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Abstract

We present an axiomatic framework for the residue structures induced by Priifer
extensions with a stress upon the intimate connection between their arithmetic and
arboreal theoretic properties. The main result of the paper provides an adjunction
relationship between two naturally defined functors relating Priifer extensions and
superrigid directed commutative regular quasi-semirings.
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Introduction

Let K be a valued field with Krull valuation v, valuation ring A, maximal ideal
m, residue field k£ := A/m, and value group A := vK = K*/A*. For any A € A, we
consider the A-submodules my := {z € K |v(z) > A} C A) := {x € K|v(x) > A} of
K, whence my = m, Ag = A. We denote by Ry := K/m), R) := K/A) the associated
quotient A-modules. The disjoint union R := | |,c R is identified with the set of all
open balls B(a,\) :={z € K|v(x —a) > A} for a € K, \ € A, while the disjoint union
R :=[]ycp R is identified with the set of all closed balls B(a, \) := {z € K [v(z—a) >
A} for a € K, A € A. Notice that R = R if and only if the maximal ideal m = 7A is
principal, so v(7) is the smallest positive element of the totally ordered Abelian group
A.

The arithmetic and geometric structure of the valued field K induces a suitable
structure on the residue set R U R which can be interpreted as a deformation of the
original structure of K. Fragments of this residue structure involving suitable families
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of balls and relations between them play a basic role in various interconnected algebraic-
geometric and model theoretic contexts (elimination of quantifiers, cell decomposition,
p-adic and motivic integration) [3, 8, 10-15, 17, 18, 20, 23|.

Such residue structures can be also considered for more general objects than valued
fields. Thus we investigate in [6] the residue structure R associated to a Priifer domain
A with field of fractions K, where the totally ordered value group A above is replaced by
the Abelian [-group of the non-zero fractional ideals of finite type of K. In particular,
we introduce on R an arboreal structure which generalizes Tits’ construction of the
tree associated to a valued field [25]. The relation of this arboreal structure with the
arithmetic operations induced from K as well as the action of GLo(K) are described.

In the present work we extend our paper [6] in two directions : on the one hand,
we consider the larger category of Priifer extensions [16], 19], and on the other hand
we develop an axiomatic framework for the arithmetic-arboreal residue structures in-
duced by such ring extensions. Roughly speaking these residue structures are algebras
(R,+,e,—, 1 ¢) of signature (2, 2, 1, 1, 0) satisfying a finite set of equational axioms
which are mainly suitable deformations of ring axioms. Thus these algebras, called
directed commutative reqular quasi-semirings form a variety. The main result of the
paper (Theorem 7.2.) provides a relationship of adjunction between two naturally
defined functors relating the categories (with suitably defined morphisms) of Priifer ex-
tensions and of directed commutative regular quasi-semirings satisfying an additional
Vd-axiom called superrigidity 1.

Let us briefly review the content of this long and technical paper. In Section 1 some
basic notions and constructions to be used later in the paper are considered. Among
them we mention the commutative l-monoid extension A of an Abelian l-group A - a
nontrivial generalization of the totally ordered monoid A U {co} associated to a totally
ordered Abelian group A, necessary to define the notion of I-valuation on a commutative
ring w: B — A-a generalization of the wellknown notion of valuation. In particular,
the basic notion of Manis valuation is generalized to the so called Manis l-valuation. In
the last subsection 1.4. of Section 1, some basic facts on Priifer extensions are recalled,
and the Prifer-Manis [-valuation associated to a Priifer extension is defined.

The next four sections are devoted to the axiomatic framework for the arithmetic-
arboreal residue structures and the investigation of the main properties of the structures
(R,+,e,—, 1 ¢) of signature (2,2,1,1,0) introduced step by step by suitable axioms.
Thus, in Section 2, we introduce the class of commutative reqular semirings which
contains as proper subclasses the Abelian [-groups and the commutative regular rings
(in the sense of von Neumann), in particular, the fields and the Boolean rings. By
relaxing suitably the distributive law, we define the variety of commutative regular
quasi-semirings which contains the class of commutative regular semirings as a proper
subvariety. Notice that in any commutative regular quasi-semiring R, the subset E™ of
the idempotents of the commutative regular semigroup (R, +) has a natural structure
of Abelian [-group A with the group operation induced by e and the meet-semilattice
operation defined by +. Another interesting subvariety, whose members are the so
called directed commutative regular quasi-semirings is introduced and studied in Section

DNot to be confounded with Margulis superrigidity.
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3. Notice that the intersection of this subvariety with the subvariety of commutative
regular semirings is the class of all Abelian [-groups. Section 4 is devoted to the
A-metric structure of the directed commutative regular quasi-semirings as well as to
other related questions (congruences, rigidity and superrigidity, subdirectly irreducible
structures). Using the A-metric introduced in Section 4, we consider in Section 5
two classes of structures with nice arboreal theoretic properties : the class of median
directed commutative regqular quasi-semirings and its proper subclass of locally faithfully
full directed commutative reqular quasi-semirings. The underlying arboreal structure on
the latter objects is a nontrivial generalization to Abelian [-groups A of the wellknown
A-trees [I, 22], where A is a totally ordered Abelian group. The classes of structures
above are also varieties in suitably extended signatures.

The last two sections of the paper are devoted to the study of the relationship be-
tween some ring theoretic structures (I-valued commutative rings, Priifer extensions)
and their deformations (the induced arithmetic-arboreal residue structures, axioma-
tized and investigated in the previous sections). In Section 6 we associate a [-valued
commutative ring (B, w) to a superrigid directed commutative regular quasi-semiring
R, and we characterize those R for which the associated ring B is a Priifer extension of
its [-valuation subring (Corollary 6.7.). Thus we obtain a covariant functor B : R — B
from an adequate category of directed commutative regular quasi-semirings R to the
category P of Priifer extensions, with suitably defined morphisms. In Section 7 we
define the deformation functor R : 8 — R which is a left adjoint of the functor
B : R — P such that the endofunctor Bo R : P — P sends a Priifer extension
A C B to its completion ACB (Theorem 7.2.). Consequently, the full subcategory
&P of P consisting of all complete Prifer extensions is equivalent with a suitable full
subcategory €R of $R, whose objects are explicitely described.

1 Notation and Preliminaries

1.1 The commutative [-monoid extension of an Abelian [-group

Let A be an Abelian I-group with a multiplicative group operation, the neutral
element ¢, the partial order <, and the (distributive) lattice operations A and V. For any
ac A putay:=aVea_ = (a Yy, |af=aval=a,a_. Let Ay = {a|a > ¢}
denote the commutative [-monoid of all nonnegative elements of A. The Abelian [-
group A has a canonical subdirect representation into the product [] PeP(A) A/P of
its maximal totally ordered factors, where P ranges over the set P(A) of the minimal
prime convex [-subgroups of A, in bijection with the set of the minimal prime convex
submonoids of A, as well as with the set of the ultrafilters of the distributive lattice
with a least element A .

In the present paper we shall use frequently the following construction providing a
natural embedding of an Abelian [-group A into a commutative -monoid A.

Setting « [:= {y € Ay < a} for any @ € A, we consider the inverse system
consisting of the distributive lattices (with a last element) « | for a € A4, with the
natural connecting epimorhisms 8 |— «a |,7 — v A « for « < B. The inverse limit
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A= liﬁla J is a distributive lattice identified with the set of all maps ¢ : Ay — A

satisfying p(a) = ¢(B8) A a for a < B, in particular, p(a) < «, with the induced
pointwise partial order and lattice operations, and with w : Ay — A, — « as the
last element. Notice that for any ¢ € A, 90( )_ = ¢(e)~! for all @ € A, and hence
o(a) = p(e) < & whenever € < a < ()L, Set p_ 1= ()L € AL for any ¢ € A.

The underlying unbounded distributive lattice of the Abelian [-group A is identified
with an ideal, in particular, with a sublattice of K, trough the embedding A — jAX, v >
L, where ty(a) = v A a for all @ € Ay, so 1y (o) = v for all @« > 4. Notice that
O N by = Lypng(y,) for all g € K,’y € A, in particular, ¢ A tc = 14, for all p € A. In the
following we shall write v instead of ¢, for any v € A. A is identified with an ideal of
the bounded distributive lattice A, := {p € Ao >} = {p € A|p(e) = &} with the
least element € and the last element w, the inverse limit of the inverse system consisting
of the bounded distributive lattices o |4:= [e,a] = {y € Ay |7y < a} for « € A1, with
the induced connecting epimorphisms.

Let GJALF denote the boolean subalgebra of the bounded distributive lattice jALr
consisting of those 6 € K+ which admit a (unique) complement —, i.e. § A =6 = ¢
and 8V -0 = w. Thus GJALF is the inverse limit of the inverse system consisting of
the boolean algebras d[e,a] := {7 € [e,a] |y A § = €} for & € A4, with the natural
connecting morphisms which, in general, are not necessarily surjective. Notice that
8A+ N A+ = {6} each 6 0 € 8A+ extends unlquely to an endomorphlsm 0 of the I- -group
A, and HoC (09 =OAC ¢ for all 0 C € 8A+, in partlcular 6of =0 forallfe 8A+ It
follows that §(A) C ((A) < 0<¢, O(A)NC(A) = 0/\(( ), andﬁ\/C( ) is the convex

[-subgroup of A generated by 6(A) U E (A) for all 6,¢ € 8A+ In particular, the Abelian
l-group A = &(A) is the direct sum of its convex l-subgroups 8(A) and Ker(6) = —0(A)
for any 6 € A, where =0(y) = % for all v € A.

Y

The distributive lattice A becomes a commutative (-monoid extending the Abelian

l[-group A, with the multiplication defined by
(P¥)(a) = (play-)dlap-)) Ao = lim (e()d(7) A @)

for ¢,9 € jA\ a € Ay. In particular, the identity @i = (o A 9¥)(¢ V ¢) holds for all
CRUNS A The last element w of the distributive lattice A is a zero element of the
monoid A le. wp = w for all p € A. Ais 1dent1ﬁed with the subgroup A* of all
invertible elements of the monoid A, and A = Ay A+ is the monoid of fractions of the
monoid jALr relative to its submonoid Ay. More precisely, any element p € Ais uniquely
represented in the form ¢ = :Z—f with ¢y € IAX+,<,0_ € A4 subject to pp Ap_ = ¢ :
pt+(a) = p(a)4 for a € Ay, while p_ = (e )~! as defined above. The idempotent
elements of the monoid A are exactly the elements of the boolean algebra 8A+, and
o =@V for all p, o € 8A+ Notice also that ¢ -9 =w <= @V =w for p, ¢ € A
in particular, ¢" = w <= @ =w for p € A,n > 1.

If the Abelian I-group A is totally ordered then A = A U {w} and 0A; = {¢,w},
with ¢ = w <= A = {e}.

Example 1.1. As a suggestive example, let A := Qs be the multiplicative Abelian
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group of the positive rationals, freely generated by the subset P of all prime natural
numbers. A is an [-group with the lattice operations

.Z'/\y—ng.Z'y Hpmm(vp(xvp )
peP

and

x Vy:=lem.(z,y) Hpmaxvp p (),
peP

where v, denotes the p-adic valuation for p € P. One checks easily that A consists of
all formal products [[,cpp" with n, € Z U {oo} such that the set {p € P[n, < 0} is
finite (with the corresponding map Ay = Z~og — A,m — Hpe]P’ pmin(p(m)np)) - ywhile
jALr consists of those formal products with n, € NU {oo} for all p € P, the so called

supernatural numbers [24]. The boolean algebra 8K+, identified with the power set 2F,
consists of those formal products with n, € {0,000} for all p € P.

The next statements provide some basic properties of the correspondence A +— A.

Lemma 1.2. Let f : A — ' be a morphism of Abelian l-groups. Then [ extends
canonically to a morphism f : A — T of commutative [-monoids provided one of the
following conditions is satisfied.

(1) T =chp(f(A)), the convex hull of the image f(A) in T; in particular, if f is onto.
(2) T is totally ordered; in particular, f is onto whenever f is onto.

Proof. (1) Assuming that I' = ch(f(A)), let ¢ € IAX,W € I'y. By assumption there is
a € Ay such that v < f(«). For any two such elements «, 3, we obtain

flp(a) Ay = flplaVvB)Aa) = flplaVB)Afla) Ay = flelaVB)) Ay = fp(B)) A,

therefore the element f((p)(’y) = f(p(a)) Ay €T for some (for all) a as above is well
defined. One checks easily that the map f ( ) : 't — T so defined belongs to F and
moreover the map f : A—Tisa morphism of commutative [-monoids extending f.
(2) Assume that I is totally ordered. If f is the null morphism then f Flo)=¢ for
all o € A. If f is nontrivial, in particular, T' # {e} and F=Tu {w}, then for any ¢ € A
we distinguish the following two cases : R
(i) There is a € A4 such that f(p(a)) < f(«). In this case, the element f(p) :=
f(e(a)) € f(A) CT does not depend on the choice of o with the property above.
_ (ii) For all @ € A4, f(p(a)) = f(a), in particular, » ¢ A. In this case we define
flp) =w. -
The map f : A — I is a morphism of l-monoids extending f, with image f(A) =

) U e} -

Lemma 1.3. Given a family (A;)icr of nontrivial Abelian I-groups, let A := [[;c; As.
Then A = [Licr A;
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Proof. Let us denote by m; : A — A;, ¢ € I, the natural projections. By Lemma 1.2,
m; extends to a morphism 7; i : A — A of I-monoids for all 7 € I, and hence we obtain
a canonical morphism & : A —» Hlel i = (Ti(¥))ier that is the identity on A. It
follows that ¢ is an isomorphism of I-monoids and £~ ((1;)ier) (@) = (¥;(mi()))ses for
wiEE,iEI,andaeAJr. O

As a consequence of Lemmas 1.2, 1.3, we obtain

Corollary 1.4. Let (A;)ier be a family of nontrivial Abelian l-groups, and let
[T — A= TT,c; Ai be a morphism of Abelian I-groups such that chy, (m;(f(I'))) = A;

for all i € I. Then f extends canonically to a morphzsm f [ — A [Lic; As, and
FO) C{pel|¥yel, oA f(y) € F(I)} = f(T).

Remark 1.5. LetAA be an Abelian I-group. For each [-subgroup I' C A, the set
QAIT) ={p e A|Vy e, oAy e} ={p € AlVy € T4, p(y) € T} is a sub-
l-monoid of A with Q(A|T)* = T, and the restriction map r : Q(A|T) — T, —
¢|r, is a well defined morphism of commutative [-monoids which is the identity on I'.
As in Corollary 1.4, if A = J[,.; A; is a product of nontrivial Abelian [-groups, and
ch(m;(I")) = A; for all i € I then r is an isomorphism. The simplest example with r onto
but not injective is obtained by taking A a nontrivial Abelian I-group and I' = {¢}, in
which case, Q(A|T) = A, and r is the constant map e.

Corollary 1.6. For each nontrivial Abelian l-group A, its canonical subdirect represen-
tation into the product I' := HPeP(A) A/ P of its maximal totally ordered factors extends

to a subdirect representation of the associated commutative [-monoid A into the product
I1 PeP(A) A/P of its maximal totally ordered factors, isomorphic to the commutative

l-monoid T associated to the Abelian l—gAroup TI.
In particular, the boolean algebra OAL is canonically embedded into the power set
2PN and the injective map P(A) — Max(9A, ),

P {0 €My Vo Ay, B(a) € P ={0 € DA, |3a € Ay, ¢ P}

@
0()
identifies P(A) with a dense subset of the profinite space Max@fhr), the Stone dual of
the boolean algebra OA .y, consisting of all maximal ideals of OA .

Remark 1.7. Let M be a commutative semilattice-ordered monoid (for short, si-
monoid), i.e., a commutative monoid, with neutral element ¢, together with a meet-
semilattice operation A defining the partial order x < y <= z = x A y, which sat-
isfies the compatibility condition x(y A z) = zy A zz for all z,y,z € M. Denote
by M* the subgroup of all invertible elements of the monoid M, and consider the
submonoid M := {z € M |3y € M,zy < e}. Note that M* U M_ C M, where
M_:={zeM|z<e},andzAye Mforallz € M,y € M, ie. M is a lower subset
of M. It follows that

M:M*@V:EGM*,VyGM,x/\yGM*,
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S0, in this case, M™ is an Abelian [-group and the embedding M* — M* extends
uniquely to the morphism of sl-monoids @ : M —» M*, defined by w(z)(a) =z AN«
for z € M, € M7. For any such sl-monoid M, the meet-semilattice operation A
induces on the subset E*(M) := {z € M |2? = z} of idempotent elements a natural
structure of distributive lattice with the least element € and the join x Vy := z-y. The
distributive lattice E*(M) is bounded, with the last element w, provided the element
w is a zero as well as a last element of M. The morphism w : M — M* induces
by restriction a lattice morphism from the distributive lattice E®(M) to the boolean
algebra E'(W) = aj\/iu.

The simplest way to extend the correspondence A +— A to a covariant functor is to
define it on the subcategory C of the category of Abelian [-groups whose morphisms
f T — A satisfy the condition chp(f(T")) = A. On the other hand, let D be the
category having as objects the sl-monoids M which satisfy the condition from Remark
1.7:2eM,ye M* = x ANy € M*, with morphisms F' : M — N of sl-monoids for
which chy«(F(M*)) = N*. By Lemma 1.2.(1), the correspondence A — A extends to
a covariant functor ~: C — D. The next statement is immediate.

Proposition 1.8. (1) The functor = : C — D is a right adjoint of the covariant
functor * : D — C, M — M*.

(2) The counit *o~— 1¢ of the adjunction is a natural isomorphism, while the unit
1p — "o * is the natural transformation sending each M in D to the canonical
morphism w : M — M~ as defined in Remark 1.7. In particular, the category
C is equivalent with the full subcategory of D consisting of those M for which the
canonical morphism w : M — M* is an isomorphism.

Remark 1.9. As a right adjoint, the functor ~: C — D is continuous, in particular,

—

[Lic/ A = ieIE for each finite family (A;);e; of Abelian [-groups. Though, by
Lemma 1.3, the isomorphism above holds for arbitrary index sets I, we cannot deduce
this fact from the continuity of the functor ~ since the category C does not have
arbitrary products. Indeed, given a family A;,7 € I, of Abelian [-groups, and a family
fi : T'— A; of morphisms in C, the canonical morphism f : I' — [[;c; A; of Abelian
l[-groups is not necessarily a morphism in C. However f is a morphism in C provided
the index set I is finite.

Lemma 1.10. For any 6 € ONy, put NG :={p-0|p e Ay ={peA|p 0=}, and
let 0 be the endomorphism of the Abelian l-group A induced by the endomorphism 6 of

the commutative l-monoid A, with Ker () = =0(A) = {(3%1 |a € A}. Then :

(1) For all ¢ € IAX, the following assertions are equivalent.
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o) V (0(a) - o(e)) for all o € Ay
(vi) wla) = 0(a) - p(507) for all a € Ay

Thus A0 = {p € A|<,p+ > 0} is a filter of A and _also a commutative I-monoid
with neutral element 0, and (A9)y = A 0 = {p € N| ¢ > 6}.

(2) The restriction map o = | @), s an isomorphism of commutative [-monoids

o — o —

A9 —s Ker (8), whose inverse sends ¢ € Ker (0) to o € AB defined by p(a) =
0(a) - w(ﬁ) for o € Ay. In particular, (A9)* = A0 = Ker (0), and O(A0), =

—

(OA4)8 = {¢C € DA, | > 0} = OKer (6), .

