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ENUMERATION OF STANDARD YOUNG TABLEAUX
OF CERTAIN TRUNCATED SHAPES

RON M. ADIN, RONALD C. KING, AND YUVAL ROICHMAN

ABSTRACT. Product formulas for the number of standard Young tableaux
of truncated shifted staircase and truncated rectangular shapes are given.

1. INTRODUCTION

A truncated shape is obtained from a Ferrers diagram (where parts decrease
from top to bottom) by deleting cells from the northeast corner. A renewed
interest in enumeration of standard Young tableaux of truncated shapes was mo-
tivated by a recent result [Il Prop. 9.7]: The number of geodesics between distin-
guished pairs of antipodes in the flip graph of triangle-free triangulations is equal
to twice the number of Young tableaux of a truncated shifted staircase shape.
Motivated by this result, computer experiments were carried out to enumerate
the number of standard Young tableaux of these and other truncated shapes. It
was found that, in many cases (but not all), all prime factors are “small”, hinting
on an existence of product formulas. In this paper, hook-like product formulas
for truncated shifted staircase and truncated rectangular shapes are proved.

Note added in proof: We were informed by Richard Stanley, that a differ-
ent method to derive formulas for truncated shapes was developed by Greta
Panova [7].

2. PRELIMINARIES AND BAsic CONCEPTS

A partition A of positive integer n is a sequence of non-negative integers
(As A2, -, Am), such that Ay + Ao+ -+ Ay =nand Ay > Ag > --- > A, > 0.
The Ferrers diagram [A] is the left-justified array of n cells with row i (read from
top to bottom) containing A; cells. A standard Young tableau (SYT) T of shape
A is a labelling by {1,2,---,n} of the cells in the shape A such that every row is
increasing, when read from left to right, and every column is increasing from top
to bottom. The number of SYT of shape ) is denoted by f*.
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Proposition 2.1. (The Frobenius-Young Formula) [4, [10] The number of SYT
of shape X is

(A)! o
f>‘: . ()\i—)\'—l‘i‘ )
T (A + k —4)! lgggk ! ’

Note that trailing zeros in A (with &k appropriately increased) do not change
the right-hand side of the above formula.

A partition (A1, Ag, -+, Ap) of m is strict if Ay > Ag > -+ > X\, > 0. The
(shifted) shape A is the array of n cells with row i (read from top to bottom)
containing \; cells and indented ¢ — 1 spaces. A standard Young tableau (SYT)
T of shifted shape A is a labelling by {1,2,--- ,n} of the cells in the shape A such
that every row and column are increasing. The number of SYT of shifted shape
A is denoted by g*.

Proposition 2.2. (Schur’s Formula)[8][6} p. 267 (2)] The number of SYT of
shifted shape X\ is

P\ YEpY
. . L
[TIRYRES DYDY

For any nonnegative integer m, let [m] := (m,m — 1,...,1) be the corre-
sponding shifted staircase shape. Consider the truncated shifted staircase shape
[m] \ A where a partition A = (A1, ..., A\g) C [m] is deleted from the northeast cor-
ner; namely, \; cells are deleted from right end of first row, Ay cells are deleted
from right end of second row, etc. Let n be the size of [m]\ A. A standard Young
tableau (SYT) of truncated shifted staircase shape [m] \ A is a labelling of the
cells of this shape by {1,...,n}, such that labels are increasing along rows (from
left to right) and columns (from top to bottom).

