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CLASSES OF EXTENSION MODULES BY SERRE SUBCATEGORIES
TAKESHI YOSHIZAWA

ABSTRACT. In [5], R. Takahashi showed an existence of isomorphism of lattices between the
set of all Serre subcategories of the category consisting of all finitely generated modules and
the set of all specialization closed subsets of the set of all prime ideals. In this paper, to
find a way of constructing Serre subcategories of the modules category, we consider classes of
extension modules of Serre subcategory by another one and study when these classes are Serre
subcategory.

1. INTRODUCTION

Let R be a commutative noetherian ring, R-Mod be the category of all R-modules and R-mod
be the full subcategory of all finitely generated R-modules.

In [4], A. Neeman showed that there exists an isomorphism of lattices between the set of
all smashing subcategories of the derived category of R-Mod and the set of all specialization
closed subsets of Spec(R). After of this, R. Takahashi constructed a module version of Neeman’s
theorem in [5]. Specifically, he showed that there exists an isomorphism of lattices between the
set of all Serre subcategories of R-mod and the set of all specialization closed subsets of Spec(R).

A Serre subcategory is defined to be a full subcategory which is closed under submodules,
quotients and extensions. Recently, many authors study the Serre subcategory not only in
the category theory but also local cohomology theory. (For example see [I].) By the above
Takahashi’s result, we can give all Serre subcategories of R-mod. However, we want to find
a way of constructing examples of Serre subcategory of R-Mod with a view of treating Serre
subcategory in local cohomology theory. Therefore, one of the main purposes of this paper is to
give a this way by considering the classes of extension modules of Serre subcategory by another
one.

To be more precise, for two Serre subcategories S; and Sy of R-Mod, we consider a following
class of extension modules

(s 8)—{MERMod therear651681and52€825uchthat}
1,92) — - .

00— S — M — S, — 0is exact.

For example, a class (Sy., Sartin) is known the set of all Minimax modules where Sy, is the
set of all finitely generated R-modules and Sy, is the set of all Artinian modules. In [2],
K. Bahmanpour and R. Naghipour showed that this class is a Serre subcategory. However,
in general, a class (S1,S2) is not Serre subcategory. In fact, a class (Sartin, Sry.) 1S DOt it.
In this paper, we shall give a necessary and sufficient condition that a class (S;,Ss) is Serre
subcategory and several examples of Serre subcategory (Sy,Ss). In particular, we shall see that
the following classes are Serre subcategories:

(1) A class (81, Ss) for Serre subcategories S; and S, of R-mod;
(2) A class (Sy,.,S) for any Serre subcategory S of R-Mod;
(3) A class (S, Sapn) for any Serre subcategory S of R-Mod.
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The organization of this paper is as follows.

In section 2, we shall give the definition of classes (Si,Ss) of extension modules related to
Serre subcategories S; and S; of R-Mod and study basic properties.

In section 3, we shall treat Serre subcategories of R-mod. In particular, we show the above
example (1) is Serre subcategory of R-mod. (Theorem B.3])

The section 4 is a main part of this paper. We give a necessary and sufficient condition for
a class (S, Ss) is Serre subcategory. (Theorem [A.2])

In section 5, we apply our argument to the local cohomology theory involving the condition

Cy for an ideal I of R which is defined in [I].

2. THE DEFINITION OF CLASSES OF EXTENSION MODULES BY SERRE SUBCATEGORIES

Throughout this paper, all rings are commutative noetherian ring and all modules are unitary.
We assume that all full subcategories S of R-Mod and R-mod are closed under isomorphisms,
that is if M € § and R-module N is isomorphic to M then N € S.

In this section, we shall give the definition of classes of extension modules by Serre subcate-
gories and study basic properties.

Recall that a class S of R-Mod is said to be a Serre subcategory of R-Mod if § is closed
under submodules, quotients and extensions. We also say that a Serre subcategory S of R-Mod
is a Serre subcategory of R-mod if S consists of finitely generated R-modules.

Definition 2.1. Let §; and S, be Serre subcategories of R-Mod. We denote by (S1,Ss) the
class of all R-modules M with some R-modules S; € & and Sy € S such that a sequence
0— S, — M — Sy, — 01is exact, that is

there are S; € §; and Sy € Sy such that}

(81,8) = {M € R-Mod 00— S — M — Sy — 0 is exact.