(3) For6,¢ € 8A+, A C AC<:>9 >(«=0=0-¢, AHHAC A(G C) (0\/0
and AH\/AC ={pA¢|pe AH RUNS A{} A@AC In particular, AN A0 =
Aw = {w}, AgVA—0 = Ae = A, and the map A —s A0 x A=6, ¢ > (p-0, ¢ - —0)
is an isomorphism of commutative l-monoids, with the inverse (p,1) — @ A .

Proof. (1). (i) = (i) : p-0=¢-0-—0=¢p w=uw.
(ii) = (iii) : Let o € A4. By assumption,

ap(a)f(p(c))
Ola)p(e)

therefore 8(a)p(e) < ¢(a)f(p()). In particular, setting o = ¢, we _obtain 6(p(c)) = ¢,
and hence 6(a)p(c) < p(a) < a. Applying the endomorphism 6 to the inequalities
above, we obtain the required identity 6(¢p(«)) = 0(«) for all @ € A

(iii) = (iv) : Let a € A+. We obtain

a=uw(a) = (p-0)(a) < p(a) ~0(ap(e) ") =

0() = 0(p(a)) <O((p(@))+) < @y (a),

therefore 8 < ¢, as desired.
(iv) = (v) and (vi) : Since 0 < ¢ by assumption, it follows that

o1 =0V (pr A=0) =0 (pr A—b),

and hence
«

pt(a) =0(a) v ‘P+(%) =0(a) - <P+(r

a)

)

for all & € A;. The assertions (v) and (vi) are now immediate by multiplication with
ole) = pla)=" = plye)"!

The implication (v) = (iv) is obvious.

(vi) = (i) : As ¢(a) = ¢(g) provided ¢ < a < ()7L, it follows by assumption
that 0(¢(e)~!) = ¢, therefore

(- 0)(e) = p(e)f(ap(e) ™) A = B(a) (o) A =) = H(a)w(@) = ¢()

forall « € Ay, ie. ¢ -0 = as desired.
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(2) By (1), (i) = (iii), (i) = (vi), it follows that the restriction map
A9 —s Ker (6), ¢ Clker @), s an injective morphism of commutative /-monoids. To
prove that it is an isomorphism, it suffices by (1), (vi) = (i), to show that for any

—

¢ € Ker (0), the map

p: Ay — AN a— 0(a)¢(m)

L —

belongs to A, i.e. () = (j) Aa for all o, 8 € Ay such that a < 3. Since ¢ € Ker 6),
it follows that 6(¢(a)) = (), ~0(p(a)) = w(ﬁ) for all & € A;. Consequently,
assuming that € < a < 3, we obtain

p(a)

and hence the required identity.
The proof of the statement (3) is straightforward. O

Corollary 1.11. A = {y - -0y € A0 € OALY} is the smallest _l-submonoid of A
containing the union AUOAL, and Ay = {y-0|y € Ay,0 € ON,}. In addition,
the commutative monoid A is reqular ﬁ), with the quasi-inverse naturally defined by

(v-0)Li=~"1.0 fory€A,0€ON,.

Proof. By Lemma 1.10.(2), the surjective map A x 8A+ — A, (7,0) — -0 identifies A
with the disjoint union | |, 4z Ker (0) of convex Il-subgroups of A. For 0, € 8A+, v E

Ker (A), p € Ker (¢), we obtain

0) - (0¢) = (vp) - (00) = (=—22 ). (6¢),
(v0) - (p¢) = (vp) - (6¢) (C(’Y)Q(P)) (6¢)

70 < pl =0 < (7 < pC(v4) <=0 < (=0 (v+) < ptyp- < -,

(v0) A (pC) = (Y0(p+) A pC(y+)) - (B A Q)

and

(40) v (pC) = (== v L) - (6¢).

O

For instance, in the case A = Q- as in Example 1.1, A consists of those formal
products @ := [[,cpp"*, with n, € Z U {occ}, for which the set {p € P|n, € Z\ {0}} is
finite, and z7! = Hpeppmp, where m,, = —n,, if n, € Z, and m, = oo if n, = oo.

2)A commutative (multiplicative) semigroup S is regular if for all x € S there is y € S such that
z?y = x. A regular commutative semigroup S is an inverse semigroup, i.e. for all z € S there is a unique
element 71 € S, called the quasi-inverse of x, satisfying the identities 22z~ = x, (xil)zsc =z L
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1.2 The sl-monoid associated to a commutative ring extension

Let A C B be a commutative unital ring extension. We denote by M := M (A, B)
the set of all finitely generated (in short f.g.) A-submodules of B. M becomes a commu-
tative multiplicative sl-monoid with the usual multiplication and the meet-semilattice
operation I A J := I + J induced by the partial order I < J <= J C I. The neutral
element is A, while {0} is a zero element as well as the last element of the sl-monoid
M. The sl-submonoid My of the nonnegative elements of M consists of the f.g. ideals
of A.

The subgroup M* of the invertible elements of the monoid M is exactly the Abelian
multiplicative group of those A-submodules I C B which are B-invertible, i.e. IJ = A
for some A-submodule J of B. Indeed, every B-invertible A-submodule [ is f.g., and
the A-submodule J satisfying IJ = A is unique, i.e. J =11 :=[A:1] = {z €
B|xzl C A}, and f.g. In particular, Az € M* and (Az)~! = Az~! for all z € B*, so
the factor group B*/A* is identified with a subgroup of M*. With the notation from
Remark 1.7, the lower submonoid M := {I € M |3J € M, A C I.J} of M, containing
the ordered subgroup M* and the lower submonoid M_ := {I € M | A C I}, consists
of those f.g. A-submodules I of B which are B-regular, i.e. IB = B.

1.3 [-valuations on commutative rings

Let B be a commutative unital ring and A a (inultiplicative) Abelian [-group, ex-
tended as in 1.1. to the commutative [-monoid A, with its boolean algebra OA; of
idempotent elements.

Definition 1.12. A map w : B — A is called a l-valuation whenever the following
conditions are satisfied.

(1) w(zy) = w(x)w(y) for all z,y € B.
(2) w(x +y) > w(x) Nw(y) for all z,y € B.
(3) w(l) =¢ and w(0) = w.

From the axioms above we deduce that w(—z) = w(z) for all z € B, w(B*) is a
subgroup of A, and the map E*(B) := {z € B|2? = 2} — 0Ay,z — w(l — 2) is a
morphism of boolean algebras.

In particular, if A = {e} is trivial, so A= A, i.e. w =g, then the [-valuation w is the
constant map x — ¢. If A is a nontrivial totally ordered Abelian group, so A =AU {w},
then we obtain the usual notion of valuation [9, VI.3.1.], [19] 1.1.]

Some notions and basic facts about valuations extend to [-valuations as follows. Let
w: B —> A be a l-valuation, and assume that A # {e}.

The set w™!(w) is a radical ideal of B. It is called the support of w and is denoted
by supp(w). The subring A,, := w_l(fhr) of B is called the l-valuation ring of w. Thus
supp(w) is a radical ideal of the ring A,, too, contained in the conductor of A,, in B,
the biggest ideal {x € B| Bz C A,} of B contained in A,,.
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Setting B := B/supp(w), with the canonical projection 7 : B — B, there exists a
unique [-valuation @ : B — A such that Worm = w, with supp(w) = {0}, so the factor
ring B is reduced, and Az = A, := A, /supp(w). In particular, if w is a valuation
then supp(w) is a prime ideal, p,, := {z € B|w(z) > ¢} is a prime ideal of A4, the
center of w, and W extends uniquely to a Krull valuation w on the quotient field of the
domain B, so Az C Ag, Pg N Aw = Pw = Pw/supp(w).

Consider the subdirect representation A —» I1 PeP(A) A//\P, where P(A) consists
of all minimal prime convex Il-subgroups of A, cf. Coio\llary 1.6.. Composing the [-
valuation w : B —» A with the projection A — A/P = (A/P) U {wp} for P €
P(A), we obtain a family of valuations (wp : B — A//})pep(A). It follows that
supp(w) = (\pep(n) SUPP(wp), Aw = pep(a) Awp, and B is identified to a subdirect
product of domains through the injective ring morphism B — [] PeP(A) Bp, where
Bp := B/supp(wp) for P € P(A).

For any [-valuation w: B — A with 4 := A, let M = M (A, B) be the commu-
tative sl-monoid associated as in 1.2 to the commutative ring extension A C B. The
map @ : M —» A sending a f.g. A-submodule I = Y 1<i<n Azi € B to the element

W(I) = Njcjcp, w(Ti) € A is a well-defined morphism of si-monoids with a last element.
Its image
G(M)={ N\ ¢ilneN g cwB)}

1<i<n

is a sl-submonoid of A, generated as meet-semilattice by w(B), with

B(M)+ = D(M) ={ /\ ¢iln€N,pi€w(A)} €Ay,

1<i<n

DM)- = d(M_) ={ N\ (e)="IneN,p cw(B\A)}CA_.

1<i<n

The subset U := @w '(A) C M is closed under multiplication, and M* C M cU.
Notice that I < J(i.e.J CI) <= w(l) <w(J) forall I € M*,J € M,ie. I ={zxc¢c
Blw(x) > w(I)} for all I € M*. Indeed, a implication holds for all I,.J € M, while,
assuming I € M* and @w(I) < @(.J), it follows that ¢ < @w(I~'.J), and hence I~'J C A,
so J C I as desired. Consequently, M* is torsion free, and the morphism w : M — A
induces by restriction a monomorphism of ordered groups w|y~ : M* — A.

Notice also that I € U,J € M,J < I — J € U since A is a lower subset of K,
therefore the monoid of fractions M, := U1 M is a sl-monoid with [§]/\[§—l,] = [U}T]{/‘]],
and M, is a lower subset of M,, and hence a l-group. Denote also by W the extended
morphism of si-monoids My, — A, [£] — @(I)@(J)~ L.

Definition 1.13. The image @(My) = {¢ € A3 € G(M) N A, pp € D(M)} is
called the value sl-monoid of the l-valuation w and is denoted by M,,. The l-subgroup
M = My N A =w(M) of A is called the value I-group of w.

Notice that M, contains the l-subgroup generated by w(B) N A as well as the I-
subgroup generated by the subset {¢_ = ¢(e)7! ¢ € w(B\ Ay)}. In particular, if w
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is a valuation then M = {@ ¥~ |, € w(B)N A} is the totally ordered value group
of w. If in addition w is a Krull valuation, i.e. B is a field, then M}, = M} .

The coarsening and equivalence relations for valuations extends to l-valuations as
follows.

Definition 1.14. A [l-valuation w' : B — N is called coarser than the l-valuation
w: B — A (or a coarsening of w) if the following equivalent conditions are satisfied.

(i) There exists a morphism E) of sl-monoids F : My, —> My such that, for all
r € B, w'(z) = F(w(z)), and F(M},)) = M.

(ii) There exists a morphism of sl-monoids f : W(M) — @’(M) such that, for all
z € B, w'(x) = f(w(x)), and f(W(M)NA) =w'(M)NA.

The relation above is a preordering inducing the equivalence relation :

Definition 1.15. Two l-valuations w,w’ on the commutative ring B are said to be
equivalent (for short, w ~ w') if the following equivalent conditions are satisfied :

(i) There is an isomorphism F : M,, — M,y of sl-monoids such that, for all
x € B, w'(x) = F(w(x)).

(i) For all x1,...,2n,y € B, \icicpyw(zi) < w(y) <= Aicic, W' (i) < w'(y), in
particular, A := A, = Ay, and the sl-monoids M,,, M, are isomorphic over
M = M(A,B).

Remarks 1.16. (1) If w’ is coarser than w then supp(w) C supp(w’) and 4, C
Ay If; in addition, w is a valuation then w’ is a valuation too, and supp(w) =

supp(w’).

(2) Let w: B — A be a l-valuation. For any convex [-subgroup H of My . the
natural projection M} — 'y := M} /H extends to a morphism of sl-monoids
h:My—Tq (cf. Remark 1.7 and Proposition 1.8). The map w/H = how :
B — f;{ is a [-valuation with M,/ = h(M,), which is, up to equivalence,
the minimal coarsening w’ of w with M, = T'y. In particular, taking H = {¢},
we obtain the minimal, up to equivalence, coarsening w := w/{e} of w with

== M;,, and hence Ag = A,

If w is a valuation then the coarsenings w’ of w correspond uniquely, up to equiv-
alence, to the convex subgroups H of the totally ordered Abelian group M;, via
w' = w/H; in particular, w ~ w.

The following definition provides a generalisation of the basic notion of Manis val-
uation [21].

Definition 1.17. Let w : B —3 A be a l-valuation, M = M(Ay, B) the sl-monoid
associated to the ring extension A, C B, and W : M — A the canonical morphism of
sl-monoids. w is said to be a Manis [-valuation if wW(M) N A is a l-group generated by
the subset {p_|p € w(B\ Ay)}.

3)The morphism F is necessarily surjective.
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Assuming that w is a Manis [-valuation, it follows that M, = w(M), M} =
w(M) N A, and (M) = {V1<icn(@i)- |7 € N, pi € w(B\ Aw)}.

1.4 Prifer extensions

A commutative unital ring extension A C B is said to be a Priifer extension if A is
a B-Priifer ring in the sense of Griffin [16]. These extensions relate to Manis valuations
in much the same way as Priifer domains with Krull valuations. They admit various
characterizations as shown for instance in [19, I, Theorem 5.2.] We mention only the
following two useful criteria for a commutative ring extension A C B to be a Priifer
extension :

(P1) Every subring of B containing A is integrally closed in B.
(P2) For every element x € B there exists y € A such that zy € A and z(1 —zy) € A.

In particular, a commutative ring A is a Priifer ring if and only if the ring extension
A C B is Priifer, where B = Q(A) is the total ring of quotients of A.

Thus the Priifer extensions are the models of an inductive (V3) theory in the first
order language (4, —,+,0,1) of rings augmented with a unary predicate standing for a
subring A of B.

The Priifer extensions have a good “multiplicative ideal theory” [19] II].

Given a commutative ring extension A C B, let M := M(A, B), M*, and M be as
defined in 1.2. By [19] II, Theorem 1.13.], the ring extension A C B is Priifer if and
only if [ is B-invertible for all I € M ,le. M* = M. Assuming that the ring extension
A C B is Priifer, it follows by Remark 1.7. (see also [19, II, Corollary 1.14.]) that
M* is an Abelian [-group with IANJ =TI+ J, IVJ =1INJ = (It +J7 1)~ for all
I,JeM* soM;={IeM*|ICA},and I, =INAI_=(A+1)"'=1"1nA | =
INI~'=1,1_ =1,NnI_for I € M*. By Remark 1.7. again, the canonical embedding
of the Abelian [-group M™* into its commutative l[-monoid extension M*, as defined
in 1.1, extends uniquely to the morphism of sl-monoids v : M — M\*, deﬁned/bl
w(I)(a) = I +afor I € M,a € M*. Composing the morphism v : M — M*
with the map B — M,z — Ax, we obtain the [-valuation to : B — M\*, called the
l-valuation associated to the Priifer extension A C B. Notice that to is trivial (the
constant map x — A) <= A = B.

We obtain {x € B|w(x) > v} = v for all v € M*, in particular, A, = A,
and w1(y) = v\ Uaerrs acy @ (may be empty) for v € M*. It follows also that
supp(mw) = Nge Mmxo is the conductor of A in B. Indeed, assuming that z € B\
supp(t), let o € M be such that & o, so 8 :=a + Az € M* and 37! C a~!. Thus
zy g Aforall y € a=!\ 871, therefore Bx A as desired.

The morphism © : M — M* is induced by the [-valuation tv : B — ]/\4\*,
ie. (1) = A<i<nto(z;) for I = > .., Az; € M. Consequently, the si-submonoid
(M) of the I-monoid M* contains the Abelian l[-group M™* and is generated as meet-
semilattice by its submonoid w(B). Thus My, = (M) is the value sl-monoid, while
My, = M* is the value [-group of the [-valuation tv associated to the Priifer extension
A C B. As the l-group M* is generated by the invertible ideals to(z)_ = (A + Az)~!
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for x € B\ A, w is a Manis [-valuation (cf. Definition 1.17), and hence a Priifer-Manis
[-valuation according to the next definition which extends to [-valuations the basic
notion of Priifer-Manis valuation [19, I, 6, Definition 1]).

Definition 1.18. Let w : B — A be a l-valuation.

(1) w is said to be a Priifer I-valuation if the ring extension A, C B is Priifer.

(2) w is said to be a Prifer-Manis [-valuation if w is a Prifer as well as a Manis
l-valuation.

Remark 1.19. Let w : B — A be a [-valuation with A, = B. Let M denote the
sl-monoid of the f.g. ideals of B. Then w is obviously Priifer. It is Priifer-Manis
< M =w(M)NA = {e}. As an example of such a [-valuation, let A be a nontrivial
Abelian - -group, and let B be the underlying boolean ring of the boolean algebra with
support 8A+ and opposite order. Then the inclusion w: B — A is a l-valuation with
Ay = B,M,, = w(B) = dA4, M, = {e}. In particular, if A is totally ordered then

B =T, the field with 2 elements.

Lemma 1.20. Let A C B be a Priifer extension, M-the sl-monoid of f.g. A-submodules
of B, M*-the l-group of invertible A-submodules of B, and vo : B — M*-the Priifer-
Manis l-valuation associated as above to the Prifer extension A C B. Let w: B — A
be a Priifer l-valuation with A, = A. Then :

(1) The morphism of sl-monoids @ : M — A induces by restriction a monomor-
phism of Abelian l-groups M* — A, identifying M* with w(M*) = w(M)*, the
l-group of invertible elements of the sl-monoid wW(M).

(2) v =fow, w=fow, and My = f(W(M)), where f : (M) — M~ is the
canonical morphism of sl-monoids extending the isomorphism w(M)* = M* of
Abelian l-groups.

(3) w(M)NT = w(M)*, where I' is the convex hull of W(M)* = M* in A. In
particular, w ~ to whenever I' = A.

Proof. The morphism M* — A, a — w(a) of Abelian [-groups is injective cf. 1.3. To
show that W(M*) = w(M)*, let v € w(M)*. By assumption v=w(l),y " =w(J)
for some I,.J € M, and hence y = (y Ae)(y P Ae) ™ =w(I + A)w(J + A~ = 0(K),
where K = (I + A)(J + A)~! € M*, as desired.

The assertion (2) of the lemma follows in a straightforward way.

To prove the assertion (3), let v := w(I) € W(M)NT. We have to show that
v € W(M)* = w(M*). By assumption there exists a € M* such that v < w(a),
therefore I +a € M* and v = W(I +a) € W(M™*) as desired. Assuming that I' = A,
it follows that the morphism f : W(M) — M~ of sl-monoids is injective, and hence
My =w(M) = f(W(M)) = My, so w ~ 1w as required. O

Corollary 1.21. Let A C B be a Priifer ring extension. Then to : B — M 18, up to
equivalence, the minimal Prifer-Manis l-valuation on B with l-valuation ring A, i.e.
0 is coarser than any Prifer-Manis l-valuation w : B — A with Ay, = A. Moreover
for any such w, M}, = My, = M*.
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Corollary 1.22. ([19, I, Proposition 5.1]) Let A C B be a Priifer extension such
that A # B. The necessary and sufficient condition for the Prifer-Manis l-valuation
w: B — M* to be a valuation, i.e. M* is totally ordered, is that the set B\ A is
multiplicatively closed.

