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PICARD GROUP OF HYPERSURFACES
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ABSTRACT. We show that the usual sufficient criterion for a generic hypersurface
in a smooth projective manifold to have the same Picard number as the ambient
variety can be generalized to hypersurfaces in complete simplicial toric varieties.
This sufficient condition is always satisfied by generic K3 surfaces embedded in
Fano toric 3-folds.

1. INTRODUCTION

We prove a Noether-Lefshetz type result for a generic K3 hypersurface in the
(ample) anticanonical system of a simplicial toric Fano threefold, namely that the
corresponding Picard numbers are equal.

The rank p(IPx;) of the Picard group of a toric variety Py, can be easily computed
from the combinatorial data of ¥. In the 80s and 90s it was shown [, 2, [0} [],
that the Picard number of a generic hypersurface X in the anticanonical system of
a Fano variety Pys; can be explicitly computed from combinatorial data if dim X >
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3. This result was a pivotal ingredient in describing the toric version of mirror
symmetry (see for example [§]). The argument in the above papers is essentially
topological and computes the dimension of the second cohomology group of X,
which is the rank of Pic(X) if dim(X) > 3; but this reasoning cannot be applied
if dim(X) = 2. On the other hand, it is known that p(X) = p(Py) for particular
cases of toric threefolds, namely certain weighted projective spaces [0l [I1], as in
the higher dimensional case.

Our argument is partly inspired by Cox’s paper [6] and combines and generalizes
classical infinitesimal techniques introduced in the 70s by Griffiths, Steenbrink and
collaborators to solve the Noether-Lefschetz problem in the smooth case (see for
example [4]) and revisited by Dolgachev for the weighted projective case [12], as
well as more recent results about toric varieties, their Cox ring and their cohomol-
ogy [3]. The crucial point is that X and Py, are projective orbifolds and a pure
Hodge structure can also be defined in our case.

In Section [2l we mostly recall some relevant results from [3]. We start with basic
properties of simplicial toric varieties and general hypersurfaces defined by ample
divisors. It turns out that both objects are orbifolds, in particular, they have a
pure Hodge structure. Moreover we note that the exact sequence defining the prim-
itive cohomology in middle dimension of such a hypersurface splits orthogonally
with respect to the intersection pairing. The middle cohomology is the sum of the
primitive cohomology and the “fixed” cohomology, i.e., the cohomology inherited
from the ambient toric variety; the split is consistent with the Hodge decomposi-
tion. We then state some results of [3] which express the primitive cohomology in
top dimension in terms of the Jacobian ring of the hypersurface; here the crucial
hypothesis is that the ambient space has odd dimension.

Section [ contains the bulk of the argument: we proceed along the lines of the
infinitesimal arguments of Griffiths for smooth varieties and adapt it to the toric
case. We start from the moduli space of quasi-smooth hypersurfaces constructed
in [3] and focus on the case of K3 hypersurfaces in the canonical system of a
simplicial toric Fano threefold. We consider the natural Gauss-Manin connection
and proceed to prove an infinitesimal Noether-Lefschetz theorem and then the
needed global Noether-Lefshetz theorem.

Some evidence for the result we present here was given by Rohsiepe in [I4], by
using different arguments.
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2. HYPERSURFACES IN SIMPLICIAL COMPLETE TORIC VARIETIES

In this section we recall some basic facts about hypersurfaces in toric varieties
and their cohomology. We recall the condition under which a generic hypersurface
in a complete simplicial variety has sufficiently mild singularities. Basically, one
wants that the hypersurface has a pure Hodge structure; this holds true if the
hypersurface is an orbifold. Moreover we see how the middle cohomology of such a
hypersurface splits, compatibly with the Hodge structure, and orthogonally with
respect to the intersection pairing, as the sum of the primitive cohomology and the
“fixed” cohomology, i.e., the cohomology inherited from the ambient toric variety.

We mainly follow the notation in [3].

