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Abstract

We calculate the S-wave charmonium spectroscopy using the Hamiltonian with the non-
relativistic QCD (NRQCD) potential. The logarithmic factor Inur, appearing in the next-
to-leading order QCD loop corrections to the potential, is expanded about r = 1/u, where
u corresponds to the typical charmonium scale. The resulting potential characterized by the
Coulombic and linear components is consistent with the form of the Cornell potential. We have
performed the best x? fit by comparing the current mass data of the S-wave charmonium states,
ne(11S0), J/1(1357), n.(21.90), and 1(235;) with their modified Padé approximants to determine
the three parameters: the charm quark mass m., coupling constant a, and the corresponding
scale p. Using then these three parameters we have predicted the S-wave mass spectrum with
n < 6. The hints for results are discussed.
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I. INTRODUCTION

The heavy quarkonium (like charmonium, bottomonium, etc.) is a system where we can
study the low-energy QCD in a systematic way. The heavy quarkonium satisfies the following
hierarchy scales

M>p~1/r~Mv>E~ Mv?,

where M is the heavy-quark mass, p the momentum transfer, E the binding energy, r the
typical distance between the quarks, and v the typical heavy quark velocity. It can be estimated
that v/c ~ 0.6 for charmonium and 1/3 for bottomonium [1, 2]. Taking into account the
above properties, one can introduce the nonrelativistic effective field theory which realizes a
factorization at the Lagrangian between the high energy effects and low energy contributions.
By integrating out the hard parts we can obtain the non-relativistic QCD (NRQCD) which is
expanded in p/M and E/M [1, 13, 4]. Taking into account the fact that for the charmonia and
bottomonia the typical scale u ~ p associated to the inverse size of the system 1/r is satisfied by
the relation p(~ 1/r) > E ~ Aqcp, the NRQCD can be further expanded in Er and leads to
an effective field theory which is the so-called potential non-relativistic QCD (pNRQCD) [5-7].

Since the QCD has been widely accepted as a fundamental theory for the strong interactions,
we have no doubt about that it should describe the spectroscopy of the heavy quarkonium. Nev-
ertheless, in practice, it is still not so successful. On the other hand, the phenomenological quark
models which mimic the QCD features seem to offer better results for the heavy quarkonium
systems. The form of Cornell potential used in the phenomenological quark model |8-410], where
the potential is made of the Coulombic and linear parts, has been confirmed to be valid by the
lattice calculation [11,12].

Recently, a number of interesting charmonium-like states, that are above the DD open-
charm mass thresholds and named collectively as ” X,Y, Z” mesons, have been found (see the
discussions, e.g., in Refs. [13,14]). So far, most of them are at odds with expectations of the c¢
states which had been predicted by conventional charmonium models. One may then suggest
that some of the " X,Y, Z” particles are exotic. Existence of exotic states such as glueballs,
hybrid mesons (the bound states of ¢cg), molecules, and tetraquark mesons (the bound states of
¢cce), which go beyond the description of the naive quark model, can offer the direct evidence
concerning the confinement property of QCD. Nevertheless, so far, none of the exotic states can
be well established. On the other hand, it is still difficult to assign any new observable in the
conventional ¢c charmonium mass spectrum with the definite quantum state; many suggestions
can be found in the literature. For instance, it was suggested that the X (3940) may be the singlet
state 1.(3'Sy). However the corresponding triplet state 325 is ¢(4040) with mass 403941 MeV,
so that the assignment for X (3940) implies a larger singlet-triplet mass splitting (~ 100 MeV) for
radial number n = 3 than that (~ 50 MeV) for n = 2, which is one of the problems. Although,
the phenomenologically potential models [9, 10, [15-18] can offer quite intuitive picture for cc



charmonium spectroscopy, the deviation between the theoretical calculations and data is quite
large, so that we cannot make further predictions accordingly. Even the old (4415), which
was conventionally assigned as the 1(435]) quantum state, has been argued that it should be
P(5%S1) [18]!

Motivated by the above reasons, in the present study we will try to obtain an evaluation for
the S-wave charmonium spectroscopy starting with the pNRQCD Hamiltonian, instead of the
phenomenologically potential model. We hope to clarify some ambiguities between observables
and theoretical calculations. We use the QCD potential Vocp(r), which can be obtained from
matching NRQCD to pNRQCD [7]. To solve the mass spectrum, we expand In pr, resulting from
the QCD loop corrections to the potential, about » = 1/u, where p corresponds to the typical
charmonium scale of order m.v. The benefit of the expansion is that our resulting potential
exhibits the form of the Cornell potential which was confirmed by the lattice calculation [12].
In our study, we have three physical parameters, the charm quark mass, as and p. Using the
modified Padé approximation [19, 20] which is a numerical technique, we perform the best y?-
fit for the current data of masses of the well-established S-wave charmonium states, 7.(1'Sp),
J/¥(1381), 1n.(2'Sp), and 1(235;) to determine these three parameters and then to predict
the full S-wave mass spectrum. The ¢éc charmonium states are usually denoted by the symbol
n2s+1Lj with n and s being the principal and total spin quantum numbers, respectively. The
ne(218p) was first measured in B decays by Belle in 2002. Most potential model calculations
predicted a much low values for its mass compared with the data. 1(2357) is usually denoted as
the state ¢(3683). As the fact that the total angular momentum J is a conservation quantum
number, the orbital angular momentum L is actually not a good quantum number for the cc
charmonium states 1(3683), and therefore 1 (3777) could be the mixtures of 23S; and 13D,
states [21]. Our result shows that the minimum x? is consistent with zero, which hints that the
S — D mixing may be negligible.