Proof. Assuming that the Abelian group M* is totally ordered, let =,y € B\ A be such
that xy € A. As A+ Ax, A+ Ay € M*, we may assume without loss that x € A + Ay,
so & = A+ uy for some A\, € A, and hence P(z) = 0, where P(X) = X? —\X — uxy €
A[X]. Since A is integrally closed in B, it follows that x € A, i.e. a contradiction.
Conversely, assume that B\ A is multiplicatively closed and there exists o € M* such
that « € A and o' € A. Choose z € a\ A,y € a~'\ A. As B\ A is multiplicatively
closed by assumption, it follows that xy & A, contrary to the fact that zy € aa™! = A.
Consequently, M* is totally ordered, and hence to is a valuation, as required. O

In the following four sections (2 - 5) we provide an abstract axiomatic framework
for the residue structures induced by Priifer extensions.

2 Commutative regular semirings and quasi-semirings

Definition 2.1. By a commutative regular semiring, abbreviated a cr-sring, we
understand an algebra (R,+,e,—, 71 ¢) of signature (2,2,1,1,0), satisfying the follow-
ing conditions

(1) (R,+) and (R, ) are commutative reqular semigroups, with —x and x~' the cor-
responding quasi-inverses of any element x € R;

(2) ETNE®*={e}, where EY :={z € R | 2z :=x+x =2} ={e"(z) =0+ (—x) |
rcRLE*  ={zcR|2?2:=rex=2}={c(z):=vex™! | 2 € R};

(3) Distributive law : zrey+xez=xe(y+z) for all z,y,z € R.

Remarks 2.2. (1) The commutative, not necessarily unital, reqular rings (in the sense
of von Neumann) are exactly those cr-srings R for which (R, +) is an Abelian group.
In this case, the neutral element ¢ = 0 is the unique element of ET, while E® is a
quasiboolean lattice with the least element 0 under the operations Ay = zey,zVy =
r4+y—zey,x\y=x—zey. E®isa Boolean algebra <= R has a unit 1, in which case
Tz = 1 — z. Thus the fields and the Boolean rings are amongst the simplest examples
of cr-srings.

(2) On the opposite side, the Abelian I-groups are identified with those cr-srings R
for which (R,e) is an Abelian group. In this case, the neutral element ¢ = 1 is the
unique element of E*, while ET = R, so (R, +) is a semilattice. Indeed, we obtain by
2.1.(3) and 2.1.(2) the identities

r+r=xectrec=xe(ctc)=rec=u=x
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for all x € R. As the group and the semilattice operations e and + are compatible by
2.1.(3), it follows that (R,e,A,V) is an Abelian l-group, where

sAy=z+yaVy=("'+y )"
Notice that the trivial cr-sring (the singleton) is the only common member of the
two remarkable subclasses of cr-srings considered above.

(3) In the presence of the axioms 2.1.(1) and 2.1.(3), the axiom 2.1.(2) is equivalent with
the conjunction of the following two equational axioms

2.1.(2") e € ET, ie. 2¢ = ¢, and
21.(2”) EY CR::={z€R | e*(z)=c}, ie e*(et(x)) =c forall x € R.

The implications 2.1.(2) = 2.1.(2), and (2.1.(2’) A 2.1(2”)) = 2.1.(2) are obvious,
so it remains to prove the implication 2.1.(2) = 2.1.(2”). Assuming that z € E*, we
obtain by 2.1.(3)

1 1 1

e*z)=zterz=zle(z+z)=cler+z e =2"z),

so e*(x) € ET N E*, and hence e*(x) = € by 2.1.(2), as desired.
Thus the class of all cr-srings is a variety of algebras of signature (2, 2, 1, 1, 0), i.e.
it is closed under homomorphic images, subalgebras and direct products.

We introduce a larger class of algebras of the same signature as above by relaxing
suitably the distributive law 2.1.(3) and adding three new natural axioms as follows.

Definition 2.3. By a commutative regular quasi-semiring, abbreviated a cr-
gsring, we understand an algebra (R,+, 8, — 71 &) of signature (2,2,1,1,0), satisfying
the axioms 2.1.(1),(2), and the following new axioms

(3") Quasidistributive law : roey+xez<xze(y+2z) foralxy,z€ R, where <
denotes the canonical partial order on (R,+):z <y <=z =y+e"(z);

4) y<z=zey<zez foralxyz€R;
(5) —(xeoy) =xze(—y) for all v,y € R;
(6) et (z+y) <et(zey) forall x,y € E°.
The next lemmas collect some basic properties of the cr-qgsrings.

Lemma 2.4. Let R be a cr-qsring. With the notation above, the following statements
hold.

(1) The unary operations x — —x and x — x~! commute, i.e. (—z)~! = —(x71) for
allz € R.

(2) The multiplication induces an action of the multiplicative semigroup (R,e) on
the additive idempotent semigroup (semilattice) (ET,+), i.e. x o f € ET, and
re(f+g)=xef+xegforallreR, fge ET.
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(3) Et =R::={re R | e*(x)=¢c}.

(4) (ETt,e,A,V) is a multiplicative Abelian l-group, with the lattice operations e f =
e+ fievf=(et+f )N

(5) The map v : R — Et,z + v(x) := ¢ e x is a quasivaluation (abreviatted a
qvaluation) on the cr-gsring R with values in the multiplicative Abelian l-group
Et, die. v : (R,e) — (ET,e) is a surjective morphism of semigroups, and
v(z +y) >v(x) Av(y) = v(z) +v(y) for all x,y € R. In addition, v(—z) = v(x)
for all z € R, and v(z) < v(y) provided z < y.

(6) The epimorphism v : (R,e) — (E™, e) splits, and the embedding E* — R is
the unique section s of v satisfying in addition s(f + g) = s(f) + s(g) for all
f.g € ET. Moreover the qualuation v satisfies the following universal property:
for every Abelian l-group (A,+, A\, V) and for every morphism of semigroups
w: (R,e) — (A, +) satisfying w(f + g) = w(f) Aw(g) for all f,g € ET, there
exists a unique morphism of l-groups ¢ : ET — A such that pov = w. In
particular, any such map w is a qualuation provided it is surjective.

Proof. (1) follows easily from 2.3.(5).
(2) For z € R, f € ET, we obtain by 2.3.(3’)

ref=xe(f+f)>zef+zef

S
reftref=ceftet(zoftref)=xefte(zof)==aef,

and hence v o f € ET, as desired.

For z € R, f,g € E™, it follows by 2.3.(3’) again that ze (f +g) > re f+xeg. On
the other hand, f,g € ET = f+g = fAg < f, and hence zo(f+g) < ze f by 2.3.(4).
Similarly, we obtain ze(f+g) < zeg, therefore xo(f+g) < zefAreg=zef+reg,
since x o f,r ® g € ET as shown above. Consequently, we obtain the required equality.

Thus we have obtained a morphism of semigroups ¢ : (R, e) — End(E™, +) defined
by ¥(z)(f) = xef forx € R, f € ET. We shall see later that the image of v is contained
in Aut(Et, +).

(3, 4) We already know from (2) above that E* is closed under multiplication.
It remains to show that ET = R? to conclude that ET is an Abelian group under
multiplication, with ¢ as neutral element. Assuming that f € ET, it follows by (2) that
e*(f) = flefe ETNE® and hence e*(f) = ¢, i.e. f € R, since ET N E® = {¢} by
2.1.(2). Conversely, assuming that x € R?, we obtain x = zee®(z) = xec € ET by (2)
since € € ET. Thus ET = R?, as desired.

Since the group operation e and the semilattice operation + on ET are compatible
by (2), we obtain the required structure of Abelian I-group on ET. In particular, the
multiplicative Abelian group (E™,e) is torsion free.

(5, 6) Setting v(z) :=cex € ET for z € R, we obtain for arbitrary x,y € R :

v(z)ev(y) =(cox)e(coy)=c’o(zoy)=co(roy) =v(zey),



18 BASARAB

and
vty =ce(xty) >coext+coy=uv(z)+v(y)

by 2.3.(3").

Notice that v(—z) = v(z) for all x € R since the Abelian group (E™,e) is torsion
free, and (—xz)? = 22 (by 2.3.(4)) = v(—2)? = v(z)?, while z < y = v(z) =c ez <
ceoy =uv(y) by 2.3.(4).

For z € E*, we obtain v(z) = e ez = x by (3). Thus v is a qvaluation, and the
embedding i : (E*,e) < (R, e) is a section of the epimorphism v : (R,e) — (E™,e)
satisfying the supplementary property i(f +g) = i(f)+i(g) for all f,g € ET. To prove
its uniqueness, let s : ET — R be a map satisfying vos = 1g+ and s(f+g) = s(f)+s(9)
for f,g € E*. We have to show that s(f) = f for all f € E*. It follows that s(f) € E*
for all f € ET since s(f) + s(f) = s(f + f) = s(f), therefore s(f) = v(s(f)) = f, as
required.

To prove the universal property of the qvaluation v, let A and w : R — A be as in
the statement (6) above. First notice that if a map ¢ : ET — A satisfies ¢ o v = w,
then o(f) = p(v(f)) = w(f) for all f € E*, so ¢ = w |+ is unique. By assumption,
the map ¢ as defined above is a morphism of l-groups, and p(v(z)) = w(v(z)) =
weeozr) =w(E)+wx) =0+w() =w(x) for all z € R, so pov = w as desired. As
a composition of a qvaluation with a morphism of I-groups, the map w is a qvaluation
too provided it is surjective.

Finally notice that the morphism 1) : (R, e) — End(E™, +) as defined in (2) is the
composition of the epimorphism v : (R,e) — (E*,e) with the canonical monomor-
phism ¢ : (ET,e) — Aut(E',+) C End(E™,+) defined by «(f)(g) = f e g for
f,g € ET. Indeed, we obtain

P()(f) =zef=ze(cof)=(rec)ef=uv(x)ef=1lv(x))(f)

forx € R, f € E*,ie. 9 = 1tov as desired. In particular, the image of 1 is a subgroup
of Aut(E™,+), identified with the multiplicative Abelian group (E*,e). O

Remark 2.5. Though very similar, the notions of valuation and qvaluation are quite
different. Thus, the constant map x — 0, the unique gvaluation on any field F, is
distinct from the trivial valuation on F. However the qvaluations are naturally related
to the valued fields and the Priifer domains [6].

Lemma 2.6. The surjective maps et : R — E*,e* : R — E®, and v: R — ET
have the following properties.

(1) v <et, ie. v(z) <et(z) for all x € R. In particular, the restriction e |ge
takes values in EI :={f € Et | f>¢e}, the positive cone of the Abelian l-group
(E+7.7+ = /\7\/)'

(2) et =ve(etoe®), ie. et (x) =v(x)eet(e®(x)) =z oet(e®(x)) for allz € R. In

particular, et (x71) = v(z) 2 e et (z) =z 2 0et(z) for all z € R.

(3) The restriction et |ge: (E®,0) — (Ei,+) is a morphism of semilattices, i.e.
et (xey) =et(x)+et(y) for all x,y € E*, which preserves the common least
element €.
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(4) Leibniz’s rule : The additive map et : R — E* is a “derivation”, i.e.
et(rey)=xee(y)+yee(x) for all z,y € R.

(5) {xek® | et(x)=c}={z+e | xze€E*}
(6) et(e*(z)) <et(e*(y)) provided x < y.

Proof. (1) For any = € R, it follows by Lemma 2.4.(5, 6) that

et (z) = v(e"(2)) = v(@ + (-2)) 2 v(x) + v(-2) = v(z) + v(z) = v(2),

while for x € E®, we obtain et (x) > v(z) = v(r @ 271) = ¢, as required.
(2) For any = € R, it follows by 2.3.(3’) and 2.3.(5) that

v(z)eet(z)=aT o (a+ (—2)) 2T ex + (— (a7 e 1)) = ¥ (e*(x))

and
v(a) e e’ (e*(x)) =z o (e*(z) + (—€*(2))) >z + (—x) = " (2),

and hence the desired identity.
(3) Let z,y € E*®, in particular, v(z) = v(y) = e. It follows by 2.3.(3") and 2.3.(5)
again that

et(zey)=zeytae(—y)<zeet(y) =v(x)eec

and similarly, et (z e y) < e™(z). As (ET,+) is a meet-semilattice, we deduce the
inequality e™(zey) < eT(x)+et(y). To get an equality, we have to appeal for the first
time to the axiom 2.3.(6).

(4) Let z,y € R. By (2) and (3) above, we obtain e (rey) = zeyecT (e*(zoy)) =
zeyecet(et(z)eet(y)) =zoye(eh(e®(x)) +ef(e*(y) =yoe () +xoet(y), as
required.

(5) Assuming that z € E* and et (z) = ¢, it follows that z =z + ¢ sincex + e < z
and et(z +¢) = et(z) + & = ¢ = et (x). Conversely, for any x € E®, we obtain
ef(x +¢e) = et(z)+e = ¢ since z € E* = et (x) > ¢, so it remains to show that
r+e€ E® Asv(x) =cex =c¢, it follows by 2.3.(4) that (z +¢)? > = + ¢, and hence,
again by 2.3.(4), e*(z+¢) = (z+e)o(z+e) t < (z+e)?o(z+¢)t = 2 +e¢, therefore
e(r+e)=x+(e+et(e*(x+¢))) =z+¢,ie x+e€ E® as desired.

(6) Let x,y € R be such that x < y, in particular, e™(z) V v(y) < et (y) by (1). By (2)
it follows that et (e®(z)) = et (z) e v(z) ™' = et (2) @ v(y + et ()™t <et(x) e (v(y) +
et (x))7 = (eF(x) Voy) ev(y) ™" <et(y) ev(y)~" = et (e*(y)), as required. O

A characterization of those cr-gqsrings which are cr-srings is given by the next lemma.

Lemma 2.7. The following statements are equivalent for an algebra (R, +, e, —,~1 ¢)
of signature (2,2,1,1,0).

(1) R is cr-sring.

(2) R is a cr-qsring satisfying the following equivalent conditions.



20 BASARAB

+

(i) et =

(ii) et (z ) =¢ forallz € E*;

(iii) et (zeoy) =et(z)@e™(y) for all x,y € R;
)

(iv) v(z +y) =v(x) +v(y) for all z,y € R.

e

Proof. First notice that in a cr-gsring R, the conditions (i) - (iv) above are equivalent
since (i) <= (ii) by Lemma 2.6.(2), (i) = (iii) and (i) = (iv) are obvious, (iii)
= (ii) as z € E®* = eT(z) = et (2?) = e (2)? (by assumption) = et (x) = ¢ for
all z € E®, while (iv) = (i) as eT(x) = v(et(z)) = v(z — z) = v(x) + v(—z) (by
assumption), so et (z) = 2v(z) = v(z) for all z € R, as desired.

(2) = (1) : We have to show that R satisfies 2.1.(3). Aszoy+z oz <z e(y+2)
by 2.3.(3%), the desired equality is a consequence of the identity

e (reyt+zez)=c(ve(y+2)),

which is immediate by (iii) and the identity feg+ feh = fe(g+h) for f,g,h € ET.

(1) = (2) : Assuming that R is a cr-sring, we have to show that R satisfies the
axioms 2.3.(4), (5), (6), and the equivalent conditions (i) - (iv) above. First notice that
forall x € R, f € E7, it follows by 2.1.(3) that ze f =z e (f+ f)=xe f+xef, ie.
z e f € ET. Consequently, assuming y < z, i.e. y = z + f for some f € ET, it follows
again by 2.1.(3) that rey =rez+ze f sorey<zezasxefec ET. Thus2.3.(4)
is true on R. On the other hand, 2.3.(5) is an immediate consequence of 2.1.(3), while
2.3.(6) is obvious since R satisfies the condition (ii) : assuming that x € E*, it follows
by 2.1.(3) that et (2)? = (z —2) o (x — ) = 2(z? — 2%) = 2 — = = e*(x), therefore
et(x) € EY N E®* = {c} by 2.1.(2). O

Remarks 2.8. (1) Since all the axioms involving the binary relation < are equivalent
with identities, while, as in the case of cr-srings (see Remarks 2.2.(3)), the axiom 2.1.(2)
can be replaced by a conjunction of identities, the class of all cr-gsrings is a variety of
algebras of signature (2, 2, 1, 1, 0), and the cr-srings form a subvariety of it.

(2) For any cr-gsring R, the subset

R={zeR|et(@)=v@)}={zecR|ct((zx)=¢}

is the support of the largest cr-sring contained in R. By Lemma 2.7., it suffices to
show that R is a substructure of R. The closure under the unary operations — and
—Lis obvious, the closure under the multiplication follows by Lemma 2.6.(3), while for
x,y € R, it follows by Lemma 2.6.(1) and Lemma 2.5.(5) that

v(z+y) <et(z+y)=e(z)+et(y) =v() +v(y) <v(z+y),

therefore 2 +y € R. Notice that E* C R, and RF := {z € R | et(z) = ¢} is the
largest regular ring contained in R.
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3 Directed commutative regular quasi-semirings

We introduce an interesting class of cr-qsrings whose intersection with the class of
all cr-srings is the class of all Abelian [-groups.

Proposition 3.1. The following properties are equivalent for a cr-gsring R.

1) e<z forall x € E°.

2) v <1pg, i.e. v(x) <z for all x € R.

4

(1)
(2)
(3) E¥Nal=v(z) | forallz € R, wherez | :={y € R | y < z}.
(1) z+v(@—y)=y+v(@—y) forall z,y € R.

(5)

5) There exists the meet x Ay with respect to the partial order < for any pair (z,y)
of elements of R, and the semilattice operation N is compatible with the multipli-

cation, i.e. xo (yNz)=(rey)A(xez) foralz,y z € R.

(6) The partial orders < and < coincide on E®, where x <y <= x = yee®*(z) is the
partial order induced by multiplication.

(2) : Let x € R. By assumption, ¢ < e*(z), and hence v(z) = zee <
x by 2.3.(4).

(2) = (3): Let x € R,f € EtT Nz |. By Lemma 2.4.(5, 6), it follows that

= ) < w(x). Conversely, let y € v(z) |, i.e. y < v(x), in particular, y =

( )+et(y) € ET since v(z) € Et. As v(x) < z by assumption, we deduce also that

y € x | as desired.

(3) = (1) is obvious since v(z) = ¢ for all z € E*.

(2) = (4) : Let z,y € R. By assumption v(z—y) < z—y,sov(z—y) =v(y—z) =

z—y+v(z—y). Consequently, y+v(r—y) = y+r—y+v(r—y) =2+ (" (y) +v(z—y)) =

x+v(r —y) since v(z —y) <et(z—y)=et(z) +et(y) < et (y).

(4) = (5) : Let z,y € R. By assumption, z := z+v(x—y) =y+v(x—y),s0 z < x
and z < y. It remains to show that v < x,u < y = u < 2z to conclude that z = x Ay is
the meet of the pair (z,y) with respect to the partial order <. For such an element u,
we obtain —u < —y, so e™(u) = u —u < x —y, and hence et (u) = v(et(u)) < v(z —y)
by Lemma 2.4.(5, 6). Consequently, u = u + e*(u) < z + v(x — y) = z, as required.

It remains to verify the compatibility with the multiplication of the semilattice
operation A. Let x,y,z € R. The inequality ze (y A z) < xeyAxez follows by 2.3.(4).
On the other hand, zey —x ez <z e (y—2) (by 2.3.(4, 5)) implies by Lemma 2.4.(5)
and 2.3.(4) the opposite inequality

Proof. (1) =
ree(x)=

*(x

)

o(f
+

zeyNzez=xzeytv(rey—zez)<zey+tuv(re(y—=z)) =

reytzeviy—z)<ze(y+tu(y—=z) =xze(yA:z).