2.1. Preliminaries and notation. Let M be a free abelian group of rank d, let
N = Hom(M,Z), and Ng = N ®z R.

Definition 2.1. |3 Def. 1.3]

(i) A convex subset o C Ng is a rational k-dimensional simplicial cone if
there exist k linearly independent primitive elements eq, ..., ex € N such
that o = {p1e1 + - - - + ppex }, with p; nonnegative real numbers.

(ii) Given two rational simplicial cones o, o', one says that o’ is a face of o
(we then write o' < o) if the set of integral generators of o’ is a subset of
the set of integral generators of o.

(iii) A finite set 3 = {oy,...,0} of rational simplicial cones is called a rational
simplicial complete d-dimensional fan if
(a) all faces of cones in 3 are in 3;
(b) if o,0' € X, then o No' <o and c N’ < o'
(¢) Npk =01 U---Uogs.

A rational simplicial complete 3-dimensional fan 3 defines a projective d-fold Py,
having only Abelian quotient singularities. As a consequence, Py is an orbifold.
We shall use the term “orbifold” in the following sense (see, e.g., [§], Def. A.2.1):
an n-dimensional variety Y is an orbifold if every point y € Y has a neighborhood
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which is isomorphic to U/G as an analytic space, where G is a subgroup of G1,,(C)
with no nontrivial complex reflections, and U is a G-invariant neighborhood of the
origin of C". (A complex reflection is an element in G1,,(C) with n — 1 eigenvalues
equal to 1.) A sub-orbifold of an orbifold Y is a subvariety Y’ C Y with the
property that for every y € Y’ there is a local chart (U/G,0) of Y at y such
that the inverse image of Y’ in U is smooth at 0. Intuitively, a sub-orbifold is a
subvariety whose only singularities come from the ambient variety. These notions
of orbifold and sub-orbifold are synonymous to those of V-manifold and sub-V-
manifold, which is indeed the terminology used in [3]. The notion of V-manifold
is originally due to Satake [16].

Let C1(X) be the group of Weil divisors in Py, modulo rational equivalence. It is
a free finitely generated Abelian group, whose rank py; is called the Picard number
of Py. The group D(X) = SpecC[CI(X)] is a affine algebraic D-group whose
character group is isomorphic to C1(X). Since there is a surjection Z" — CI(¥),
we have an embedding D(X) — (C*)", and a natural action of D(X) on the affine
space A". The quotient T(X) = (C*)"/D(X) is an algebraic torus. Below we shall
show that this group acts naturally on Py.

Definition 2.2. (The Cox Ring [7]) Given a fan ¥, consider a variable z; for each
1-dimensional cone g; in X, and let S(X) be the polynomial ring Clzy, ..., z,]. For
every o € X, let z, =[] 4, 2, and let B(X) the ideal in S(X) generated by the
2y 8.

S(X) is a graded ring, with grading provided by the class group, S(¥X) =
Gpecis)Sp. We identify the affine space A™ with Spec S(X), and denote by Z(X)
the affine variety in A™ given by the ideal B(X). If we set U(X) = A" — Z(%),
the group D(X) acts on U(X), and the toric variety Py, may be represented as
U(X)/D(X). This yields an action of T'(X) on Py. For every face 7 in ¥ we shall
denote by T, C Py the orbit of 7 in Py, under this action.

2.2. Quasi-smooth hypersurfaces. Let py denote the rank of the Picard group
of Py. Let L be an ample line bundle on Py, and denote by 5 € Cl(X) ~ Z%F> its
degree. Note that a section of L is a polynomial in Ss.

Definition 2.3. [3 Def. 3.1] Let f be a section of L, and let V(f) be the zero
locus of f in Spec S(X). We say that the hypersurface X cut in Ps, by the equation
f =0 is quasi-smooth if V(f) is smooth outside Z(X).
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Definition 2.4. [3, Def. 4.13] If L is an ample line bundle on Py, a hypersurface
X cut by a section f of L is said to be nondegenerate if X N T, is a smooth
1-codimensional subvariety of T, for all 7 in 3.

