recall this definition in the special case where H is a Hopf group coalgebra.
We need an object M = (V,(M,)yev) € Tg, with V' a crossed right G-set
(G a group), together with the following structure:

e every M, is a right H,(,)-module;

e M is aright H-comodule, with coaction maps p, 4 : Myy — M,&QH,.
The following compatibility condition has to be satisfied

(19) Pu,g(mh) =mio ) huw) @ Sg(h(1,g-1))M[1,9)(3.9)

for all m € Myg and h € H,(yg) = Hg-1,(0)g- yDTﬁ is the category of
right-right H-Yetter-Drinfeld modules and morphisms that are morphisms
in T2 and Ty.
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The category yng is introduced in a similar way; the objects coincide

with the objects of yDT%, and the morphisms have to be morphisms Z#
and Zp. N

4.4. A Doi-Hopf datum. Let H be a Hopf group coalgebra. Then H°® H
is also a Hopf group coalgebra. Then H is a right H°P® H-comodule algebra,
with structure maps

PlLigg) * Hgug = H @ (Hy® Hy)

given by

P99 (h) = hap) ® Sg(hg-1)) © h.g)-
A technical but straightforward computation shows that the coassociativity
and counit properties hold.
H is a right H°® ® H-module coalgebra. Indeed, for g € G, v(g9) = g® g
and H, is a right Hy” ® Hg-module, with action k(h ® h') = hkh'.
We conclude that (H°® ® H, H, H) is a Doi-Hopf datum in 7.

Proposition 4.5. For a Hopf group coalgebra H, the categories yDTﬁ
(resp. yDZ%) and T (H? ® ﬂ)% (resp. Z(H® ® ﬂ)%) are isomorphic.

Proof. Objects in E(ﬂ()p@ﬂ)% and yDT% are objects M € Ti with a right
H-action and a right H-coaction. We have to show that the compatibility
relations in both categories are the same.

Let M = (V,(M,)vev) € Ti, and assume that V is a right crossed G-set,
M, is a right H,(,)-module, for all v € V, and p: M — M ® H is a right
H-coaction. Then we have maps p, 4 : M,q — M, ® H,;. The compatibility
relation () now takes the following form: for all m € M,, and h € H,
we have

(vg)»

(20) Pu.g(mh) = Mmoo o, () ® Mi1,gh114(9))-
Now
Pu)(e) (1) = hauw) @ (Sglhag-1)) @ hzg),
so (20) is equivalent to (I9), as needed. The statement at the level of
morphisms is left to the reader. O

4.6. Now assume that H) is finitely generated and projective as a k-module,
for every A € G. Combining Proposition and Theorem B.6, we find a
G-graded algebra D(H) such that the categories .'))DT% and 7'1()[;’( H)» €SP

ypzﬁ and Zg( g7)> are isomorphic. D(H) is called the Drinfeld double of

H, and can be described in two isomorphic ways: as a smash product or as
a Koppinen smash product. A straightforward computation based on our
previous results leads to these constructions.

Smash product.

DH) =P P H;- 1 #H,.

AeG gelG
We describe the multiplication on D(H). Let £ € H}_,, & € H},_,, h € H,
and h' € Hy. Also assume that ¢’ = gy(\) = N-lg\ = gV,
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First recall the following notation. For k,k’,l € Hy-1, k—=§—k" € H;_, is
defined by
(k—&—K)(1) = (K'lk).
Then
(E#R)(E'#N) = E(hg n—1)=E—Sx-1(hax)))F#hgh'.
Koppinen smash product.
D(H) = P P Hom(H,-1, Hy).
AEG geG
Take f : Hy1 — Hy, f': Hy-1 — Hy, with ¢ = ¢». Then f#f :
H -1 — Hy is defined by
(f#)(h) = f(har-1))@g)

x=t{Fhea-n)aw)ay-11hea-n)eon- )
F'(Sx-1(f(h Jan)h f(h )

5. G-GRADED BIALGEBRAS

Definition 5.1. Let A = @) 4eqA) g be a G-graded algebra. We call A a
G-graded bialgebra if we have the following additional structure on A: for
every X € G, (G, (A g)gec) is a semi-Hopf group coalgebra, with structure
maps

AA,Q,gl : A)\7gg1 — A)\7g & A>\791 5 EXC AA,e -k,
such that the following compatibility conditions hold:

’ / /
(21) A/\X,g”,g?/ (aa’) = A(1,9)%(1,g3') @ U290 Y2,y

for all a € Ay gq,, a' € AA',gA/g§';

(22) exv(aa’) = ex(a)ey ('),
for all a € A)\,e, a € A)\/ﬁ;

(23) Aevgg1(1gg1) =1, ® 1gy;
(24) ee(l.) = 1.

