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DETERMINISTIC SPECTRAL PROPERTIES OF ANDERSON-TYPE
HAMILTONIANS

CONSTANZE LIAW

ABSTRACT. This paper concerns the deterministic spectral properties of the self-adjoint
operator A, = A+ V,, where V,, = 3 wn(-,¥n)pn on a separable Hilbert space H with
a sequence {¢n} C H. Here w = (wi,ws,...) is a random variable corresponding to a
probability measure P on R*® which is merely assumed to satisfy Kolmogorov’s 0-1 law.

The main result - part 3 of Theorem [B1] - states that under mild cyclicity conditions the
essential parts of A, and A, are almost surely with respect to the product measure P x P
unitary equivalent modulo a rank one perturbation. Its proof is based on the techniques and
results developed by A.G. Poltoratski in [g].

1. INTRODUCTION

In 1958 P.W. Anderson suggested that sufficiently large impurities in a semi-conductor
could lead to spatial localization of electrons, see [I]. Since then the field has developed
into a rich theory. A vast amount of progress has been made by both the mathematical and
the physical community. Despite being one of the most studied problems in Mathematical
Physics, the Anderson model, is far from being completely understood. Many problems with
striking physical relevance remain unsolved, e.g. the so-called Anderson localization.

The deterministic dynamical properties of Anderson-type Hamiltonians, introduced below
in subsection [[LT], are the focus of this article.

1.1. Anderson-type Hamiltonian. Let A be a self-adjoint operator on a separable Hilbert
space H. Let {¢,} C H be a sequence of mutually linearly independent unit vectors in H,
and let w = (w1,ws,...) be a random variable corresponding to a probability measure P on
R*°. Assume that P satisfies Kolmogorov’s 0-1 law (see subsection below).

The Anderson-type Hamiltonian is formally given by

(11) Aw :A+Vw on Ha Vw = an(y(ﬂn)@n

Assume that A, is almost surely essentially self-adjoint.

Remarks. (a) Literature provides many sufficient conditions for the formal expression (L.II)
to yield an almost surely essentially self-adjoint operator. For example, if the vectors ¢, are
mutually orthogonal, then it suffices to assume ) |w,| < oo almost surely.
(b) Let Y |wy| < oo almost surely. Then we have the almost sure self-adjointness, if the
sequence {yy} consists of linear combinations of vectors from an orthonormal basis {fy,}
where each f,,, occurs only in finitely many ¢,,’s. In this case, the vectors in the sequence
{¢n} are not mutually orthogonal (we still assume that they are mutually independent).
(c) It is possible to consider so-called singular form bounded perturbations, where the vectors
¢n, come from a larger Hilbert space which is usually denoted by H_1(A) (see e.g. [7]). This
extension is necessary, in order to include the continuous Schrodinger operator with random
potential, since the delta distributions do not belong to the underlying Hilbert space.
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(d) For more singular perturbations, i.e. vectors ¢, ¢ H_1(A), the difficulty consists of
defining the self-adjoint extension uniquely, see e.g. [6].

(e) In general, the perturbation V,, is almost surely a non-compact operator. Therefore, many
results from classical perturbation theory cannot immediately be applied here.

This definition slightly generalizes the Anderson-type Hamiltonians that were considered
in [3] and [4] to the case of non-orthogonal sequences of vectors {¢,}. The results in [4]
provide a good picture of the deterministic structure and properties of the spectrum of the
Anderson-type Hamiltonian.

Probably the most important special case of such Anderson-type Hamiltonians is the dis-
crete Schrédinger operator with random potential on [2(Z%) given by

Af(@) = =D f@) ==Y (flz+n) = f(2)), ¢nlz)=0u(x) = { (1) clse.
[n|=1

In fact, most Anderson models are special cases of the Anderson-type Hamiltonian given
by (II).

1.2. Outline. We conclude this section with some notation used throughout this article.

In section 2l we review selected results from perturbation theory, and remind the reader
of the definition of and a few facts about the Krein—Lifshits spectral shift function for rank
one perturbations.

The main results are stated in section Bl Their proofs can be found in sections [ and [l

1.3. Notation. Briefly recall one of the standard ways to split up the spectrum of a normal,
ie. T*T = TT*, operator T. By the spectral theorem operator T is unitarily equivalent
to M., multiplication by the independent variable z, in a direct sum of real Hilbert spaces
H =& [ H(z)dp(z) with positive spectral measure dp on C.

