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ABSTRACT. We consider a Weitzenbock derivation A acting on a
polynomial ring R = K[£1,&a,...,&m] over a field K of character-
istic 0. The K-algebra R® = {h € R | A(h) = 0} is called the
algebra of constants. Nowicki considered the case where the Jor-
dan matrix for A acting on R, the degree 1 component of R, has
only Jordan blocks of size 2. He conjectured (|N]) that a certain
set generates R® in that case. Recently Koury ([Kh]), Drensky
and Makar-Limanov ([DM]) and Kuroda ([K]) have given proofs of
Nowicki’s conjecture. Here we consider the case where the Jordan
matrix for A acting on R; has only Jordan blocks of size at most
3. Here we use combinatorial methods to give a minimal set of
generators G for the algebra of constants R®. Moreover, we show
how our proof yields an algorithm to express any h € R® as a
polynomial in the elements of G.
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Let K be a field of characteristic zero and let R = K[, &, ..
be a polynomial ring over K in m variables each of degree 1. The
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ring R is graded by polynomial degree: R = &3 R;. A K-linear
operator A : R — R is called a derivation if A(ab) = aA(b)+ A(a)b. A
derivation d : R — R is called locally nilpotent if for every a € R there
exists a positive integer k such that A¥(a) = 0. A derivation whose
matrix representation on R; is a Jordan matrix with the zeros on the
main diagonal is called a Weitzenbock derivation. It is clear that if A
is a locally nilpotent derivation then by an appropriate choice of basis
we may suppose that A is a Weitzenbock derivation. The kernel of
A is a subalgebra of R called the algebra of constants and denoted by
RA. Weitzenbock’s Theorem ([We]) asserts that if A is a Weitzenbock
derivation then R® is a finitely generated K-algebra.

Recently the case where the Jordan matrix of A on R; consists con-
sist of entirely 2 x 2 blocks has been studied. Nowicki (|N]) conjectured
that for this case R is generated by certain linear and quadratic poly-
nomials. This was proved by Koury ([Kh]), by Drensky and Makar-
Lima ([DM]) and also Kuoda ([K]). Here we consider the case where
the Jordan matrix of A on R; has blocks of size at most 3 and ex-
hibit a set of generators for R® in that case. Furthermore, we give an
algorithm for expressing any element of R® as a polynomial in those
generators.

Rather than studying the kernel of A we may shift perspective and
consider o := €7 = 14+§+62/2!+63/3!+.... Then o acts invertibly on
Ry and R. We consider the infinite cyclic group G of algebra automor-
phisms of R generated by o. The R® = RY, the ring of G invariants.
We may use Robert’s isomorphism to show that R® = RE =2 §5L2(K) for
a certain polynomial ring S on which SLy(K) acts linearly. This allows
us to use the classical invariant theory of SLy(C) to derive properties
of R2. For a discussion of this approach see [W] or [B]. For a modern
treatment of Robert’s isomorphism see [P, Ch. 15 §1.3 Theorem 1] and
[BK].

Another way to proceed is to use Z[¢1, &, ..., &y in the role of R
and then reduce modulo a prime p. In this setting the cyclic group
generated by o is C),, the cyclic group of order p and we study its
ring of invariants Z/pZ[&,, &, . . ., &% . From this perspective compute
Z[&1, &y 6 )R = lgnZ/pZ[fl, &,y ,&]S;;. See [W] for a discussion
of, and examples of this approach.

Here we use a simple combinatorial method. This is a generalization
of the method used in [CSW] where we considered a question related
to Weitzenbock derivations with Jordan blocks of size 2.
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2. MAIN THEOREM

Theorem 2.1 (Main Theorem). Suppose the Weitzenbick derivation
acts on on a polynomial ring R via a Jordan matriz on Ry consisting
entirely of Jordan blocks of size 3. Write

R= K[xl,yl,zl,xg,y2,22, .. .,xn,yn,zn]

and write

A= Z(z +yzi)-

Z

Then the algebra of constants R® is minimally generated as a K -algebra
by the following elements:

(1) fa) == x; where 1 <i<n;

(2) fuj) == wiy; — x5y where 1 <i < j<n;

(3) 9(ij) = ®izj — yiy; + ziw; where 1 <i < j < n;

Ti Yi <
(4) gijry =det | x; y; 2 | wherel <i<j<k<n.
Tk Yk Zk

Remark 2.2. Ifn = 2 we only get three generators fuy = x1, fi2) = T2
and fuo) = T1y2 — Toy1. If n = 1 we only get the single generator
foy =21

Remark 2.3. Note that if the Weitzenbick derivation A acts on a
polynomial ring P via a Jordan matrixz on Py consisting of blocks of size
at most 3 then we have a surjective algebra homomorphism 1y : R — P

which commutes with the action of A. Then ¢ : R® — P* s also
surjective and V(G) forms a generating set for P>,

In addition to the usual polynomial degree we will multi-grade R =

Kz, o, ooy Tny Y1, Y2y« -« 3 Yny 215 22, - - -, 2n) Dy N where the multi-degree
of the monomial x‘flyl{lzflx;? cee 2 s (ap by 41, a0+ bo+ oy an+

by, + ¢,). We say a polynomial h is multi-linear if it is homogeneous of
degree (dy,ds, . ..,d,) where each d; < 1.

We will work with monomial orders. For a discussion of lead mono-
mials and monomial orders we refer the reader to [CLOL Ch. 2]. All
tensor products are over the base field K.

Let G denote the set of elements listed in Theorem 2.1l It is easy to
verify that each of these elements is annihilated by A. Furthermore,
by considering multi-degrees it is easy to show that the elements of
G minimally generate some K-algebra (). We begin by sketching the
main steps in our proof that Q = R”.
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Suppose that h € R is a homogeneous polynomial of multi-degree
(dy,ds, ..., d,). We consider the polynomial ring

S = K[Xh}/h ZI7X27}/27 Z27 s 7Xd7Yd7 Zd]

where d = dy + dy + - - - + d,,. By abuse of notation we consider A to
be a Weitzenbock derivation on S. via A(Z;) = Y;, A(Y;) = X; and
A(X;)=0fori=1,2,...,d.

We will use the classical techniques of polarization and restitution.
In the next section we briefly describe these two techniques in a setting
tailored to our needs. For a detailed discussion in a general setting, we
refer the reader to the excellent book of Procesi ([P, Ch. 3 §2]). Po-
larization is a K-linear operator P : Rdy,ds, . . ., aln)A — S(A1,1,...,1) and
restitution gives a K-linear operator RS(A1,1,...,1)' These two operators
are inverses of one another.

The full polarization H := R(h) € S(A1,1,...,1)- We find an explicit basis
B, for S(A1,1,...,1) and so may write H = ZEeBd cgFE for scalars cg € K.
Then restituting H yields h = > ;5 cgR(E). The theorem then
follows from the fact that each R(F) may be expressed as a polynomial
in the elements of G. Since we may give these polynomial expressions
explicitly and since we have an algorithm to compute the scalars cg we
get an algorithm for expressing h as a polynomial in the elements of G.

The main difficultly in the proof as outlined above is to find the basis
By of S(A1,1,...,1)- We will construct a directed graph, in fact a rooted tree,
I’ and consider the set of paths Path,; of length d starting from the
root. Naturally associated to each such path v we have a multi-linear
monomial A(y) € S. We will construct a set map 6 : Pathy — S(A1,1,...,1)

such that LM(0(v)) = A(y). Then showing that dim S(A1,1,...,1) = |Pathy|
proves that 6(Path,) is a basis of S(A1,1,...,1)-