(5) = (6) : Since for all x,y € E*, x @y € E* is the meet of the pair (z,y) with
respect to the partial order <, we have to show that x ey = x Ay, the meet of the same
pair with respect to the partial order <, which exists by assumption.
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Let us show that x Ay € E® provided z,y € E°. Since x,y € E*® and the operations
A and e are compatible by assumption, it follows that (xz Ay)? = 2 Ay A (z e y), in
particular, (z A y)? < z Ay. Moreover the last inequality becomes an equality since,
using Lemma 2.6.(4) and again the compatibility above, we obtain

((ny)?)=(xry eet(@Ay)=(weet(@Ay)A(yee (xAy) =e(zAy),

asvef=fforzecE* fcE™T.

Consequently, t Ay € E®, and Ay =z AyA(xey), ie. xAy < zey, so it remains
to show that e (z @ y) < eT(xz A y) to obtain the required equality z Ay = v ey. As
et |pe: (E*,8) — (ET,+) is a morphism of semilattices by Lemma 2.6.(3), it suffices
to check that x e y < z A y. Using again the compatibility of the operations A and e,
we obtain (zey)e(xAy)=2eyArey’ =xey ie reoy <z Ay, as desired.

(6) = (1) : Let x € E*. Since v(z) = cex = ¢, i.e. £ = x, it follows by assumption
that € < z, as required. O

Definition 3.2. A cr-gsring R is said to be directed if R satisfies the equivalent con-
ditions (1) — (6) from Proposition 3.1.

Remarks 3.3. (1) A directed cr-gsring R is trivial, ie. R = {e}, if and only if
Et ={e}.

(2) By Lemma 2.7., Proposition 3.1. and Remarks 2.2.(2), it follows that the Abelian
l[-groups are identified with those cr-srings which are also directed cr-gsrings.

(3) By Remarks 2.8.(1) and Proposition 3.1.(4), the class of all directed cr-gsrings
is a subvariety of the variety of cr-gsrings.

The next lemmas collect some basic properties of the directed cr-gsrings.

Lemma 3.4. Let R be a directed cr-qsring. Then the following assertions hold.

(1) ef(@Ay)=v(@—y)=ce(z—y), and v(z Ay) = v(x) Av(y) = v(z) +v(y) for
all z,y € R. In particular, v(z) =z A et (x) for all x € R.
(2) vz —y) = (v(z) +0(y)) o * ((x AY)) for all 7,y € R.
In particular, v(z £y) < v(z)eet(e*(y)) = v(z) e v(y) L eet(y) for all z,y € R.
(3) The semilattice operation A is compatible with the operations + and —, i.e.
z+(yYNz)=(@+y) A(x+2) and (—y) A (—2) = —(y A 2) for all z,y,z € R.
(4) The following assertions are equivalent for z,y € R.
(i) ef(@Ay) =e(z) +et(y);
(i) e (@ny) =2 —y;
(i) z —y € ET.
In particular, et (x ANy) = et (z) + et (y) = 2 —y =y — x provided the pair (z,y)
is bounded above with respect to the partial order <, i.e. x < z and y < z for

some z € R. Moreover t ANy =x+y—z, x+y=xzAy+z, and (z+y)ANz <xAy
provided © < z and y < z; in particular, t N\y=x+y<—=x+y < z.
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(B) et(@Aynz)=et(xAz)+eT(yAz) for all z,y,z € R.

Proof. (1) By Proposition 3.1.(4, 5), z Ay = = + v(x — y), and hence e™(z A y) =
et (z) +v(z —y) =v(x —y) since v(z —y) <eT(x —y) =et(z) +eT(y) <e'(x). To
show that v(x A y) = v(x) + v(y), notice that

@Ay <a) Ny <y) = vz Ay) <ol@) Av(y) = o(@) +o(y)

by Lemma 2.4.(5), while v(z) < z and v(y) <y (by Proposition 3.1.(2)) imply v(z) +
v(y) = v(z) ANv(y) < x Ay, therefore v(z) +v(y) = v(v(z) +v(y)) < v(xz Ay), again by
Lemma 2.4.(5).

The identity v(x) = x A e™(z) is a consequence of the inequality v(z) < z A et (z)
and of the equality e™(z A e (2)) = v(z — et (2)) = v(z) = et (v(2)).

(2) The identity is immediate by (1) and Lemma 2.6.(2), while the inequality is a
consequence of the identity since v(x) + v(y) < v(z) and

Ay <y=e'(e(zAy)) <e(e(y))

by Lemma 2.6.(6).
(3) The inequality x + (y A z) < (z+y) A (z + 2) is obvious. To get an identity, we
note that

e ((z+y)A(@+2)) = v((z+y)—(z+2)) = v(y—2+e" (2)) < e (2)+v(y—2) = e (2+(yA2))
since v(y — 2z + et (z)) <eT(y—z+et(z)) <et(z) and
y—z+el(a) Sy—z=v(y—z+e () vy —2).

The compatibility of A with — is obvious.

(4) (ii) = (i) is obvious.

(iii) = (ii) : We get eT(x Ay) = v(z —y) = x —y since x —y € ET by assumption,
and v is the identity on E7T.

(i) = (iii) : As x Ay < z,y, it follows by assumption that

zAy=z+et(@Any)=a+e (z)+e(y) =z +eT(y),
and similarly, z Ay = y + et (x). Consequently,
r—y=(z+e(y) —(y+e(@)=e(zAy),

sox —y € ET as desired.
Assuming that z < z and y < z for some z € R, we get

r—y=(z+e"(2)—(z+e(y) =" () +e"(y) +e(z) € ET,

i.e. the elements = and y satisfy condition (iii) above, so (i) and (ii) are satisfied too.
Consequently,

r4y—z=+et @)+ (z+et W) —2z=2+et(@ny)=zAy,
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therefore t Ay +z=z+y+et(z) =z +y, and
(+y)Az=z+v(@+y—2)=z+v@Ay)<z+te (zAy) =z Ay

In particular,  +y < z implies z +y < z Ay, and hence x +y = = A y since
ef(x+y)=et(zAy).

Finally notice that (5) follows from (4) since x Ay Az = (z A z) A (y A z), and the
pair (x A z,y A z) is bounded above by z. O

Lemma 3.5. Let R be a directed cr-qsring. Then the following assertions hold.

1) The semilattice morphism et |ge: (E®, 0 = A\) — (ET,+) is a monomorphism
( p ) +> p )
and y € E* whenever e <y <z andzx € E°.

(2) et(zoy)=xz—y=y—x for all x,y € E°.

(3) zey <z forallz € R,y € E®, and forallx € R,{y € R | xoy >z} = e*(x) T:=
{yeR|e*(z) <y}, and{y e R | zey=2z}={yce’(z) ]| v(y) =¢}. In
particular, x @y = v <= e*(z) <y, forx € R,y € E*, and x < y = e*(z) <
6.(y), fOT T,y € R.

(4) reye(z ' Ay ) =a Ay for all z,y € R. In particular, x Ay < (z71 Ay~™1)7!

(with equality if and only if v(z) = v(y)), (xAy)e(x P Ay )™t < z ey,
vzeye(z ! —y ™)) =v(x—y), and e*(x Ay) = e*(x ' Ay~ for all z,y € R.
In addition, e*(x ANy) = e*(z o y) = e®*(x) A e*(y) provided v —y € E7T.

Proof. (1) Let z,y € E® be such that et (z) < et (y), so et (zoy) =et(z) +eT(y) =
et (x). Asx > x Ay = zey by Proposition 3.1.(6), it follows that = = z ey, as required.

Now assume that x € E® and ¢ < y < z. Applying v to the previous chain of
inequalities, we get v(y) = ¢, therefore et (e®(y)) = et (y) < e (x) by Lemma 2.6.(2),
so €*(y) < z as shown above. Consequently, e®(y) = z +eT(e*(y)) =z + et (y) = v,
and hence y € E*® as desired. In other words, E*® is identified through the embedding
e’ |ge with an ideal of the poset (ET, <).

(2) Let 2,y € E*. Aszey =x Ay, and et (zoy) = et (z) + et (y), the identity
et (z ey) = x —y follows by Lemma 3.4.(4), (i) = (ii).

(3) Let z € R,y € E*. We get zoy = xo(e®(x)oy) = ze(e®(x)A\y) < zee®(r) = 2.
If e*(z) < y then = < z e y by multiplication with x, and hence x e y = x. Conversely,
assuming that zey = z, it follows by multiplication with ! that e®(z)Ay = e*(z)oy =
e*(x), so e*(x) < y.

Assuming now that x <y, it follows by Lemma 2.6.(2, 4) that

cH(zoet(y)) =c"(x) tzee(c*(y)) = e (x) + (y+e(2) e el (e*(y)) >

e () tyee (e (y) +el(z)ee(e*(y) = e (x) + e (y) =" (),

and hence z e e®(y) = z, i.e. e*(x) < e*(y), since z e ¢*(y) < z, as shown above.
(4) By Proposition 3.1.(5) and statement (3) above, it follows that reye(z~1Ay~1) =
ree(y) Ayee*(x) < x Ay, in particular, e®(z Ay) = e*(z7 L Ay~!) < e*(zeoy) by (3)
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again. We have to show that eT(rey e (27! Ay™1)) = eF (2 Ay). By Lemma 2.6.(4)
and Lemma 3.4.(1, 2), we get

et(zeye((z Ay )=et(zey)e(z Ay ™) +zeyee (a7t Ayt =

ef(zey)e (v(x) Vo) +u(zeye (@ —y )
(v(z) +v(y)) o (eT(e*(zoy)) + et (e Ay™h)))
(v(@) +v(y) eet(e®(xAy)) =v(z —y) =e(zAy),

as required. In particular, we obtain the identity v(z ey e (z7! —y71)) = v(z —y). By
multiplication with (z=! A y~1)71, it follows that

v(z

(zAy)e(z Ay ) =zeyect(xny) <zey,
as desired. On the other hand, z Ay < (z7! Ay~1)~! since
eAyA T Ay T = aayA(zeye(zAy)Th) = ((wAy) e (zAy) A (zeye(zny) ™) =

@Ay te((@Ay)PA(zey)=(xAy) te(xry)’=zAy.

Finally, assuming that z — y € E™, we obtain e*(x A y) = €*(x o y) since
e*(x Ny) <e*(zrey) and
eTwhy) _er(@+e(y) _ (@) +et(y) e (v(z) Vo)

et(e®(z = = =
@A) =y~ o)+ o) vwey)

cHa)ovly) + W) ovle) _ o) Lo
v@ey) = ey ¢ @@

by Lemmas 2.6.(4) and 3.4.(4). O

Lemma 3.6. Let R be a directed cr-qsring. Then the following assertions hold.

(1) There exists the join x \V y provided the elements x,y € R are incident, i.e. the
pair (x,y) is bounded above with respect to the partial order <. Set by convention
TV y = oo whenever the elements x and y are not incident.

(2) et(xVy)=et(z) Vel (y) and v(z Vy) =v(x) Vo(y) provided z \V y # oo.

(3) The partial binary operation \ is compatible with the operations +,—, and e, i.e.
for all x,y,z € R such that y V z # oo, the following identities hold.

() @+y VvE+z)=z+(yVz2);
(i) (=y)V(=2) = =(yV2);
(i) (zoy)V(rez)=xe(yVz).

4) (zAy)V(xAz)=xA(yVz) foralz,y,z € R, withyV z # co. In particular,
for all x € R,z | is a distributive lattice with a last element.
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(5) For all z,y € R, satisfying x V y # oo,

zey=(zAy)e(zVy), e(zny)=e"(zey)=c"(z)Ne(y),
e(zVy)=e*(x)Ve'(y), and (' Ay Hl=(zvy ee(zey) <zVy.
In particular, x V y € E® provided x,y € E®* and x V y # .

(6) For all z,y € R, the following assertions are equivalent.

i) @ 'Ay )t =avy.
(i) z —y € ET and e*(z) = e*(y).
(iii) e*(x Ay) =e*(x) =e*(y).

(7) For all x,y € R satisfying x ANy € ET, i.e. x ANy = v(z) +v(y), the following
assertions are equivalent.

(i) zVy # oo.
(i) z —y € ET.
(i) z—y=zANy.

In particular, for all x € Ryy € ET,xVy # 00 < e (z) +y < v(z), and
xVy# oo for all x,y € E* which are orthogonal, i.e. x oy =¢.

Proof. (1) Let z,y,z € R be such that < z and y < z. We show that the element
u = z+(eT(x)VeT (y)) is the join of the pair (z,y). Obviously, e™(u) = e*(2)+ (et (z)V
et (y)) =et(z)Vet(y). Asz <z, weget x = z+et(z) = 2+eT(z)+ (et (z)VeT(y)) =
u+ et (z), so z < u, and similarly, y < u. Assuming that x < ¢ and y < t for some
t € R, in particular, e™(u) < e*(¢), it remains to check that u < t. Since x,y < z,
it follows that x,y < z A t, so we may assume without loss that ¢ < z. Then we get
t+et(u)=z+e"(t)+e"(u) = 2+ e*(u) = u, and hence u < t as desired.

(2) Let 2,y € R be such that z Vy # oo. We already know from (1) that et (z Vv
y) = et (z) Vet (y), so it remains only to evaluate v(z V y). As z,y < z Vy, it
follows that v(z) V v(y) < v(z V y). On the other hand, setting u = = V y, we get
v(z) = v(u + et (x)) > v(u) + eT(x), and similarly, v(y) > v(u) + e (y), therefore
v(z) Vouly) > o) + (et (z) Vet (y) = v(u) + et (u) = v(u), so v(u) = v(z) Vu(y) as
desired.

(3) Let x,y,z € R be such that u := yV z # co0. As y,z < u, it follows that
r+yr+z<zx+uand rey rez < xeu, and hence (r +y)V (x+2) < z+u
and (zey)V(zez) <zewu. Sinceet((z+y)V(z+z)=e(z+y) Vet(z+2)=
et (z) + (et (y) Vet (z2)) = e (x +u), we conclude that (z +y)V (x+2) =2+ (y V 2).
On the other hand, we obtain rey =z e (u+e"(y)) > zeu+zee’(y), and similarly,
rez>zeu+xeet(z), therefore reyVrez > (zoeu+reet(y))V(zoeut+reet(z)) =
rou+ (reet(y)Vreet(z)) =xeu+zeet(u)=xeusince e (zou) <zeet(u).

The proof of the identity (ii) is straightforward.

(4) Let z,y,z € R be such that u ;== yV z # oco. As y,z < u, it follows that
(xAy)V(zAz) < zAu. We get equality since et (xAu) = v(u—2z) = v((y—2)V(2—x)) =
viy—x)Vo(z—x)=et(xAy) Vet (zAz)=c((x Ay)V (zA=2)).
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(5) Let x,y € R be such that u := z Vy # oo. The identity z ey = (z Ay) o u
is an immediate consequence of the compatibility of the multiplication with A and V,
while the identity e®(z Ay) = e®(x o y) follows by Lemma 3.5.(4), since x V y # co =
r—y€ET.

On the other hand, e*(x),e®(y) < e®*(u) by Lemma 3.5.(3), therefore
t:=e*(x)Ve*(y) # oo and t < e*(u). To obtain the identity ¢t = e®(u), we have to
show that e*(e®*(u)) < e*(t). By Lemma 2.6.(2, 4) and statement (2) of the lemma,
we get

e (e*(u) = ¥ (u) e v(u) ™! = (e (2) Ve*(y)) o (v(z) Vo(y) ' =
" (z) e e (y) o ((¢"(2) + e (y) o (v(@) Vo)) <ef(z)oet(y)ect(zey)™ =
ef(e*(x)) e e (e*(y)) e et (e (zoy)) ™" =T (e ())Ve (e*(y)) < e (1),

as required.
Using Lemma 3.5.(3, 4), we obtain

(@' Ay™ ) = zeye(zAy) Tt = (zVy)e(zAy)e(zAy) T = (zVy)ee* (zoy) <z Vy.

Finally, for z,y € E® with x V y # oo, we get e®*(x Vy) = e*(z) Ve*(y) = z Vy, and
hence x Vy € E°.

(6) (i) = (ii) : Assume that (z7 ' Ay™)™! =2 Vy AsazVy # oo, we get
x —y € ET. On the other hand, it follows from (5) that (z Vy)ee®(x ey) = x Vy,
therefore e®*(z o y) > e®(x Vy) = e*(z) V e*(y) by Lemma 3.5.(3), so e*(z) = e*(y) as
desired.

(i) = (iii) : Assuming that z —y € E™ and e*(z) = e*(y), it follows by Lemmas
2.6.(2) and 3.4.(1, 4) that

et (e(z)) o (v(z) +v(y)) = e (2) + et (y) = e (@Ay) =€ (*(x Ay)) o (v(z) +v(y)),

therefore e®(z) = e®(z A y) by Lemma 3.5.(1).
(iii) = (i) : Assuming that e®(z) = e*(y) = e*(z Ay), it follows by Lemma 3.5.(4)
that

sA( Ay D =ze(z Ay ) ezt Ay ) =zeet(zAy) =z 0e®(z) =,

ie. x < (z7'Ay~1)~L and, similarly, y < (27! Ay~1) 7. Consequently, x V y # oo, so
zVy=(z"t Ay )~ by (5).

(7) (i) = (ii) and (ii) <= (iii) are obvious, so it remains to prove the implication
(i) = (i). It suffices to show that z := z Vet (y) # oo and u :=y Ve (x) # oo, since
then we obtain x =z +et(z) < z+u,y=et(y)+y<z+4u,and et (z+u) =et(2) =
et (u) = et (z)VeT(y), and hence xVy = z+u # oo as desired. Thus we are reduced to
the case when y € ET and et (z) +y = v(z) + y < v(z). Let us show that zVy =t"1,
where t 1= 27! + §, with § = W We get et (t) = S,0(t) = v(x) ™t +4§ =
(v(z) Vy)~Let(e*(t)) = et(e®(z)), and hence e*(t) = e*(z),y < v(t™!) < ¢! and
et (t71) = et (z) Vy. To conclude that t~! = 2V y, it remains to note that

At l=zetle(z tAt)=zet let=rxee’(t) =z 0e(z) =2
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Remarks 3.7. (1) Since the directed cr-gsrings form a variety of algebras of signature
(2,2,1,1,0), any substructure R’ of a directed cr-gsring R is a directed cr-gsring, in
particular, x Ay € R’ provided z,y € R'. However, for x € R,y € R',x < y does not
imply z € R/, and also, for z,y € R';00 # =V y € R does not imply zVy € R (see
Remark 4.9.)

(2) As in the case of commutative regular rings, the map E*® x E®* — E°, (x,y) —
x+ 1y —x ey is well defined in any directed cr-gsring R, but by contrast with the former
case, where the map above defines the join z V y of any pair of idempotents (x,y), in
the latter case we obtain z+y—zey = (x—zey)+(y—zey)+rey=xey=1xAy for
all v,y € E® sincex —zey =y —rey=et(rey) by Lemma 3.5.(2). Notice also that
in an arbitrary cr-qsring R, we have only the inequality = +y —zey < (z+y —z ey)?
for all x,y € E®, so, in general, F*® is not necessarily closed under the map above.