By T,. denote the restriction of 7" to its absolutely continuous part, i.e. Ty is unitarily
equivalent to MZ‘ ® [ H(=)dpac(=)" Similarly, define the singular, singular continuous and the

pure point parts of operator 7', denoted by T, Ty, and Ty, respectively.

Recall that an operator T is said to be cyclic, if for some ¢ the span of the orbit T"p,
n € N, is dense in the Hilbert space H; or equivalently, if L?(u) = @ [ H(z)du(z), that is if
there is only one fiber in this direct sum of Hilbert spaces for some real-valued Borel measure
 on the real line. We say that Ty is cyclic, if L?(pac) = @ [ H(2)dpac(2).

Let o(T') denote the spectrum of a (closed) operator T. We use

oess(T) = o(T)\{isolated point spectrum of finite multiplicity }

to denote the essential spectrum of T'.

The essential support of the absolutely continuous part of a measure 7 (on R) is given by

. 1 r+e
€SS-SUpp Tac = ¢ € R: lim — dr >0and <oo;.
{ e—02¢ r—g }

At this point it is worth mentioning that ess-supp 7ac C supp 7ac may happen. For example,
let 7. be given by the Lebesgue measure on intervals that have all rational points of [0, 3]
as centers and with width 27, Outside those intervals, 7T, is the zero measure. For the
Lebesgue measures we have | ess-supp 7ac| = 2 # 3 = | supp 7ac|-

Further, we write A ~ B for two operators A and B, if the operators are unitary equivalent,
i.e. UAU™! = B for some unitary operator U. The notation A ~ B(mod Class X) is used, if
there exists a unitary operator U such that UAU~! — B is an element of Class X. At this
Class X can be any class of operators, e.g. compact, trace class, or finite rank operators.
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2. PRELIMINARIES

2.1. Perturbation Theory. Perturbation theory is concerned with the general question:
Given some information about the spectrum of an operator A, what can be said about the
spectrum of the operator A + B for B in some operator class? Depending on which class of
operators the perturbation B is taken from, we obtain different results of spectral stability,
i.e. preserving of parts of the spectrum under such perturbations.

For self-adjoint operators A and B let us recall the following well-known theorems that
will be used in the proof of Theorem B.1] below.

Theorem 2.1 (Weyl-von Neumann, see e.g. [5]). The essential spectrum of two self-adjoint
operators A and B satisfies 0ess(A) = 0ess(B) if and only if A ~ B(mod compact operators).

Theorem 2.2 (Kato-Rosenblum, see e.g. [5]). If for two self-adjoint operators we have
A ~ B(mod trace class), then their absolutely continuous parts are equivalent, i.e. Aye ~ Bac.

Remarks. (a) In [2] Carey and Pincus found a complete characterization of when we have
A ~ B(mod trace class) in terms of the operators’ spectrum.

(b) Two operators satisfy A,c ~ Bac if and only if the essential support of their spectral
measures are equal up to a set of measure zero.

2.2. Kolmogorov’s 0-1 law. An event A C R is said to be a tail event, if its occurrence
or failure is independent of finitely many values of the random variable. In other words, A is
a tail event, if w = (w1,ws,...) € A, implies that all n = (91,72, ...) with g = wy for &k > N
and some N, satisfy n € A.

We say that a probability distribution P on R* satisfies Kolmogorov’s 0-1 law, if any event
is a tail event.

Theorem 2.3 (Kolmogorov’s 0-1 law). If A is a tail event, then P(A) =0 or P(A) = 1.

Consider the Anderson-type Hamiltonian A,, given by (II]). As an immediate consequence
of Kolmogorov’s 0-1 law we mention the following observation.

Observation 2.4 (Kolmogorov’s 0-1 law applied to Anderson-type Hamiltonians). Assume
that the probability distribution P satisfies the 0-1 law. Then those spectral properties that are
invariant under finite rank perturbations are enjoyed by A, almost surely or almost never.

2.3. Cauchy transform. The deep connection between operator theory and the Cauchy

transform
1 dr(t
KT(Z):—/ T(), z € Cy,
TJrt—2

of an operator’s spectral measure 7 poses - although well studied - still a wonderful source of
information. This connection is frequently used to learn about the spectral properties of the
operator under investigation.