Proposition 2.5. [3, Prop. 3.5, 4.15] If f is the generic section of an ample invert-
ible sheaf, then X is nondegenerate. Moreover, every nondegenerate hypersurface
X C Py is quasi-smooth. Thus, if f is a generic section of L, its zero locus is a
quasi-smooth hypersurface X in Pyx, hence it is an orbifold.

The advantage from X being an orbifold lies in the fact that the complex coho-
mology of an orbifold has a pure Hodge structure in each dimension [I7, [18].

2.3. Primitive cohomology of a hypersurface. Let L be an ample line bundle
on Py, and let X be a hypersurface in Py cut by a section f of L (note that by
[3], Proposition 10.8, f lies in B(X)).

Denote by i: X — Py the inclusion, and by i*: H*(Py,C) — H*(X,C) the
associated morphism in cohomology. It is shown in [3], Proposition 10.8, that
i*: H71(Py, C) — HY1(X,C) is injective.

Definition 2.6. The primitive cohomology group PH*Y(X) is the quotient
H*YX,C)/ i*(H (P, C)).

Lemma 2.7. The exact sequence
0 — *(H™'(Pg,C)) — HY(X,C) - PH"1(X) =0

splits orthogonally with respect to the intersection pairing in H*(X,C). The same
1s true with coefficients in Q.

Proof. Cupping by the first Chern class of L is an isomorphism ¢: H4"1(Py, C) —
H%1(Py;, C) by the hard Lefschetz theorem (which has been proved for projective
orbifolds by Saito in [15]). Let i,: H*}(X,C) — H*(Pyx, C) be the Gysin map.
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We may draw the following commutative diagram

which provides a splitting s of the above exact sequence. Let us denote by (, ) the
intersection pairing in cohomology both in H*(X,C) and H*(Py,C), and recall
that ¢* and i, are adjoint with respect to the intersection pairing. The upper-right
square commutes since by Poincaré duality

(ii*a, B) = ("o, 1" B) = ([X]U v, B) = ({(), B) -
If o € H71(Pg,C) and 8 € PHY1(X), we have

(i*(@), 5(8)) = (@, ix(s(8))) = 0

since (i* o £~ 04,)(s(3)) = 0. If the statement is true with coefficients in C it also
true with coefficients in Q since H*(X,C) ~ H*(X,Q) ®¢ C. O

Remark 2.8. The kernel of i, acting on H4~1(X,C) is sometimes called the “vari-
able cohomology” H.-1(X,C). So we have shown that in degree d — 1 the variable

var
and primitive cohomologies of X are isomorphic. JAN

Both H¥ Py, C) and H* (X, C) have pure Hodge structures, and the mor-
phism i* is compatible with them, so that PH? (X)) inherits a pure Hodge struc-
ture. We shall write

d—1
PH"™(X) = P PHP ' 7(X).
p=0

A key point in what follows is the possibility of representing the primitive coho-
mology classes in terms of meromophic forms on Ps..
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Proposition 2.9. There is a natural isomorphism

R pom— %,((d—p+)X)
o 08, (4= )X) + AP, O (A= p)X)

Proof. This follows from comparing Corollaries 10.2 and 10.12 in [3]. U

The resulting projection map, multiplied by the factor (—=1)?~/(d —p+1)!, will
be denoted by

ryt HO(Py, QL ((d — p+ 1)X) > PHPM71(X) (1)
and is called the p-th residue map in analogy with the classical case.

Remark 2.10. The result in Proposition implicitly uses a generalization of
Bott’s vanishing theorem, called the Bott-Steenbrink-Danilov theorem, which in-
deed holds true under our assumptions. The exact statement is that H*(Py, Qp_(L))
=0 forall7 > 0 and p > 0 if L is an ample line bundle on Py. This was stated
without proof by Danilov [9] and proved in [3] (Theorem 7.1). A

To any hypersurface in Py, cut by a section f of L, one can associate a ring:
this is the Jacobian ring R(f) of f, defined as the quotient R(f) = S(X)/J(f)
of S(X) by the ideal generated by the derivatives of f, with the induced grading.
This ring encodes all the information about the primitive cohomology of X. Let
Bo = _degKPz:v B = deg L.