The Padé approximation is to approximate a function f(x), which is expanded in a Taylor
series up to order k, by the ratio of two polynomials, one of order M in the numerator, and
another of order N in the denominator, with M + N = k |22, 23]. This ratio is called the Padé
approximant of f(x). The technique of the Padé approximation has the following advantages.
First, it can accelerate the convergence of the usual Taylor expansion for a given function.
Second, even for x going beyond the radius of convergence of the Taylor’s series of a given
function f(x), its Padé approximant could well approximate the original function, i.e., physically
it can be applied to the non-perturbative region. This method thus has been exploited in
statistical physics, hadron phenomenology, quantum field theory [24-29], and recently in finding
the solutions of general relativity [30].

The Padé interpolation method, which is called the modified Padé approximation here, was
first proposed in Refs. [19,20] to explore physics in the non-perturbative region. In this modified
approach, a single Padé approximant is obtained by interpolating the weak and strong behav-



iors. We adopt this approach to study the charmonium spectroscopy. The QCD Hamiltonian is
redefined as H(B) = Hc + H[, where H¢ involves the Coulomb-like potential and H, contains
the linear potential. We introduce the parameter b to separate the kinetic energy term into two
parts and then lump into Hc and Hp, separately. As 8 = 1, we have H(1) = H, the physical
Hamiltonian. We consider two limits, § > 1 and 5 < 1, to perform the perturbation calcula-
tion. After obtaining the results in the two limits, we can then get the physical eigenenergies
corresponding to physical Hamiltonian H using the Padé interpolation. (See Sec. [IIB] for the
details.) In performing the fit, we also put the constraint on b, so that the numerical error in
the approach due to the choice of b is small enough (S 2%). In general, when the radial number
n < 6, the error is less than 7% for 0.1 < b < 0.6. The detailed discussion for numerical errors
will be presented in Sec [Vl

The remaining of this paper is organized as follows. Together with an example, we will give
a brief introduction to the methods of the conventional and modified Padé approximations in
Sec. [l We formulate the modified Padé approximant for charmonium masses in Sec. [IIl In
Sec. [V, the prediction for the S-wave charmonium mass spectrum, together with the best fit

parameters, m., o, and i, are given by minimizing y? fit. Sec. [V]is our summary.

II. THE PADE APPROXIMATION
A. The conventional Padé approximation

The Padé approximant f[M/N](z) of degree (M, N), developed by H. Padé, is an approxi-

mation of a given function f(x) as a ratio of two power series:

FM/NY) = S 1)
_ po+ P12+ pax® + p3z’ 4 -+ pya? (2.2)

1+ qiz + gz? + qza® + -+ + pyalv
where Pys(z) and @y (z) are polynomials of degrees M and N, respectively. Assume that f(x)

is analytic around x = 0 and has the Taylor expansion (or called the Maclaurin expansion) form:
f(z) = Z a;z’. (2.3)
i=0
Setting f™(0) = f[M/N](0) with n = 0,1,..., M + N, one has

(Z :c> (Z qg-w]> - (Z pjwf> — Oz, (2.4)
=0 =0 =0

which can lead to N + M + 1 linear equations:

ap —po =0



giagp +ar —p1 =0

qMaN—Mm + qM-1aN M1+ +any —pn =0 (2.5)

and

qMaN—-M+1 +qm-1aN—pM42 + -+ qray Hangr =0

qMan—M+2 + qm-1aN—M4+3 + -+ qranyr +any2 =0

quan +qvm-1aN+1 + -+ qanspm—1 Haniy =0 (2.6)

From the above independent equations, the N + M + 1 coefficients, p; and ¢;, can thus be
determined.

For a given analytic function, its Padé approximant of degree (M, N) often gives much better
approximation than truncating its Taylor series of degree M + N, and, moreover, the former
may still work when the latter does not converge. Physically, this implies that not only the
perturbative results can be further improved, but also it becomes possible to obtain a good

estimate for nonperturbative phenomenologies.