3. POLARIZATION AND RESTITUTION

Here we give a brief description of the classical techniques of polar-
ization and restitution. Our discussion tailored to our needs. For a
complete discussion in a general setting, see Procesi [P, Ch. 3 §2].
Suppose that f(x1,y1, 21, T2, Y2, 22, - - - s T, Yny 2n) € R is a homoge-
neous polynomial of multi-degree (dy, ds, ..., d,). We consider the poly-
nomial rings T = Klz1,91,-..,2n, X1, Y1, 21, Xo, Y2, Zo, ..., Z4] and
S = K[Xl,Yl,Zl,Xg,Yé,Z%...,Zd] where d:dl +d2++dn We
view both S and R as subalgebras of T'. By abuse of notation we con-
sider A to be a Weitzenbock derivation on both 7" and S by declaring
that A(Z;) =Y;, A(Y;) = X; and A(X;)=0fori=1,2,...,d.
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Let D; ; denote the differential operator

0 0 0
g, T rra g T driki g

where r; = d; + dy + - - + d;_1. Then the full polarization of f is the

element
d1'd2 d, 'HHD”f

=1 j=1
The full polarization P(f) is multi-linear, i.e., it lies in S(1,1,1). Note
that

Sty 2K[X, Y1, 211 @ @K X, Yy, Zdh 2 V3@ Va®--- @ Vs .

Corresponding to the full polarization is restitution. This is the
algebra map R : S — R determined by R(X;) = z;, R(Y;) = y; and
R(Z;) = z; where j is defined by r; < j < riyq and r; = dy + dy +

-+ 4 d;_1. Thus we have a full polarization operator and a restitution
homomorphism for each multi-degree (dy,ds, ..., d,) of R.

The following theorem summarizes the properties of polarization and

restitution we will use. Proofs may be found in [Pl Ch.3 §2].

Theorem 3.1.

Di,j = Xr

P(f) =

......

777777

5) R(P(f)) = f and P(R(F)) = F, i.e., P and R are inverse set
maps.

(2)
(3) :
543 R:S(All N —>R(Ad1d2 _____ -

4. TENSOR PropuUCTS OF JORDAN MATRICES

We seek to find the Jordan form for A on ®?V5 where d is a positive
integer. Let J,(\) denote the n x n Jordan matrix with a single Jordan
block and eigenvalue .

The derivation A on Sy 3, 1) = ®%V5 has Jordan decomposition

@ﬁ“;lﬂd(h)Jh(O)
for some integers u?(h) € N . Here we write t.J,(0) to denote the direct
sum of ¢ Jordan blocks of size h and eigenvalue 0.

It is not hard to see that the action of o = ¢® on ®%V5 has Jordan
matrix given by @5, u?(h)J,(1). In particular, the matrix of o on V3
has Jordan form J5(1). To determine the numbers p?(h) we work with
o rather than with A directly. Hence we need to find the Jordan form
for the Kronecker power ®?.J5(1). To do this inductively it suffices to
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decompose the Kronecker product J,,(1) ® J,(1) into a sum of Jordan
blocks.

The question of the Jordan decomposition of the Kronecker product
of Jordan matrices was considered early in the last century. The follow-
ing theorem which provides the solution for the Jordan decomposition
of J,,(A\) ® J () was ennunciated at that time (see Al ILL [R]). However,
it was not until rather later that a correct proof of this result [Brl [MR]
was given. For a discussion of the history of this problem see [Br] or

[W].

Theorem 4.1. Let 1 <m < n. Then

Jimn(1) @ Jn(1) = o1 (1) ® Jnoms3(1) S g5 (1) @+ B g1 (1) -
This yields the following.

Lemma 4.2. Suppose h is an odd positive integer. Then
p'(h) = o,

and

Iud—l—l(h) _ :ud(3)> th = 1;
pt(h —2) 4+ pt(h) + pi(h +2), if 3 <h.

ford > 1.

5. THE REPRESENTATION GRAPH

In this section we introduce a directed graph I' which encodes the
Jordan decomposition of tensor powers of J3(1). In order to simplify
the exposition, we will consider I' as embedded in the xy-plane in the
first quadrant.