Proposition 2.11. If p # d/2 — 1, there is an isomorphism PHP?P~1(X) ~
R(f)(a-p)8—60-

Proof. [3] Theorem 10.13. O

3. THE PICARD GROUP OF THE GENERIC TORIC THREEFOLD

3.1. The Gauss-Manin connection. We need to consider a Gauss-Manin con-
nection on the local system given by the middle cohomology groups of the quasi-
smooth hypersurfaces of the linear system of L. Let Z be the open subscheme of
|L| parametrizing the quasi-smooth hypersurfaces in |L|, and let 7: . # — Z be the
tautological family on Z. Let %! be the local system on Z whose fiber at z is
the cohomology H4™1(X,), i.e., #9471 = R¥"1x,C. It defines a flat connection V
in the vector bundle &4 = J#9! @¢ Oy, the Gauss-Manin connection of &% 1.
Since the hypersurfaces X, are quasi-smooth, the Hodge structure of the fibres
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H1(X,) of &1~ varies analytically with 2 [I7], hence there are holomorphic sub-

bundles &P4P=1 of £9-1. We also have quotient bundles LP2&P*P~1 of grd-r-1
corresponding to the primitive cohomologies of the hypersurfaces X, .

Note that the cup product
H(Ps, Opy (X)) ® H(Px, Qf, ((d — p)X)) = H(Ps, Qf ((d — p + 1)X))

induces maps

ot H'(Py, Op, (X)) /C(f) @ H (P, O, ((d — p) X))
— H(Py, O ((d —p+1)X)). (2)

If 2y is the point in Z corresponding to X, the space H°(Py, Op,(X))/C(f) can
be identified with 7.,Z. The following proposition states that the morphism 7,

induces in cohomology the Gauss-Manin connection. Let 7, be the projection
41 5 Pt

Lemma 3.1. Let 0 be a primitive class in PHPY P~ X)), let v € T, Z, and let o
be a section of P4 P~1 along a curve in Z whose tangent vector at zy is v. Then

Tp-1(Vo(0)) = 1p1 (p(0 © 7)) (3)
where ¢ is an element in H'(Pg, Qf ((d —p + 1)X)) such that r,(6) = oy.

Here r,, 7,-1 are the residue morphisms defined in equation ().

Proof. This is a standard computation, see [4], Proposition 5.4.3. Let f; be local
representatives, with respect to a suitable cover {U;} of Pyx, of the section f. Via
the isomorphism of Proposition 2.9, we locally represent g by the meromorphic

differential forms w;/f& 2+

; . A tangent vector v € T, Z represents a deformation

fi = fi + tg; where t is a complex parameter, and ¢; are holomorphic functions.
Then V,(0) is represented by

o
dt (fi +tgi)Pt ],

gi Wi
d—p+2 °
)

=—(d—p+1)

But the right-hand side of this equation is, up to a suitable factor, the argument
of the map r,_; in the right-hand side of equation (3]). O

The tangent space T.,Z is isomorphic to HY(Ps, Op,(X))/C(f). Let ¢ be the
projection ¢: H°(Pg, Op,, (X)) — T,,Z. Equation (3] states that the following
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diagram commutes:

H°(Ps;, Op, (X))
C(f)

© HO(Py, Q4 ((d — p) X)) > H'(By, O ((d — p + 1)X))
¢®7“pl Tp—1

T

T.,2 ® PHPI=1=7(X)

PHP14p(X)
(4)

where 7, is the morphism that maps v ® a to V,a. (Also, we have used the same
notation for the morphism 7, in this diagram and the one in equation (2J).)
Another property of the Gauss-Manin connection that we shall need is the fol-

lowing.

Lemma 3.2. If o and n are sections of &P P~ and &4PP~1 respectively, then
for every tangent vector v € T,,Z,

VeaUn=—-aUV,n. (5)

Proof. The Gauss-Manin connection is compatible with the cup product by defi-
nition, i.e.,
Ve(aUn) =V,aUn+aUV,n.

