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1 Introduction and Statement of Results

The bulk of this paper will consist of proving the following Theorem on solving
linear equations in prime numbers:

Theorem 1. Let k > 3 be an integer. Let K;/Q be a finite Galois extensions
(1 <i < k) with G; = Gal(K;/Q). Let ay,...,ar be non-zero integers with
no common divisor. Let C; be a conjugacy class of G; for each i. Let K¢ be
the maximal abelian extension of Q contained in K;, and let D; be its discrim-
inant. Let D be the least common multiple of the D;. Let HY be the subgroup
of (Z)DZ)* corresponding to K¢ wvia global class field theory. Let H; be the
coset of HY corresponding to the projection of an element of C; to Gal(K®/Q).
Additionally let n by an integer and let A and X be positive integers, then

3 Hlog pi) = (H ||(G7||> CouCp (H cp> +0 (XF 1 og 4(x))

pi<X i=1 ptD
[K:/Q,pi]=C;
>, aipi=n
(1)
Where the sum of the right hand side is over sets of prime numbers p1,...,pn <

X so that Zle a;p; = n, and the Artin symbol [K;/Q, p;] lands in the conjugacy
class C; of G;. On the left hand side,

Cs = / c[0.X] (Zal Z)dar:l/\darzg/\ . Ndxy,

; QiT;=n

Cp=D

3

(#{{xi} € (z/DZ)")* : 2 € H;, % awi =n  (mod D)})
[, |Hil

and the second product is over primes p not dividing D of

C,=p (#{{xz} € ((Z)pz)*)* : Zle a;x;=n (mod D)}> '

(p—1)k
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Additionally the implied constant in the O term may depend on k, K;, C;, a;,
and A, but not on X or n. Additionally, if k =2 and K;,C;,a;, A, X are fixed,
then Equation (@) holds for all but O(X log=*(X)) values of n.

This Theorem should be thought of as a generalization of standard results
on the number of solutions in prime numbers to a single linear equation (see for
example Theorem 19.2 and Proposition 19.5 of [1]). Our principle innovation is
that in Theorem [l instead of letting the p; be any primes, we require that they
have specified Artin symbols with respect to the extensions K;. This necessitates
some changes to the right hand side of Equation [ from the standard results due
to (1) the Chebotarev Density Theorem, and (2) congruence relations forced on
the p; by Global Class-Field Theory.

We begin by describing the motivation behind Theorem [ and in particular
explain the various terms on the right hand side of Equation[Il To begin with,
the Prime Number Theorem says that the distribution that assigns log(p) to the
prime p, is approximated by the distribution assigning 1 to each positive integer.
The integral in C, provides an approximation to the number of solutions based
on this heuristic. The other terms on the right hand side can be thought of as
corrections to this heuristic.

The first of these to consider is (Hle “gl“) This term comes from the

Chebotarev Density Theorem, and expresses the fact that only a Ilg:‘\ fractions

of primes p have Artin symbol [K;/Q,p] = C;.

The terms Cp and C), can be thought of as local contributions coming from
congruential information about the primes p;. The term Cp encodes the idea
that rather than having a uniform distribution modulo D, primes p; in the
appropriate Chebotarev class instead have reductions that are uniformly dis-
tributed over H;. The correction term C,, finally encodes the fact that modulo
p primes are uniformly distributed over the non-zero residue classes, rather than
uniformly distributed over all residue classes.

Finally it should be noted that the error term is o(X*~!log(X)~!), whereas
if n is bounded away from both the largest and smallest possible values that
can be taken by > a;x; for x; € [0, X] then C will be on the order of Xk-1,
For K;,C; fixed, the first term is a constant. Cp is either 0 or is bounded
away from both 0 and co. Lastly, for p t Dn]]; a; inclusion-exclusion tells
us that C, = 14+ O(p~?), and for p|n, p t D[], a;, C, = 14+ O(p~*). This
means that unless Cj, = 0 for some p, [[,C} is within a bounded multiple of
IL,.(1 +O(p~1)) = exp(O(logloglog n)). Therefore, unless Cp = 0, C, = 0 for
some p, or n is near the boundary of the available range, the main term on the
right hand side of Equation [l dominates the error.