I' is tree with root at the point (1,0). The vertices of I' are the
integer lattice points in (h,d) in the first quadrant with h odd and
which lie on or above the line y = = — 1, i.e., the points (2a+ 1, d) with
a,d € Z and 0 < 2a < d. We will also attach labels to the edges of
I'. Every vertex (2a + 1,d) of ' has a directed edge going up and to
the right to the vertex at (2a + 3,d + 1). We label this edge with the
symbol Xg.1. If 2a + 1 > 3 there is also a directed edge going straight
up from (2a + 1,d) to (2a + 1,d + 1). This vertical edge is labelled
Yai1. Finally | if 2a + 1 > 3 there is also an edge from (2a + 1,d) up
and leftward to (2a — 1,d + 1). This edge is labelled Zg4.

Consider a path in the directed graph from the root (1,0) to a vertex
(2a + 1,d). Reading the edge labels of this path yields d labels, each
from the set {X1,Y1, Z1, Xo, Y, Zs, ..., Xy, Yy, Z4}. Furthermore each
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of the subscripts 1,2, ...,d occurs exactly once. Multiplying these la-
bels together yields a monomial of degree d in S 1, 1) = ®@%Vs. Thus
to each path v of length d originating from the root we have associated
a monomial which we denote by A(y). We call the monomials which
can be constructed in this manner, path monomials and we denote by
My the path monomials arising from paths of length d.. We will show
that these path monomials are exactly the lead monomials of elements
of S(Al,l ..... = (®7V3)%.

We begin by counting paths in I'. Let v%(h) denote the number of
distinct paths in I' from the root (1,0) to the vertex (h,d). With this
notation we have the following lemma whose proof is left to the reader.

Lemma 5.1.
VO(h) = 6y,
and

- B Vd(?))’ if h =1;
v (h) = {Vd(h— 2) +vi(h) +vi4(h+2), if3<h.

The following corollary is immediate.
Corollary 5.2. For all d € N and all odd positive integers h we have
ui(h) = (R
6. A VECTOR SPACE BASIS FOR Sf,

We define the following multi-linear elements of S2:
(1) Fy :== X; where 1 <4 < n;
(2) Fujy = XY, — X;Y; where 1 <i < j <n;
(3) Gpijy = XiZ; = Y;Y; + Z;Y; where 1 <i < j <n;

Xi Yy Z;
(4) G{@j,k} = det Xj Y} Zj where 1 <1 <j < k<n.
Xe Yi Zy

From these elements we inductively construct two families of multi-
linear elements of S* as follows.
(1) Flivsin,icy = Flinsinsisioic Givisy — Fliv,iasissicoic} Gissis)
where 1 <1 <ig <--- <4y <nandt>3.
(2) Girsin,.nie = Gligsinsissionnic) Ginsis) — Giniasisiis...in} Gliniis)
where 1 <4y <ig <--- <4y <nandt>4
We denote the union of these families by B and we write B, to denote
those products of elements of B which have total degree d and lie in
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We use the lexicographic order on S determined by
Iy >Y, > X, >Z, 1 >Y, 1 >X1 > > 21 >Y > X
The following lemma exhibits the two largest terms for elements of B.
Lemma 6.1. Let 1 < iy <ig--- <ty <n. Then

(1) F{il,iz ----- it} — XYy, Y3 Yo - Y, =Y, Xo, Y, Yo, - Y + Lo.t.,
if t > 2.

(2) G{i1,i2 ----- W — Xilyyizy;'a (7 .}/;t—l (. Y;'1Xi2Y;
+ lo.t., ift>3.

3}/;'4 e Yyitfl it

Proof. The proof is by induction on t. The result is straightforward to
verify for ¢ = 2, 3. For higher values of ¢ we have (using induction)

f{il,iz ..... iy = f{iz,i4,i5...,it}g{1,3} - f{i1,i4,i5,i6...,it}g{i2,i3}
= (XYY Yy = Yo X,y - Yi, + Lot)(Xi, Ziy — Yi, Vi, + Z3,V3,)
— (XYY Y, =Y, XY, Y, 4 Lot (X, Ziy — Yi,Yi, + Z3,Yi5)
= X, X0, Z0,YiYiy - Yi, — XY 23, Y3, Yy - Yi, + Lot
— Vi Xy Vi Vi Yy Vi, + Vi Y Vi Xo Yy Vs, + Lot
+ 2, X3, XY, Y, Y, — 2V, X X, Yi, - Y, + Lot
- X, X, 2., Y, Y, + Y, X, 2, X, Y, - Y, + Lot
+ X0y Xy Zi Y Y Y = Vi Y Yi XY Y, + Lot
— X0 Ziy X, Yo Yiy Vi + Y0 Zi, X0, X0, Yy - Yi, + Lot