Definition (.11 has a monoidal justification, similar to the monoidal justifi-
cation of the definition of a bialgebra. Let C be the category with objects
of the form (VM = @®,ev M,), with V' a crossed G-set, and every M, a
k-module. A morphism (V, M) — (V/,M’) in C is a couple (1, f), where
n: V — V' is a morphism of crossed G-sets and f : M — M’ is a k-linear
map such that f(M,) C M 1’7 ()" Now C is a monoidal category. The tensor
product is defined as follows

(V,M)® (V' M) =(VxV' Ma M),
with M @ M' = @, v)ev xv' My @ My The unit object is ({}, k).
Now let A be a G-graded algebra, and consider the forgetful functor
U: ZE’ —C.
Theorem 5.2. Let G be a group, and A a G-graded algebra. We have a
bijective correspondence between
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e monoidal structures on ZE’ such that the forgetful functor U is strictly
monoidal;
o G-graded bialgebra structures on A.

Proof. Assume that we have a monoidal structure on ZE’ such that U is
strictly monoidal. We first describe the structure maps €y and Ay 4 4,. Then
the unit object is k, with a certain right A-module structure. From Defini-
tion Bl we know that this action is determined by maps

EN: k®A)\7e = A)\,e — k,
otherwise stated
(25) ex(a) =1 - a,
for a € Ay .. From Example 3.3 we know that

(Gx G, P Any) € Z5.

A geG
As an object in C,
(GXxGAR(GXGA)=(GXxGxGxG P Arg®Avy).
ANg.9'€G
The crossed G-set structure on G X G x G x G is the following:
wh g, N g) = gg" ;s (A g, X, g = W, ¥ NN, ).
Now we have a right A-module structure on A ® A. According to Defini-
tion B.I], this is given by multiplication maps
(Axg @ Axg) @ Ay gxr g = Ay g3 @ Aoy g
Take A = X = e, and replace \” by \; this gives multiplication maps
¢)\7g7gl : (A&g ® Ae,g’) ® AA,gAg/,\ — A)\7g,\ &® A)\,g//\.

Now we define Ay 4 1 Ay g9 — A g ® Ay o as follows:
(26) A)\7g7g/(a) = 1/1)\79)\*1790\*1 ((1g>ﬁ1 ® 191)\*1) ® a) - (1g>ﬁ1 ® 190\*1 )a-
For later use, observe that, for a € Ay ;» i,
(27) A)\7g/\7g//\ ((Z) = (19 ® 191)(1.

We now have to show that the maps €y and A, ;s satisfy the conditions
of Definition Bl Before we do this, we show that the right A-action on
M ® N is completely determined by the maps Ay 4, for all M, N € ZS’.
We proceed as follows.

Let (V, M) € 2%, and fix elements v € V and m € M,,. Recall from [[.2] that
G x GG is a crossed G-set, with structure maps

()‘79))‘1 = ()‘)‘179)\,) ; /8()‘79) =g
In Example B3], we have seen that
Zl/(’l}) = {()"V(v))\) | A€ G}
is a crossed G-subset of G x G and that

(ZV(U),A(V(U)) = @ A)\W(v))\) S ZE’
AeG
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Now n : Z,u) — V, n(\,v(v))) = v\ is a morphism of crossed G-sets.
Indeed,
(O v )X) = W, (@) = oA = 5\, v(0) )N,
and
(v om A v(v)*) = v(vA) = v(v)* = B\, v(v)").
Now we define
fn s AYO) S M f(a) = ma.
It follows from (I2) that My Ay ,)» C My, so

fm(Ax ) C Moy,

and (1, fm) : (ZV(U),A(”(”))) — (V, M) is a morphism in M.
Now take (V/,N) € M§, fix v/ € V' and n € N, and repeat the above
construction. We obtain a morphism (7', g,) : (Zur(v), AWy & (V/ N)
in ./\/lﬁ.
From the functoriality of the tensor product, it follows that (91, fi, ® gn)
is a morphism in Z%, in particular, f,, ® g, is right A-linear. Now take
a € Ay Sinee fin(ly) =m and gn(1,(y)) = n, we find

(m®n)a = ((fm ® gn)(1y(w) @ 1V,(v,)))a

(ﬁ) (fm ® gn)((lu(v) ® 11/’(1)’))0’)

= (fm ® gn)(AA,V(U))‘,V,(UI)A (a’))
(28) = ma(LV(v))\) & na(27l/(v/)>\).
We are now ready to show that each A, is a semi-Hopf group coalgebra.
The (trivial) associativity constraint a4 a

((GxG,A)R(GXG, A)®(GxG,A) = (GXG, A ((GxG, A)R(GXG, A))

is a morphism in ZE’; in particular aa 4 4 is right A-linear. For all a €
Ay gg'g”, We have that

(3)
(1‘9)‘71 &® (19’)‘71 ® 19,»\—1))0, = a(Lg) ® (1g,>\71 ® 1g,,)\—1)0/(27g/gu)
= a(1,9) ® Axggr(a@,ggmn)
equals
G/A7A7A((1g>\71 & 19”‘71) & 19,»\—1)0/
aA,A,A(((lg,\—l ® 1g/>\—1) & 19//,\—1)a>

aAvAvA((lgA71 ® 1g,)‘71 )a(lvgg/) ® a(27g”))