Our proof will closely mimic the proof of Theorem 19.2 in [I], although we
will have to redo much of the work in order to generalize to our larger setting.
The basic idea of the proof is fairly simple. We will be interested in studying
the generating function G for the prime numbers in a particular Chebotarev
class. We first show that G can be approximated in the L norm by a function
G*, which essentially replaces the Von Mangoldt function by a product of local



factors. This is done using separate techniques for evaluation at numbers with
or without good rational approximations. We consider the natural integral
involving the G’s to compute the left hand side of Equation [Tl and show that we
can afford to replace the G’s by corresponding G¥’s. From there the integral is
computed in a relatively straightforward manner.

Our treatment will proceed as follows. In Section 2l we will give a number of
definitions including those of G and G* and prove some basic facts about them.
We will also introduce a pair of functions F, and F* closely related to G and
G*, but somewhat easier to work with. In Section Bl we show that F* is a good
approximation of F in the L> norm. In Section [ we use this to show that G¥ is
a good approximation of G. In Section Bl we use these results to prove Theorem
[ Finally in Section [6] we provide an application of Theorem [l by using it to
construct elliptic curves whose discriminants are divisible only by primes that
split completely in some given extension of Q.

2 Preliminaries

In this section we introduce some of the basic terminology and results that will
be used throughout the rest of the paper. In Section 2] we define the functions
F and G along with some of the basic facts relating them. In Section we
define F* and G* along with some related terminology and again prove some
basic facts. Finally in Section 2.3]lwe prove a result on the distribution of smooth
numbers that will prove useful to us later.

2.1 G and F
We begin with a standard definition:
Definition. Let e(x) denote the function e(x) = ™.

We now define G as the generating function for primes < X with [K/Q,p] =
C.

Definition. Suppose that K/Q is a finite Galois extension with G = Gal(K/Q),
C a conjugacy class of G, and X a positive real number. We then define the
generating function

Gk.ox(a) = E log(p)e(ap).
p<X
[K/Q,p]=C

Where the sum is over primes p < X with [K/Q,p] =C.

G is a little awkward to deal with and we would rather work with a related
function defined in terms of characters. We first need one auxiliary definition:



Definition. Let L/Q be a number field. Let Ay, be the Von Mangoldt function
on ideals of L, defined by

Ap(a) = {1og<N<p>> ifa=p"

0 otherwise

which assigns log(N (p)) to a power of a prime ideal p, and 0 to ideals that are
not powers of primes.

We now define

Definition. If L/Q is a number field, £ is a Grossencharacter of L, and X a

positive number, define the function
Frex(@)= > Asa N(a)).
N(a)<X

Where the sum above is over ideals a of norm at most X. Notice that if € =1
this generating function is dominated by the primes in L with splitting degree 1
over Q.

Note that for both F' and G, we will often suppress the X when it is clear
what the cutoff is. We now demonstrate the relationship between F' and G.

Proposition 2. Let K and C be as above. Pick a c € C. Let L C K be the
fized field of c. Then we have that

Gk.cx(a :g: <ZX ) Fp x,x (« >+O(\/Y) (2)

Where the sum is over characters x of the subgroup {(c) C G, which by global
class field theory can be thought of as characters of L.

Proof. We begin by considering the sum on the right hand side of Equation (2]).
It is equal to

Y X(OFpyx(@ =% > Av(@)x(e)x(a)e(aN(a)

X N(a)<X
= > Asa ZX (IK/L,a])
N(a)<X
= ord(c) Z Ar(a)e(aN(a)).
(a)<X
[K/L al=c

Up to an error of O(v X), we can ignore the contributions from elements whose
norms are powers of primes, because there are O(v/ X /log(X)) higher powers
of primes that are at most X. Therefore the above equals

ord(c) Y log(N(p))e(aN(a)) + O(VX).
N(p)<X
[K/L,p]=c
N (p) is prime



We must now ask the question of which primes p € Z can be written as the norm
of a prime p C L with [K/L,p] = ¢, and for such p, how many different primes
p have this property. If we have such a p, it must have splitting degree 1 over
Q. Therefore if q is a prime of K sitting over p, then (unless q is ramified over
Q, which can be ignored since only finitely many primes ramify), the Frobenius
element of q in Gal(K/Q) must be c. In fact, since q is the only prime of K over
p, such ideals p correspond exactly to ideals q of K with [K/Q, q] = ¢. Therefore
a prime p € Z appears as the norm of such a p if and only if [K/Q, p] = C. Next
we need to know if p is such a prime how many such ideals ¢ there are. Since
all ideals over p are conjugate in G, and since op has Frobenius element oco ™!