B. The modified Padé approximation

In a practical calculation, we may not know well the full Taylor expansion of a given physical
quantity at the specific point, e.g., x = 0, but just have its series up to a typical order. Following
the idea by Leung and Murakowski [19], the Padé approximant of the function can be further
improved if we know the truncated Taylor series of this function at the other analytic point.
Here we would like to define the modified Padé approximant for a given function as follows. For
an analytic function f(z) in the considered range of variable z, if we know its truncated Taylor
series of degrees r and s respectively at x = 0 and x = z¢ # 0,

fTaylor(x) = Z aixi + O(xr—l—l)’
=0

S
fTaylor(x) = Z bz(x - xO)Z + O(xs—l—l), (27)
i=0
in analogy to the relation given in Eq. (2:4]), we can obtain r + s+ 2(= M 4+ N + 1) independent

equations to determine the modified Padé approximant f%)[M/N](z):

_ po+p1x+pax? 4 pga + - 4 pya

) M/N () =
PN () = B
which may provide an accurate estimation for the original function in the entire range between

(2.8)

the two expanding points. Here we take the function f(x) = In(z + 1) as an example to



illustrate the points. Expanding about the origin, which is equivalent to modeling the physically

perturbation, the Taylor series of this function reads

Fragin(@) = S (-1 (2.9

i=1 t

which converges only for —1 < z < 1. We can thus get the conventional Padé approximants,

. 2—2 +x
Ot
O (210)
4

On the other hand, we perform the Taylor expansion for the function at a large value of z, e.g.

x = 6, which is equivalent to the case of modeling the extremely strong coupling, reads

r—6 1 (r—6)3 (z—6)*

Fragior(2) = log(7) + == = (@ = 6) + oo = o +0((z-6)7). (211)

From the Taylor series results given in Eqs. (2.9) and (2.I1]), we obtain the modified Padé

approximants:

1 12(24—71og(7)) \ .2
6 — 7log(7) + ¢+
252 —6+71og(7
FEVRM)() = ( (24—T7log(7))z = ) ’ (2.12)
3=6+7log() T 1

(132~ 7log(7)— BT o) ) 45

—2417log(7) 1 (_o_ 12 __ Tlog(7) 2
3024 + 3 ( 2~ —oaFrogt) — ToArtieR(n) ) T T

FEVB/M)(x) = (C12—7log(M))a
A—21+7log(n)) T 1
In Fig. M we plot the exact function f(x), f[2/2](x), f[3/1](z), and f*V[3/1](x), together with

the result of truncated fTaylor(x) expanding at x = 0 up to (’)(335). More detailed numerical

results are listed in Table [l The Taylor polynomial (corresponding to the perturbation) is
valid only for —1 < x < 1. The results of the Padé approximations can offer reliable estimates
extending to z > 1, corresponding to the non-perturbative region, and the accuracy can be
enhanced if one increases the degree(s), M and/or N, of the Padé approximant. The modified
Padé approximant f(>1)[3/1)(x), which interpolates the results of the two different expanding
points, differs from the exact value by no more than 1% error between z = 0 and 6. Even for
fOD[2/1](z), the error is still less than 3%. Extending to f(?)[3/2](z), the error becomes less
than 0.1%.
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FIG. 1: The graphs of the exact f(z) = In(1+4x) (solid curve), its Padé approximants, f[2/2](z)
(long-dashed curve) and f[3/1](x) (dot-dashed curve), modified Padé approximant 1 [3/1](z)
(dotted curve), and Taylor’s polynomial of degree 5 (short-dashed curve).

TABLE I: Comparison of the exact solution f(z) = In(1 4+ x) and its Padé approximants as
well as the Taylor polynomial, expanding at = 0 and up to O(z°), where the modified Padé

approximants corresponding to the Taylor expansions both at x = 0 and 6.

@ |f(x) (Exact)| f[2/2](x) | f3/1](x) |fOV[2/1)(2) | fV[3/1)(2) | frayior to O(z”)
0.5/  0.4055 0.4054 | 0.4053 0.4146 0.4040 0.4073
1| 06931 0.6923 | 0.6905 0.7116 0.6878 0.7833
2| 1.0986 1.0909 | 1.0667 1.1209 1.0872 5.07
3| 13863 1.3636 | 1.2692 1.4021 1.3751 35.85
4| 16094 1.5652 | 1.3333 1.6172 1.6026 158.13
5| 17918 17213 | 1.2719 1.7938 1.7896 502.92
6| 1.9459 1.8462 | 1.0909 1.9459 1.9459 1291.2

III. FORMULATIONS OF HEAVY QUARKONIUM MASSES
A. The Hamiltonian for ¢¢ bound states

The Hamiltonian for the c¢ system expanding both in a; and in 1/m,, determined from the
perturbative QCD, is |7, [31]