&

a4,4,A(Bxg,9/(0(1,49)) © A(2,97));
which is precisely the required coassociativity condition. Now we prove the
counit conditions. The (trivial) left counit constraint 4 : ({*},k) ® (G x
G,A) = (G x G, A) is a morphism in Z§, hence 14 is right A-linear. For
a € Ay 4, we have
a = a1l ® 19,\)(1 =1a((1x ® 19/\)a)@l,4(1k.a(176) & 19Aa(27g))
= lalea(aq,e) @ agg) = exlaq.e))a@,g),
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The right counit property is handled in a similar way. Now let a € A 44,
/ !/
and a’ € A)\,’gyg%/. Then aa’ € A)\)\’,‘g)‘,gi‘l and

A)\)\/7g,\/,g?/(aa’) = (1gA_1 X 1gA_1 )aa/

/ / /
= (Ag) @ a2,91))0" = a(1,9) 0y g3y © 291 %z2,0)')
This proves that (2I]) holds. Now take a € Ay, and a’ € Ay .. Then
exv(ad) =1y - (ad) = (1x - a) - a’ = ex(a) -’ = ex(a)ey(d),

proving (22]). Finally

Ay (L) = (1 =

eg9 (lgg) = (1g @ 1g)1gg ="15 @ 1g/,
and
66(16) = 1k . 1e®1k-

Conversely, assume that A is a G-graded bialgebra. Let (V, M), (V',M’) €
ZE’. We have already seen that V x V' is again a crossed G-set. Now we
define a right A-module structure on M ®@ M’ = D (v )ev v My ® M), using
(@8), which is designed in such a way that (V x V/,M @ M') € 2. Also
({x},k) € Z§, using @5). Then straightforward computations show that
this makes ZS’ into a monoidal category such that the forgetful functor to
C is strictly monoidal.
Let us show that the tensor on ZE’ is functorial. Consider morphisms

() : (VM) = (W,N); (n,¢): (V!,M') = (W',N')
in Z§. The diagram (I6) takes the form

My ® My, @ Ay (o) ur () Moy ® My,

%®%/®idl l%@%u

Nyw) ® Njy oy @ Ax p(oprvr (v N @ Ny iz

and we have to show that it commutes. Since (1,¢) and (1//,¢’) are mor-
phisms in Z§, we have, for m € M,, a; € Axpwr), m' € My, and ay €
AA,V’(U’)\) that

©or(may) = ¢y(m)a; and @L,A(m'ag) = gogl(m)ag.

Now take a € Ay ()2 ()2~ Then we have

Do (mau,u(v)k)) ® %/A(m/a(z,w(v/m)
= wo(M)ag ) ® ¢y (m)agwny = ((po @ ) (m @ m'))a,
as needed. O

It would be nice to have a result similar to Theorem [5.2] with the category
ZE’ replaced by 7';1@. Unfortunately, we were only able to prove it in one
direction. First, we need to introduce the category D, which can be viewed
as the T-version of C: it has the same objects as C, and a morphism (V, M) —
(W,N) is a couple (1, (¢w)wew ), with n : W — V a morphism of crossed
G-sets, and @, : M, () — Ny k-linear, for all w € W.
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Proposition 5.3. Let G be a group, and A a G-graded bialgebra. Then we
have a monoidal structure on Tf’ such that the forgetful functor TE’ — D is
monoidal.

Proof. As in the proof of Theorem [(5.2] we define a right A-module structure
on (V x V' M ® M') using [28), and on ({*},k) using 25). Let us show
that the tensor product on 7 is functorial. Take morphisms (1, (¢ )wew) :
(V,.M) — (W,N) and (0, (@', )wew’) : (V. M) — (W ,N') in T. The
diagram (I7) takes the form

M) & My ) @ A (mw)) v o (') My @ Mz

Pw®! ®idl J/%@%W

Ny @ Nipy @ Ay go(w) o (') Nupx @ Nyyy

and we have to show that it commutes. (1, (pw)wew) and (7', (@l )wew’)

are morphisms in Tf’, so, for all m € M), a1 € AA,u(n(w))M m' € M,;/(w/)

and az € Ay ,r(yy (wry)r, We have that

Ywr(may) = @y(m)a; and gogulk(m'ag) = oy (m)as.

For a € A)\,I/(n(w))ku/(n/(w/))k’ we now Compute

(Puwr ® Plyy)((m @ m')a)
P (M1, (mw))) © Pura (1 a0 6y (w))
= Pu(M)ag ywyn) © P (M)ag ) = (Pum) @ g, (m'))a,
as needed. O

Let H be a Hopf group coalgebra. The category of Yetter-Drinfeld modules
yDT% is obtained from the category Tx using the center construction, see
[2, Sec. 4], and therefore yDT% is a braided monoidal category. For detail
on the centre construction, we refer to [7, XIIL.4]. We first describe the
monoidal structure. Take (V, M), (V',N) € yDT%.

(‘/’ M) ® (V/’N) = (V X V/’ (Mv ® Nv/)(v,v’)eVXV’)a
with the following structure. We have already seen that V' x V' is a right
crossed G-set, with w : V x V' — G, w(v,v') = v(v)/ (V') and (v,v')g =
(vg,v'g).
M, ® Ny is a right H,(,),/(,r)-module, with
(29) (m @n)h = mh( () @ nhiguw));
The coaction maps p(y,),g 1 Myg @ Nyy — M, @ Ny @ H, are given by
(30) P(o,07),g(M @ M) = Mg @ Njo,) @ M1 gIN[1,g]-

({«},k) € yDT%; we already know that the singleton {x} is a right crossed
G-set; furthermore k is an H.-module via ¢, and the coaction maps Psg
k — k ® Hg are given by p, 4(1x) = 15 ® 1.