We shall refer to (S1,8,) as a class of extension modules of §; by Ss.

Remark 2.2. Let §; and S, be Serre subcategories of R-Mod.

1) Since the zero module belongs to any Serre subcategory, it holds S§; C (851, 8;) and Sy C
S1,89).

2) It holds & 2 S, if and only if (S1,82) = S;.

3) It holds &; C S, if and only if (S;,S) = So.

4) A class (S1,8») is closed under finite direct sums.

(
(
(
(
(

Example 2.3. We denote by Sy, the set of all finitely generated R-modules and by S, the
set of all Artinian modules. Then a class (Sy.q., Sartin) is the set of all Minimax R-modules and
a class (Sartin, Sr.g.) is the set of all Maxmini R-modules.

Proposition 2.4. Let §; and Sy be Serre subcategories of R-Mod. Then a class (S1,Ss) is
closed under submodules and quotients.

Proof. Let 0 = L - M — N — 0 be an exact sequence of R-modules and assume that M is
in (S1,8,). We shall show that L and N are in (S;,Ss).
There exists S; € S; and Sy € Sy such that

0= S > M—=>8 =0

is an exact sequence. Then we can construct a following commutative diagram
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0 0 0
| | |
0 — SiNL —— 5 >Slsr§L 0

| (S

0— L — M — N — 0

| J !

L
0 > Sy — N —— 0
S NL ?
0 0 0
with exact rows and columns where © is a natural map induced by ¢ and N’ = Coker(p).
Since §; and Sy are Serre subcategories, we see that S;N L, S;/(S1NL) €Sy and L/(S1NL),
N’ € S,. Therefore, L and N are in (S, Ss). O

A natural question arises.
Question. For any Serre subcategory &; and S, is the class (Sp,Sy) Serre subcategory?

For example, K. Bahmanpour and R. Naghipour showed that the class (Sy.,., Sartin) is a Serre
subcategory in [2, Lemma 2.1]. The Proposition 2.4 says that a class (S1,Ss) is a Serre sub-
category if this class is closed under extension. However, the conclusion in above question does
not hold in general.

Example 2.5. We shall see the class (Satin, Sr.q.) is not necessary closed under extension.
Let (R, m) be a Gorenstein local ring of dimension one with maximal ideal m. Then we have
a minimal injective resolution

0-R— & Er(R/p)— Ep(R/m)—0

p € Spec(R),
htp =0

of R. (For an R-module M, E(M) denotes the injective hull of M.) We note R and Fr(R/m)
are in (8Artin7 Sf_g_).

Now, we suppose that (Sartin, Sr4.) is closed under extension. Then Eg(R) = ®np—oLr(R/p)
is in (Sartin, Srg.), and so there exists an Artinian R-submodule N of Er(R) with Er(R)/N
is a finitely generated R-module. But, since R is a Gorenstein local ring of dimension one, N
must be zero module. Thus Eg(R) is a finitely generated injective R-module. By the Bass
formula, it holds dim R = depth R = inj dim Er(R) = 0. This is a contradiction.

3. CLASSES OF EXTENSION MODULES BY SERRE SUBCATEGORIES OF R-mod

In this section, we shall see that a class (S, Ss) is a Serre subcategory for Serre subcategories
S; and Sy of R-mod.

Recall that a subset W of Spec(R) is said to be a specialization closed subset if p € W and
p C q € Spec(R) imply q € W. I'yy denotes the section functor with support in a specialization
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closed subset W of Spec(R), that is
I'w(M)={x e M |Supp(Rz) C W}
for each R-module M.

Let us start to prove following two lemmas.