H = 2m.+HOY + v, (3.1)



where m, is the mass of the charm quark at the scale p. H© is

-,

P2
HO = — 4 v, (3.2)
me
including the kinetic energy and static potential up to O(a?)
VS _ _CFds . CFﬁoag In U ’ (33)
r 27 r
where P is the momentum of the charm quark, ay the strong coupling constant, and
~ a1 + 2
as — 1 _|_ ﬂas S5
T
4 2nf
Cp ==, By=11—2L, 3.4
F=3 Bo 3 (3.4)
with
a1 = 1.75, ny =3 for the charmonium [32-34], (3.5)

and vg >~ 0.577216 being the Euler constant. We consider the spin-dependently relativistic

corrections V;e up to O(as/m?2),

Viel = Vs +Vr + Viy, (3.6)

where Vg, Vp and V¢ are the spin-orbit, tensor and hyperfine (i.e. spin-spin) interactions,

respectively, which are given by

—

3CF045

—

Vis = 2mZr3 L-S, (3.7)
CFas . (F 571)(572 ) F) 5 i
VT = WSlQ, with 512 = 37"—2 — Sl . 52, (38)
8n7Cros 5 7 3
Vhp = Wsl - S96°(7) . (3.9)
To solve the charmonium spectroscopy, we expand In ur about r = 1/p,
1 1 1 1 12
npr 1 [(T__)u__(r_—) ,ﬁ] (3.10)
r r 2 o
1/ 3 1,
~ <—§ + 2rp — 3" H ) . (3.11)

For the charmonium, p is the typical charmonium scale of order 1/r ~ m.v, where v is the

velocity of the charm quark. Consequently, we have

P2 Cpa,  Cpfoo? (=5 +2rp — r°p?
H ~ 2m, 4 — — 2F% _ roag (=3 +2rp 2T”)+VLS+VT+VM (3.12)
c T 2w T
, P? «
= 2mc+ﬁ_;+)\T+VLS+VT+Vhf (3.13)
= 2m/c—|—H(0)—|—VL5+VT—|—Vhf, (3.14)

8



where

P2

a0 = e (3.15)
me T
CrBoaiy®
A= ——= 1
oy (3.16)
_ 3Cppoa?
= s 5 > ’ 1
a = Cra 5™ on (3.17)
2
m., = me— %. (3.18)
T
In the spherical coordinate, it is known that
1 0? 1 9 ) 1 92
2 _ o n2g2_  [LO7 g . ,0 10
PP = (=i)V7 = <r 87‘2r+ r2sin 6 00 Sme@@ + r2sin6 8¢2>
1 92 1({1 0 . 0 1 02
= o e <smewm%+smea?2> (3.19)
L2
= PT2 + —.
r
We substitute Eq. (8:19) into Eq. (8.15]), and obtain
1|12 1,1 9 0 1 02 !
o - 1L L L0 g0 1 O ey
H Me [T8T2T+r2(sin9898m 80+Sin08¢2)1 r AT
1 L?
= —<P3+—2> ~ 2. (3.20)
Me r r
A quantum state, with specified angular momentum quantum numbers [ and m, is satisfied by
L2ll,m) =10+ V)L,m), (A, m) =Y (6,9), (3.21)

where Y, (0, ¢) are spherical harmonics. Therefore, in the calculation one can simply replace
L? by its eigenvalue [(I + 1) in Eq. (3.20), so that we have

me T T
1 02 (l+1) «
= gt e b (3.22)

Finally, we express H = H — 2m/, and concentrate on solving its eigenenergies. To perform the
Padé approximation study, we decompose the Hamiltonian H = H — 2m/, into two parts, Hc
and Hp:

H=H-2m,=Hc+ Hyp, (3.23)
where
He = HY +Vig+ Vo + Vi, (3.24)
1 02 (l+1) a

_ ol _ 2

’ [ mer ar2r+ mer? r +Vis + Vi + iy, (3.25)
1 92 1(1+1)

A 2

== [ mer 02 mgr? AT (3.26)




with 0 < b < 1. Here H¢ is the Hamiltonian contains the Coulomb potential, while Hy, involves
the linear potential.

B. Masses of charmonia obtained from the modified Padé approximation

As the Hamiltonian exhibited in Eqs. (3.12]) and (3.13)), at large distance, 7 2 1 fm, the strong
interaction potential is expected to rise linearly, so that we cannot treat the linear potential as
perturbative term to obtain the solutions. In the present study, we have one numerical parameter
b, and three physical parameters: the charm quark mass m., strong coupling constant «, and
the scale u. We have checked that for n < 6 the intrinsic numerical errors are less than 7% if
using 0.1 < b < 0.6. The intrinsic error measures the difference between the exact value and
its Padé approximant. Putting the constraint on b, so that the intrinsic numerical errors are
less than 2% for all states with n < 6, we use the method of the modified Padé approximation
to approximate the masses of charmonia and then fit them with the current mass data for
the S-wave charmonium states, 7.(11.5g), J/¥(1351), n.(215y), and 1(235;) to determine the
remaining three physical parameters. After that we can determined the S-wave mass spectrum.