Example 2.3. There are four SYT of shape [4] \ (1)
1 2 3 % 1 2 4 « 1 2 3 % 1 2 4 «
4 5 6 3 5 6 4 5 7 3 5 7
7 87 7 87 6 8’ 6 8
9 9 9 9
Similarly, for any nonnegative integers, m and k, let (m*) = (m,...,m) (k

parts) be the corresponding rectangular shape and consider the truncated rect-
angular shape (m*)\ A where A\ C (mF) is deleted from the northeast corner;
namely, A\; cells are deleted from right end of first row, Ay cells are deleted from
right end of second row, etc. Letting n be the size of (m*)\ A, a SYT of truncated
shape (mF) \ A is a labelling of the cells of this shape by {1,...,n}, such that
labels are increasing along rows (from left to right) and columns (from top to
bottom).
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Preliminary computer experiments hinted that that a nice phenomenon occurs
when a square is truncated from a staircase shape: while the number of SYT of
truncated staircase shape [m] \ (d?) increase exponentially with respect to the
size of the shape, all prime factors of this number are smaller than the size.
A similar phenomenon occurs for squares truncated from rectangular shapes .
In this paper, product formulas for truncated shapes, which explain the above
factorization phenomenon, will be proved (see, e.g., Corollaries .7, [4.8] (5.6] 5.8
below).

3. MAIN IDEA: PIVOTING

Consider, for example, the shifted shape v = (m+2k+2, m+2k+1, ..., 1)\ (k*),
a shifted staircase shape of size (m+2k+3) minus a k X k square at the northeast
(NE) corner. Define the pivot cell of this shape to be the cell with coordinates
(k4 1,k + 1), measured from the NE corner. Let T be a SYT of shape v, and
assume that the pivot cell of T' contains the value ¢. Clearly, all the cells of
T which are weakly NW of the pivot cell contain values smaller or equal to t.
Similarly, all the cells of T" which are weakly SE of the pivot cell contain values
larger or equal to ¢. All the other cells of T belong to a SW shifted staircase
sub-shape of size (m; 1). They are naturally partitioned into two subsets: those
with values less than ¢ form a shifted shape A, and those with values more than ¢
form the transpose of a shifted shape \°. X clearly determines \¢ (see Lemma[4.2]
below for the details). Thus overall partition of the cells of T' according to the
threshold ¢ is now clear, and it follows that the number of SYT of shape v is

Z g,uu)\g,uUAc 7

AC(m..1)

where p = (m +k+2,m+k+1,...,m+3,m+1) and ¢g* is the number of
SYT of shifted shape A. Using the explicit formula for ¢* one can, in principle,
compute this quantity. It turns out that a multiplicative formula also exists in
this case.

In the following sections we shall first develop the relevant theory for truncated
shifted shapes, and then for the (somewhat more complicated) regular (non-
shifted) shapes.

4. TRUNCATED SHIFTED STAIRCASE SHAPES

In this section, A = (A1,..., k) (with Ay > ... > Ay > 0 integers) will be
a strict partition of [A| := A\; + ...+ Ax. Denote by ¢g* the number of SYT of
shifted shape A.

11t should be noted that this factorization phenomenon does not hold in the general case.
For example, the number of SYT of truncated rectangular shape (7) \ (2) has a prime factor
5333.
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For any nonnegative integer m, let [m] := (m,m — 1,...,1) be the corre-
sponding shifted staircase shape. Schur’s formula (Proposition 2.2]) implies the
following.

Corollary 4.1. The number of SYT of shifted staircase shape [m] is

m—1

1l
ml — v _
g 1}) i+ 1)

where M = |[m]| = ("),

Lemma 4.2. Let m and t be nonnegative integers with t < (mg_l). Let T be a
SYT of shifted staircase shape [m], let Ty be the set of all cells in T with values at
most t, and let Ty be obtained from T\ T1 by transposing the shape and replacing
each entry ¢ by M — i+ 1. Then:

(1) Ty and Ty are shifted SYT.
(2) Treating strict partitions as sets, [m] is the disjoint union of the shape of

Ty and the the shape of Ts.

Proof. (1) is clear. In order to prove (2), denote the shifted shapes of T} and T5
by A1 and Mg, respectively. The border between 77 and T \ T is a lattice path
of length exactly m, starting at the NW corner of the staircase shape [m] and
using only S and W steps. If the first step is S then the first part of A\; is m, and
the rest (of both A; and A3) corresponds to a lattice path in [m — 1]. Similarly,
if the first step is W then the first part of Ay is m, and the rest corresponds to
a lattice path in [m — 1]. Thus exactly one of A1, Ay has a part equal to m, and
the whole result follows by induction on m.