the number of such q is [N./Dgy| (the normalizer of ¢ mod the decomposition
group of q). We have that |N,| = %, and Dy = (c), which is of size ord(c).
Therefore the sum on the right hand side of Equation (2] is

G S~ ogm)e(op) + OV,

I =
[K/Q.p)=C
Multiplying by % completes the proof of the Proposition. o

2.2 Local Approximations

Here we define some simpler functions meant to approximate F' and G. In order
to do so we will need a number of auxiliary definitions:

Definition. For p a prime let

Afn) = {0 1 if pln

T T else

A, can be thought of as a local approximation to the Von Mangoldt function,
based only on the residue of n modulo p. Putting these functions together we
get,

Definition. Let z be a positive real. Define a function A, by

Az(n) = H Ap(n) =

{O if p|n for some prime p < z
p<z

[ ﬁ otherwise
There are also some related definitions which will prove useful later.

Definition. Let

C(z):H 171.
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Definition. Let
P(z) =[]
p<z
P(z,q)= [] »p
p<z,ptq
We note that

dl(n,P(z))
Also, note that

Ay =Clz) 30 u(@-({é if(”’@—l).

otherwise

and that
C(z) = O(log(z)).

We will need some other local contributions to the Von Mangoldt function
to take into account splitting information. In particular we define:

Definition. Let K/Q be a Galois extension and C C G = Gal(K/Q) a con-
jugacy class of the Galois group. If C projects down to an element of G,
which by global class field theory corresponds to some coset H of a subgroup of
(Z)DZ)* for some integer D, we define Ai,c to be the arithmetic function:

#(D) ifne H
Axk.c(n) = { I /

0 otherwise

This accounts for the conjugacy conditions implied by n being a prime with
Artin symbol C.

Definition. Let L be a number field. Consider K/L, its Galois closure. Con-
sider the image of Gal(K/L) in Gal(K/Q)%. By global class field theory, this
corresponds to a subgroup Hyp, of (Z/DLZ)* for some positive integer Dy,. Let

¢(Dr) ifn e Hy

Apjgn) = { Hz

0 otherwise

Ar /g is supposed to account for the congruence conditions that are implied
by being a norm from L down to Q.
We are now prepared to define our approximations F* and G* to F and G.

Definition. For K/Q Galois, C a conjugacy class in Gal(K/Q), and z and X
positive integers, we define the generating function

ooxa(a) = % S Akcc(m)As(n)e(an).
n<X

We also let
GbK,c,X,z(OZ) = GK,C,X(OC) - Gu}{,c,x,z(a)-



Definition. For L/Q a number field, £ a Grossencharacter of L, and X and z
a positive numbers, we define the function

0 otherwise

4 B anx Apjo(n)Az(n)x(n)e(an) if § = x o Np g for some character x
FL,g,X,z(a) = .

Note that the A g term means that this function is independent of the choice
of x if there are multiple x to choose from. We also define
b
FL,g,X,z(a) = Frex(a) - Fg,g,x,z(o‘)'

Again for these functions we will often suppress the X.
We claim that F*® and G* are good approximations of F and G, and in
particular we will prove that:

Theorem 3. Let K/Q be a finite Galois extension, and let C be a conjugacy
class of Gal(K/Q). Let A be a positive integer and B a suitably large multiple
of A. Then if X is a positive number, z = logB(X), and o any real number,
then

G cx,(0)| = 0 (X10g™ (X)), (3)
where the implied constant depends on K,C, A, B, but not on X or «.