4 The metric structure of a directed commutative regular
quasi-semiring

Let R be a directed cr-qgsring. As we have shown in Section 2, the subset E+ of
the idempotents of the commutative regular semigroup (R, +) has a natural structure
of Abelian I-group with multiplication e as the group operation, neutral element &,
partial order <, and addition + as the corresponding meet-semilattice operation A.
Let us denote by A this structure of Abelian I-group, and by Ay = {a € A | a > ¢},
the monoid of the nonnegative elements of A. For any a@ € A, set ay := aVe =
(a'+e)ha i=(aHy,and |a|=aVval=(a+a ) =a, ea_. In this
section we shall define a distance map on the directed cr-gsring R with values in A4,
and we shall investigate the main properties of this metric structure.

For any pair (x,y) of elements of R, set
[z,yl:={z€R | xANy<z=(xAz)V(yAz)}

Notice that [z,x] = {z},[x,y] = [y, z],z,y,x ANy € [x,y], and z V y € [x,y] provided
x Vy # oo. Notice also that [z,y] = {2z | x < z < y} (the interval) whenever z < y.
Thus [z, y] coincides with the interval [z A y,x V y] provided z V y # oc.

Call cell or simplex any subset of R of the form [z,y]. Given a cell C C R, any
x € R for which there exists y € R such that C' = [z,y] is called an end of the cell
C. The (non-empty) subset of all ends of a cell C' is denoted by dC and called the
boundary of C.

To provide equivalent descriptions for the cells as introduced above, we define two
maps A\: Rx R— Ay and d: R x R — A4 as follows :

et (z et (z
M) i= s = e = (@) e )

and
e (z) e et (y)

d(z,y) = Mz,y) e ANy, x) = (et(z Ay))?
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Notice that A(z,y) = (zr ey~ 1), and d(z,y) =| x e y~! | provided z,y € E*.
The next lemmas collect some basic properties of the maps A\ and d.

Lemma 4.1. (1) A(z,y) =e <=z <y.
(2) AMz,y) = Mz, z Ay) =d(z,z Ny).
(3) The ternary map N:R3— Ay, defined by

et(z)eet(y)ee’(z)
et(xNy)eet(yNz)eet(zAx)

Nz,y,2) = Az, y) o My, 2) ¢ A(z,x) =

is symmetric in the variables x,y, 2.
z,y) < Nz, z) @ XN(z,y) for all x,y,z € R.

A

Az, y) = Av(z), v(y))ed(e® (z), e (xAy)). In particular, Xz, y) = A(v(z),v(y)) =
v(moy DYy if and only if e*(z) = e*(z A y).
(

(

vﬁ%
<

y) = d(v(z),v(y)) e d(e*(x),e*(y)) o d(e*(z o y),e*(x A y))*. In particular,
z,y) = d(v(z),v(y)) =| v(z e y™!) | if and only if e*(z) = e*(y) = e*(x A y),
Az, ) = d(e* (@), ¢* (y)) =| ¢* (@) o ¢ (y)~L | provided a,y € E*.
Proof. The statemements (1)-(3) are obvious. Notice that (4) is equivalent with the
inequality
et(wAz)eet(ynz) <eT(z)eet(zAy)

Indeed, setting u := (z A 2) V (y A z) < z, it follows by Lemma 3.4.(4) and Lemma
3.6.(2) that

LHS = (et (zA2) Vet (yAz))e(eT(zAn2)+eT(yAz)) =eT(u)ee (x AyAz) < RHS

as desired.
(5) By Lemmas 2.6.(2), 3.4.(1, 2), 3.5.(3), we get

v(z) e e (e*(z))
(v(@) +v(y)) e et (e*(z A y))

as required. The necessary and sufficient condition to have the equality A(z,y) =
A(v(x),v(y)) is immediate by Lemma 3.5.(1). Finally, notice that (5) = (6). O

Az, y) = = Av(x), v(y)) e d(e® (), e*(z A y)),

Lemma 4.2. (1) Any directed cr-qsring R is a A-metric space with the A-valued
distance map d : R x R — A satisfying

(i) dlz,y) =e <=z =y,
(ii) d(z,y) =d(y,x) for all z,y € R, and
(iii) Triangle inequality : d(z,y) < d(z,z) e d(z,y) for all z,y,z € R.

(2) d(z,y) =d(z,x ANy)ed(y,x ANy) for all z,y € R.
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Proof. The triangle inequality follows by Lemma 4.1.(4), while the rest of assertions

are obvious. O

Lemma 4.3. Let R be a directed cr-qsring. Then the following assertions hold.
(1) For all z,y € R,
[z,yl ={z € R | Mz, 2)0A(z,y) = Az,9)} = {z € R | d(z,2)ed(z,y) = d(z,y)}.

(2) The ternary relation B(x,y,z) <= y € [z, 2| is a betweenness relation, i.e. the
following hold for all x,y,z,u € R.

(i) B(z,z,y),
(i) B(z,y,z) =z =1y, and
(i) B(z,y,z2), B(z,u,y) = B(z,u,x).
(3) The betweenness relation B is compatible with the semilattice operation A, i.e.
B(z,y,z) = B(x ANu,y ANu, z) for all z,y,z,u € R.
et (a)

(4) For all a € R, the map a |— Ay, x — d(a,x) = Tz

distributive lattices, with the inverse o € Ay — a + # €al.

is an antitsomorphism of

~

Proof. (1) Let us denote by M the set involving the map A, and by N the set involving
d. Let M’ be the set obtained from M by interchanging the elements z and y, and
notice that M N M’ = N by Lemma 4.1.(4) and the definition of d. Consequently, it
suffices to prove that [z,y] = M since [x,y| = [y, z]. However the equality [z,y] = M
follows easily with the same argument as in the proof of Lemma 4.1.(4).

(2) is straightforward, while (3) and (4) follow by Lemma 3.6.(4). O

Lemma 4.4. (1) d(e(z),¢(y)) < d(z,y), where o(x) is defined by one of the follow-
ing formulas, for some a € R :

(i) p(z) =a+w;
(i) p(z) = aez,
(iii) ¢(x) =aA x;
(iv) ¢(z) =aV x provided a \V x # oco.

(2) )‘(_$7 _y) = )‘($7y) and d(_$7 _y) = d($_17y_1) = d($7y) fOT all RIS R.

Proof. (1) Since x > y = p(x) > ¢(y), it suffices to prove the inequality d(¢(z), ¢(y)) <
d(r,y) in the case z > y, and hence we have to check that e (p(z)) @ et(y) <
et (p(y)) et (x) under the assumption z > y. The verification in the cases (i) and (iv)
is straightforward. In the case (ii), by Lemma 2.6.(2, 4, 6), we obtain

et (e*(a))

@)

cT(aex)ect(y)=c(z)eer(y)ov(a)e(c+
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et

(e*(a)
et(e*(y)
as desired. In the case (iii), e (a Ay) Vet (y) < et (z) implies by Lemma 3.4.(5) that

et (x) o e (y) o v(a) o (¢ + aey)ect (@)

et(anx)eet(y) < (et(anz)+et(y)eet(z)=(eT(anz)+et(zAy))ee(z)=
ef(anzny)eet(z)=et(any)eet(z),
as required.

(2) The identities \(—z, —y) = A(z,y) and d(—z,—y) = d(z,y) are obvious since
(—z) A (—y) = —(z Ay) by Lemma 3.4.(3). By Lemma 2.4.(5), Lemma 2.6.(2), Lemma
3.4.(1) and Lemma 3.5.(4), we get

et (z71) v(z) 2 eet(x)

Ay ™) = et(z=1 Ay~1) B v(zey) leet(xAy) = vl ey) e Alz.y),

therefore d(x=1,y~1) = d(z,y) as desired. O

Remark 4.5. By Lemma 4.4.(2), the commuting involutions x +— —z and x + ! are

both automorphisms of the A-metric space (R,d). Notice that the involution z — —x
is an automorphism of the structure (R, A, B), while the involution = + x~! is only
an automorphism of the structure (R, B), and also an isomorphism from the structure
(R, A\, B) onto the structure (R,M, B), where the semilattice operation 1, defined by
xMy:= (=" Ay~ )71, is the meet of any pair (z,y) with respect to the partial order
xCy < 27! <y ! < z < 2?ey!. The semilattice operations A and I are
both compatible with the betweenness relation B, and, by Lemmas 3.5.(4) and 3.6.(6),
zANy=zNy <= v(x) =vy),and 2Ny =axVy < e*'(x Ay) =e*(z) = e*(y).
Notice also that the corresponding partial join operation x Ly is defined if and only if
r vyl £oo,and zUy = (27 vy )7L

4.1 Congruences on directed commutative regular quasi-semirings

Lemma 4.6. The map = — {a € Ay | a = €} is an isomorphism from the lattice
of all congruences of the directed cr-qsring R onto the lattice of all convex submonoids
of Ar. [Its inverse sends a convex submonoid S C A, to the congruence relation
{(z,y) e Rx R | d(z,y) € S}.

Proof. Let = be a congruence of the directed cr-gsring R. The relation induced by =
on the substructure A is obviously a congruence on the commutative [-group A, and
hence {a € A4 | a =€} is a convex submonoid of A . First we have to show that for
allz,y € R,z =y < d(z,y) = ¢, ie et (z)eet (y) = et (zAy)?. The implication =

is a consequence of the obvious implications r =y = rx =z Ay, z =y = e (z) =
et (y), and (z = 2,y = 2) = v ey = z2. Conversely, assuming that d(x,y) = ¢, it
follows that A(z,y) = A(y,x) = € since ¢ < ANz, y), ANy, z) < d(z,y). Consequently,
et(z) =et(x Ay) =e'(y), and hence z =z + et (z) =z + et (z ANy) =z Ay, and,
similarly, y = x Ay, so x = y as desired.

Next, assuming that S is a convex submonoid of A, we deduce that the binary
relation {(x,y) € R x R | d(z,y) € S} is a congruence of the directed cr-gsring R

thanks to Lemmas 4.2. and 4.4. O
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Lemma 4.7. Let S = S(E®) be the smallest conver submonoid of Ay containing
et (E®), G=G(E®*) ={y € Al|y| € S} the corresponding convex l-subgroup of A, and
===pe the congruence on the directed cr-qsring R defined by S. Then the following
assertions hold.

(1) S =U,epme n>1le, €™ (2)"] provided x V y # oo for all v,y € E*°.
(2) Forallz,yc R,z =y <= v(zey™!) cq.

(3) G is the smallest convex l-subgroup of A for which the surjective map
v : R — A/G induced by the g-valuation v : R — A is a morphism of cr-qsrings.

(4) G is the smallest convex l-subgroup of A for which Ker(v) :={x € R | v(x) € G}
is a directed cr-qsring, a substructure of R. Moreover x V y € Ker (v) provided
x,y € Ker (V) and = Vy # co.

(5) = is the smallest congruence on the directed cr-qsring R for which the quotient
R/ = is an Abelian l-group.

Proof. (1) Let a, 8 € Ay be such that o < e™(z)", 8 < et (y)™ for z,y € E*,n,m > 1.
By assumption, z := x Vy € E®, therefore a e 8 < e (2)"t™ as required.

(2) For all z,y € E*, we get d(z,y) < d(z,c) @ d(y,e) = et (z) e e (y) € S, and
hence d(z,y) € S, and © = ¢ for all z € E®. Then, by Lemma 4.1.(6), it follows that
for all z,y € R,

z=y=d(x,y) €S <= dv(z),0(y) =|vzey ") €S v(xey ') G,

as desired.

(3) By (2), the quotient directed cr-gsring R/= is isomorphic to the quotient Abelian
l-group A/G, and the surjective map v : R — A/G induced by v is obviously a
morphism of cr-gsrings. On the other hand, let H be a convex [-subgroup of A with
the property that the surjective map vy : R — A/H induced by v is a morphism of
cr-gsrings. As v(z) = e € H provided z € E*, it follows that vy (e™(z)) = vy(z —x) =
g (z) —vg(x) = emod H, ie. et (x) = v(et(x)) € H for all x € E*, and hence G C H,
as required.

(4) Obviously, ¢ € Ker (v), and Ker (v) is closed under multiplication and the unary
operations x + —z and z ~— x~!, so it remains to note that v(z —y) = eT(z Ay) =
et(e*(x Ay)) e (v(z) +v(y) € G, ie. x—y € Ker(v), provided z,y € Ker (v). Note
that ET(Ker (0)) = G, E*(Ker (v)) = E*, and the convex monoid S = G is obviously
generated by e (E®). On the other hand, let H be a convex [-subgroup of A such that
Ker (vg) = {x € R | v(z) € H} is a substructure of R. With the same argument as
in the proof of (3), it follows that e*(z) = v(e*(x)) € H for all z € E*®, and hence
G C H as desired. Notice also that for any such H, in particular for G, xVy € Ker (vgy)
provided z,y € Ker (vy) and x V y # oo, since v(z Vy) = v(z) Vu(y) € H by Lemma
3.6.(2).

Finally notice that (5) is a reformulation of (3). O
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4.2 Superrigid directed commutative regular quasi-semirings

Call rigid a directed cr-gsring R for which S(E®) = A,, ie., by Lemma 4.7., R
does not have proper Abelian [-group quotients. In particular, R is rigid provided the
injective map et |ge: E®* — A, is surjective. Call such an R superrigid, and for any
a € A, denote by 1, the unique element of E* satisfying e*(1,) = a. Moreover,
for any o € A, put 1, := 1o, +a = ngrgo(ly + a), and notice that et(1,) = a,

v(ly) = aZl <eg,e*(1ly) = 1oy, 151 = 10, Va_ > ¢ (by Lemma 3.6.(7)), and the map
a — 14 is an isomorphism (A, +,V) — ({14 |« € A}, A, V) of distributive lattices.

By Lemma 4.7., any directed cr-gsring can be seen as an extension of an Abelian I-
group by a rigid directed cr-gsring. On the other hand, the category of Abelian I-groups
is equivalent to a full subcategory of the category of all superrigid directed cr-gsrings,
as follows :

Proposition 4.8. The forgetful functor, sending a directed cr-qsring R to the associated
Abelian l-group A = (ET,e,+,V), induces by restriction an equivalence from the full
subcategory of those superrigid directed cr-qsrings R which satisfy the supplementary
condition

Va,y € R,e*(z +y) = e’ (z+v(y)) Ve (y +v(z))
to the category of Abelian l-groups.

Proof. First notice that in any directed cr-qsring R, for all z,y € R, x +v(y) <z +vy
since v(y) <y, therefore (z+v(y))V (y+v(x)) # oo, and (z+v(y))V (y+v(z)) < x+y,
in particular,

e*((z +v(y) V(Y +v(x) =@ +0vy) Vely+v(x) <e(z+y),
where the elements e®(z + v(y)) < e®*(x) and e*(y + v(z)) < e®*(y) are orthogonal, i.e.
e*(z +o(y)) e e*(y +v(z)) =&
Assuming that the inequality above becomes an identity for all z,y € R, the fol-
lowing hold.

(i) e*(z+x) =e*(x+v(x)) =e*(v(z)) =¢,80 2z :=x+x € ET, and hence —x = x
for all z € R.

(ii) Forallz,y € R, z+aAy = (z+z)A(x+y) = e (2)A(z+y) = v(z+y) = et (zAy),
and z A (z+y)=z+vle+z+y) =z+e(z) +v(y) =z +v(y).

(iii) The map v : R — A x Ay, z — (v(z),eT(e*(x))) is injective, identifying the
semilattice (R, A) with a subsemilattice of the semilattice with support A x A
defined by
vod+~ e

Ty o) V(Y +yed)

(775) A (7/75,) = (’7 + 7/7 ( )7

with the associated partial order
(1,0) < (Y, 0) = v=7"+7edyed < ed «=y=9"+7050<47.

Notice that ¢(E™T) = {(y,e) | v € A}, and ¥(E®) is identified with a convex
subset of A .
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Assuming in addition that R is superrigid, we have to show that 1) maps isomorphi-
cally R onto the directed cr-gsring R with support {(v,0) € A x Ay || v | +6 = ¢},
and the operations

ved+q el
| 1 +G) 00+ (F)-ed"

(3,8) + (7, ) := ( Y +<%>+ o5+ (%)— o),

,7/

(’77 5) b (7,7 5/) = (’Y ° ’Ylv o+ 5/)7 _(77 5) = (’77 5)7 (’Ya 6)_1 = (7_17 5)7 €= (Ev E)'
One checks easily that the operations as defined above make R a superrigid directed cr-
gsring, generated by the union ET(RA)UE®*(RA) = {(v,¢) | v € A}U{(c,0) | § € Ay}
More precisely, for any pair (7,d) € Ra, we obtain (v4,9), (7—,9) € Ra, and

_ ) _ )
(’Ya 5) = (7—%75) i (’7—76) b= ((;76) + (577+ b 5)) ! b ((’Y_’E) + (67'7— b 5))
To get the desired isomorphism R = R,, it remains to show that for all z € R, the
elements v := v(z) and § := et (e®(x)) of A are orthogonal, i.e. | 7| +d = e. Since R is
superrigid by assumption, there exists uniquely y € E*® such that ¢¥(y) = (¢,v4 ¢ 4). It

1,0 J _ +0
follows that ¥ /) = (-1, (222, and 6o+ Ag) = ()i 00~ (D),
8
Since # +x Ay € ET by the property (ii) above, it follows that (’ ks )+ = ¢, ie.

| 7| +0 < v_. Applying the same argument to the element = = ¢~ 1((v71,6)), we
get | v | +0 < 4, and hence | v | +0 = ¢, as required. To end the proof, it remains
to note that any morphism ¢ : A — A’ of Abelian [-groups extends uniquely to a
morphism @ : Ry — R, (7,9) — (¢(7),¢(0)) of directed cr-gsrings. O

Remark 4.9. Using the superrigid directed cr-qsrings R as defined in Proposition
4.8., we can provide examples of directed cr-gsrings R with elements =,y € R satisfying
z—y € ET but x Vy = oo (see Remarks 3.7.(1)). Let a € Ay. Then the subset
{(7,0) € Ra | 6 < a} is obviously a substructure of Ry. Now, assuming that o # e,
notice that the following are equivalent.

(1) The subset S, := {(v,0) € Ra | § < a} is a substructure of Rjy.

(2) « is not a proper disjoint join in A4, i.e. § + 0 # e whenever o = § V ¢’ with
5,8 € Ay \ {e}; equivalently, {y € A || v |=a} = {a,a"'}.

Indeed, (1) = (2) since, assuming that a = ¢ V ¢’ with 6,8 # ¢,0 + &' = ¢, it
follows that (d,4),(5,0") € Sy but (8,0) + (6,8") = (g,a) & Su. Conversely, (2) =
(1) since, assuming that S, is not a substructure of Ry, it follows that there exist
(7,9),(7,d") € Sy such that (v,0) + (7/,8") &€ Sa, i.e. a = pV p' is a proper disjoint
join, where p = (l/)_l,_ o)+ (l/)_ <d<aandp = (l/)_ o) + (l/)+ < <o
Assuming thaz « is not ayproper disjoint join, so ]7% := S, is a directed cr-gsring as
a substructure of R, and assuming in addition that « = o V7 with ¢ < 0,7 < @, it
follows that x := (¢,0),y := (¢,7) € E*(R), in particular, x —y =2 +y = (0 + 7,¢) €
E*(R) = ET(R4), but the elements x and y are not incident in R, though they are
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incident in Rp, with z Vy = (¢,«). For instance, taking A the free Abelian [-group
[26] with two generators ¢ and 7, and R := S,, where a := || o |/, the elements
x:= (g, |C| ®ny), y :=(g,|C| ® n—) € E*(R) satisfy the required conditions. For
other examples see Remarks 5.3.(6) and 5.6.(5).