To obtain the eigenenergies of H, we first define

H(8) = Hc + BHL, (3.27)

where 3 is a real positive number. We can perturbatively solve the eigenenergies of H(f3) in the
two limits 3 < 1 and 8> 1. As 8 = 1, the eigenenergies of H(3 = 1) correspond to the real
cc system. Once we have the results corresponding to 5 < 1 and 8 > 1, we can interpolate
the two limits to obtain the eigenenergies of the real ¢¢ bound states by using the method of
the modified Padé approximation. For the S-wave charmonium system, the mass spectrum is
described by the eigenenergies 2m., + E,%ég [2/1](1), where E,%ég [2,1](1) are the modified Padé
solutions of H (B = 1) which will be explained below.

For a small 3, using the Rayleigh-Schrédinger perturbation theory as given in the quantum
mechanics textbooks [35], we obtain, for the S-wave states,

Brioos(8) = Bugol + Brgol+ - (3.28)
where Erfo((?s) = Enoos is given by Eq. (A24) for which the detailed calculation can be found in
Appendix [Al and

1
E:(J(OS) = <¢5003’HLW5003>
— [ ho0u ) Hinons (77 s brdods

o 1 10% - 2\ o - 5
= / - Rys(r)—==71Rps(r)r® + ARps(r)rRps(r)r* | dr. (3.29)
0 r or?

Me
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Here R,s(r) is defined by Eq. (A26]), and [¢$, .) are the eigenkets of the Hamiltonian He,
given by
VSims) = [Ynims) @ |5, 52351, 52) , (3.30)

where [1,1ms) and [s, s.; 1, $2) respectively correspond to the spatial and spin parts of the wave

functions and we have

(71¥no0s) = ¥noos(7) , (3.31)

(see also Eq. ([A26]) for the detailed expression).
For a large (3, we can rewrite the Hamiltonian in the following form

o) =4 [HL+%(HéO) +VLS+VT+Vhf):| : (3.32)

For the S-wave states, the energy spectrum E, . corresponding to the large § limit can be

expanded in power series with respect to 1/3:
1
Broos(8) = 8 (B0 + Eplg .- - (3.33)

Here Eio((()]s)’ and E;O%S) are the zeroth, and first corrections, respectively, which can be evaluated

by the perturbation theory and are

1
1—-b)A\2 |3
Ex) = —li( ) ] o) (3.34)

Me

Eng) = (WO HolpEO)

= /«ﬁﬁ(o)(H((,?) + Vi )WL O 72 sin gdrdfde
o (A (5N +ra) _p 2
/ {Bn (1 5 ) b &
0

r mr Or?

(=l

Ai((Z50) 57+ 1)

n

r

a  AnCras 3 5(7")] 9
[ . + 3m2 (s(s—i— 1) 2) - 4rredr, (3.35)

where the contributions due to Vzg and Vp vanish (see Appendix[A]), E;O(gs) are the eigenenergies

of Hy, with [ = 0, and the corresponding eigenfunctions are

() = Bnm(mcb?wﬂ"), (3.36)

with A; being the so-called Airy function, the normalization:

—1/2
B, = / R , (3.37)
o (50)

1-b

wl=

11



and 7, the roots of the Airy function.
Now we compute the energy spectrum for S-wave c¢¢ bound states using the modified Padé
approximation. The eigenenergies of the Hamiltonian H () are approximately by the modified

Padé approximants:

po + p1B + p2f3°

1+aqp
The coefficients pg, p1,p2, and g1 can be determined in the following way. Comparing with
Eq. (8.28), for a small 3, we have

ESV12/11(8) = po— (p1 — poqr)B + O(52) (3.39)
= E0) + BB+ 0(6%), (3.40)

ESol2/1)(8) =

(3.38)

On the other hand, comparing with Eq. ([8.32]), for a large 3, we get

(1,1) D2 D2 D1 1
ES)12/1)(8 :—5+(——+—)+(9(—) 3.41
005 12/11(B) o 2 a 3 (3.41)
1
= EVs+E 0 (5) . (3.42)
We therefore obtain the relations:
Po = Engol (3.43)
P1— poq1 = E:o%s) ; (3.44)
e O3 (3.45)
q1
p2 D1 >(1)
- +—=E .- 3.46
= B (3.40)
and arrive at the eigenenergies of real S-wave c¢ bound states:
(1,1) po + p1 + P2
E 2/11(=1) = ———= 3.47
Slze = 1) = B (3.47)
with
po = Engon. (3.48)
0 0 1 1
_ 0 - s ) »
P1 = <(0) N ) ( . )
EnOOs - EnOOs
0 1 0
_ E;o(og(—E;o(og + E;o(og)
EnOOs - EnOOs
—Engos + Bl
n = —0) NOBE (3.51)

EnOOs - EnOOs

12



IV. NUMERICAL ANALYSIS AND DISCUSSIONS

We have only three physical parameters, m., as, and p, and one numerical parameter b. The
b is related to the intrinsic error for the Padé approximant compared to its true value. In the
fit, we put the constraint on b, so that the intrinsic error of the modified Padé approach is small
enough < 2% for the states with the radial quantum number n < 6. In general, the error is
less than 7% for 0.1 < b < 0.6. (We will further discuss the intrinsic error later.) We adopt
the masses of four well-measured S-wave charmonium states, 7.(11.5), J/1¥(13S1), 1.(2'Sp),
and (23S1) [36], as inputs to determine m, as, and u. In Particle Data Group (PDG) [36],
(2391) is denoted by 1(2S) or ¥(3683), which will be discussed later.