= Xil}/iz}/is}/iz;}/is t '}/;t - }/Z’lx@}/;?)}/;zl}/is te '}/;t + lo.t.
The proof for (2]) is similar with the cases ¢t = 3,4 being easily verified.

Givsinyicy = Glissinsis..i G113} — Giyiaisyieeic} G lizyis)
= (XYY - Y, = Yo Xo,Ye, Y, Zi, + Lot ) (X, Zy, — Y3V, + Z2,,Y5,)
(XY Yi o Yi = Vi Xo i Y Zi 4 Lot )(Xi, Ziy — Yo, Yi + Z3,Yid)
= Xy X, 23, Y3, Yis - Y5 Ziy, — X Y3, 23, Y, Vi - Y5, Zi, + Lot
=Yy Xy, Y, Yo, Yo o Y5 Zi, + Y3 Y3, Y Xa Y - Y, Zi, + Lot
+ Ziy Xy Xiy Y, Yis - Yi, 2oy — 20 Y Xiy Xiy Yis - Yi, 23, + Lout.
- X X, 2, Y, Yy Y5 23, + Y X, 23, X, Y - Y5, 2y, + Lot
+ Xy X0, Z3, Y, Yy - Y 24, = Y Y3, Y X0, Y - Y, Zs, + Lot
- X 2, X3,V Y - Y5 23, + Y, 23, X5, X, Yy - Y5, 2, + Lot
= X3, Y, Yo, Y - Yi 2, — Yy X3, Y3, Ve, Y, - Y Zi, + Lot

5 5

5

U
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In Proposition R.1I], we will prove that By is a vector space basis for
Sa .
1,1,...,1)

7. DEFINITION OF 6 AND ¢
We will define a set maps
¢ Md — S(l 1,..., )

and
9 Pathd — S(l 1,..., )

such that LM(0(~)) = A(y). Furthermore, 6(v) will be a product of
elements from B and so 6(vy) € By. Since 6 = ¢ o A it will suffice to
define ¢.

Let a be a monomial in S. Put suppy(a) = {i | X; divides a},
suppy (o) = {i | Y; divides o}, supp,(a) = {i | Z; divides o} and
supp(a) = suppy(a) U suppy (@) U supp,(«). Suppose that o € M.
Note that supp(«) is the interval [1, d].

We define ¢(a) as follows. Write suppy,(a) = {ki, ks, ..., ks} where
ki < ko < -+- < ks. We begin by defining {i,1i,...,is} C suppy(«)
with 4; > d9 > -+ > i, Let iy := max{i € suppy(«) | ¢ < k1} and put
I; := [i1, k1] (an interval). Let iy := max{i € suppy(«) | ¢ < 41} and
Iy := ig, ko] \ I1. In general, i, := max{z € suppy(a) | i < i,—1} and
Iy = [ig, kg) \ (W21 1) for g =2, ..

Define @ = a/([[;— 1LM(GIZ)). Then supp(@) = [1,d] \ (L5_, ).
For each j € suppy (@) we define succ(j) := min{i € supp(a) | i > j}.
Let {j1,Js.--,Je} = {j € suppy(@) | succ(j) ¢ suppy (@)} where
J1 < j2 < -+ < ji. Next we define {i},d),...,4,} C suppy(@)} with
iy > iy > -+ > i, as follows. Let i} := max{i € suppy (@) | i < j1}
and I := [i}, j1] Nsupp(@). Let i} := max{i € suppy (@) | i < iz} and
I3 = ([iy, jo] \ 17) N supp(@). In general, i; := max{i € suppx(a@) |
iqg < dg—1} and I} = ([i, jg] \ (WIZ11})) N supp(@). We put [” :=
[1,d] \ ((L5_, ) U (Li_,1))). Note that I” C suppy(a).