O

Corollary 4.3. For any nonnegative integers m and t with t < (mgl)

> N =g

AC[m]
IX|=t

7

Here summation is over all strict partitions A with the prescribed restrictions,
and X¢ is the complement of \ in [m] (where strict partitions are treated as sets).
In particular, the LHS is independent of t.

Lemma 4.4. Let A and \° be strict partitions whose disjoint union (as sets) is
[m], and let = (p1, ..., ux) with py > ... > pp > m. Then

g g = c(p, )AL 1A - gt

where

(AL = (gu>2(|u| + |A|) (Iul + |AC|) H T _ﬁ

|ul )
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Proof. By Proposition 2.2

g"PAgrA (] + AD (] + I2e)! i —
g g™ B ((ADIA])! H H

. i J /1'1_ c‘
I;IM H —|—)\C'
By the assumption on A and A€,
i — A —Aj N Hi—J .
Vi).
H i + A H/Lri-/\c jl;[lm—l-j (%)

One more application (to g*) of Proposition gives the desired result.

+/LJ

O

A technical lemma, that will be used to prove Theorems and B0 is the
following.

Lemma 4.5. Let t1, to and N be nonnegative integers. Then
ZN: t4d\ (ta+ N =i\  [(ti+ta+N+1
—~\ t to th+ta+1 )7
Proof. This is a classical binomial identity, which follows for example from

computation of the coefficients of %V on both sides of the identity
(1 _ x)—(l-l-tl) . (1 _ x)—(l-l-tz) — (1 _ :17)_(2+t1+t2).

O

(m+1

Theorem 4.6. Let m be a nonnegative integer, M := (", ), and = (p1, - .-, k)

a strict partition with py > ... > pr > m. Then

guU/\guUA _ (gu)2g[m] . (
A%] 2lp| +1 1:[1 1:[1 i +
_ gugnilm), (M + 2| + DI(|u))!

(M + |p))'(2]pl + 1)1

Proof. Restrict the summation on the LHS to strict partitions A of a fixed size
[A| = t. By Lemma 4] and Corollary 3]

Z g‘uUA MO = C(‘U,t,M - t Z g g ,UJatvM - t) fm ]
AC[m] AC[m]
A=t [X|=t

Now sum over all ¢ and use the explicit formula for ¢(u, t, M —t) (from Lemmal4.4)
together with Lemma [£.5] to obtain the first explicit formula above. The second
formula then follows by use of Proposition 2.2]
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O

We shall apply this theorem in several special cases.

First, consider the case of k = 2 and p = (m + 3, m + 1). This corresponds to
truncating the NE corner of a shifted staircase shape [m + 4].
Corollary 4.7. The number of SYT of truncated shifted staircase shape
[m+4]\ (1) 4s

g 1
4m+9) m+3 (4m—|—9 m+3 pai 2z—|—1

m—1

where N = (m + 3)(m + 6)/2 is the size of the shape.

This result was the initial motivation for the current paper, as it answers a
question raised in [I].

More generally, taking = (m+k+1,...,m+3,m+1) (k parts) corresponds
to truncating a (k — 1) x (k — 1) square from the NE corner of a shifted staircase
shape [m + 2k|. The computation is left to the interested reader.

Now take u = (m+k,...,m + 1) (k parts). This corresponds to truncating a
k x k square from the NE corner of a shifted staircase shape [m+ 2k], but adding
back the SW corner of this square.