Now we describe the braiding. The braiding isomorphism

(VX V', (My ® Ny ) woyevxv) = (V! XV, (Ny @ My) (1 w)evixy)
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is given by the following data:

cviyv: VIxV sV V', cepy,v) = (v,0v(v)).
IMNw v ° M, ® Nv’u(v) — Ny & My, 75M,N,v’,v(7n ® n) = N0,/ ® mn,u(v)]-
As we have mentioned, this monoidal structure can be deduced from the

center construction, but it can also be verified directly that this defines a
monoidal structure on yDT%.

yDZ% is also a braided monoidal category. The tensor product is defined
using (29430). The braiding isomorphism

(VX V' (My ® Ny)wyevsvr) = (V! XV, (Ny & My)( wyevixv)

is given by the following data:
c(,,ly VXV =V XV, epry(v,0) = (Wv(w) )

fM,N,v,v' i My ® Ny = Nyry()-1 @ My, is given by
(31) EM N, (M@ 1) = N0 1 (0)-1) ® TN ()]
We will also need the inverse of the braiding of (c¢!,#)

(V' X V,(Ny @ My) (o yevixv) = (VX V' (My @ Nyt) g0 )ev sv)-
This is described by the data

cviv: VxV=VXV, ey v)=(v,0vv));

AN M w @ Ny @ My — My @ Nyyy(y) 1s given by the formula
(32) N M (N @ m) = mS, ) (N1 4w)-1]) @ N0.w(w)]-

If (V, (My)yev) € yDZ%, then it is easy to see that (V, M = @,cv M,) € C:

every M, is a k-module. Thus we have a forgetful functor U’ : yDZ% —C,
and it is clear that U’ is strictly monoidal.

Now assume that every H, is finitely generated and projective as a k-module.
Then we have an isomorphism of categories Z (Theorem [B.6]) and a forgetful
functor U as in Theorem such that the diagram of functors

YDEj ———— Z5m

I

C

commutes. It follows from all these observations that Zg ) 18 a monoidal
category and that U is strictly monoidal. Then it follows from Theorem
that D(H) is a G-graded bialgebra.

Our aim is now to construct the comultiplication and counit maps on D(H).
We know that (G x G,D(H)) € Z%(H)’ see Example B3 From The-
orem B8 and Proposition EH, we know that H(G x G,D(H)) = (G x
G,D(H)(ngcaxa) € yDZ%. We compute the structure maps, using the
proof of Theorem

First, every D(H) 5 4) = H3_1#H, is a right Hy-module in the obvious way:
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(E#R)D = Efthh'.
The coaction maps

Povav - How#How — (Hi1tHy) ® Hy
are given by
(33) gy (ER) = (E#R) (€N #1,) @ b,

where we use the notation introduced in ZI0 €™ @ M is a finite dual
basis of H). H) is a finitely projective algebra, hence HY is a coalgebra,
with comultiplication

—(A =(A

(34) A©) = ) © &y = (& AR )M 9,
where E(A) ®E(>\) =M @AW is a second copy of the dual basis of Hy. Since
ypzﬁ is monoidal, we have that

(G x G xGxG,(D(H)xg®D(H)y,y) € VD21,
and we compute

P(Xg.Ag) A1 ((5#1gx—1) ® (5#19/,\—1 )
B 01 ) e @ ,) @ AR,

Now we apply 26) to compute Ay g4 D(H)x gy — D(H)xrg @ D(H)x g
for £ € Hy_, and h € Hyy, we have

et

A)\,g,g’(é#h) = ((5#19/\—1) ® (5#19//\—1))(§#h)

— (€M) @ €N g1,)E hOTIRY Dy
= Ey#ha,g) © @) #h2.q))-

Now we compute the counit maps e\ : H _,#H. — k. k is a right
H;_l#He—module, and

@25)
ex(§#h) =1k - (§#h) = £(1x-1)e(h),
since p, y-1(1x) = 1 ® 1y-1. We conclude our computations as follows.

Proposition 5.4. Let H be a Hopf group coalgebra, and assume that every
H, is finitely generated and projective as a k-module. Then D(H) is a G-
graded bialgebra, with structure maps

Axgg + DH)xrgy = D(H)rg ® D(H) g,
A)x,g,g’(é#h) = (5(1)#h(1,g)) ® (5(2)#h(2,g/));
ex: Hyo1#He =k, ex(§#h) = {(1x-1)e(h).