Finally, we define

o) =([6n) I F) - (] Fp)
/=1 =1

ie[”
For each / =1,2,...,s we have min I, = 7, and max I, = k. Define
Jp = {] el | w<j< k‘g} Then LM(G]Z) = Xie . (HJGJZY}) Zke
For each ¢ =1,2,...,t we have min I; = i, and max I} = j,. Define

Jp = I\ {z;}. Then LM(Fy) = Xy, - ([Tje, Y3)-
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Therefore LM(¢(a)) = a as required. Furthermore, ¢(«) is a product
of elements of B and thus ¢(a) € By.

8. PROOF OF THE MAIN THEOREM

We now prove that path monomials are exactly the lead monomials
of multi-linear constants and so € provides a bijection between paths
of length d and a basis of the degree d multi-linear constants, S(AL1 ..... 1

Proposition 8.1.
My = {LM(f) | deg(f) = d, f € S{1..1)} -
Moreover, {0(v) | v € Pathq} is a vector space basis for S(AL1 _____ -

Proof. Since LM(¢(«)) = « for all a € M, it follows that M; C
{LM(f) | deg(f) = d,f € Sg,. .y} Since #M; = #Pathy =

> odd,hgd’/h(d) = > odd,hgd:uh(d) = dimS(Al,l ,,,,, 1)} = #{LM(f) |
deg(f) =d, f € S§,. .1y}, we see that My = {LM(f) | deg(f) = d, f €

.....

......

Furthermore, LM(¢(a)) = « for all @ € M, implies that the set
o(My) = 6(Path,) is linearly independent. Therefore (Path,) is a
basis of S(AL1 7777 - O

Remark 8.2. In fact it is possible to show that if v is a path from
the root to (h,d) then 6(7y) is an eigenvector corresponding to a Jordan
block of size h.

Suppose h lies in the algebra of constants R”. Further suppose
that h is homogeneous of multi-degree (di,ds,...,d,) and put d :=
dy+dy+---+d,. Let H denote the full polarization P(f) of h. Then
H ¢ S(AL1 """ 1y Thus H = > pep, ceE. In fact we may compute these
coefficients cp as follows. We know LM(H) = A(y) for some ~; €
Path;. Then the lead term of H is ¢, A(v;) for some scalar ¢,,. Thus
LM(H) > LM(H — ¢, 6(71)). By induction on lead monomials we may
may compute the coefficients ¢,, in the expansion H =Y, ¢,,0(7;).

Then h = R(H) = >_._, ¢,,R(0(v;)) where each 0(v;) € B;. Each
E € By is of the form E = [[,;c4 Fr - [[;/c4 Grv for some index sets A
and A’. Thus R(E) = [[,ca R(F7) - [I;en R(Gr).

Lemma 8.3. Let ) denote the K-algebra generated by G.

(1) R(F;) € Q for all index sets I.
(2) R(Gp) € Q for all index sets I' with #I' > 2.
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Proof. We prove the first assertion; the proof of the second is similar.
The proof is by induction on #I. If #I = 1 then R(F}) = z; € G for
some i. If #I = 2 then R(F}) = x;y; —z;y; for some i < j and so either
R(F;) € Gor R(F;) =0. If #1 > 3 then F; = F4Gp— FoGp for some
index sets A, B,C, D and R(F;) = R(FA)R(Gg) — R(Fc)R(Gp) lies
in @ by induction. O

This lemma completes the proof that R® is the K-algebra generated
by G. Moreover, the proof of the above lemma provides an inductive
algorithm for writing any element of B as a polynomial in the elements
of G.

I thank Megan Wehlau for a number of useful discussions which led
to this work. The computer algebra program Magma ([BCP]) was
very helpful in my early explorations of this problem. The author was
partially supported by grants from NSERC and ARP.
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