Under the intrinsic error < 2%, we perform the best x? fit which is defined by minimizing

X° = Xio+ Xi1 + X0 + X515 (4.1)
with
expt  __th 2
X2, = Mn00s exﬂznoos : (4.2)
5 D
My00s

where mSEh +6mSeh! are the experimental charmonium masses and mff,, = Zm’C—I—E%’Ol 2 [2/1](1)
the theoretical predictions that we have calculated in this paper. We find that the minimum of
x? is X2, = 0.07 as well as b ~ 0.35 corresponding to the almost smallest intrinsic error in the

fit. Our best fit values for parameters are

me(pn) = 1.559 GeV, (4.3)
as(p) = 0.307, (4.4)
p = 1.502 GeV . (4.5)

It is interesting to note that the Coulombic and linear potentials defined in Eq. (813]) are
then obtained to be

0.313
- % AP = == 4 (0:203GeV?) . (4.6)
while in the Cornell potential model the potential is parametrized as V = —a/r + er, with

a ~ 0.52 and e ~ 0.18 GeV? [10]. For the Cornell potential, a is usually identified by Cras.

Nevertheless, our « is

a1 +7eh/2 1 _ 3Cpfoai
m 1T 2 2

Using the obtained parameters, we can further get the masses of higher S-wave states. The

a:CF 1+

results are given in Table[[Il For comparison, we also list the current data assignments [36] and
some other theoretical results [15, [16, 137-39]. It was known that ¢(3683) and v (3770) could
be the mixtures of 225, and 13D, states due to the fact that, instead of L, the total angular

13



momentum J is a conserved quantum number; L can be broken by some relativistic effects, for
which especially the operator of the tensor force does not commute with L? for states with S = 1
(see the discussions in Ref. [21]). However, we see that the fitted x2,, is consistent with zero,
which may hint that the S-D mixing effect is negligible. One should note that the relatively large
eTe™ width of the (3770) is difficult to understand if it is a pure 13D; éc state. This problem
can be solved if ¥(3770) has an admixture of 235; éc state [17]. Our results show that if the
smallness of S-D mixing effects can be applied for higher radial excited states, the singlet-triplet
splitting mass difference is about 50 MeV for n > 3. Conventionally, the observables 1)(4040) and
(4160) were assigned as 325 and 23D states, respectively. However, our calculation suggests
that the 1)(4160) may be dominated by the 335; state. It has been noted that the 1)(4160) has
a much larger e*e~ width so that it may have a significant S-wave éc component [40]. In the
flux-tube model, the light hybrid charmonium states lie ~ 4.1 GeV and it was suggested that
1(4040) and 1(4160) may be the strong mixtures of the hybrid charmonium and ¢(3S) [41],
which can explain why €€ ((4040)) ~ ¢ ((4160)). If so, the X (4160) can be further
assigned as the 7.(3151). The X (4160) with a mass of (4156 +29) MeV/c? and a total width of
[ = (1397 %) MeV/c? was seen by Belle in the DD* recoiling from the .J/4) in the annihilation
process ete™ — J/yD*D* [42]. We obtain the mass for the 435; to be 4545.9 £ 23.0 MeV,
which is about 100 MeV larger than v(4415) which is conventionally assigned as the 435 state.

For estimating the numerical uncertainties for our predictions, we take into account the eigen-
solutions for the Hamiltonian H(® with [ = 0, i.e., H without the spin-spin interaction term
and with [ = 0:

1 0? «
_ Z .= (0) — g(0),,(0)
( mer 87»274 r + AT) wn En wn . (47)

As in Eqs. (325) and (B28), we introduce the parameter b and then split H® into two parts,
H éo ) and H - Substituting the values for m., A\, a, given in Eqs. (@3], (£5), (48] and adopting
b = 0.35, we numerically solve the above equation. Table [[IIl compares the modified Padé
results with numerically exact eigenenergies. We see that the modified Padé approach yields

approximations which are not larger than 1.5% of the exact solutions for states with n < 6.