Recall from[£.6]that D(H) can also be written as a Koppinen smash product.
Then the comultiplication maps

Ay gg : Hom(Hy-1,Hyy) — Hom(H -1, Hy) ® Hom(Hy-1, Hy)
can be characterized as follows: Ay 4 (f) = f(1) ® f(o) if and only if
Agg (f(hih2)) = f(h1)1,g) ® f(h2)(2,g));
for all hq, ho € H:\k_l. The counit maps are the following:
ex: Hom(Hy-1,H.) = k, ex(f) = (e0o f)(1 -1).
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Let A be G-graded bialgebra. From Theorem and Proposition B3] it
follows that a monoidal structure on ZE’ such that U is strictly monoidal in-
duces a monoidal structure on TET. The tensor product of objects coincides
in both categories.

On Z%( ) We have the monoidal structure transported using the category
isomorphism with yDZ%. We have also a monoidal structure arising from
the G-graded bialgebra structure on D(H), using Theorem These two
monoidal structures coincide, actually this is the way the G-graded bialge-
bra structure on D(H) is constructed in the proof of Proposition .4l

The monoidal structure on .'))DT% can be transported to a monoidal struc-
ture on 7'1%;’( ;- It follows easily from our previous constructions that this
monoidal structure is induced from the monoidal structure on Z%( ;- Hence

this monoidal structure coincide with the monoidal structures arising from
the G-graded bialgebra structure on D(H ), using Proposition 5.3 We sum-
marize these observations as follows.

Theorem 5.5. The G-graded bialgebra structure on D(H) from Proposi-
tion defines a monoidal algebra structure on Z%(H) and Tg’(H) (Theo-

rem [2.2 and Proposition [5.3) that are such that the category isomorphisms
Z%( 1) o yng and 7'1%;’( ) = yDTg are isomorphisms of monoidal cate-
gories.

6. G-GRADED HOPF ALGEBRAS

Definition 6.1. Let A = @) jeg A\ 4 be a G-graded bialgebra. We call A a
G-graded Hopf algebra if there exist maps

S)\,g,gA,g : A)\7g71 — AA717g>‘71
such that
(35) a(1,9Shg(a@g1) = a@gSaglang)) =ex(@)l1;
(36) Sxglaag1)a@gy = Saglapg1))an,y = exa)ly,

for all a € Ay.. The Sy, (S),) are called the (twisted) antipode maps.

Proposition 6.2. Let H be a Hopf group coalgebra, and assume that every
H, is finitely generated and projective as a k-module. Then D(H) is a G-
graded Hopf algebra, with (twisted) antipode maps

S)\,g7§)\,g : H;k\fl#Hgil - H;#Hg)\717

Sxg(&#th) = (e4£Sg(h))(€ 0 Sx-1#1 51);
Sxg(€#h) = (e#Sg(h))(€ 0 Sx-1#1 5-1).
Proof. For £ € HY_, and h € H,, we have
(E)#h(1,9))529(E@2) #R(2,6-1))
= (Eu#hg)(#Sy(hzg-1)))(E@) © Sa1#15-1)
= (En)#h1,9)Sg(h2g-1)))(E@) © Sa-1#1 1)
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= () (§)#1g) (@) 0 Sa1#1 1)
WL ) = e (EHR) A0,
where we used the following property, for all h € H.:
€y (€2 0 STN(R) = &y (han-1))E@) (Sx H(hiy)
= &(h@r-1)Sy (hayy)) = &(1x-1)e(h).

This proves one equality of ([B5); the proof of three other equalities is similar
and is left to the reader. O

7. BRAIDINGS AND QUASITRIANGULAR G-GRADED HOPF ALGEBRAS

Definition 7.1. Let A be a G-graded bialgebra. A is called quasitriangular
if it comes equipped with the following additional structure: for all g, ¢’ € G,
we have

Rg,g’ = Rl g X R2 g c A ,179919—1 ®Ae,g;
Qgg = g @ Q2 1€ Aggigrg @ Aeyg,
such that the following conditions are fulfilled:

(37) Ry gQggg19= Qg gRgg-199 =1y @ 1g;

(38) Ag7g/g7g”g (R
in Ag g9 @ Aggrs @ Acg;

_ pl Pl 2 P2
)@ R gg" = Bgg ® By gn @ Ry Ry g

9,9'9"

(39) Rgg g ®Aegyg (Rgg o) = R / //Rggg,,g, 1 ®Rggg//g, 1 ®R
in A(gg/)_17g”(ggl)71 ® Aevg ® Aeygl.

In addition, we have for all a € Ay jx,» that

(40) T(A)\79A79/A)Rg)\79/>\ = Rg7g/A>\’g,gfl>\7g)\ (a)

Here 7 is the switch map.

Definition [[.T] has a monoidal categorical justification. Let G be a group,
and A a G-graded bialgebra. We know that ZS’ is a monoidal category, and
that the forgetful functor U : ZS’ — Xg is monoidal. Let Xginv be Xg
with the inverse braiding ¢~!. Then we can look at braidings on ZE’ such
that U preserves the braiding. Such a braiding is of the form (¢~!,#), where
c is the braiding on Xg as described in A1l In Proposition (.3l we have
seen that we have a monoidal structure on Tf’ such that V : Tf’ — Xg is
monoidal, and we can consider braidings on Tf’ of the form (c,t), i.e. they
are such that V preserves the braiding.