It is well-known that the density of the absolutely continuous part of the measure can be
recovered via

(2.1) dTae(z) = liﬁ}%KT(az +iy)dr, x€R,
Y

where & denotes the imaginary part.
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In order to avoid difficulties with convergence, we also introduce an alternative definition
of the Cauchy transform

1 1 t
Ki7(2) = = /R e dr(t), z € Cy.

It is worth mentioning that (for 7 such that K7 is defined on C.) the real part of K;7
differs from the conjugate Poisson integral by a finite additive constant. The advantage of
introducing this alternative definition is that it is possible to define K7 for more general
measures 7 (because the kernel decays faster at infinity). Further notice that locally the K7
and K77 behave alike.

We use both K7 and K77 below.

2.4. Rank One Perturbations. The connection between operator theory and the Cauchy
transform also plays a central role in the spectral theory of rank one perturbations. Due
to space limitations, we merely recall the results that are applied later in this article. An
accessible exposition of the material, except Theorem 2.6 can be found e.g. in [10].

Let

(2.2) A=A+ alp)e, a€R,

be the rank one perturbation of a self-adjoint operator A with cyclic vector ¢. It is well-
known that ¢ is then also a cyclic vector of the operator A, for all @ € R. By pu, denote the
spectral measure of A, with respect to ¢, i.e. ((Ay — 2I)" Lo, Py = Jz d’:%it) for = € C\R.
We use the notation p = pp.

With the resolvent formula, it is easy to see that the measures p and p, of the rank one

perturbation (2.2]) are related via the Aronszajn-Krein formula

Ku

2.3 Klg=——"7+.
(23) a 14+ aKp

The Aronszajn—Donoghue theory gives a good picture of the spectrum of the perturbed
operator for rank one perturbations. One of its results says that the singular part of rank
one perturbations must move when we change the perturbation parameter a.

Theorem 2.5 (Aronszajn—Donoghue). For non-equal coupling constants o # 3, the singular
parts (fa)s and (pg)s are mutually singular.

2.5. Krein—Lifshits Spectral Shift for Rank One Perturbations. We present the
Krein—Lifshits spectral shift function in the case of rank one perturbations. For more de-
tailed explanations, examples and proofs we refer to [9] and the references within.

Consider the rank one perturbations A, given by ([22)) and their spectral measures p,
corresponding to the cyclic vector ¢.

Since the spectral measure p is non-negative, the imaginary part of its Cauchy transform
K (z) is non-negative for z € C;. Recall that the angular boundary values of the Cauchy
transform exits almost everywhere with respect to the Lebesgue measure. For every o € R
it is hence possible to find an essentially bounded by 7 < u(t) < 7, t € R, function and a
constant ¢ € R such that

(2.4) 1+ raKp = effiute,

Function w is called the Krein—Lifshits spectral shift of the rank one perturbation A,.
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Using the Aronszajn—Krein formula (2.3]) we obtain a relation between the shift function
and the measure p,,

(2.5) 1 — raKp, = e Kru=e,

We can label A and A, so that o > 0.
For such q, it is possible to define u via the principal argument

(2.6) u=arg(l+ maKu) € [0, .

Indeed, consider the logarithm of (24]), take its imaginary part and recall the relation (21I).

Now by breaking Ky into real and imaginary part Ky = iPu — Qu (where P denotes the
Poisson integral and ) denotes the conjugate Poisson integral), one can see that w jumps
from 0 to 7 at isolated points of supp ps. Similarly, the analog

u= —arg(l — maKuy)

of ([2.6) for u, implies that u jumps from 7 to 0 at isolated points of supp(pa)s-
Further the set where u € (0,7) is equal (up to a set of Lebesgue measure zero) to

ess-SupP (i) ac = €8S-SuPP(fha)ac-

Remark. These observations about the relationship between the spectrum of A and A,, and
the behavior of u give an alternative proof for the fact that the discrete spectrum of two
purely singular operators in the same family of rank one perturbations must be interlacing
(the Krein—Lifshits spectral shift must jump from 0 to 7 and then back).

Vice versa, it is well-known that for fixed o > 0 any measurable function u which is essen-
tially bounded by 0 < u < 7 is the Krein—Lifshits spectral shift of the rank one perturbation
M, + a(-,1)1 of the multiplication operator M, by the independent variable on L?(y). In
fact, given such a function u and « > 0 we obtain a unique pair of measures pu and v = i, if
we impose a normalization condition on the measures. For a = 1, we say that the measures
p and v correspond to u.