Theorem 4. Given L/Q a number field, and & a Grossencharacter of L. Let
A be a positive integer and B a suitably large multiple of A. Then if X is a
positive number, z = logB(X), and o any real number, then

|F e x2(0)] = 0 (X10g™4(3), (4)
where the implied constant depends on L, &, A, B, but not on X or a.

The proofs of these Theorems will be the bulk of Sections [3 and (]

2.3 Smooth Numbers

We also need some results on the distribution of smooth numbers. We begin
with a definition:

Definition. Let S(z,Y) be the number of n <Y so that n|P(z). In other words
the number of n <Y so that n is squarefree and has no prime factors bigger
than z.

We make use of the following bound on S(z,Y):
Lemma 5. If z = log?(X) and Y < X, then

S(z,Y) £V 7HCB) exp (0(y/log(X) )



Proof. Notice that

Y 14400
1
| sewdr=g [ sty [Ty s,
_ 2m J1_;
y=0 1—ic0 p<z
Note that,
. . Zl—?}?(s)
p<z p<z
Changing the line of integration to 1 — R(s) = 55, we get that the integrand

is at most s 2Y2~1/(2B) exp (O( log(X))). Integrating and evaluating at 2Y,
we get that

2Y

Y2 1U/CB) oxp (0(\/@)) > / S(z,y)dy > YS(2,Y),

=0

proving our result. O

3 Approximation of F

In this section we will prove Theorem Ml restated here:

Theorem [l Given L/Q a number field, and & a Grossencharacter of L. Let
A be a positive integer and B a suitably large multiple of A. Then if X is a
positive number, z = logB(X), and o any real number, then

[P ¢ x.2(0)] = 0 (X1og™(X)),
where the implied constant depends on L,&, A, B, but not on X or «.

In order to prove Theorem M we will split into cases based upon whether o
is well approximated by a rational number of small denominator. If it is (the
smooth case) we proceed to use the theory of L-functions to approximate F. If o
is not well approximated (the rough case), we generalize results on exponential
sums over primes to show that |F| is small. In either case, the approximation
of F* is not difficult to approximate.

In particular we note that by Dirichlet’s approximation Theorem, we can al-
ways find a pair (a, ¢) with a and q relatively prime and ¢ < M = O(X log? (X))

. < qLM. We consider the smooth case to be the one where ¢ < z.

with ‘a -4

3.1 « Smooth

In this Section we will prove the following Proposition:



Proposition 6. Let L be a number field, and & a Grossencharacter. If z =
logB(X), Y <X and a = % with a and q relatively prime and q < z, then for
some constant ¢ > 0 (depending only on L, £ and B),

I} ev2(0)] = 0 (X exp (—ev/log(X)) ).

We note that this result can easily be extended to all smooth «. In particular
we have:

Corollary 7. Let L and £ be as above. Let A be a constant, and B a sufficiently
large multiple of A. Let z = log(X)?. Suppose that o = % + 6 with a and q
1

relatively prime, ¢ < z and |0| < T Then

|F7 ¢ x.:(0)] = O(X log™(X)).

Given Proposition [0 Noting that if FE@X(Q) =), <x ane(an), then by Able
summation and Proposition [] a

Fiex(@) =Y ane (%) e (nd)

n<X

(=) | ¥ Fer (2) )| + Fex (2) e+ 10)

Y<X

=0 (X Mog”(X)) | Y 0 (X1og™*7(X)) | + 0 (Xlog™* P (x))

Y<Xx

=0 (X log_A(X)) .

O

In order to prove Proposition [6] we will need to separately approximate F
and F¥. For the former we will also need to review some basic facts about Hecke
L-functions.