Theorem 7.2. Let G be a group, and A a G-graded bialgebra. There is a
bijective correspondence between the following data:

e braidings on Z§ of the form (c71,1);

e braidings on Ty of the form (c,t);

o quasitriangular structures on A as defined in Definition[71]
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Proof. Given a braiding (c,t) on T, a braiding (¢™!,#) on 2% is given by
the formula
(41) EM,N,’Uﬂ/ = 75M,N,v,v’1/(v)_1

and vice versa.
Next assume that we have a braiding (c™1,7) on Z§. For M = (V, M), N =
(V!,N) € 2%, we have the braiding morphism

(et tuNww) s (V XV M®&N)—= (V' xV,NaM).
Then we have
(42) t N (My @ Nyt ) € Nypyy(oy-1 @ M.
Let V=V'=G?, M = N = A. Then
careN g N g) = Ng i ad'g ™t A g),
and t~A,A i A® A — AR A satisfies
ta,a(Axg ® Ay g) C Ayg-1 ggg-1 @ Apg.
Now let
(43)  Ryy =R}, @R, =taa(lg®ly) € Ayt yyrg1 ® Acy.

We will show that the braiding ¢ is completely determined by the R, 4. Take
m € M,, n € N,. We have seen in the proof of Theorem that we have
morphisms

0 fm) © (Zoys AYOY = (V, M), (1 90) = (Zur(ory, AV V) = (V/,N)
o

in 2%. From the naturality of (c
dlagram

,t), we have the following commutative

0717~ / /
(Zuw) % Zop(ur), AVED @ AV ) S (Zurwr) X Zfy, AV 0D @ AWCD)
0.1, fm®gn) l J{ (' 1,.9n®fm)
(C‘_//l’vyiM,N)

(VxV' Mo M) (V'@ V,N® M)

Observe that (e,v(v)) € Z, ), (e, (V) € Zywy, lyw) € AWV, Ly €
AW (@) From the commutativity of the diagram, it then follows that
tNMvN(m ®n)= (EM,N o(fm® gn))(lu(v) ® 1))
((gn @ fm) ot g aw o) Luw) @ Ly(w))
= (gn & fm)(Ru(v),u’(v’))
1 2
(44) = nRV(v),l/(v’) ® mRV(’U),V/(’U/)'
The inverse braiding can be described in a similar way: by assumption, {57y
is invertible, and
(45) trin(Ny @ M) © My © Ny (-
In fact the inclusions in (42) and (@5]) are equalities, since 3/, x is bijective.
In particular, we find that

Faa(Ax g ® Ang) = Ang ® Axggs.
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Now let
—1
(46) tA,A(lg’ ® 19) = Qgq = Qf;',g ® Q;’,g € Aeg ® Ag gro.

The Qg 4 describe the inverse braiding completely. Arguments similar to
the ones above show that, for m € M, and n € N,:

(47) EX;,N(TL ® m) = sz/(U/)J,(v) ® anlj/(U/),y(U) .

Then we compute that

o o,
Iy®1ly = (tA,A otaa)(lg®1y) = tA,A(R;g’ ® Rfl,g’)

2 2 1 2 .
Rg,g’ Qgg’g”,g ® Rgvg/Q 9’9~ 19’

Q;/,gRglz,g”g’g ® Qszz’,gR;g*lg’g'
This shows that (87) holds.

From the fact that (¢™!,#) is a braiding, it follows that
(48) taasa = (A®ia4)o0(fan® A);
(49) tagaa = (faa®A)o(A®1aa)
Now we compute that

fA,A@A(élj ®ly® 19//)@(19/ ® 19//)R£1779,g,, ® 191{379,9,,

Agg9,g7s (R;g’g”) ® sz,g’g”;
A)o(taa®A)(1y® 1y @ 1gr)
(A®iaa)(Ryy ® RS, @ 1gn)

Rslz,g’ ® 19”]%;79” ® R?Lg’Rz,g”

Rslz,g’ ® Rslz,g” ® Rszlvg’RsQJ,g”'

This shows that (38]) holds. ([39) can be proved in a similar way:

(Ae

i B

- @
tA®A7A(%)J ® 1g/ ® 19//) == 19”R;g',g” ® (1g ® 19/)R§g/7g//

1 2 .
Rgg/7g// ® AG,Q,Q/(Rgg’,g”)’

(faa@A)o(A®iaa))(ly @1y @ 1)
(EA,A ® A)(lg (= R;’7g” & R?]/’g//)

1 nl P2 2
Rg/7g//Rg7g/g//g/—1 & 19Rg,g’g”g’*1 ® Rg/7g//

_ 1 nl P2 2
— Rg/7g//Rg7g/g//g/—1 & ng'g”g’*l ® Rg/7g//-

B

Now take a € A)\79Ag/>\. Since fAA is right A-linear, we have

7?A,A((lg ® 19/)(1) = E1‘LA(19 ® 191)(1.
Now

Faa((ly ® 10)0) 24 4(Ay ()

7 1 2
= tA7A(a(1yg>\) X a(ng/)\)) = a(ng/)\)Rg)\7g/,\ (= a(lng)RgA,gu;

; &

taa(ly ®1g)a = (R y @ Ry j)a'= R;g/a(l,g/g‘l*) @ Ry 0 (2,0)-
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@Q) follows, and we have shown that the R, , define a quasitriangular
structure on A.