4.3 Locally linear directed commutative regular quasi-semirings

As an immediate consequence of definitions and Lemmas 4.6. and 4.3.(4), we obtain
various characterizations for subdirectly irreducible directed cr-gsrings as follows..

Corollary 4.10. The following are equivalent for a directed cr-qsring R.
(1) R is subdirectly irreducible.
(2) The Abelian l-group A is totally ordered.

(3) The poset (R, <) is an order-tree, i.e. there exists the meet x Ay for any pair
(z,y) € R x R, and the poset x | is totally ordered for all x € R.

(4) For all x,y € R satisfying x —y € ET, either x <y ory < x.

(5) For all z,y,z € R, eitherx N\y=yANzorxANy=zAx orzAx=yAz In
particular, the median m(z,y,z) = (x Ay)V (yAz)V (z Ax) of the triple (z,y, z)
is well defined, and moreover m(x,y,z) € {x ANy,y/Az,zAx} is the single element
of the intersection [z,y] N[y, z] N [z, z].

(6) For allz,y € R, [z,y] =[x ANy, z]U [z Ay,y].
(7) For all z,y € R, [x,y] = [z, 2] U[z,y] provided z € [z,y].
(8) Any cell of R has at most two ends.

Definition 4.11. A directed cr-qsring R is called locally linear (abbreviated an lcr-
gsring) if R satisfies the equivalent conditions of Corollary 4.10.

By Corollary 4.10., any ler-gsring has an underlying structure of A-tree [22], [1]. A
natural extension of this arboreal structure to a larger class of directed cr-gsrings will
be discussed in Section 5.

Remarks 4.12. (1) The totally ordered Abelian groups are identified with those ler-
gsrings R for which E* = {e}. The simplest ler-gsring R for which E* is not a singleton
is obtained by adding to the totally ordered multiplicative group A = ET = {y" | n €
7} = Z, with v > ¢ := 4" the smallest positive element, a single element § satisfying
§=-0=06=¢e%0),0+5=e"(0) =~,6+~" =0 for n > 1 and 4" otherwise, and
5 4™ = ~" in particular, v(§) = e. Thus R = E* U {4}, and E* = {£,6}. More
generally, the ler-gsrings R, with A = Et = Z as above and |E®| = 2 are up to
isomorphism classified by the pairs (F,l) consisting of a field F' and a natural number
[, the simplest case above corresponding to the pair (Fs,0), where Fo is the field with
two elements. Notice that all ler-gsrings of this type are rigid but not superrigid. For
any pair (F,[) as above, we define a ler-gsring L = L(F,[) as follows. For [ = 0, put
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L=F*UA=FU(A\{y}), identifying the neutral element 0 € F' with the generator
~v of A, and extend the operations on the field F' and the ordered multiplicative group
A by setting for all z € F* n € Z, x+~y" =z ifn>1, z+9" =+"if n <0, and
re~" =~" Forl >1,put L =GUA, where G := Z x F* has the natural structure
of Abelian group under the law (n,x) e (m,y) = (n + m,zy), with the neutral element
§:=(0,1), and (n,z)~t = (—n,z~!). In addition, define —(n,z) = (n, —x),

(nyx+y) if n=m,x+y#0
(n,z) + (m,y) = ¢ A" if n=mxz+y=0
(n,x) if n<m,

m | (nyx) if m>In

and (n, z)ey™ = ™™ In particular, et ((n,z)) = ¥+ v((n,z)) = 4", (n,z) Ay™ =
yminlm) d((n, z),y™) =AML and (n, @) A (m,y) = ™ d((n,2), (m,y)) =
yln=ml+2 provided (n,z) # (m,y).

Conversely, let R be a ler-gsring with A = ET 2 Z and E® = {¢,6}, so R = ET UG,
where G := {z € R | e*(z) = §}. Thus (G,e,7!) is an Abelian group with the neutral
element ¢, and the qvaluation v : R — A = E™ induces a morphism ¢ : G — Z such
that v(z) = 7@ for all z € G. Put Gy := Ker(¢) = {z € G | v(z) = €}, and let
[ € N be such that ¢(G) = IZ, in particular, G = Gy for | = 0. It follows easily that
x € Gy = —x € Gy, x +y € Gy whenever x,y € Gy, z # —y, and et (z) = et (§) =~
for all x € Gy, and hence F' := GoLI{~y} becomes a field with -y as the neutral element for
addition, and § as the neutral element for multiplication. If [ = 0 then R is canonically
isomorphic with L(F,0) as defined above. If | > 1, for any = € G satisfying ¢(7) = [,
the map G — Z x F*, g — (@,ﬂ'_@ e g) extends to an isomorphism R = L(F,l)
which is the identity on A and sends the local uniformizer m to the pair (1,0).

(2) The simplest superrigid ler-gsrings are of the form R, (see Proposition 4.8.),
where A is a totally ordered Abelian group, so Ry = EYUE® = A x {e} U{e} x A;.

According to a classical result of Garrett Birkhoff, we obtain

Proposition 4.13. (1) Ewvery directed cr-qsring has a subdirect representation for
which all the factors are lcr-gsrings.

(2) The variety of all directed cr-qsrings is generated by the class of all ler-gsrings.

Any directed cr-gsring (R, +,e,—,7 1 ¢) is canonically embedded as a subalgebra
of signature (2, 2, 1, 1, 0) into the direct product R:= [1p Rp of ler-gsrings, where P
ranges over the minimal prime convex submonoids of Ay, in 1-1 correspondence with
the ultrafilters of the distributive lattice (A4, 4+, V) with the least element ¢, as well as
with the minimal prime convex [-subgroups of A, and Rp := R/ =p is the quotient of
R by the congruence =p associated to P as in Lemma 4.6. The corresponding Abelian
[-group of the product R is the direct product A= = [[p Ap of the maximal totally
ordered factors of A, in which the Abelian [-group A is canonically embedded as a
subdirect product.
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A basic consequence of Proposition 4.13. is provided by the statement (2) of the
next result.

Corollary 4.14. Let R be a directed cr-gsring.

(1) For all z,y,z € R, % = (z,y)%, where

B Nz, y,2) _ et (z)eet(z Ay)
d(x,y) et(xNz)eet(yAz)

(xyy)z EA+,

The following hold.
(i) (z,y), = e <= z € [z,y];
(ii) (z,y): 2 d(z,2) < (2,y). = d(z,2) <=z € [y, 2].

(2) For all z,y,z,u € R, (z,y)u + (z,2)u < (Y, 2)u, i.e. the ternary map
R} — Ay, (2,9, 2) = (2,9)u (m,z)u is symmetric.

(3) For all z,y € R, the map d(x,—) : [z,y] — [e,d(z,y)], z |—> d(z,z) is a
A-isometry (not necessarily surjective), i.e. d(z,u) —| d( | for z,u € [z,y]. In

particular, the map d(z,—) : [z,y] — [e,d(x,y)] is a monomorphzsm of posets,
where the partial order <, on [z,y] is defined by z <, u <= z € [z, u].

(4) For all x,y € R, the map [z,y] — [x,z ANy] X [t ANy,yl,z = (z Az, 2 \Ny) is
a monomorphism of posets with respect to the order <, on [x,y| and the order
(a,b) < (a',b) <= d < a,b<¥ on the product [x,x Ny| x [x ANy,y]. Its image
consists of those pairs (a,b) for which aV'b # oco. The composition of the injective
monotone map above with the isomorphism of bounded distributive lattices

[z, 2 Ayl > e Ay, y] — e, Az, 9)] x (A, y), d(z, y)] (a,b) = (d(z, a), d(z, b))

equals the composition of the injective monotone map d(x,—) from (3) with the
monomorphism of bounded distributive lattices

e, d(z,y)] — [e; Mz, 9)] x M=, y),d(z,y)],v = (v + Az,9),7 V Az, y)).

() If [z, y] = [z,u] then x Ny = z Au, Az, 2) = Mu,y), Mz, u) = Mz,y),d(x, 2) =
d(y,u),d(x,u) = d(y,z), and d(x,y) = d(z,u). In particular, the diameter d(z,y)
is an invariant of the cell C = [z, y].

(6 For all z,y,z € R, the intersection [z,y] N[y, z] N [z, z] has at most one element.

Proof. The assertion (1) is immediate by Lemma 4.1.(3).
(2) By (1) we have to show that

L=cT(xzAy)ee(zAu)+er(xA2)eet(yAu) <R :=eT(ynz)eet(zAu)

for all x,y, z,u € R. By Proposition 4.13., it suffices to check that the inequality £L <R
holds in the product R, i.e. it is true in every factor Rp. Consequently, we may assume



38 BASARAB

from the beginning that R is a ler-gsring. Setting a := x A y A z, we distinguish by
Corollary 4.10.(5) the following three cases.
(i) a=xzANy=aAz: By Lemmas 3.4.(4, 5) and 3.6.(1, 2), we get

L=c"(a)e(eT (zAu)+et (yAu)) = eT(a)eeT (yAzAu) = et (anu)ee™ (aV(yAzAu)) < R,

as required.
(i) a=x Ay =y A z : Then, again by the lemmas above, we obtain

A=cet(xny)eet(zAu)=cT(a)eet(zAu)=et(aAu)ee(aV (zAu))

and
R=ct(a)eet(zAnu)=cT(anu)eet(aV (zAu)),

therefore £L < A < R provided z Au < x A u. Otherwise, x A u = z A z by Corollary
4.10.(5), and hence A = et (a)eet (2 Au),R =et(a)oet(x Au), and B:=et(zAz)e
et(yAu)=et(a)eet((x Au)V (y Au)), therefore L=A+ B =e(a)eet((z Au) A
((xAu)V ((yAu))) =R, as desired.

(i) a =x Az =y Az : We proceed as in the case (ii).

(3) is a consequence of (2). Indeed, let z,y,z,u € R be such that z,u € [z, y] ie

(y,2)z = d(z,2) and (y,u), = d(z,u) by (1),(ii). The inequality d(z,u) >| ;l(z Z) | is

obvious by the triangle inequality. On the other hand, it follows by (2) that

d(x, z) + d(z,u) = (Y, 2)a + (Y, w)e < (2,U)q,

d )ed( d
therefore d(z,u) < (d(ixzird(i;‘ =| d((;uz | as desired.
The rest of the statements follow by straightforward computation. O

5 Median and locally faithfully full directed commutative
regular quasi-semirings

We are now ready to introduce an interesting class of directed cr-gsrings containing
all locally linear directed cr-qsrings, as well as arbitrary direct products of them.

Lemma 5.1. The following are equivalent for a directed cr-qsring R.

(1) For all x,y,z € R, the elements x ANy,y A z, and z A x are bounded above, and
hence the element m(x,y,z) == (x Ay)V (y A 2) V (2 A x) is well defined.

(2) Every finite family (x;)1<i<n,n > 1, of pairwise incident elements of R is bounded
above, and hence the join \/[{x; | i =1,--- ,n} is well defined.

(3) Forallx,y,z € R, the intersection [x,y]Ny, z]N|[z, x| consists of a single element.
(4) For all z,y,z € R, the intersection [z,y| N[y, z] N [z, x] is nonempty.

(5) Forallz,y,z € R, there exists u € R such that [z, y]N[z, z] = [z,u] and u € [y, 2].
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Proof. The implications (2) = (1), (3) = (4), (4) = (1), and (5) = (4) are
obvious. (1) = (2) follows by induction, (4) = (3) by Corollary 4.12.(6), and (1)
— (5) with u = m(x,y, z), by straightforward verification. O

Definition 5.2. A directed cr-qsring R satisfying the equivalent conditions from Lemma
5.1. s said to be median.

Remarks 5.3. (1) Assuming that R is a median directed cr-gsring, it follows by Lem-
mas 4.3.(2) and 5.1.(1, 3) that (R,m : R® — R) is a median set (algebra) [2], [T}
Proposition 3.1.]. Moreover, since m(x,y, z) A\u = m(x Au,yAu, z) for all x,y,z,u € R,
the algebra (R, m,A) of signature (3, 2) is a directed median set [4]. By Proposition
3.1.(5) and Lemmas 3.4.(3) and 3.6.(3), for any a € R, the translations x — a + x and
x + a e x are endomorphisms of the directed median set (R, m,A). By Lemma 4.4.,
Remark 4.5. and Lemma 5.1.(3), the map x — —z is an involutive automorphism of
(R, m,A), while the map = + 2! is an involutive automorphism of the median set
(R,m), i.e. m(z,y,2) ' =m(z~t,y~!,271) forall 2,5,z € R, and also an isomorphism
between the directed median sets (R, m,A) and (R, m,).

(2) With the same assumption as above, for all z,y € R, the poset ([x,y], <.), as
defined in Corollary 4.14.(3), is a bounded distributive lattice with the meet operation
(z,u) € [x,y] — m(z,z,u), and the join operation (z,u) — m(z,y,u). The A-isometry
d(z,—) : [x,y] — [e,d(x,y)],z — d(x, z) is a monomorphism of bounded distributive
lattices.

(3) In a median directed cr-gsring R, the element (x,y), € A4 as defined in Corol-
lary 4.14.(1) is exactly the distance d(m(z,y,z),z), and hence the inequality from
Corollary 4.14.(2) can be alternatively proved as follows. Setting a := m(x,y,u),b :=
m(z,z,u),c:=m(y,z,u), we obtain

[u,a] N [u,b] = [u,m(a,b,u)] = [u,m(c,z,u)] = [u,z] N [u,c].

Since a,b € [u,z],m(a,b,u) € [u,c|, and the map d(u,—) : [u,x] — [e,d(u,x)] is a
morphism of bounded distributive lattices, it follows that

(z,Y)u + (x,2)y = d(u,a) A d(u,b) = d(u, m(a,b,u)) < d(u,c) = (y,2)u,

as desired.

(4) Extending the signature (+,e,—,7! ¢) with a ternary operation standing for
the median m, it follows by Lemma 5.1.(4) that the class of all median directed cr-
gsrings is a variety defined by the finitely many equational axioms for directed cr-qsrings
extended with axioms expressing the fact that the ternary map m is symmetric and
m(z,y,z) € [x,y] for all x,y, z. By Corollary 4.10., its subdirectly irreducible members
are the lcr-gsrings, identified with those directed median cr-gsrings which satisfy the
suplementary very restrictive universal axiom

m(z,y,z) e {x ANy,y ANz, z ANz}

(5) The directed median cr-gsrings are the models of the inductive theory 7), in
the first order language L with signature (4, e, —,~! ¢), obtained from the universal
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theory T of directed cr-gsrings by adding the V3-sentence

V:E,y,i:EIu(m/\yﬁu)/\(y/\zgu)/\(z/\:ngu).

By Proposition 4.13., T' = (1), )v, the universal theory of T, i.e. the directed cr-qsrings
form the class of L-substructures of the models of T,.

(6) For any Abelian [-group A, the superrigid directed cr-qsring Ry as defined
in Proposition 4.8. is median. As shown in Remark 4.9., for any a € Ay \ {e},
the necessary and sufficient condition for the subset S, = {(7,d) € Ra | § < a}
to be a substructure of Ry in the signature (+,e, —, 71 ¢) is that a is not a proper
disjoint join in A;. The necessary and sufficient condition for such a substructure S,
to be also closed under the median operation is that the cardinality of any subset of
[e,a] \ {e,a} consisting of pairwise disjoint elements is at most 2. Indeed, assuming
that there exist ¢ < 0; < a,i = 1,2,3, such that o; + 0; = ¢ for i # j, it follows
that m(zy,x2,23) = (6,a) € R \ Sa, where x; := (E,aai_l),z' = 1,2,3. Conversely,
assuming that S, is not median, there exist x; := (7y;,9;) € Sa,7 = 1,2, 3, such that
x:=m(x1,22,23) € Rp \ S, therefore

a=c"(e*(z)) = \/ et (e®(x; Axj)) <m(d1,09,03) < a.
1<i<j<3

Consequently, 6; V§; = afor 1 < i < j < 3, so {aéi_l | @ = 1,2,3} is a subset of
[e,a] \ {&,a} consisting of three pairwise disjoint elements as desired.

The lexicographic extensions of totally ordered Abelian groups by Abelian I-groups
provide examples of such substructures S, which are not median. For instance, take A
the free Abelian (multiplicative) group with 4 generators o1, 02,03 and . With respect
to the partial order

oytoy?oyta < ooy oy’ <= eithern < morn =mandn; < m;,i=1,2,3,
A becomes an Abelian [-group with

Ay ={o]"03%05%a"™ | eithern > 0orn =0andn; > 0,7 =1,2,3}.

As « is not a proper disjoint join in A, S, is a substructure of R in the signature
(+,e,—,71 &) but S, is not closed under the median operation since m(z1, xo,r3) =
(e,a) € Rp \ Sq, where z; := (e,ozai_l) € S4,1=1,2,3.

Another interesting class of directed cr-qsrings, which turns out to be a proper sub-
class of the class of all directed median cr-gsrings, is introduced by the next statement.

Lemma 5.4. The following are equivalent for a directed cr-qsring R.
(1) Forallz,y € R, xVy#oco<=x—y € ET.

(2) For all x,y € R, there exists a (unique) element z € R such that d(z,z) =
d(y,x Ny) and d(y,z) = d(x,z A y), in particular, z € [x,y].
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(3) The A-metric space (R,d) is locally full, i.e. for all z,y € R, the map
d(z,—) : [z,y] — [e,d(z,y)], 2 — d(z, z) is surjective.

(4) The A-metric space (R, d) is locally faithfully full, i.e. for all z,y € R, the map
d(xz,—) : [x,y] — [e,d(z,y)] is bijective.

Proof. The implications (4) = (3) and (3) = (2) are obvious, while (3) = (4)
follows by Corollary 4.14.(3).

(1) = (3) : For x,y € R, let v € [e,d(x,y)]. We have to find an element z € [z, y]
such that d(z,z) = 7. By Lemma 4.3.(4), the elements

L @ ef@)eet(zay)
A @y T @+ et @ Ay)
and N X 2
o ey e(vVAzy) yeet(zAy)

Zo =Y+ Az y) =y+ et (z) + (Yo et(z Ay))

are uniquely determined by the conditions 21 € [z,x Ay],d(z,21) = v+ d(x,z Ay) and
29 € [x ANy, y],d(x,29) = vV d(z,z Ay) respectively. As 21 —zo =x —y+eT(xAy) =
v(x —y) € ET, it follows by assumption that z := 21 V 22 # co. The element z has the
required property thanks to Corollary 4.14.(4).

(2) = (1) : Let z,y € Rbe such that z —y € ET ie. et (zAy) =e(z)+ et (y).
We have to show that =V y # co. By assumption there exists z € [z,y] such that
dz,z) =d(y,x Ny). Asz ANy <z=(xAz)V(yAz), it follows that

et(z)eet(2) _ et(z)e(et(zA2)Vet(yAz)) _ et (z)eet(yAz)
et(z A 2)? et(x A 2)? et(xNz)eet(zAy)

S
—~
8

N
~

I

ot
d(y,z Ny) = W(i/\)y)’

+ +

e Nz e

therefore ) = Y/ Consequently,
et(x Az et(x)

+
|
<
~—

( ), = et(ynz) _eyne)
etz nz)T T et@Az) +er(yAz) et(zAy)

)Nl ) B ()
et(x) " et(@) +et(y)  et(eny)

and hence e (yAz) = et (y), and similarly, et (zAz) = et (z). ThuszAz = z,yANz =y,
and hence z = x V y # 0o as desired. O

Definition 5.5. A directed cr-qsring R satisfying the equivalent conditions from Lemma
5.4. is said to be locally faithfully full (abbreviated Iff).
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Remarks 5.6. (1) Every Iff directed cr-gsring R is median. Indeed, for arbitrary
x,y,z € R, the element (x,y), € A4 as defined in Corollary 4.14.(1) is bounded above
by the distance d(z,z), and hence, by Lemma 5.4.(4), there exists uniquely u € [z, z]
such that d(z,u) = (x,y),. According to Remarks 5.3.(3), we obtain v = m(z,y, 2),
the median of the triple (z,y, 2).