2.6. Equivalence up to rank one perturbation. The next theorem can be seen as an
inverse spectral problem in the following sense: It gives conditions on the spectrum of two
purely singular operators which guarantee that the operators are unitary equivalent modulo
a rank one perturbation.

Recall that two operators A and B are said to be completely non-equivalent, if there are no
non-trivial closed invariant subspaces H; and Ho of H such that A|7—L1 ~ A|H2‘ Clearly, two
operators are completely non-equivalent, if and only if their spectral measures are mutually
singular.

Theorem 2.6 (Poltoratski [8]). Let K C R be closed. By I = (z1;11), 2 = (2;¥2),. ..
denote disjoint open intervals such that K = R\|JI,. Let A and B be two cyclic self-adjoint
completely non-equivalent operators with purely singular spectrum. Suppose o(A) = o(B) =
K and assume that for the pure point spectra of A and B we have opp(A)N{x1,y1,%2,Y2,...} =
opp(B) N{x1,11,22,Y2,...} = . Then we have A ~ B(mod rank one).

The idea of the proof of our main result (part 3 of Theorem Bl below) is rooted in the
proof of Theorem In fact, we will need the version of this proof that is explained in the
last paragraph of this subsection. First, let us take a brief moment to recall its main steps.

The goal of the proof is to show that for any pair of mutually singular spectral measures
w and v on R there exist measures po and vy which are equivalent (respectively) and which
possess a Krein—Lifshits spectral shift ug. This is done by constructing ug as a certain limit of
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Krein—Lifshits spectral shift functions. The main part of the construction consists of recursive
applications of the following lemma.

Lemma 2.7 (Poltoratski [8]). Let u and v be singular measures on R, I C R be an open
interval, E C I be a closed set, |E| = 0. Suppose that I C supp p and I C suppv. Then for
any € > 0 there exist closed subsets F' and G of I , and measures p' and V' satisfying the
following conditions

1) |F|=|G| =0, u(G)=v(F)=0and E C F,

2) y ~plp and V' ~ v|g,

3) the measures ' and v' possess a Krein—Lifshits spectral shift u,

4) u=m on R\I and [,(m —u(t))dt <e.
Alternatively, condition 4 can be replaced by

5) u=m on R\I and [;u(t)dt < e, or by
6) u=0 on R\I andflﬂ—u( ))dt < e, or by
7) u=0 on R\I and [;u(t)dt <e.

Conditions 4 and 7 are used in the proof of Theorem to control the impact that
introducing a non-constant spectral shift function (and hence better approximating spectral
measures) on an interval where the spectral shift function in the previous step was constant
has on the parts of the previous measures (that already have the desired behavior). In the
first step of the proof of Theorem 2.6l Lemma 2.7]is applied without assuming condition 4
through 7 on the resulting Krein—Lifshits spectral shift.

Consider the interval I;. Fix 0 < ¢ < 7. We can easily alter the proof of Theorem

such that ‘ J; (e I u(t))dt| is arbitrarily small by imposing condition 4 on some part of I; and

condition 7 on the other part in the first step of the proof of Theorem 2.6l Changing the size
of those parts gives us the desired result.

3. THE MAIN THEOREM
Let A, be given by (I.I) and assume the hypotheses of section [L.1]

Theorem 3.1. In this setting, we have almost surely with respect to the product measure
PxP:

) (Aw)ac ( )ac;

2) A, ~ An(mod compact operator) and
3) If (Aw)ac is cyclic w € P almost surely, then (Ay)ess ~ (Ap)ess(mod rank one).

Parts 1 and 2 of Theorem [B.1] are proven in section 4l The proof of part 3 of Theorem B.1]
can be found in section [0l

Remarks. (a) Part 1 is essentially proven in [4] where the sequence {¢,,} was assumed to form
an orthonormal basis. Note that spectral properties are invariant under a change of basis.
We decided to repeat the statement here for completeness.

(b) Part 3 cannot be concluded trivially, e.g., by using Theorem [2.6] and part 1 and a separa-
tion of the singular from the absolutely continuous part, because embedded singular spectrum
can possibly occur. In particular, the singular spectrum of one operator may be interlaced
with the absolutely continuous spectrum of the other operator. For a more precise explana-
tion we refer to the first remark in section [Bl

(c) In the conclusion of part 3 it is necessary to restrict to the essential parts of the operators.
The statement A, ~ A,(modrank one) is not true. Indeed, because on the finite isolated
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point spectra of A, and A, might not interlace - one of the necessary conditions for two
operators to be unitarily equivalent up to rank one perturbation. In fact, between two points
in the discrete spectrum of A, there may be any number of points from the discrete spectrum
of A, (almost surely).