Conversely, if A is quasitriangular. Then we define fM7 N using (). A
lengthy but straightforward computation shows that (¢7!,#) is a braiding
on ZE’. U
Now let H be a Hopf group coalgebra, and assume that every H, is finitely
generated and projective as a k-module. Then the category yDZ% is
braided monoidal, and is isomorphic to Z%(H)' We know from Proposi-

tion that D(H) is a G-graded Hopf algebra, and it follows from Theo-
rem [[.2] that we have a quasitriangular structure on D(H). The correspond-
ing R-matrices can be computed easily. The coaction map

: H:#Hg/ — (H;#Hgg/g_l) ®Hg

can be computed using ([33). In particular

P(g=1,99'971),9

(50) Pl gga-1)0(EFLy) = (EDHL 0 1) @ B9
Then
@
Rog = tpm)pm((e#ly) @ (e#1y))

= (€9%19-1) @ (#1p)h'D = (€9#1ygg-1) ® (4R ).
In a similar way, we can compute the Q-matrices. Using ([33]), we compute
v Hi#Hy — (H;_I#Hgflg/g) ® Hy-1:

1 1
Plorg—1gg)g— (E#Ly) = (€9 I #1p) @ BT,
Then we find
32)

Qg,g’@qD(ﬂ,ﬂ((g#lg/) ® (8#19)) = (8#19)§g(h(gil)) ® (5(971)#19*1g’g)
= (e#5,(M9 ) @ (€9 #11g).

We summarize our results.

Plg,9719'9).9~

Theorem 7.3. Let H be a Hopf group coalgebra, and assume that every
H, is finitely generated and projective as a k-module. Then D(H) is a
quasitriangular G-graded Hopf algebra, with R- and S-matrices

Ryy = (€ # g1 S(#D) 5 Qg = (#5,(h )T H1ym14,).
The isomorphisms between the categories ypzﬁ and Z%(H) and between

nyﬁ and 7'2%3@) (see [1-0) are isomorphisms of braided monoidal cate-
gories.

8. APPENDIX: GENERALIZED YETTER-DRINFELD MODULES

A generalization of Yetter-Drinfeld modules was proposed in [3], see also
[]. First one has to introduce Yetter-Drinfeld data. There is a functor
from Yetter-Drinfeld data to Doi-Hopf data, and the corresponding cate-
gories of Yetter-Drinfeld modules and Doi-Hopf modules are isomorphic.
This construction was carried out in the category of vector spaces, but can
be generalized to symmetric monoidal categories. Let us give the definition
of Yetter-Drinfeld data in 7y.
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First we discuss discrete Yetter-Drinfeld data, these are Yetter-Drinfeld data
in Sets. This is a four-tuple (L, G, A, X), where L and G are groups, A is a
monoid, ¢ : A — L and v: A — G are monoid maps, and X is a set with
compatible left L-action and right G-action.

A crossed (L, G, A, X)-set is a right A-set V together withamapv: V — X
such that v(yA) = v(\) " tv(y)y(N).

If (L,G, A, X) is a discrete Yetter-Drinfeld datum, then we have a discrete
Doi-Hopf datum (L xG, A, X), with (¢,7) : A = LxG, and z(l,g) = " 12g.
An (L x G, A, X)-set is the same as a crossed (L, G, A, X)-set.

An example of a discrete Yetter-Drinfeld datum is G = (G, G, G), as dis-
cussed in the previous Sections.

A Yetter-Drinfeld datum in 7% is a fourtuple (K, H, A, C), where

o K =(L,(K)icr) and H = (G, (Hy)g4ec) are Hopf group-coalgebras;
e A= (X,(Ay)rex) is a (K, H)-bicomodule algebra;
e C= (A, (C))xen) is a (K, H)-bimodule coalgebra.
Then (L,G,A,X) is a discrete Yetter-Drinfeld datum; we have coaction
maps

Plag Aizg = K1 ® Ay @ Hy, pragla) = a1y @ ajpq @ ap,g),

(Sweedler notation). Cj is a (Ky(»), Hy())-bimodule, for every A € A.

A Yetter-Drinfeld module is a couple (V, (My)yev), where V is a crossed
(L,G, A, X)-set, every M, is a right A,,)-module, and M is a right C-
comodule, with structure maps p, : M,y — M, ® C) such that the
compatibility relation

Pop(Ma) = mio,u]afo,u(w)] @ Spn) (A[-1,4()~1) ML G2, (N)
holds for all m € My and a € A, x) = Ay)-1uw)y(\)-
If (K,H,A, Q) is a Yetter-Drinfeld datum in 7, then (K°? ® H,A,C) is a
Doi-Hopf datum in T;: A is a right K°° ® H-comodule algebra with coaction
maps

Pz, (l,g) * Alflazg — A4 K ® HQ? pm,(l,g)(a) = a[0,z] @ Sl(a[—l,lfl]) ® a,gl-

C is a right K°? ® H-module coalgebra, since every C) is a right K;Z]?)\) ®
H.(M\)-module. Yetter-Drinfeld modules over (K,H,A,C) then coincide
with Doi-Hopf modules over (K°° ® H, A,C). We can then consider the
categories YDT (K, H )% and YDZ(K, H )% which are respectively isomor-
phic to the categories Ty (K ® ﬂ)% and Z(KP ® ﬂ)%. Now the duality
results from Section [ can be applied.