Lemma 3.1. Let M be an R-module and W be a specialization closed subset of Spec(R). Then
Ass(I'w(M)) and Ass(M/I'w (M)) are disjoint, and that

Ass(M) = Ass(Iw(M)) U Ass(M /Iy (M)).
Proof. 1t is clear that Ass(Iyw (M)) C W and Ass(M/Tyw(M)) N W = . Thus Ass(Iy (M))U
Ass(M /Ty (M)) is disjoint union.
To see the equality, it is enough to show that Ass(M /Iy (M)) C Ass(M). Let Er(M) be an

injective hull of M. Then Iy (Er(M)) is also an injective R-module. (Also see [0, Theorem
2.7].) We consider the following commutative diagram

00— IyWM) — M — M/I'w (M) — 0

J{FW(‘P):<P‘FW(M) l%’ l@

0 — Iw(Er(M)) — Er(M) — Eg(M)/I'w(Er(M)) — 0

with exact rows where ¢ is an inclusion map from M to Fr(M) and @ is a homomorphism
induced by . It follows from the injectivity of Iy (Eg(M)) that the second row is a split exact
sequence, so that it holds

Er(M) = Iy (Er(M)) ® Er(M)/I'w(Er(M))

and Er(M)/I'w(Er(M)) is an injective R-module.
Here, we note that ¥ is monomorphism. Actually, we assume m € M such that B(m +
By properties of injective hulls, it holds

Ass(M/ Ty (M)) = Ass(Eg(M/ Ty (M)))
- Ass(ER )/ Tw ( ER(M)))
C Ass(Egr(M))
= Ass(M).

The proof is completed. ]

If Serre subcategories S; and S, are related to specialization closed subsets, then the structure
of a class (S1,Ss) is clear.

Lemma 3.2. For specialization closed subsets Wy and Wy of Spec(R), the following assertions
hold.

(1) We set S; = {M € R-Mod | Supp(M) C W} fori=1, 2. Then it holds
(81,82) = {M € R-Mod | Supp(M) C Wy UWs}.

(2) We set S; = {M € R-mod | Supp(M) C W;} fori=1, 2. Then it holds
(81,82) = {M € R-mod | Supp(M) C W7 UWs,}.

In particular, (S1,82) in (1) and (2) are Serre subcategories.
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Proof. (1) If M is in (851, Ss), then there exists a short exact sequence 0 — S; — M — Sy — 0
with S; € 8§ and Sy € Sy. Then Supp(M) = Supp(S7) U Supp(Sz) € Wi U Ws.

Conversely, let M be an R-module with Supp(M) C W; U W,. We consider a short exact
sequence

0— I'w,(M)— M — M/Tw, (M) — 0.

We note Supp(Lw, (M)) C W;. Therefore, to prove our assertion, it is enough to show that it
holds Ass(M/I'w,(M)) C Wy. It follows from Lemma [B.1] that we have

Ass(M /Ty, (M)) C Ass(M) C Supp(M) C Wy U Ws.

Furthermore, we note Ass(M /Iy, (M)) N W, = 0. Consequently, it holds Ass(M/I'w, (M)) C
Wg, so M is in (81,82).
(2) We can show the assertion by the same argument in (1). O

Now, we can prove the purpose of this section.

Theorem 3.3. Let S and Sy be Serre subcategories of R-mod. Then a class (S1, Ss) is a Serre
subcategory of R-mod.

Proof. By [5, Theorem 4.1], there is a bijection between the set of all Serre subcategories
of R-mod and the set of all specialization closed subsets of Spec(R). Thus, there exists a
specialization closed subset W; (resp. W3) of Spec(R) corresponding to the Serre subcategory
S (resp. Sy). In particular, we can denote

S, ={M € R-mod | Supp(M) C W;} and W; = U Supp(M)

MeS;

for each i. By lemma 3.2 it holds
(81,52) = {M € R-mod | Supp(M) cC W, u WQ}

and this is a Serre subcategory of R-mod. OJ

4. THE CONDITION OF CLOSED UNDER EXTENSION FOR (Si,S2)

Let &7 and S be Serre subcategories of R-Mod. In this section, we shall give a necessary
and sufficient condition that a class (S, Ss) is Serre subcategory and several examples of Serre
subcategory (81, S2).

We start to prove the following lemma. If a class (S, S) is Serre subcategory, then we have
already seen (Sy, (S1,82)) = ((S1,82), S2) = (81, 82) in Remark 2221 However, we can see that
the following assertion holds without such an assumption.

Lemma 4.1. Let §; and Sy be Serre subcategories of R-Mod. We suppose that a sequence
0—L—M-— N —0 of R-modules is exact. Then the following assertions hold.