(d) If we make the mild assumption that the vectors ¢, are a cyclic family for A, almost
surely, then the almost sure cyclicity of (A, )a.c implies the almost sure cyclicity of (A )ess-
Indeed, for orthonormal sequences {p,}, it was proven in [4] that the restricted operator
(A, )s is cyclic almost surely. Also recall that that cyclicity of an operator is independent of
the choice of basis, and observe that the Anderson-type Hamiltonians (LIl), where the se-
quence {p,} is not required to be orthogonal, can be obtained from those with orthonormal
sequences (considered in [4]) by a change of basis. Finally note that the operators (A )ac and
(A, )s are completely non-equivalent, because the essential supports of their spectral measures
are mutually singular. So the cyclicity of (A )ac and (Ay)s implies the cyclicity of (A, )ess-
(e) In [II] B. Simon gives another set of sufficient conditions for cyclicity in the case of
discrete Anderson-type Hamiltonians.

4. PROOF OF PARTS 1 AND 2 OF THEOREM [B3.1

Proof of Theorem [3.1], parts 1 and 2. The words ‘almost surely’ in this proof refer to almost
surely with respect to the product measure P x P, unless otherwise stated.

Let Az denote finite rank perturbations of A, i.e. w # 0 only in finitely many components.

In particular, Az are compact and trace class perturbations of A.

To show part 1, fix point x € R. Without loss of generality, let ., denote the fiber of the
spectral measure of A, for which ess-supp i, is maximal (with respect to the inclusion of
sets). Let ug be the analog measure for Az. By the Kato-Rosenblum theorem, Theorem 2.2]
for almost every x € R we have = € ess-supp(p(0,0,0,...))ac if and only if x € ess-supp (g )ac-
In virtue of observation 2.4] we have that x € ess-supp(piy)ac almost surely or almost never.
The set (up to a set of measure zero) of points z for which the latter is almost surely true is
hence deterministic and part 1 is proven.

Part 2 follows in analogy from the Weyl-von Neumann theorem 211 U

5. PROOF OF PART 3 OF THEOREM [3.1]

Proof of Theorem [3 1], part 3. Most of this proof is to be understood almost surely with re-
spect to the product measure P x P, although this might not be stated everywhere explicitly.
Fix generic w and 1. By p and v denote the spectral measures of the operators (A, )ess and
(Ap)ess With respect to some cyclic vectors, respectively. (It is worth mentioning here that
the spectral measures of an operator corresponding to any two cyclic vectors are equivalent.)

Consider the measure 7 on R given by dr(t) = (t> + 1)~ 'dt.

The goal is to produce a sequence of spectral shift functions {u,} which converges in
measure with respect to 7 to a spectral shift function ug. The spectral measures pg and
vy corresponding to this limit function ug are then proven to be equivalent to the spectral
measures i and v, respectively.

First recall, by part 1 of Theorem Bl the symmetric difference ess-supp prac 2\ €Ss-SUpp Vac
is a set of measure zero (almost surely with respect to the product measure). Let us denote
the intersection of these sets by A = ess-supp ptac M ess-supp V.. Further, by part 2 of
Theorem B.1] and the Weyl-von Neumann theorem, Theorem 2.1] their essential spectra
satisfy oess(Aw) = supp pu = suppr. We use E to refer to this set.
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Notice that 4 and v are regular measures. Take open sets O,, such that
5.1) A C Ony1 C Op,
5.2) 7(0,\A) < n~127™,
5.3) |0, \A| < 1/n, and

5'4) Ns(ﬂ On) = Vs(ﬂ On) =0.

Being open, each O,, consists of countably many open intervals.
Let A, = UlL:"1 Ay be the union of finitely many disjoint finite open intervals such that

(5.5) A, C O,, and
(5.6) 7(0x\Ay,) < Cn~127"

Being open, each A,, consists of countably many open intervals. Without loss of generality,
we can assume that p and v have no singular parts on the boundaries 0A,, for all n. Indeed,
the set | J,, 0A,, is countable.