(2) In a Iff directed cr-gsring R, for all z,y € R, the map d(z,—) : [z,y] —
[e,d(z,y)] is an isomorphism of A-metric spaces as well as an isomorphism of bounded
distributive lattices.

(3) Extending the signature (+,e,—, 7', ¢) with a binary operation V/, the class
of all Iff directed cr-gsrings becomes a variety defined by the finitely many equational
axioms for directed cr-gsrings extended with the following two equational axioms

(i) zVy=yVuz

and

(i) et () o (z—y)oet(xV'y)=et(y)e(x—(xV'y)>

defining = V' y as the unique element z satisfying the conditions d(z,z) = d(y,x A y)
and d(y, z) = d(x,z Ay) from Lemma 5.4.(2). Notice that, as shown in the proof of the
implication (2) = (1) of Lemma 5.4., x V/y=zVy <=z —y € ET.

By Corollary 4.10., the subdirectly irreducible members of the variety of all 1ff
directed cr-gsrings are the ler-gsrings, identified with those Iff directed cr-gsrings which
satisfy the supplementary very restrictive universal axiom

(m\/’yﬁx)\/(m\//ygy).

(4) The Iff directed cr-gsrings are the models of the inductive theory Tjs¢ in the first
order language L with signature (+.e,—, 7! ¢), obtained from the universal theory T

of directed cr-gsrings by adding the V3-sentence

Va,y3z2 (2@ —y) £z —y) (@ <2) Ay < 2).

By Propostion 4.13., T = (T}¢f)v, the universal theory of Tjss, i.e. the directed cr-
gsrings form the class of L-substructures of the models of Tjyy.

(5) For any Abelian [-group A, the superrigid directed cr-gsring R as defined in
Proposition 4.8. is Iff, in particular median, where (v,0)V (v/,d") = (yV+/,d V') for all
(7,0), (7/,8") € Ry satisfying (v,0)+(7,0") € ET(Rp), i.e. 7+~ 08 =~'+~ed. For all
a € Ay \ {e}, the necessary and sufficient condition for the subset S, := {(7,0) € Ra |
§ < a} to be Iff, i.e. a substructure of Ry in the extended signature (+,e,V’, — 71 ¢)
is that o+ 7 # € for all € < 0,7 < «, in particular, « is not a proper disjoint join in A,.
Indeed, assuming that there exists a pair of disjoint elements (o, 7) in [, ] \ {e,a}, it
follows that = Vy = (g,a) € Ra \ Sa, where x := (s,a07!),y = (c,ar71) € S,. The
converse is obvious.

As an example of a median substructure S, which is not Iff, take A the free Abelian
(multiplicative) group with three generators 01,09 and «, becoming an [-group under
the partial order

ocMoy?a” < ooy a™ <= eithern < morn =mandn; <m;,i=1,2.



Residue Structures 43

In this case, S, is a median substructure of R according to Remarks 5.3.(6), but S,
is not Iff since x1 V xo2 = (g,0) € R \ Sa, where x; := (E,aai_l) € Sy, t=1,2.

6 [-valuations and Priifer extensions associated to super-
rigid directed commutative regular quasi-semirings

In this section we associate a [-valued commutative ring to a superrigid directed
cr-gsring, and we discuss the case when the associated commutative ring is a Priifer
extension of its [-valuation subring.

6.1 The [-valued commutative ring associated to a superrigid directed
commutative regular quasi-semiring

For a given directed cr-gsring R, let R, := {z € R|eT(x) = a} for any a €
A := ET(R). The family (Rq,~+)aca is an inverse system of Abelian groups with
the connecting morphisms 7,5 : Rg — Rq, 2z — = + o for o < 3. We denote by
B:= B(R) = lim Ry = lim R,, the inverse limit of the inverse system above. Thus

agl aEA L

the Abelian group B consists of all maps ¢ : Ay — R satisfying et (¢(a)) = a for
a € Ay, and p(a) < ¢(B) for a« < . The operations +, — are defined pointwise,
while the neutral element 0 is the embedding Ay — R, — «. The injective map
¢ € B @ : A — R, where ¢(a) := p(ay) +a for a € A, so @[y, = ¢, maps B
onto the Abelian group consisting of the sections ) : A — R of the surjective map
et i R — Az et (a), satisfying ¢(a A B) = ¢(a) A(B),(a Vv B) = p(a) Vi(B)
for all a, B € A.

The Abelian group (B, +, —,0) becomes a commutative ring (not necessarily unital)
with respect to the multiplication B x B — B, (¢, %) — ¢ - ¢, defined by

(p-¥)(@) == plaev(e(e) ™) e (e v(p(e)™) +a=
}L@(@(V) e (y) + ), fora € Ay

The ring B is unital if and only if the directed cr-gsring R is superrigid, and in this case
the unit 1 € B is the injective map A, — R, sending o € A, to the unique element
1, € E*(R) satisfying e*(1,) = a. We assume in the following that R is superrigid.

For every ¢ € B, the map voy : Ay —> A belongs to the commutative /-monoid A
as defined in 1.1, and the map w: B — A, ¢ — w(p) := v o ¢ is a l-valuation on the
commutative ring B, with supp(w) = {0}, so the ring B is reduced, and A4 := A, =
w(Ay) = {p € B|yp(c) = ¢}, the l-valuation ring of w. Call the map w: B — A
the l-valuation associated to the superrigid directed cr-qsring R.

For every a € A, the subgroup T, := {x € Ry|e <z} = {x € Ry |v(z) € AL}
of the Abelian group (R, +) becomes a commutative ring with multiplication z -y :=
r ey + a for x,y € T, and unit 1,. For o < 3, the connecting map 7,5 : g — R
induces by restriction a ring morphism T3 — T;,, and A = le T, = le A/l,,

aEA acA
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where I, := Ker (A — To, ¢ — ¢(a)) = {¢ € Blw(p) > a} is an ideal of A = ..
On the other hand, for every o € Ay, R, becomes an A-module under the action
p-x:=plaev(x)_)exr+ afor ¢ € Ajx € R,, in particular, ¢ -z = p(a) - x for
x € T,. Thus the canonical map 7, : B — Ry, ¢ — ¢(«), for a € A, is a morphism
of A-modules, and B = liin R, = liin B/I, as A-modules.

aEAt acA

Lemma 6.1. Let R be a superrigid directed cr-qsring R, w : B —» A its associated
l-valuation, and A the l-valuation ring. Then w™'(A) = B*, and w™l(e) = A*, so
w(B)NA = B*/A*. In particular, B is a field and A is a valuation ring of B whenever
A is totally ordered, i.e. R is a superrigid lcr-qsring.

Proof. We have to show that w™!(A) C B*. Let ¢ € B with w(p) = v € A. Define
the map v : A — R by ¢(a) = p(aey2) ™t +afor a € Ay. As aey? >+, for all
a € Ay, it follows that

2 2
+ aet aey 2
e (Y(a)) = +a= t+tao=ceyl +a=c.
( ( )) U((,D(Oé."}/i)P 72

To conclude that ¢ € B, it suffices to show that p(ce~%)™! < p(Be~2)~! for a < .
By Lemma 3.5.(4), it follows that

-1 -1

plaey) T ApBeri) T =p(Berl) tec(p(aerl)) < plaeri)

Applying e™ to the both members of the last inequality, we obtain by Lemma 2.6.(4)
the same value a @ 42, so the inequality becomes an equality as desired.
Finally note that w(y) = v~ and

(e¥)(a) = plaeyi)ep(aer ) +a=plaeys)e(plasy|ery)  +aer ) +a=1,
for all @ € A, and hence ¢ = ¢~ € B*, as required. O

Lemma 6.2. With the same data as in Lemma 6.1, let E*(B) = {¢ € B|¢* = ¢}
be the boolean algebra of idempotent elements of the commutative ring B. Then the
l-valuation w : B —s A induces by restriction an anti-isomorphism of boolean algebras
E*(B) — 0AL; we denote its inverse by .

Proof. The inclusion w(E*(B)) C E'(K) = O\, is obvious, in particular E*(B) C A.
First let us show that the map w|ge(p) : £*(B) — JAy is injective. Let ¢ € E*(B),

v(p(a))

ie. p(a)? +a = ¢(a), in particular v(p(a)) V

= a, for all @« € A;. By
multiplication with ¢(a)~!, it follows that

< -t 2 = e* =1 a
P(0) + 7 < pl) o (ple)? +0) = () =1 g
o a
The inequality above becomes an identity since e™(p(a) + ) = =
v(p(@)”  v(p(a))
e+(1v(ﬁa))) and hence 11@(&)) < p(a). As v(p(a)) < ¢(a) too, it follows that
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v(p(a)) V1 oy S ¢(a). Applying et to the both members of the inequality above,
we get the same value «, therefore p(a) = v(p(a)) V 171(;?04)) =w(p)(a) V 1%’
¢ € E*(B) is completely determined by w(¢p), i.e. the map w|gep) : E*(B) — A,
is injective. R

On the other hand, we define a map n : 9A4 —> E*(B) as follows. Let 6 €
A, o € Ay, As et (1 a o )—1—9( ) &, 80 (gray)+ = gty (grayz)- = 0(a), it follows
that n(0)(a) = 1_( . 9( )V . where 1(_2)5 1L oo)? (cf. 4.2). One
checks easily that the map 7(f) : A+ — R belongs to E* (B), so we have obtained
a map 7 : 8A+ — E*(B) such that won = 18A+' Consequently, the map w|ge(p)

E*(B) — GJALF is bijective and 7 is its inverse. Moreover it is an anti-isomorphism of
boolean algebras since w(p - 1)) = w(p) e w(v) = w(p) V w(y) for ¢, € E*(B), and

w(l = ¢)(a) = v(la — ¢(0)) = v(la — (1 Vo(p(a)))) =
1o A (1 g Volpla) = (1) = s = (u(e))
for o € E*(B),a € A4 O

Proposition 6.3. Let R be a superrigid directed cr-gsring. With the notation above,
for any 0 € OA, let R? == {z € R|6(e(z)) = O(v(z)) = ¢} = {x € R|d(z,e) €
Ker (6)4}; in particular, R® = R, R = {e}. Then the following assertions hold.
(1) R? is a substructure of R with Et(R?) = Ker (f), E*(R?) = {1 |a € Ker (6)4}.
Call R? the superrigid directed cr-gsring induced by 6, and denote by

B? := B(R?) and v’ : B® — Ker (0) the commutative ring and the l-valuation
associated as above to RY.

(2) (w?)"'(Ker (8)) = (B?)* and (w?)~'(c) = (A?)*, where A® C B denotes the
l-valuation ring of w.

(3) w(AB) = Bn(0) == {¢ - n(0) |¢ € B}y = {p € Bly-n(9) = v}.

(4) The restriction map @ +— cp]KOr((; yields a ring isomorphism Bn(0) — BY,
and u10(<,0|KCr (§)+) = w(p )|KCr @) for all ¢ € Bn(0). In particular, w™'(Af) =
(Bn(9))* = B*n(0) = (B’)* and w™'(0) = (An(0))* = A*n(6) = (A)*.

Proof. As d(z,e) = MCIN lu(z)] e e (e*(x)) for all 2 € R, and Ker (0) is a convex

et (zAe)
l-subgroup of A, it follows that d(z,¢) € Ker (), <= 0(e*(z)) = 0(v(z)) = ¢.

(1) We have to show that R is closed under the operations +, —, ,*. Asd(—x,¢) =
d(z=' ¢) = d(x,¢) for all z € R by Lemma 4.4.(2), it follows that R’ is closed under
the unary operations — and ~'. Let =,y € R?. Applying the endomorphism 0 to the
relations e™(x +y) = et (z) Ae (y) and v(z) Av(y) < v(x+y) < et (z +1y), we obtain
z+y € R?, while zoy € R follows by applying 8 to the identities v(z e y) = v(z) e v(y)
and et (z oy) = et (z) e v(y) ANv(zr) ® et (y). Since d(a,e) = |a| for « € A = ET, and
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d(1y,6) = a for o € A, it follows that E*(R?) = Ker () and E*(R?) = {1,]a €
Ker (5)+), and hence the directed cr-gsring R? is superrigid.

(2) Apply Lemma 6.1 to the superrigid directed cr-qsring R.

(3) Let ¢ € B. As supp(w) = {0}, it follows by Lemma 1.10.(1), (i) <= (ii), and
Lemma 6.2 that

p € w (A0) <= w(p-(1-n(0))) = w(p)—~0 = w <> @-(1-n(0)) = 0 <= ¢ € Br(0).

(4) Let ¢ € Bn(f),a € Ker (). Since et (p(a)) = a € Ker (f) and v(p(a)) =
w(p)(a) € Ker () by Lemma 1.10.(1), (i) <= (iii), it follows that p(a) € R?, therefore
Clker @, € BY. The map Bn(§) — B?, o — Clker @), 18 obviously a ring morphism.
The morphism above is injective. Indeed, assuming that o|,. @, =0, le ola) = a

for all o € Ker (6)4, it follows by Lemma 1.10.(1), (i) <= (vi), that

« « «

w(p)(a) = 0(a) - w((p)(m) =6(a)- v(ﬁﬁ(m)) =0(a) - ) =«

for all @ € A4, so w(y) = w and hence ¢ = 0 as required. To show that the morphism
above is surjective, let 1) € B?, and consider for any o € A the pair

(¢(%) € R’ C R,0(a) s v(v(c)) € A = ET).

Since

(&% «

e (Y(5—=)) +0(a) e v((e)) = o)

0(a) +0(a) e v(y(e)) = v(¥(e)) < v(W(=—)),

it follows by Lemma 3.6.(7) that the element ¢(«) := 1/1(#‘;)) Vé(a)ev(i(e)) € R is
well defined. As et (p(a)) = ﬁ Vl(a)ev((e)) =aand a < = p(a) < ¢(f), we
deduce that the map ¢ : A — R is an element of the ring B such that ¢, @

+
1. Moreover it follows by (3) and Lemma 1.10.(1), (i) <= (v), that ¢ € Bn(f) as
desired. ]

Remark 6.4. The correspondence R — (B,w : B — jAX) extends to a covariant
functor defined on the category of superrigid directed cr-gsrings with morphisms

f : R — R’ satisfying the condition that the Abelian [-group A’ := E1(R') is the
convex hull of the image f(A) C A’. For such a morphism f: R — R’ define the ring
morphism B(f) : B(R) — B(R') by B(f)(¢)(d/) :=

lim (f(p(a)) + ') = f(p(a)) + o for some (for all) o € A suchthat f(a) > o/,

a—r o0

for ¢ € B(R),o/ € A/,. On the other hand, let f: A — A be the morphism of
commutative [-monoids induced by the morphism of Abelian [-groups f At A — N
(cf. Lemma 1.2.(1)). It follows that the pair (B(f), f) : (B(R),w) — (B(R'),w’) is a
morphism of [-valued commutative rings, i.e. w’ o B(f) = f ow.
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Remark 6.5. There exist nontrivial superrigid directed cr-gsrings R with the associ-
ated l-valuation w : B — A such that A,, = B. For instance, let R = R as defined
in the proof of Proposition 4.8, where A is a nontrivial Abelian [-group. It follows that
the associated l-valuation w : B —s A is injective with image w(B) = 8A+, identifying
the ring B = A,, with the underlying boolean ring of the boolean algebra with support
GJALF and opposite order. In particular, B = Fs, the field with 2 elements, provided A
is totally ordered.

6.2 Priifer commutative regular quasi-semirings

Let R be a superrigid directed cr-gsring, and B := B(R), w : B —» K,A = Ay,
its associated commutative ring, [-valuation and [-valuation subring respectively. Let
M := M(A, B) be the commutative sl-monoid of all f.g. A-submodules of B, associated
to the ring extension A C B (cf. 1.2). Let M :={I € M|IB =B} ={I € M|3J ¢
M,A C IJ} be the monoid of B-regular f.g. A-submodules of B, and M* be the
subgroup of invertible A-submodules of B. As shown in 1.3, the [-valuation w induces
a canonical morphism of sl-monoids @ : M —» A, defined by W(I) = Nqjcjep, w(wi),
where {©;|i = 1,--- ,n} is an arbitrary system of generators of the f.g. A-submodule
I of B. Recall that M* C M C @ !(A), the morphism @ induces by restriction a
monomorphism of ordered groups M* — A, and I = {¢ € Blw(p) > w(a)} = a
for all a € M*.

The next lemma permits us to characterize those superrigid directed cr-qsrings R
for which the associated ring extension A C B is Priifer, i.e. M* = M, so w is a Priifer
l[-valuation. Call them Prifer cr-gsrings.

Lemma 6.6. Let R be a superrigid directed cr-qsring, and let ¢,v € B := B(R). Then
the following assertions are equivalent.

(1) The elements 1, p1p and o(1 — ) belong to the l-valuation ring A := A,,.

(2) v(v*) = ()72, dee. p(7?) < ()7, where v = w(p)- = v(p(e)) Tt

Proof. (1) = (2) : By assumption, ¥(c) = (¢ - ¥)(e) = &, and ¢(e) = (p? - ¥)(¢).
Consequently, we obtain (p-1)(e) = p(c) @ (y) +¢& = ¢, therefore gp( )e1)(y) = € since

6*(@(6)01/1(7)) < v(p(e)) oy = e. It follows that v(1)(7)) = v((e)) ™ =7 = ™ (¥(7)),
Y(y) = v € Et. Further we obtain (¢ - ¥)(y) = ¢(7) ® ¥(¥?) + 7, and hence

( P)(7) = w(7)  Y(v?) since v(p(7)) = v(p(e)) = v~ implies ¥ (p(y) @ P(7?)) <
v(p ( )) 72 = 7. Consequently,
p(e) = (9% ) (e) = p(c) o (0 P)(7) + & = p(c) ® p(7) @ 1h(7?)

since €™ (p(e) o (¢ ¥)(7)) < v(p(e)) @7 =¢. As
2 2

et (e® 2\) — Y Y = et (e® et (e
(e*(¥(v)) v(w(,yg))év(w(,y)) ¥ (e*(p(e)) < e (e*(p(7))s

we obtain the desired inequality by multiplying with ¢(g)~" @ ¢(v)~! the both terms
of the identity above

(1) = e*(p(e) e p(7) ! = €*(p(e)) @ €*(0(7)) @ Y(v*) = v (7).
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(2) = (1) + We obtain w(y) > v(y(v?)) = v(p(y) ™) +7* =7+ =7 > ¢,
w(py) = w(p) - w(y) > v(p(e)) @y = e, therefore ¥, p1p € A. Further we obtain

() (7) = p(7) e p(V*) + v = @(7) o ¥(¥*) = o(7) ® (0(7) " +7°) >

e (e(7) + () ey =Lz +v=1,,

and hence w(1 — @) = v(1y = (p¥)(7)) = v(ly — 1) = 7. Thus w(p(l — ¢y¥)) =
w()w(l — ) >y~ e = ¢, therefore (1 — y)) € A as desired. O

Corollary 6.7. Let R be a superrigid directed cr-qsring, with the associated commuta-
tive ring extension A C B. The necessary and sufficient condition for R to be a Priifer
cr-gsring is that for all ¢ € B there exists 1 € B such that (%) < @(y)~t, where

v = w(p)- = v(p(e) !