Example 8.1. (H,H,H, H) is a Yetter-Drinfeld datum in 7%, and the cor-
responding Yetter-Drinfeld modules are the Yetter-Drinfeld modules that
we considered in Section Ml

Example 8.2. Let (L,G,A, X) be a discrete Yetter-Drinfeld datum. The
crossed (L,G, A, X)-structures on a singleton {x} are in bijective corre-
spondence with Xo = {zg € X | zoy(A) = (Mg, for all A € A}. The
right A-action on {*} is the trivial one, and v(*) = zo. In the case where
L=G=A=X, Xy is just the center of G.
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Let (K,H,A,C) a Yetter-Drinfeld datum in 7, and fix g € Xo. An z¢-
Yetter-Drinfeld module is an (K, H, A, C)-Yetter-Drinfeld module of the

form ({x}, M), with v(x) = z¢. The full subcategory of YDT (K, ﬂ)i con-
sisting of xo-Yetter-Drinfeld modules will be denoted by YDT ., (K, H )%

Example 8.3. We consider a particular instance of Example At the
discrete level, take L = G = A = X. The left and right G-action on X = G
are given by multiplication. We fix zyp € X = G, and define ¢, v: A = G
by ¥(g) = xogxo_l and y(g) = ¢. It is then easy to see that xp € X.
We thus have a discrete Yetter-Drinfeld datum, which we will denote by
(G,G,G,,.,G).

Let H be a Hopf group coalgebra, with underlying group G; we construct
a Yetter-Drinfeld datum in 7 with underlying discrete Yetter-Drinfeld da-
tum (G,G,G,,,G). Let K = H and A = H, with H-bicomodule algebra
structure induced by the comultiplication maps. Now we make C' = H into
an H-module coalgebra. Every H) is a right Hy-module, by multiplication.
Consider a family of algebra maps ¢ = (¢, : on)\ﬂﬁgl — H))xeg. ¢ de-
fines a left H mO)\mgrmodule structure on H) by restriction of scalars, and

this makes Hy a (H_, -1, H))-bimodule. This defines a left H-bimodule

ToAT
coalgebra structure on H if and only if

(51) EHPe —EH and A)\7)\/ O YA\ = ((p)\ (9] (pA/) o Axo)\mal,lvo)\/mal’

for all A, \ € G. The resulting H-bimodule coalgebra will be denoted 4, ,H,

and yDTxM,% will be a shorter notation for the category YD, (H, ﬂ)?‘pﬂ.
This definition of an xo-(H,H,H, 4, ,H)-Yetter-Drinfeld module agrees with
the right version of x¢-Yetter-Drinfeld module over a T-coalgebra H as in-
troduced by Zunino in [I6]. Recall that a T-coalgebra is a Hopf group-
coalgebra H = (G, (Hgy)geq) together with a family of k-algebra isomor-
phisms ¢ = (7 : H, = H,,,-1)srcc satisfying, among other, the condi-
tions

enpy =cg and Agyg-19,9-1 005 = (g @ vy) 0 Ag 7.

ToATy

1
for all o,7,0 € G. Fix 9 € G, and define ¢\ = o 10 for any A\ €
0

mokmgl .

G. Then egyp. = 8&902—1 = ep and the family ¢ = (px = ¢
h b
H 1 — H)y)xeq satisfies (BI)). To see this take § = xal, o= xo)\mo_l

ToATy
and 7 = xo)\’xal, where A\, \' € G in the above equality. In this situation
yDTxO7¢% is precisely the category of right zy-Yetter-Drinfeld modules over
a T-coalgebra, in the spirit of [16].

Example 8.4. We present a variation of Example B3l At the discrete
level, let ¥ be the identity on G, and let v be conjugation by a fixed xg € G:
v(g9) = xalgaco. An H-bimodule structure on H can be obtained using a
family of algebra maps ¢’ = (¢ : Honypo = H))xeq- The (H)\,ngl)\wo)—
bimodule structure on H) is obtained via restriction of scalars, using the
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identity on the left and ¢, on the right hand side. This defines an H-
bimodule coalgebra structure on H if and only if

(52) enge = e and Ay oy = (P @Ph) 0 A o1y sy
for all A\, \' € G. The resulting H-bimodule coalgebra is denoted by H Ha o
and we use the shorter notation yDTH for the category YD, (H, H )_xo ‘.

0,
Particular examples can be deduced from T-coalgebras. More precisely, let
H be a T-coalgebra and ¢ = (¢? : H, = H,,,-1)srec the conjugation of

H. We have a family of algebra morphisms ¢’ = (¢} = a9 o Ao - H —

-1
T ATo
H))xec- A simple inspection shows that ¢’ satisfies (52)). Thus it is possible
to define the notion of xy-Yetter-Drinfeld module in a way that is different
from the one in [16].
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