(1) If L€ Sy and N € (S1,Ss), then M € (S1,Ss).
(2) [fL € (81,82) and N € 52, then M € (51,52).

Proof. (1) We assume L € §; and N € (51, 8,). Since N is in (81, Ss), there exists an exact
sequence 0 - S —- N =T — 0 with S € §; and T' € S;. Then we have a pull buck diagram
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0 0
0 L s’ S 0
I
0 L M N 0
T p— T
0 0

with exact rows and columns. Since S is a Serre subcategory, it follows from the first row that
S"is in &;. Thus, by the middle column, we see that M is in (S, Sa).

(2) We assume L € (S51,S;) and N € S,. Since L is in (S, 52), there exists an exact sequence
0—>95—=L—->T—0withSe&8 and T' € S;. Then we have a push out diagram

0 0
S _—— S
0 L M N 0
I
0 T T N 0
0 0
with exact rows and columns. Since S, is a Serre subcategory, it follows from the third row
that 7" is in Sy. Thus, by the middle column, we see that M is in (S;, Ss). O

Now, we can show the main purpose of this paper.

Theorem 4.2. For Serre subcategories S and Sy of R-Mod, the following conditions are
equivalent:

(1) A class (S1,Ss) is Serre subcategory;
(2) It holds (82,81) Q (81,82).

Proof. (1) = (2) We assume that M is in (Sy, S1). By the definition of the class (Ss, S1), there
exists an exact sequence
0—=5—>M-—=5 —0

where 57 € §; and S; € S;. We note S; € S C (51,S2) and Sy € Sy C (81, Ss). Since a class

(81, 82) is closed under extension by the assumption (1), we see that M is in (S, Ss).

(2) = (1) We only have to prove that a class (S1,Ss) is closed under extension by Proposition
24 Let 0 - L - M — N — 0 be an exact sequence such that L and N are in (S1,Ss). We
shall show that M is also in (S;,Ss).
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It follows from L € (&1, Ss) that there exists a short exact sequence
0—->S—>L—L/S—=0
where S € S; with L/S € S;. We have a push out diagram

0 0
§ —— S
0 L M N 0
I
0 L/S P N 0
0 0

with exact rows and columns. Next, it follows from N € (S;,Ss) that there exists a short exact
sequence
0—-T—-N-—=N/T—0

where T' € Sy with N/T € S;. We have a pull back diagram
0 0

0O — L/S— P — N — 0
0 0

with exact rows and columns.

In the first row of the second diagram, it follows from L/S € Sy and T' € S; that we see
P’ € (8,,81). Now here, by the assumption (2), P’ is in (&1, 82). Next, in the middle column
of the second diagram, we have the short exact sequence with P' € (S1,S;) and N/T € S,.
Therefore, it follows from Lemma 1] that P is in (S;,S;). Finally, in the middle column of
the first diagram, we have the short exact sequence with S € §; and P € (5;1,S,). Thus, we
see that M is in (&1, S2) by Lemma 1]

The proof is completed. O

In the rest of this section, we shall give several examples of Serre subcategory (S;,Ss). The
first example is a generalization of [2, Lemma 2.1] which states that (Sy,.,Sartin) is a Serre
subcategory.

Corollary 4.3. A class (Sy,.,S) is a Serre subcategory for any Serre subcategory S of R-Mod.
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Proof. Let S be a Serre subcategory of R-Mod. To prove our assertion, it is enough to show
(8,S8r4) C (Stg.,S) by Theorem 2l Let M be in (S, Sy, ). Then there exists an R-submodule
L € S of M with M/L € S;,. It is easy to see that there exists a finitely generated R-
submodule K of M such that M = K + L. Since K & L € (Sy4.,S) and M is a homomorphic
image of K @ L, M is in (Sy,.,S). O

Example 4.4. Let R be a domain but not a field, and @) be a field of fractions of R. We set
Sror the set of all torsion R-modules, that is Sy, = {M € R-Mod | M ®g @@ = 0}. Then we
shall see that it holds

(ST07’78f.g.) ; (Sf.g.,STor) = {M € R-Mod | dimQ M ®p Q < OO}

So (Sf.g., Stor) is a Serre subcategory, but (Sro, Sr.g.) is not closed under extension by theorem
42

First of all, we shall show that the above equality holds. We suppose that M isin (S, , Sror)-
Then there exists a short exact sequence

0O —>L— M — N —0

with L € 8¢, and N € Sp,. We apply an exact functor — ®p ) to this sequence, then we
see that M ®r Q = L ®g Q is a finite Q)-vector space. Conversely, let M be an R-module with
dimgM ®@p @ < co. Then we can denote M ®p Q = > | Q(m; ® 1g) with m; € M and the
unit element 1 of (). We consider a short exact sequence

0— >0 Rmy - M — M/>" Rm; — 0.