3.1.1 Results on L-functions

We consider L-functions of the form L(£x,s) where x is a Dirichlet character
thought of as a Grossencharacter via x(a) = x(Nz g(a)). We let d be the degree
of L over Q, and let Dy, be the discriminant. We let m be the modulus of the
character &, and ¢ the modulus of x. We note that {x has modulus at most ¢gm.
Therefore by [I], in the paragraph above Theorem 5.35, L(£x) has conductor
q < 4%d|N(m)q?, and by Theorem 5.35 of [I], for some constant ¢ depending
only on L, L({x,s) has no zero in the region

Cc

7> 1 Tog(ldx N (m)g? (1] + 3))




except for possibly one Siegel zero. Note also that L(£x, s) has a simple pole at
s =1if £ = x, and otherwise is holomorphic. Noting that

_L €X7
g A
§X, L §X ( ) )

and that the n™° coefficient of the above is at most dlog(n), we may apply
Theorem 5.13 of [I] and obtain for a suitable constant ¢ > 0,

Z Ar(a x(a) = (5)

a)<Y
Y8 —clogY d 4
w0 (y o (S ) (e + O )

where the term Y2 should be taken with [ the Siegel zero if it exists; » = 0
unless £x = 1, in which case, r = 1; and the implied constants may depend and
L, ¢ but not on y or Y.

In order to make use of Equation [§] we will need to prove bounds on the size
of Siegel zeroes. In particular we show that:

Lemma 8. Fizing & a Grossencharacter, if 5 is a Siegel zero of L(£x, s) with
q the modulus of x, we have that for any e > 0,

c(e)

c

g>1-—

Proof. We follow the proof of Theorem 5.28 part 2 from [I], and note the places
where we are different. We note that Theorem 5.35 states that we only need
by concerned when &y is totally real. We then consider two such x having
Siegel zeros. We use instead, L(s) = (p(s)L(Ex1, s)L(Exa, s)L(E%x1X2), which
has conductor O(g1¢2)?? instead of the one listed in the book. This gives
us a convexity bound on the integral term of O((g1g2)%x'~?), instead of the
one listed. Again assuming that 8 > 3/4, we take * > c(qi1g2)*¢. We no-
tice that we still have (5.64) for o > 1 — 1/d sufficiently large by noting that
| 2N (y<a EX(@)] = O(xz' "¢ 4+ max(x,q)). Therefore, Equation (5.75) of [I]
becomes
L(&x2,1) > (1= B1)(qrq2) 7)) (log(q1q2)) 2.

The rest of the argument from [I] follows more or less directly. O

3.1.2 Approximation of F
We prove

Proposition 9. With L, &, x,Y,r as above

Freyy(0)=rY 40 (X exp(—cﬁ)) . (6)

10



Proof. Applying Lemma B with e =1 — 1/(2B) to Equation B we get that

Z Ap(@)¢(a)x(a) =rY — %ﬂ + 0 (X exp(—c log(X)))

N(a)<Y
=rY+0 (Y exp(—c(e) log(Y)) +0 (X exp(—c log(X))) .
Noting that it holds trivially for Y < v/X, we have that

Frexy( Z Ap(a x(a) =rY +0 (X exp(—c log(X))) .
N(a)<Y

3.1.3 Approximation of F*!
Proposition 10. With L,&,x,Y,r as above, z = log?(X),

ngéx,Y(O) =rY+4+0 (X exp(—cx/f)) .

Proof. 1f £x is not of the form x'o Ny, /g, then F* = 0 and we are done. Otherwise
let £x be as above with X’ a character of modulus ¢’. We have that

LX’Y ZAL/Q (n)x ()

n<Y

z) Z Z U(d)AL/Q(n)X/(n)

n<Y d|(P(z,q'Dr),n)

=0() ) Y nldArgm)y (n)

d|P(2,q'Dy) n=dm<Y

=C(z) Y. wpdx(d) > Apgldm)x'(m).

d|P(z,q9'Dr) m<Y/d

Consider for a moment the inner sum over m. It is periodic with period dividing
¢'Dyp. Note that the sum over a period is 0 unless x’ is trivial on Hr, in which
case the average value is ?(d)%. Since r = 1 if x’ vanishes on H; and
r = 0 otherwise, we have that:

Ff  x(0)=C(2) (%) 3 (% + O(qDL)> .

d|P(z,qDyr)
A<y

The sum of error term here is at most O (C(2)¢*S(z,Y)) which by Lemma[lis
o (Yl_l/(QB) log?(2)q? exp(O( log(X)))) . The remaining term is