V. SUMMARY

The S-wave charmonium spectroscopy has been calculated by considering the Hamiltonian
with the non-relativistic QCD potential. For the next-to-leading order QCD loop corrections to
the potential, we expand the logarithmic factor In ur about r = 1/u, where p corresponds to

the typical charmonium scale of order m.v, so that the QCD potential can be modeled as the

14



TABLE II: The predictions for the S-wave charmonium spectroscopy (in units of MeV), com-
pared with the results from the current data assignments (PDG) and from theoretical calcula-
tions by lattice QCD (Lattice), perturbative QCD-based (PQCD), and phenomenological quark
model (QM). The theoretical errors are estimated in Table

State (n***1L;)|PDG[36] This work |Lattice[38, 39]|PQCDI[37]|QM[15]|QM][16]

ne(1*Sp)  |2980.5 £ 1.2 2980.5 +£0.3 | 3014 +4 3056 2979 | 3000

J/(13S1)  3096.916 +0.011| 3096.9 +0.3 | 3084 + 4 3097 3096 | 3100
ne(2'Sy)  |3637 £4 3636.0 £5.4 | 3707 + 20 — 3583 | 3670
P(23S1)  |3686.093 £ 0.034| 3686.1 £5.4 | 3780 + 43 — 3686 | 3730
n:(3'S) | — 4096.4 +13.9 — — 3991 | 4130
P(33S1)  |4039 £ 1@ 4145.8 £13.9 — — 4088 | 4180
ne(41Sp)  |— 4495.8 + 23.0 — — — —
P(43Sy) (4421 £ 4° 4545.9 + 23.0 — — — | 4560
ne(518y) | — 4857.7 £31.7 — — — —
P(5381) | — 4908.6 + 31.7 — — — —
n(618y) | — 5193.0 + 39.8 — — — —
P(63S) | — 5244.7 4+ 39.8 — — — —

Tt is called (4040).
b1t is called v(4415).

Coulomb plus linear form, which is consistent with the Cornell potential. In our approach, we
have performed the best x? fit to determine the three physical parameters: the charm quark mass
me, coupling constant s and the scale p, by comparing the current mass data of the S-wave
charmonium states, 1.(11Sy), J/1¥(1351), n.(21Sp), and (23S;), with their modified Padé ap-
proximants. The fitted parameters are m.(u) = 1.559 GeV, as(pn) = 0.307, and p = 1.502 GeV,
consistent well with the ranges that we usually used. Using then these three parameters we have

predicted the S-wave mass spectrum with n < 6.
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TABLE III: Error estimate in the modified Padé approach. The eigenenergies are in units of
MeV.

State (n.S) Y (Exact) Y (Padé)|Padé-Exact (error)|(Padé-Exact)/Exact
15 502.03 502.29 0.26 0.05%
25 1087.25 1092.63 5.38 0.5%
35 1539.14 1553.08 13.94 0.9%
45 1930.57 1953.57 23.00 1.2%
58 2284.78 2316.45 31.66 1.4%
6S 2612.85 2652.64 39.79 1.5%

Center for Theoretical Sciences and the National Science Council of R.O.C. under Grant No.
NSC96-2112-M-033-004-MY3 and No. NSC99-2112-M-003-005-MY 3.

Appendix A: Eigenenergies and eigenfunctions of the Hamiltonian H¢

The eigenenergies and corresponding eigenfunctions of the Hamiltonian operator Ho can be

calculated by using the Rayleigh-Schrodinger perturbation theory. We decompose H¢ into two

(0)

Hermitian parts, H CO and the rest,

He = HY + (Vie + Vr + Vi), (A1)
where
Vis = ?;S;%E ., (A2)
Vpr = fmF—;;Su:g?f;; <3(F§’17)‘g§2f’) —5?152> ) (A3)
Vig = 8”3%“85 () = 4”3(5%“8 s+ = 3] 0. (Ad)

To solve the eigenvalue problem of H¢, we instead consider the following Hamiltonian function
He(k) = HY + k(Vie + Vo + Vay) (A5)

so that we have Ho = Ho(1), where k is a continuous real parameter.
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1. The corrections due to the spin-obit and tensor interactions in S-wave states

of Hamiltonian Hg

It is obviously that (Vis) = 0, where (- --) means the expectation value of the S-wave states,

while (Vr) is given by

Crag
Vi) = gy (Sha)
_ Crag 3(7" S1)(S2 - 7) g .g A6
- 4m%,r,3< r2 — Q1 2>7 ( )
where
7SSy 7)) & o
(3(17)4#_51.52>
o 93(7- 81)(Sy - ) — Sy - Syr?
= (f rlinan (S =SB

B 3(S1z x+ S + 81, 2)(Sop x + S + Sy, 2 S-Sy 12
_ (/d3T|T,Z)n003(7‘)|2>< [ (51 1y y+5 74)2( 2 Y+ S2:2) S T22 (A7)

with t,00s(7) being the spatial part of the wave function for the Hamiltonian He, given in
Eq. (A26]), which is spin-dependent but independent of ¢ since m = 0. In terms of the variables

of spherical polar coordinates, r, § and ¢:

x = rsinfcos¢, (A8)
y = rsinfsing, (A9)
z = rcosf, (A10)

we have

/wde = /r2 sin® 6 cos ¢ sin ddhdd

_ Oz/yde:/xde. (A11)
/ 22d0) = / 12 sin® 0 cos? ¢dfdo
- o [vraa = [ a0, (A12)