Corollary 4.8. The number of SYT of truncated shifted staircase shape [m +
2k]\ (K*=1 k —1) is

k .
m (N 2 2 -Dt
g (2lu|+1>(|”|)! 1;[1 @m+k+i)’

where |u| = k(2m+k+1)/2 and N = (m+22k+1) — k% +1 is the size of the shape.
The special case k = 1 (with g = (m + 1)) gives back the number gl™*2 of
SYT of shifted staircase shape [m + 2J:
m—+1 )

N \mlim+1)! i
2] _ lm] mm+ 1) T
g g (2m+3) 2m+1)! ' g) 2i+ 1)

where N = (m+2)(m+3)/2 is the size of the shape. This agrees, of course, with
Corollary 411

The special case k = 2 (with g = (m + 2, m + 1)) corresponds to truncating a
small shifted staircase shape [2] = (2,1) from the shifted staircase shape [m +4].

Corollary 4.9. The number of SYT of truncated shifted staircase shape [m +
41\ (2,1) is

m [ N 2 N!-2 Tl

g . = . H - 5
dm+T7)m+2  (dm+7)- (m+2) 2o (204 1)!

where N = (m + 2)(m + 7)/2 is the size of the shape.
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5. TRUNCATED RECTANGULAR SHAPES

In this section, A = (A1,...,Ax) (with Ay > ... > Ay > 0 integers) will be a
partition of |A| := A; + ...+ Ax. Note that some of the parts may be zeros. Two
partitions which differ only in trailing zeros will be considered equal. Denote by
f? the number of SYT of regular (non-shifted) shape .

For any nonnegative integers m and n, let (n™) := (n,...,n) (m times) be the
corresponding rectangular shape. Frobenius-Young formula (Proposition 2.1)
implies the following.

Corollary 5.1. The number of SYT of rectangular shape (n™) is

m F.F,

m-+n

where
m—1
F,, = H il.
i=0

For two partitions A = (Ay,..., Ax) and g = (p1,..., k) (with trailing zeros
added in order to get the same number of parts) define

A-'—,U = (Al +,u15"'7)\k+,uk)'
Note that if either A or u is a strict partition then A + p is also strict.

Lemma 5.2. Let m, n and t be nonnegative integers with t < mn. Let T be a
SYT of rectangular shape (n™), let Ty be the set of all cells in T with values at
most t, and let Ty be obtained from T\ Th by transposing the shape and replacing
each entry ¢ by mn — i+ 1. Then:
(1) Ty and Ty are SYT.
(2) Denote by A1 and A\ the shapes of Ty and Ty, respectively, and treat strict
partitions as sets. Then the strict partition [m + n| is the disjoint union
of A1 + [m] and A2 + [n].

Proof. (1) is clear; let us prove (2). The border between Ty and T\ T} is a lattice
path of length exactly m +n, starting at the NW corner of the rectangular shape
(n™), using only S and W steps, and ending at the SW corner of the shape. If
the first step is S then the first part of Ay 4 [m] is m 4 n, and the rest (of both
A1 + [m] and A\a + [n]) corresponds to a lattice path in n™~!. Similarly, if the
first step is W then the first part of Ay + [n] is m 4 n, and the rest corresponds
to a lattice path in (n — 1)™. Thus exactly one of the strict partitions A; + [m)]
and Ay + [n] has a part equal to m +n, and the whole result follows by induction

on m 4+ n.
]

Corollary 5.3. For any nonnegative integers m, n and t with t < mn,
SN )

AC (n™)
I\|=t
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Here summation is over all partitions A with the prescribed restrictions, and \° is
such that A°+ [n] is the complement of A+ [m] in [m+n] (where strict partitions
are treated as sets). In particular, the LHS is independent of t.

Lemma 5.4. Let A and \° be partitions such that [m + n] is the disjoint union
of X+ [m] and X\° + [n], and let p = (p1, ..., 1) be an arbitrary partition (u >
c..>ug >0). Then

kNN < dp, A 1D - A
where
yey, (ul 4 nk 4+ DI pl 4+ mk + [A])!
(ADYIADIpD (el + (m +m) k)
Proof. From the assumptions it follows that A is contained in (n™). We may
thus assume that it has m (nonnegative) parts. Similarly, \° is contained in (m™)

and we may assume that it has n (nonnegative) parts. Thus ((¢ + (n¥)) U X has
k +m parts and (u + (m*)) U X¢ has k + n parts. By Proposition 211