Proof. The statement is a consequence of Lemma 6.6 and 1.4. (P 2). O

Notice that, by constrast with Priifer ring extensions, the property of a superrigid
directed cr-gsring to be Priifer is not an elementary property.

A particular class of Priifer cr-qgsrings is obtained by considering the following com-
pleteness property for directed cr-gsrings.

Definition 6.8. A directed cr-qsring R, with A = ET(R), is said to be spherically
complete (for short, complete) if for every element x € R, the following equivalent
conditions are satisfied.

(1) There exists a map ¢ : A — R such that et (p(a)) = a for all « € A, p(a) <
©(B) provided o < 3, and ¢(et(x)) = .

(2) There exists a coherent family of balls with center x and arbitrary radia, i.e. a
map 1 : A — R such that d(¢(a), x) = |a| for alla € A, in particular, ¥ (e) = z,
and ¥(a) < Y(B) provided o < 3.

[For ¢ satisfying (1), define ¥(a) = p(aeet(x)) for « € A. Conversely, for ¢ satisfying
(2), define ¢(a) = $(=2) = $((=8)+) +a for a € A

Corollary 6.9. A superrigid directed cr-qsring R is Prifer whenever it is complete.

Proof. Let A C B be the ring extension associated to R. Assuming that R is complete,
it follows that for all @ € A := ET(R), the canonical map 7, : B — Rq, ¢ — ¢(a) :=
@(ay )+ is onto. In particular, for every ¢ € B, with v := w(p)_ = v(p(e))™!, there is
¢ € B such that ¢(y°) = 733 (¢) = ()" € Rys, and hence ¢(7?) < ¢ (%) = p(y) 7.
Consequently, R is a Prifer cr-gsring by Corollary 6.7. O
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6.3 Priifer-Manis commutative regular quasi-semirings

Let R be a Priifer cr-gsring. According to 1.4, the canonical embedding M* — M+
of the Abelian [-group M™ into its commutative [-monoid extension M\*, as defined in
1.1, extends to a morphism of sl-monoids tv : M — M*, defined by v(I)(a) := I +a
for I € M,a € M7, while the map w : B — M\*,gp + t0(Ap), induced by fv, is the
Priifer-Manis [-valuation associated to the Priifer ring extension A C B. Notice that
Ay = A, supp(tv) = Nae Mmrals the conductor of A in B, and the reduced ring extension

A/supp(v) C B/supp(v) is Priifer. The relation between the l-valuations w : B —» A
andw: B — M\*, as well as that between the morphisms w : M — Aandfo: M —s
M*, are described by Lemma 1.20. In particular, M* & w(M*) =w(M)* =w(M)NT,
where T" is the convex hull of w(M)* in A. Using Lemma 1.20.(3), we introduce the
following class of Priifer cr-gsrings.

Definition 6.10. A Priifer cr-qsring R is called Priifer-Manis if A = ET(R) is the
convex hull of W(M)* = M*, in particular, (M) NA = w(M)* and w is equivalent
with the Prifer-Manis l-valuation w associated to the Priifer extension A C B. It is
called Priifer-Manis in a strong sense if M* = w(M)* = A.

~Y

Lemma 6.11. Let R be a superrigid directed cr-qsring. If R is complete and M* =
w(M)* = A then R is Prifer-Manis in a strong sense and lff, in particular, median.

Proof. By Lemma 6.9, R is a Priifer cr-qsring, and hence Priifer-Manis in a strong
sense cf. Definition 6.10.

To show that R is Iff, let z,4y € R be such that z —y € A = ET(R). According
to Lemma 5.4 and Definition 5.5, we have to show that z Vy # oo, ie. z < z,y < z
for some z € R. Put et(z) = a,ef(y) = B, s0ox—y =v(w—y) =et(xz—y) =
a+ B = a A by assumption. Let v := ay V 4. By completeness, it follows that
there exist ¢, € B := B(R) such that ¢(a) := o(v) + a = z,9(8) := ¢¥(y) + 8 = v,
iLe. z < ¢(v),y < ¥(y). Consequently, (¢ —¥)(7) = ¢(7) —¥(v) 2z —y = a B,
therefore w(e — 1) > w(p—v)(y) > aAB, ie. ¢ —1 € Iopng. On the other hand, since
w(M)* = A by assumption, it follows that I,,Iz € M*, and Iong = Io + Ig € M*.
Thus ¢ — 1 = p + p for some p € I, pu € Ig. Setting 0 := ¢ — p = ¥ + p, we deduce
that 0() = o(v) — p(y) > z,0(7) = ¢¥(y) + u(y) > y, and hence z V y # oo as desired.

As R is Iff, it is median by Remarks 5.6.(1). O

Denote by R the category of Priifer-Manis cr-gsrings, with morphisms f : R — R’
satisfying the condition from Remark 6.4 : A’ := E*(R') is the convex hull of f(A). The
correspondence above R — (A C B) extends as in Remark 6.4 to a covariant functor
B : R — P, where P denotes the category of Priifer extensions with morphisms
g: (A C B) — (A C B') satistying the supplementary natural condition : the
Abelian [-group M5, A of invertible A’-submodules of B’ is the convex hull of the
image {A'g(a)|a € ME/A} of My, through the morphism g.

Moreover we obtain

Lemma 6.12. The functor B : 8 — P takes values in the full subcategory B of
B consisting of the complete Priifer extensions, i.e. those Prifer extensions A C B
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for which the canonical morphisms A —  lim A/a and B — lim B/a are
aG(ME/AH aG(ME/AH

isomorphisms.

Proof. Let R be a Priifer-Manis cr-qsring, with B(R) = (A C B), its associated Priifer
ring extension, and M := Mp/, the sl-monoid of f.g. A-submodules of B. Since
A := E*(R) is the convex hull of w(M*) = w(M)NA = M*, it follows that A =
lim A/Ig@), B = lim B/IzGa), where I, := {¢ € Alw(p) = a} for a € Ay. It
aeM7y aeMy

remains to recall that Ig,) = a for all a € M. O

7 Directed commutative regular quasi-semirings associ-
ated to Priifer extensions

Extending [6], we construct in this section a covariant functor from the category of
Priifer extensions to the category of superrigid directed cr-gsrings, whose image turns
out to be equivalent with the category of complete Priifer extensions.

Let A C B be a Priifer ring extension, and A := My, , be the multiplicative
Abelian [-group of the invertible A-submodules of B, with A as neutral element, and
Ay = {a € Ala C A}, the l-monoid of nonnegative elements of A. As shown in
1.4, the map w : B —» A, defined by w(z)(a) = a+ Ax for ¢ € B,a € A4, is the
Priifer-Manis [-valuation associated to the Priifer ring extension A C B.

Let R = Rp/a := UaenB/a be the disjoint union of the factor A-modules B/« for
« ranging over A. Notice that R is a singleton if and only if A = B.

The injective map A — R, — 0mod « identifies A with a subset of R, while
the ring structure of B induces on the residue set R an algebra (R,+,e,—, "% &) of
signature (2,2,1,1,0) as follows.

For x := xmod a, y := ymod § € R, we define

x+y:=(z+y)mod(a+ ),

—x = (—z) mod a,

and
X oy := zymod-,

with
v=af +x8+ya=av(y) + Bv(x),

where v(x) := w(z)(a) = a+ Ax € A.

We see at once that the operations above are well defined, making (R, +, —) a regular
commutative semigroup with ET = (A, +) as its semilattice of idempotents, and (R, e) a
commutative semigroup with £®* = {Imod |« € A1} as its semilattice of idempotents,
canonically isomorphic through the map 1 mod o — « with the semilattice (A, +). Put
£ := 0mod A = 1mod A, and notice that ET N E* = {¢}. Moreover the commutative
semigroup (R,e) is regular with the quasi-inverse x~! of any element x = zmod«a
defined as follows. Since v(x) = a + Az € A, we obtain A = v(x) ' a + Az) =
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v(x) o+ v(x) 1 Az, therefore there exists z € v(x)~! such that xz = 1 mod v(x) o
One checks easily that the element

x 1= zmod aw(x)~

2
is well defined and is the required quasi-inverse of x.

With the notation from Section 2, we get et (x) = a,e®(x) = 1modav(x)~! for
x = zmod a € R. The canonical partial order < on R is given by

zmoda < ymodf <= f C cvandz = y mod a.

The axioms from Definition 2.3 are easily verified, so R, with the operations as defined
above, is a cr-gsring. Moreover, as ¢ < x for all x € E*, the equivalent conditions of
Proposition 3.1. are satisfied, and hence the cr-qsring R is directed, with the meet-
semilattice operation with respect to the partial order < given by

zmoda Aymodf = zmod (a+ S+ Az — y)).

In addition, R is superrigid and, according to Section 4, a A-metric space with the
A-valued distance map d: R X R — A defined by

d(rmod o, ymod ) = af(a + f+ Az —y)) 2

Proceeding as in 6.1, we associate to the superrigid directed cr-qsring R above the

commutative ring B := B(R) with carrier lim B/a and the [-valuation w : B — A,
aEA;
whose [-valuation subring is A= li£1 A/a. Composing w with the canonical ring
aEA

morphism B — E, we obtain the Priifer-Manis l-valuation w : B — A associated
to the Priifer ring extension A C B, in particular, M}, = M} = A and w is a Manis
l-valuation.

Lemma 7.1. Let A C B be a Priifer commutative ring extension, A := ME/A the

Abelian I-group of invertible A-submodules of B, and R := Rp, the associated super-
rigid directed cr-qsring. Then R is complete and Prifer-Manis in a strong sense.

In particular, R is lff, and hence median, with the median operation m : R®> — R
defined by

m(x1,X2,X3) = Vi<i<j<3(X; AX;j) = rmod aforx; = z;mod o, = 1,2, 3,

where

a = M<icj<s(a + aj + Az — 5)),

and x mod « is uniquely determined by the conditions

r = x; = z;mod (o; +a; + Alx; —z5)), 1 <i<j<3.
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Proof. To check that the directed cr-gsring R is complete, let x = zmod~y € R. For
any y € B satisfying y = x mod v, the map ¢, : A — R, defined by ¢, («) := ymod ¢,
satisfies the condition (1) from Definition 6.8. as desired. In particular, by Corollary
6.9, R is a Priifer cr-gsring, i.e. the commutative ring extension A - B associated to
R is Priifer. Moreover R is Priifer-Manis in a strong sense (cf. Definition 6.10.) since
A =w(Mpa)* C W(Mé/g)* C A, and hence M;?/g = W(Mg/g)* = A as required. By
Lemma 6.11, R is Iff, and hence median. O

With the notation from 6.3, the correspondence above (A C B) — Rp/4 extends
to a covariant functor R : 8 — R. By Lemma 7.1, the functor R takes values in the
full subcategory €R of SR consisting of those superrigid directed cr-gsrings which are
complete and Priifer-Manis in a strong sense.

The relationship of adjunction between R and the functor B as defined in 6.3. is
described by the next statement.

Theorem 7.2. (1) The covariant functor R : P — R is the left adjoint of the
covariant functor B : R — B.

(2) The endofunctor BoR : B — B, factorizing through &P, sends a Prifer exten-

sion A C B to its completion A = 1Lm A/a C B:= le B/a.
ag( E/A)+ ag( E/A)+

(3) By restriction, R and B yield inverse equivalences of the categories € and €R.

Proof. We define two natural transformations t: R o B — 1g,p : Ig — BoR as
follows. For each R in R, R(B(R)) is an object of €R, canonically identified with a
subobject of R in R. Let tg : R(B(R)) — R denote this embedding, and notice that
tpr is an isomorphism if and only if R is in €R. On the other hand, for each (A C B) in
B, B(R(A C B)) = (A C B) is an object of €, the completion of the Priifer extension
ACB. Let pacp: (AC B) — (A C B) be the canonical completion morphism in B,
and notice that pac p is an isomorphism if and only if (A C B) is in €. It follows easily
that the families of morphisms tg and pacp, for R, (A C B) ranging over the objects of
the categories R and P respectively, are natural transformations. Moreover it follows
that Rp = (tR)™': R — RoBoR and pB = (Brt)~! : B — Bo R oB are natural
isomorphisms, so, in particular, the counit-unit equations 1g = tR o Rp,1z = Bro pBB
are satisfied. We conclude that (R, B) form an adjoint pair with counit v and unit p,
inducing by restriction inverse equivalences of the full subcategories €R and €.

The associated monad in the category P is the triple (7, p, i), where the endofunctor
T :B — *Pis given by T' = BoR, the unit of the monad is just the unit p : g — T of
the adjunction, and the multiplication p : T?> = ToT — T is the natural isomorphism
BtrR. Dually, the endofunctor RoBB : R — R together with the natural transformation
t:RoB — 1y, as counit, and the natural isomorphism RpB: R o B — (R o B)?, as
comultiplication, defines a comonad in the category fR. O

Remarks 7.3. (1) Let us denote by P the full subcategory of B consisting of those
Priifer extensions A C B for which M7} /A is nontrivial and totally ordered, i.e.

B # A and B\ A is multiplicatively closed (cf. Corollary 1.22). The objects
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of its full subcategory €, := PBo N P are the complete valued fields. On the
other hand, we denote by Ry the full subcategory of R consisting of those R for
which A = ET(R) is nontrivial and totally ordered. Let €Rg := Ry N €R. By
restriction, we obtain an adjoint pair (Ro : Bo — Ro, Bo : Ro — Po), inducing
inverse equivalences of €, and €Ry.

Given a family (A4; C B;)ier of Priifer extensions, let A := [[,.; Ai, B := [[;c; Bi,
with the canonical projections p; : B — B;, satisfying p;(A) = A;,i € I. By [19]
I, Proposition 5.17.], the ring extension A C B is Priifer, so the projections

pi : (A C B) — (Ai C By),i € I, are morphisms in 8. The commutative
sl-monoid Mp,4 of f.g. A-submodules of B is identified through the canonical
morphism Mp/a — [[;c; Mp,/a;, @+ (pi(@))ier to the subdirect product con-
sisting of those families o := (a;)ier € [l;e; Mp,/a, for which there is a bound
neo € N such that the A;-submodule o; of B; admits a system Of at most n, gen-
erators for all 4 € I. By restriction, the Abelian I-group A := / 55/ 1s identified
with a subdirect product of the family of Abelian [-groups A; := Bi / Al_,z el,
consisting of those a := (a;)ier € [];c; Ai satisfying the boundedness condition
above. In particular, A = J[,.; A; whenever either the index set I is finite or
there is a bound n € N such that each invertible A;-submodule of B; admits a
system of at most n generators for all ¢ € I.

By Lemma 1.3 and Remark 1.5, the commutative [-monoid A is identified with the

—

subdirect product of the family (A,),e 1 consisting of those ¢ € [[;c; A; = [Lics A
for which p A € A for all o € A.

Let R; := B(A; C B;),i € I, R := B(A C B). R is identified with the subdirect
product of the family (R;);e; consisting of those x € [],.; R; for which e™(x) € A.
Applying the functor B : R — 9 to the objects R;,i € I, and R of the category
¢R, we obtain the completions B(R;) := (A; C B;),i € I,B(R) := (A C B)
of the Priifer extensions A; € B;,i € I, and A C B respectively. The complete
Priifer extension A C B is identified with the subdirect ct product of the family A C
B,, 1el, cons1st1ng of those elements (x;)icr € [[;c; B for which (w;(x;))ier € A

where w; : BZ — AZ,Z € I, are thg\ Priifer-Manis [-valuations associated to the
complete Priifer extensions A; C B;,i € I. In particular, R = [[,.; R;, and

(ACB) = Hie[(zi - E) whenever either [ is finite or there is n € N such that
for all ¢ € I, each a € A; admits a system of at most n generators.

Notice that, in general, the Prifer extension A C B together with the projections

pi: (A C B) — (4; C B;),i € I, is not a direct product in the category P

since, given an arbitrary family f; : (C C D) — (A; C B;),i € I, of morphisms
in P, the canonical morphism of Priifer extensions f : (C C D) — (A C B) is
not necessarily a morphism in . However f is in 8 whenever the index set [ is
finite, and hence the category B has finite products. Similarly, the category R has
finite products, and for each finite family (R;);cs of objects of R, it follows by the
continuity of the right adjoint functor B : R — P that B(J[,c; Ri) = [[;c; B(R:).
In particular, the equivalent full subcategories €& C P and €R C R are both
closed under finite products.
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(3) Assume that A is a Dedekind (in particular, Priifer) domain with its quotient

field B # A. Let us denote by P := P(A) the nonempty set of the non-null
prime (maximal) ideals of A. For every p € P, we denote by w, : B — Z U {oo}
the corresponding discrete valuation with valuation ring A, and maximal ideal
pAp. With the notation above, we have M := Mp,4 = AU {{0}}, where A :=
M* =~ Z(P) is the free Abelian multiplicative group generated by P, with the
canonical lattice operations. The corresponding commutative [-monoid extension
Aof Ais identified, as in Example 1.1, with the collection of those formal products
[lpep ™ with ny € Z U {oo} for which the set {p|n, < 0} is finite. The Priifer-

Manis I-valuation w : B —» A associated to the Priifer extension A C B sends
any 0 # z € B to Az = [[,cp pr(@) ¢ A, while w(0) = w, so M = M,,. Let
R:=R(AC B),Ry, .= R(A, C B) for p € P, so A, := ET(R,) = (Z,+),A =
ET(R) = @pepAy. By the approzimation theorem in Dedekind domains [9, VII,
4, Proposition 2] it follows that the canonical subdirect representation

R — H Ry, xmoda € R, := B/a (;pmodpwv(o‘))pep,
peP

for a := HpeP p?»(@) ¢ A, identifies R with the substructure of the product
[[,ep Ry consisting of those families x := (x)pep for which d(x, e := 0mod A) :=
(dp(xp,ep := Omod Ap))pep € A, ie. the set {p € P|x, # &p} is finite. In
particular, R = HpE’P R, <= A is semilocal, i.e. P is finite. As median set, R is
sitmplicial, i.e. each cell [x,y] C R has finitely many elements. Moreover for each
finite subset X C R with |X| > 2, the convex closure [X] of X in the median set
R is isomorphic to a finite product of finite simplicial trees : [X] = [[,cp[X;] =
[1jx,>2[Xp], where [X;] is the subtree of the simplicial tree R, generated by
the image X, of X trough the projection map R — R,. Applying the functor
B:?R — P to the object R =R(A C B) of R, we obtain the complete Priifer
extension B(R) = (A C B) - the completion of the Priifer extension ACB-
with A = [[,cp Ap, B = {(@p)per € [lpep Bp|{p € Plzy, & Ap}lsﬁmte}-the
ring of restricted adeles of the Dedekind domain A, where BF(Z;) denotes the
completion of the field B (the domain A) with respect to the valuation wy,. The
Priifer-Manis [-valuation tv : B — A associated to the Priifer extension A - B ,
sending any x := (zp)pep € B to the formal product HpeP pwe(@r) ¢ IAX, is onto,
inducing the isomorphisms

Mﬁ/gz{@ﬁWEB\}ng%K — {Az|z € B*} @ B*/A* = A.

ME
B/A
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