It is clear that Y )" | Rm; € Sy, and M/ > " | Rm; € Sror. So M is in (S, Sror)-
Next, it is clear that M ®p @) has a finite dimension as Q-vector space for M € (Sror, Syy.)-
Thus it holds (Ster, St.q.) € (Sty., Stor)-

Finally, we shall see (Sror, St.g.) ; (Sf.g.,Stor). We fix a non-inverse element r # 0 of R
1

and consider M = R+ _yR—. Then it holds dimgM ®r Q = 1, so M is in (Syy., Sror).
T-n

We suppose that M is in (Sror, Sry.). Since R is domain and M is R-submodule of (), torsion
R-submodule of M is only zero module. This means that M must be a finitely generated
R-module. But, this is a contradiction. Consequently, it holds M € (St ., Stor) \ (Stor, St.q.)-

We note that S, is a Serre subcategory with closed under injective hulls. Therefore we
can see that a class (S, Saqin) is also Serre subcategory for any Serre subcategory of R-Mod
by a following assertion.

Corollary 4.5. Let Sy be a Serre subcategory of R-Mod with closed under injective hulls. Then
a class (81,82) is a Serre subcategory for any Serre subcategory S; of R-Mod.

Proof. By Theorem 2] it is enough to show (S, S1) C (S1,Ss).
We assume that M is in (Sy, 1) and shall show that M is in (S;,S2). Then there exists a
short exact sequence

O—>Sg—i>M—>Sl—>0

with S; € & and Sy € Sy. Since S; is closed under injective hulls, the injective hull Fr(Ss)
of Sy is in Sy. It follows from the injectivity of Eg(S3) that there exists a homomorphism
©: M — ERr(S;) such that j = ¢ oi where j is the inclusion map from Sy to Fr(S3). Here, we
consider a push out diagram
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0 S — s Mt s —

J/j:@‘SQ P B

0 — Ker(a) —— Im(p) —>— T

with exact rows and columns where

T = (Im(p) & S1)/{(p(m), —v(m))| m € M},
a(t) = (t,0) for t € Im(p) and 5(s) = (0, s) for s € 5.

To prove our assertion, we shall show that Ker(p) is in & and Im(p) is in S,. Since Im(¢p) is
R-submodule of Ex(Ss), Im(p) is in Sy. To prove the first, all we have to see that 7 is injective.
Indeed, it follows from the injectivity of 7 that we see Ker(¢) C Ker(5) C S; € S.

We shall see that 7 is injective. Let m € Ker(p) such that n(m) = 0. Then p(m) =0 € Im(y)
and ¥(m) =0 € 51, and so m € Sy and 0 = ¢(m) = g oi(m) = j(m). It follows from the
injectivity of j that we have m = 0. Consequently, n is injective.

The proof is completed. O

Remark 4.6. If §; and S, be Serre subcategories of R-Mod with closed under injective hulls,
then we can see that a class (S1, Ss) is also a Serre subcategory with closed under injective
hulls as following.

Let M be in (81, S2) and we shall prove that Er(M) is also in (S1,Ss). There exists a short
exact sequence 0 = L — M — N — 0 with L € §; and N € §;. We consider a commutative
diagram

L !
L I

with exact rows and columns. (For m € M, we define n(m) = (u(m), 701p(m)) where p: M —
Er(L) is a homomorphism induced by the injectivity of Ex(L) such that o = poy.) Therefore,
Er(M) is a direct summand of Ei(L) & Er(N) € (51,82), and so Ei(M) is in (&1, 82) by
Proposition 2.4
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5. ON CONDITIONS C] FOR (S, S2)

Let I be an ideal of R. The following conditions C} were defined for Serre subcategories of
R-Mod by M. Aghapouranahr and L. Melkersson in [I]. Here, we shall apply this conditions to
classes of R-modules.