We define the set A = liminf, A,, i.e. a point x € A if and only if there exists N € N such
that ¢ € A, for all n > N. With this we have

(5.7) ACAC()On
By (B.1) and (53]) we have
(5.8) () On\A| = 0.

Finally, it is worth mentioning that the sets A,+1\A,, A\A4,, and A,\E may be non-empty.

Next, we define the sequence {u,} of Krein—Lifshits spectral shift functions recursively.

In order to define wuj, first observe that, by definition of E = 0¢ss(Ay), operators (A, )ess
and (Ajy)ess have dense singular spectrum on the set E\ clos(A). Hence it is possible to
choose two purely singular measures ' and v/ on R such that p/ and v/ are mutually singular
(' L), M/‘R\A = V’]R\A = 0 and so that 1 = ps+p’ and v; = v+ have dense alternating
spectrum on E. By Theorem 2.6, the measures p; and 1q possess a spectral shift function
u1, i.e. there exists a function u; which is essentially bounded by 0 < uq < 7 and such that

up = arg(l + Kup) = —arg(l — Kvy).

In what follows the idea is to destroy the artificially created (by adding p’ and v') singular
spectrum and produce appropriate absolutely continuous spectrum. This is accomplished by
carefully defining a sequence of spectral shift functions, the corresponding spectral measures
of which are ‘closer and closer’ to p and v.

The shift function uy is defined by

] w (), if x € E\Ay,
uz(x) = dist(R\Ay,z), if z € A;.

The spectral measures corresponding to w1 are denoted by p1 and vy.
Recall the definition of the sets A,, = Ulenl A, such that (5.5]) and (5.6) are satisfied. Let
A denote the symmetric difference of sets. From u,,_1 we recursively define

Up—1(), if x € E\[An A Ap—1],
(z) = |tp—1(z) — max{27" dist(R\ A, _1,z), 7/2}|, if x € A,\A,—1,
Unl) =19 o, if € R\(A, UE),

’LL*(JE), leEGEm(An—l\An))
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where u, - while corresponding to the singular measures p; and v; (on EN(A,—_1\ clos(4,)))
- is defined to be close to u,_1 in the sense of averages over certain intervals. The details of
the construction of u;, can be found below.

Let u, and v, be the measures corresponding to .

By the requirements (5.2)) and (5.6]), we have

(5.9) 7({ty # Up_1}) < Cn~1277,

Hence the sequence {u,} converges in measure with respect to 7 to some measurable Krein—
Lifshits shift function denoted by ug. Indeed, we clearly have 0 < ug < 7. Let pg and vg be
the spectral measures corresponding to the shift function ug (for o = 1).

Next, let us prove the x-weak convergence of the sequences {u,} and {v,} to o and vy,
respectively. Observe that for any sequence of measures &, (for which K, is defined) the
measures dk, converge x-weakly if and only if Kk, converges pointwise everywhere on R (due
to the density of kernels for z € Cy). And similarly for Kyk,. In virtue of (2.4]), it suffices
to show the x-weak convergence of wu,dz, or that for all compactly supported continuous
functions f we have f flup—1 — up)dz — 0O fast enough. The latter follows easily from
estimate (5.9) and the boundedness of the functions w,.

In the remainder of this proof, we show the equivalencies u ~ pg and v ~ vy. Recall
properties (5.7)) and (5.8).

First consider the absolutely continuous parts.

Take z € R\((O,). By (B.1), it follows that x ¢ ess-supp pac Lebesgue almost surely. On
the other hand, because of (5.7]), we easily see that up(x) € {0,7} Lebesgue almost surely.
So Lebesgue almost surely = ¢ ess-supp(ip)ac. By (B.7) and (5.8) we have |A\A| = 0 and
to obtain the equivalence of the absolutely continuous parts, it suffices to prove that piac is
absolutely continuous with respect to (u)ac on A. Indeed, we clearly have pinc ~ dx on A.

Let us prove that p,c is absolutely continuous with respect to (1)ac on \A.

By (B39) we have 7({un, # uo}) < C/n. Assume that 7({ug = 0} N A) = ¢ > 0 or
T({uop = 7} N A) = > 0. Then for n such that ¢ > C'/n we have

(5.10) T{up, =0}) >e—-C/n>0 or T{up, =7}) >e—-C/n>0.