But o Un = 0 because it is an element in &%972. 0

3.2. The moduli space of hypersurfaces in Py. There is natural way to con-
struct a coarse moduli space Mz for the generic quasi-smooth hypersurfaces in
Py, having divisor class [, see [3], Section 13. The moduli space Mz may be
constructed as a quotient

U/Autg(Py), (6)

where U is an open subset of H°(Py, Op,, (X)), and ;‘:ﬁ/tﬁ(IPg) is the unique non-
trivial extension

1 — D() — Autg(Ps) — Autg(Py) — 1.

Here Autg(Py) is the subgroup of Autg(Py) which preserves the grading 5. By
differentiating, we have a surjective map

kg H(Psy, Opy (X)) — Tx Mg,

which is in a way a Kodaira-Spencer map. According to [I3], Proposition 2.1,
TxMsz embeds into H'(X,Ox), where Oy is the tangent sheaf to X, and its
direct sum complement is a space which classifies “nonpolynomial” infinitesimal
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deformations of X, i.e., deformations that are not obtained by moving X in the
linear system |L|.

Proposition 3.3. There is a morphism
Yp: TxMg @ PHP1P(X) — PHP™H7P(X) (7)
such that the diagram

HO(Ps, 0p5 (X)) @ HO(Py, O ((d = p)X)) — H(Ps, O, ((d —p + 1)X))

fﬂﬁ@?“pl Tp—1 l

TxMs @ PHPA1-P(X) PHP=Ld-p(X)

commautes.

Proof. 1deally one would like that the local system %! and its various sub-
systems would descend to the moduli space Mg. This is not possible however
because the group Autg(Py) is not connected. Nevertheless, this group has a
connected subgroup Aut%(IP’g) of finite order, and, perhaps after suitably shrinking
U, the quotient U/ Aut%(IP’g) is a finite étale covering of M} of Mg [5]. Since the
tangent spaces at points M% are canonically isomorphic to the tangent spaces at
the image points in Mg, it suffices to prove the Proposition with Mg replaced by
M%.

Now, if p: Z — M% is the induced map (where Z has been suitably restricted),
the local system 79! descend to a local system p,#9~! on MY, and p*p, %1 ~
A1 (one has indeed a natural morphism %! — p*p,#9"1 which on the
stalks is an isomorphism due topological base change; note that p is proper). Thus
we obtain on M% holomorphic bundles that are equipped with a Gauss-Manin
connection, which is trivial in the direction of the fibers of p. If we define again ~,
by 7,(v ® a) = V,(a) (where V is now the Gauss-Manin connection on Mj), the
commutavity of the diagram in the statement follows from the commutativity of
the diagram (Hl). O

The tangent space TxMp at a point representing a hypersurface X is naturally
isomorphic to the degree  summand of the Jacobian ring of f, that is, TxMpg ~
R(f)s [3]. Moreover, there are isomorphisms PHP4 P~ X)) ~ R(f)(a—p)s—p, given
by Proposition 2111
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Proposition 3.4. Under these isomorphisms, the morphism v, in equation ()
coincides with the multiplication in the ring R(f),

R(f)s @ R(f)(a-p)s—po = B(f)(d—p+1)5-50 -

Proof. One has H(Py, Qf_((d—p)X) ~ S(g—p)s—p, B, Thm. 9.7 and H°(Py;, Opy (X))
~ Sg; under these isomorphisms, the cup product corresponds to the product in
the ring S. This means that the “top square” of the 3-dimensional diagram

HY(Py, Opy, (X))® g .
HO(Py, %_((d - p)X)) H°(Py, Q8 ((d —p+1)X))

rar S @ S(d—p)s-po S(d—p+1)8—B0
TxMy @ PHP4-1-7(X) PHP-14-p(X)
R(f)s @ R(f)(a-p)s—p0 R(f)a-p+1)8=p0

commutes. We need to show that the “bottom square” commutes as well. This
will follow from the commutativity of the “side squares”. The commutativity of
the diagram on the right is contained in the proof of Theorem 10.6 in [3]. The
commutativity of the diagram on the left follows from the commutativiy of the
previous diagram, with d — p + 1 replaced by d — p, and the commutativy of