Definition 5.1. Let C be a class of R-modules and I be an ideal of R. We say that C satisfies
the condition C7 if the following condition satisfied:

(Cr) IfM=1T7(M)and (0:p I)isin C, then M isin C.

If the class (S1,8,) is a Serre subcategory, we have already seen that it holds (S, S1) C
(81,82). In this section, we shall see that the condition C; for a class (Sy,S1) induces the
condition C7 for a Serre subcategory (Sy,Ss).

Lemma 5.2. Let & and Sy be subcategories of R-Mod. We suppose that N is a finitely
generated R-module and M is in (S1,82). Then Ext (N, M) € (S1,Ss) for all integer i.

Proof. Since (81, Ss) is closed under finite direct sums, submodules and quotients, this is clear.

0

Theorem 5.3. Let I be an ideal of R and S1,Ss be Serre subcategories of R-Mod. We suppose
that (81, 8s) is a Serre subcategory of R-Mod. If a class (Sz, S1) satisfies the condition C, then
(81, 82) also satisfies the condition C.

Proof. Suppose that M = I';(M) and (0 :p; I) € (S1,S2). Then we have to show M € (51, 8,).
Since (0 :py I) € (S1,82), there exists an R-submodule L € & of (0 :p I) such that
(0:p I)/L € S. We consider a commutative diagram

0 L » (0 [) —— (0 I)/L —— 0O
H | |
0 L > M — M/L —— 0

with exact rows. To prove our assertion, it is enough to show that
F[(M/L):M/L and (0 :M/L I)G (52,51).

Indeed, if we can show these, then M/L is in (Ss,S;) by the condition C; for (S,,Sp). Fur-
thermore, since (S1,8,) is a Serre subcategory, it holds (S3,81) C (S1,S2) by Theorem (.2
Therefore it follows from L € S and M/L € (51, 8,) that M is in (51, Ss).

The first is clear by Supp(M/L) C Supp(M) C V(I). To see the second, we apply a functor
Homp(R/I,—) to the short exact sequence

0—L—M—M/L—DO0.
Then there exists an exact sequence
0 — (0 1) — (0:p I) == (0:pyp I) — Extip(R/I,L).

It follows from L C (0 :j; I) that we have (0 :f I) = L, so that Im(y) = (0 :py I)/L € Ss.
Moreover, we have Extp(R/I,L) € S; by Lemma 5.2 Consequently, we see (0 1/, I) €
(S2,81).

The proof is completed. O]

Finally, we try to apply the notion of (S;,Ss) to the local cohomology theory. It seems that
we can rewrite several results of it concerned with Serre subcategories. However, we shall only
rewrite [3, 7.1.6 Theorem| as demonstration here.
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Proposition 5.4. Let (R,m) be a local ring and I be an ideal of R. For non-zero Serre
subcategories Sy and Sy of R-Mod, we suppose that a class (S1,S2) satisfies the condition C7.
Then HI™M (M) € (81, 8,) for any finitely generated R-module M.

Proof. We use induction on n = dim M. If n = 0, M has finite length. Since it is clear that finite
length R-modules are in any non-zero Serre subcategory, it holds I7(M) € S;US, C (51, Ss).

Now suppose that n > 0 and we have established the result for finitely generated R-modules
of dimension smaller than n. It is clear that H:(M) = Hi(M/I7(M)) for all i > 0. Thus we
may assume that I7(M) = 0. Then the ideal I contains an M-regular element x. Therefore

there exists a short exact sequence

0 — M 5 M — M/zM — 0,

and this sequence induces an exact sequence
H Y (M/zM) — H(M) = H}M) — 0.

By the induction hypothesis, Hy'(M/zM) € (S1,S,). Here, since (S;,S,) is closed under
quotients, (0 :gn) @) is in (S1,8,). Furthermore, since (0 gy 1) € (0 tppary ) and
(S1,82) is closed under submodules, (0 :grpn ) is in (81, Sy). It follows from the condition
C] for (81,82) that H?(M) is in (81,52).

The proof is completed. O
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