FUr DAl ENUA (] ks + (Al + mk + A

d(p, AL, [x]) = e protmn

fAfA ([ADY(IA])!
& 2
1 L
H( i+m+n+k—i) (i =1y =3+ 7)
=1 \Hi Ti<y
L +n =i =X+ ke +3) T (i +m —i— X5 + &+ ).
1,5 ,J

By the assumption on A and A€,

m-+n

[Titn—i=Xjrke ) [J(itm—i=Xhth). = T] (i—ithti) (i),
J J j=1
Since
1 m—+n
(M—Fm—l—n—kk—i)!.H(M_Z—i_k—’—j):(#i—kk—i)! (va),

Jj=1

an application of Proposition 2] to f# and to f#+(m+m") gives the desired
result.
]

Theorem 5.5. Let m and n be nonnegative integers, and let u = (1, ..., pg)
be a partition (u1 > ... > ux >0). Then
Z FlrAEINUA put(m™NUXS e put((mtm)™) p(n™)
AC(nm)
' (2|,u| + mk + nk +mn + 1) (lpl + mk)! (|| + nk)!
(D (|l + mk + nk)!"

mn
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Proof. Restrict the summation to partitions A of a fixed size |[A| = ¢. By
Lemma [5.4] and Corollary £.3]

k k c m
D eI eIV = gt M—t) > N =d(pt, M—t)-f7).

AC(n™) AC(n™)
A=t A=t

Now sum over all ¢ and use the explicit formula for d(u, t, M —t) (from Lemmal[5.4)
together with Lemma [4.5] to obtain the explicit formula above.
O

Corollary 5.6. (u = (0,...,0), k parts) The number of SYT of truncated rect-

angular shape ((n + k)™T*)\ (K*=1 k — 1) is

Fmtn)®) () mk +nk +mn+1\ (mk)!(nk)!  Nl(mk)!(nk)! F,F,F
(mk +nk)!  (mk+nk+1) Foinir

where N = mk +nk+mn+1= (m+k)(n+k)—k*>+1 is the size of the shape
and F,, is as in Corollary [5 1l

mn

For k = 1 we obtain
f(n+1)m+1 _ N'!m!n! ) Fan — NI. FeranJrl
(m+n+ 1)! Fm+n+1 Fm+n+2 ’
in accordance with Corollary 5.1
For k = 2 we obtain

Corollary 5.7. (1 = (0,0)) The number of SYT of truncated rectangular shape
((n+2)"*2)\ (2,1) is
N!(2m)!(2n)!  F,F,
(2m—|—2n—|— 1) Fm+n+2,
where N =mn+2m+2n+ 1= (m+ 2)(n + 2) — 3 is the size of the shape.
Corollary 5.8. (1 = (1,...,1,0), k parts) The number of SYT of truncated
rectangular shape ((n + k)™ )\ ((k — 1)¥~1) s
f((m+n+1)k—17m+n)f(nm). mk + nk +mn+2k — 1\ (mk+k—1)/(nk +k —1)! _
mn (k= D(mk + nk + k — 1)!
Nli(mk +k —Dl(nk+k— 1 (m+n)!  FFFp
(mk +nk +k — 1){(mk + nk + 2k — 1)1 Foyninit

where N = (m + k)(n + k) — (k — 1)? is the size of the shape and F, is as in
Corollary [21l

In particular, for k = 2:

Corollary 5.9. (k =2, = (1,0)) The number of SYT of truncated rectangular
shape ((n +2)™*2)\ (1) is
NIC2m+ D!2n+ D)!(m+n)!  F,.F,
2m+2n+1)!2m+2n+3)! Foint2’
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where N =mn+2m+2n+3 = (m +2)(n+2) — 1 is the size of the shape and
F, is as in Corollary [51l

Acknowledgements: The authors thank Amitai Regev and Richard Stanley
for comments and references.
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