The claim is that we can define v} so that (B.10) is contradicted. If the claim is true - by
defining u} in this way - assumption 7({ug =0} NA) =e >0or 7({up =7} NA) =e>0
cannot be maintained. By (2.I]), measure p,. is absolutely continuous with respect to (140)ac
on A.

We now prove the claim, i.e. we define v} so that 7({u, = 0N A}) = 0 and 7({u, =
0N A}) = 0 for all n. By definition, measure usg is equivalent to the Lebesgue measure on
Ag and p,, is equivalent to the Lebesgue measure on A,\A4,,_1. So the claim follows, if the
choice of w} on X = EN(A,—1\A,) does not destroy the absolutely continuous spectrum on
A, N A,_q for all n.

To see this take x € A,. It suffices to prove that

/ Un(t) =~ tna(t) dt| < oo
tex '

(5.11) —

Indeed, the latter, together with (2.4]), implies

have %($> < o00.

Recall that for fixed n each |A,_1,| < co. Let us subdivide each of the finitely many open
intervals A,_1;NX,l=1,...,L,_1, into intervals Iﬁ_ll such that ]Iff_l | = 2_]“_1\14”_171\
and arrange them in within A, _;; such that their length is decreasing as one gets closer

d’:" () < oo (Lebesgue a.e.). Further we

dpin—1
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and closer to the boundary d(A,_1; N X). Without loss of generality, we may assume that
Ccll‘t‘ (t) < oo or does not exist for all t € IF | 1 for all n, 1 and k, and similarly for % SF(t). Let
ufl 1 denote the average of u,_1 on I 1 i.e. qu 1= 17 ”\_ ffk _,, Un-1 )dt. Recall

that x € A,,. Then we have

U (t) — unl ' ZZ

Xr —
teX I=1 keN

=22 AP D ey =

n—1 l7 )
As it was explained in subsection [2.6] on each I _1, We can obtain a spectral shift function
uy, that corresponds to measures u, and v, Wthh are equivalent to 1 and vy, respectively,
on those intervals and such that for all n,! and &

k
/Ik Up(t) — Up_q ,dt

n—1,l

x—t

/ U () — up—1(t) i@t

n 1,1

un(t) —

tn— ”dt +C.

/ up,(t) — ufl_udt

I 1,0 —1,

(5.12) <e.

The choice of & = X =27 —I=k dist(1F 1») now implies (5.11)).

We have proven that fiae ~ (£40)ac- Slmllarly we obtain Ve ~ (19)ac-

Now consider the singular parts. Recall condition (5.4]), that j—’;(:n) = oo for a dense set of
x € E\ clos(A), and similarly for v, and that have no singular parts on the boundaries 904,
for all n € N.

We clearly have us(R\E) = (10)s(R\E) = 0.

Assume that pug is not equivalent to (19)s on E\[)Oy,. Then there exists a compact set
K c E\NO, such that the two measures are not equivalent on K. But by (G.I]) in the
definition of the sets O,, there exists N such that K C E\ ﬂn>N Oy,. Choose such N minimal

(i.e. such that KN Oy | # @). On E\ ﬂnZN O,, we have (ug)s ~ (1ty)s ~ pis. Indeed, the
second equivalence follows immediately by the construction. To see the first equivalence, it

suffices to mention that by the definition of u,, the expression ‘ i) A, Wdt is bounded

by C27" for fixed n and all z € E\A,, and that K C F\A, for all n > N. In particular, the
introduction of new intervals in A,, does not influence the behavior of u,, outside of () O,,.
Recall that us(()O,) = 0. Let us prove that the same holds for the singular part of pg.
As A C A we have O, = (NO,\A) U A.
On the set [ O, \ A we have defined p11 = (u1)s = 0. (Indeed, py = pus+p’ where %(z) =0

for all z € O, by (&.4) and é—’i(m) = 0 for all x € R\A by definition.) From there on we
have maintained (ul)s\mo \a, "~ (,un)s\mo \A and we have u,, € (0,7) on A,,. Note that,

in particular, (u,)s(0A,) = 0 because of the way the A,’s were chosen and by the above
argument.

By the definition of A, for every point x € A there exists N such that x € A, for all
n > N. Therefore, we have u,(x) € (0,7) for all n > N and it follows that (up)s(A) = 0.

Last but not least, if suffices to mention that by (5.4]) and by the definition of the w,,’s the
singular parts of u and g are equivalent on E\A.

In analogy we obtain vg ~ (1p)s. O
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