~

HO(Pﬁvon(X)) Sﬁ

| |

TxMsg ——— R(f)s

which is shown in the proof of Proposition 13.7 in [3]. U

3.3. Picard group. Our aim is now to prove the following result.

Theorem 3.5. Let Px. be a 3-dimensional complete simplicial toric variety, L an
ample line bundle on Py, and X a generic quasi-smooth hypersurface in the linear
system |L|. If the morphism vo: TxMs ® PH*°(X) — PHY(X) is surjective,
then X and Py, have the same Picard number. O
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Theorem will follow from two Lemmas, that one can actually prove in any
dimension. We only assume that p # d/2 — 1 and p # d/2. The first Lemma is an
“Infinitesimal Noether-Lefschetz theorem”, such as Theorem 7.5.1 in [4]. Denote
by H&'(X) the subspace of H%'(X) made by the cohomology classes that are
annihilated by the action of the Gauss-Manin connection. Coefficients may be
taken indifferently in C or Q.

Lemma 3.6. Assume that the morphism
Yp: TxMg ®@ PHP1P(X) — PHP™H7P(X)
is surjective. Then HE(X) = i*(H™(Py)).

Proof. We note that we may replace Mz by M%, and consider the local systems
&4 and 2&7P71 on MY. We also note that H4 ' (X) has a Hodge decompo-
sition. Let

a € HEP(X) N PHPP(X).

We regard classes in PHP4~'"P(X) as elements in the fiber of 2&P% P71 at the
point [X] € Mj. Any 8 € PHP""*"?(X) may be written as § = >, 7,(t; ® n;)
with 7; € PHP?~17P(X). Then by equation (B]) and (&)

(@, 8) =D A, wlti@m)) = (@, Vim) == (Via,m) =0.

So a is orthogonal to PHY'=PP(X). By Lemma [Z7] this means that « is or-

thogonal to the whole group H%'~P?(X), hence it is zero. Therefore H$ (X)) =
i*(HY(Py)). O

Lemma 3.7. Under the same hypotheses of the previous Lemma, assume also also
that d is odd, d = 2m+ 1. Then for z away from a countable union of subschemes
of Z of positive codimension one has

H™™(X,,Q) =im[i*: H™™(Ps,Q) — H*™(X..Q)].

Proof. Let Z be the universal cover of Z. On it the (pullback of the) local system
41 s trivial. Given a class a € H™™(X) we can extend it to a global section
%=1 by parallel transport using the Gauss-Manin connection. Define the subset
of Z

2o =1{2€2|a(z) e H"(X,,Q)}.

If 2, = Z we are done because « is in H% (X)) hence is in the image of i* by the
previous Lemma.
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If Z,, + Z, we note that Z,, is a subscheme of Z. Indeed it is the common zero
locus of the sections 7,(a) of &74717P for p # m. We subtract from Z the union
of the projections of the subschemes Z,, where this does not hold. Note that these
varieties are countable in number because we are considering rational classes. [

Theorem now follows by taking rational coefficients, and d = 3.

We assume now that Py, is Fano, and that L = —Kjp,, so that the hypersurfaces
in the linear system |L| are K3 surfaces. We have now PH?*? ~ R(f)y ~ C,
PHY!(X) ~ R(f)s, and TxMz ~ R(f)s. By Proposition B4, the morphism ~,
corresponds to the multiplication R(f)z ® R(f)o — R(f)s, and since R(f)o ~ C,
this is an isomorphism. From Theorem we have:

Theorem 3.8. Let Px, be a 3-dimensional Fano complete simplicial toric variety,
and X a generic hypersurface in the linear system | — Kpy|. Then X has the same
Picard number as Py.
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