Using the results of Eqs. and to the angular integral in Eq. (A7), we obtain
[0S0 7) = [ dSiw + Siyy + $1.2) (Sa0w + Sayy + 52:2)
1
= [ dQr(S1uS2 + S1ySay + S1.522)

- / dagﬂsz .S, (A13)
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and therefore

(V)
Cras [ 93(S122 + S1yy + S122)(S2zx + Soyy + S2.2) — Sy - Syr?
= < 2 d T‘wnOOS‘

rd

)

Y . ¥.2 & . 3.2
= (% [ rppon P2 IT I (A14)

rd

2. The corrections in S-wave states of Hamiltonian Hg

Since the spin-orbit and tensor interactions can be neglected for the S-wave states, following
the standard approach, the eigenenergies E,j,s(k) of Ho(k) can be determined in terms of the

perturbation expansion:

Enlms("ﬁ) = Er(z(l)zns Ergznsﬂ + E(lZnsH + ET(llZTlSK: + (A15)
2
0 M 1
Enlms - 4b 7”L2 ) (A16)
o 00 4mCras 31 <3/.,C(0)
Enlms - <wnlm5’ 3777% [3(3 + 1) - §:| d (T)anlms>
= /1/;7?1(”01) (7) 471301:2045 s(s+1) — g} (53(77)1/151(2) (F)r2 sin Odrdfde (A17)
B 47TCFC¥8 3 0(r) 50y, _
(—/ RV [(8+1)—§](21+1)WRH (r)yr“dr, form =20,
2 Vnklmsvknlms
Enlms - Z E(o) E(O) ) (Alg)
k;én nlms kims
(3) nklmsvkglmsvgnlms Vanims Vakims Vinims
Erims = Z Z 0 0 B Z 0 0 (A19)
: nlms Eklzms)(Er(lens - Eg()h)ns) k=1,... (Er(zlzns El(clzn,s)2
k#n g;én k#n

where Efg?m and |¢Sl(£)s> are respectively the eigenenergies and eigenkets of H, g) ), and

*
Vnklms = anlms

8mCray
= (ol ”3 St S0 (DY)
4 s
( = / R wCFOé {S(S +1)— g] (20 + 1) 5( ) Rlio)( yr2dr, for m = 0).(A20)
The states |¢nlms> read
|¢TCL;(72)S> = |¢TCL;$’YL)> & |8 82781782> (A21)
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where
(M) = o (7 = RO (r)Y™ (6, 6)
S e U
= }Qm(eﬁ)(n:lcba) (n 1= 1) (mcar> e 2nfTL2lj111(—m;(Zr>. (A22)

2n[(n+ 1)1 \ nb
In the calculation, we introduce the transformation, called the Padé approximation, to accelerate

the convergence of the perturbative series of F,s(k) which are approximately presented as
rational functions, EFA [2/1](k),

C C C .2
Py +PTK+psK
EnlmS(H) — nlms [2/1]( ) = 2 1 j_qlc‘/i 2 9 (A23)
where po 1,2 and ql can be determined by the values of Efllzns, Efllzns, Eﬁzns, and Efllzns

Therefore, for the S-wave states, the eigenenergies of the Hamiltonian H¢ are approximately
to be

C C C
Py tp1 +p
Enoos = nOOs(l) — n008[2/1]( ) = =2 1+1(]C 27 (A24)
1

and the corresponding wave functions are

¥S00s) = [¥no0s) ® |5, 525 51, 52) | (A25)

where up to the second order
C C
<ﬂ¢n005> = wnOOS (F) = n()(((]) (“) + wnOOs (F) + wn()(gs( )
1 1 -
— /= RO (1) (2) =/
V iz [BY )+ RO + R =\ - Raslr), - (A26)

with

CO) = _ /1 ma. s [(n+1)! (mar) _ame, g (mar)
w’noo (T) ( nb ) 271(71') nb € nb Ln—l nb ) (A27)

VTL S
Ynoor () = Z — i ()

0 0)
k=1,... ET(lO)OS EliOOs

k#n
_ Z ( )VnkOOs 5 R(O / / Rns : (A28)
’Z;}l nOOs EkOOs
c@), - Vingoos Vgkoos
¢n0(02(7’) = Z Z (g) gk T/Jkoo (7)

0) 0
k;én g;é Er(LOOS - EkOOs)(Er(LO)Os - EgOOs)

Vnk sVnnOOS
- X W = SWigo (7)

(
k?sn (ETLOOS EkOOs)

- \/7 R (r). (A29)
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