#(¢'Dr) u(d)
D d
TEL yp(ag Dy

A<y

rY C(z)

11



The error introduced by extending the sum to all d|P(z,q¢'Dy) is at most

0 (YC’(z) / TS y)yzdy>

Y
. By Lemma [l this is
0 (Yl‘l/ #5) 1og(2) exp(O(+/log(X )))) '

Once we have extended the sum we are left with

rYC(z)M Z %d) — Y C(2) (¢(q/DL)> (¢(P(27QIDL))>

/ / /
DLy play) ¢ DL Pzq'Di)

o (4

=rY.
Hence

Ff ey (0) =Y +0 (Y17 10g2 (2)¢% exp(O(v/1og(X))) ) -

After splitting into cases based upon whether or not Y is less than v/ X it follows
that
Fﬁ,gx,Y,z(O) =rY+4+0 (X exp(—cﬁ)) .

O
3.1.4 Proof of Proposition
Proof. Combining Propositions and we obtain that
F2 e y.(0)=0 (X exp(—cx/f)) .
Our Proposition follows immediately after noting that
F ) = F (0)
L&Xx |\ g ExHLex x,z\Y)-
X
Where e, is the appropriate Gauss sum. O

3.2 o Rough

In this section we will show that |F”(«)| is small for o not well approximated by a
rational of small denominator. We will do this by showing that both |F(«)| and
|F¥(a)| are small. The proof of the latter will resemble the proof of Proposition
B4 The proof of the former will require some machinery including some
Lemmas about rational approximations and exponential sums of polynomials.

12



3.2.1 Bounds on F!

Proposition 11. Fixz L a number field, and £ a Grossencharacter. Fiz B and
let z = logB(X). Let a be a real number. If there exist relatively prime integers
a and q so that

then,

|F£,5,z(0‘)| =0 (X log(X)log(2)g " + qlog(q) log(z) + X' /B exp(O( log(X))) .

Proof. We note that the result is trivial unless £ = Ny g(x) for some Dirichlet
character y of modulus ). Hence we may assume that

Ff (@)=Y Apjg(n)A.(n)x(n)e(an).

n<X

Let Dy, be the discriminant of L. We note that

F} (@) =Y Apjg(n)Az(n)x(n)e(an)

n<X

2 > uldArgn)x(n)e(an)

n<X d|(n,P(2,QDL))

=0k Y @) Y Apjgldm)x(me(adm)

d|P(z,QDy) md=n<X

< C(2) Z Z A g(dm)x(m)e(adm)| .

d|P(z,QDL) |m<X/d

In order to analyze the last sum, we split it based on the conjugacy class of m
modulo @Dy,. These each gives geometric series with ratio of terms e(a@Drd).

. . X QDL
Hence we can bound this sum as min ( 42 2[d0D . a]

from x to the nearest integer. Therefore we have that

), where ||z is the distance

X QDy,
Ff (a)|=0|C(z mln( 7>+CZX1/4BSZ,X
| X ( )| ( )d<X;/(4B) d 2||dQDLCY|| ( ) ( )

We bound the sum in the ﬁrst term by looking at what happens as d ranges
over an interval of length BQD . We get that dQDra = zg + kQa for ¢ the
value at the beginning of the mterval and k an integer at most SQ—D' Notice

that kQDpa is within 5- of ka L2 which must be distinct for different values

of k. Hence none of the fractional parts of dQ Dy can be within == of each

3q
2QD 2QD

other. Hence the sum over this range of d is at most % +35/Gg TRy T T

13



0 (% +3¢QDy, log(q)) . Since we have 3Q Dy X'~ 1/(4B) /441 of these intervals
the first term is at most

X n X
(¢/3QDr) ' 2(a/(3QDy))
=0 (X log(X)q ™ +log() X"~/ + qlog(q) ) .

18] (X + ... +9Q%D2 log(q) X UB) 4 34QD, 1og(q))

The other term is bounded by Lemma [B] as

O (10g(z)X171/(4B) exp (O( log(X)))) .

Putting it together we get that

Ff . .(a)|=0 (X log(X)log(z)q ™" + qlog(q) log(z) + X'~/ “5) exp(O(\/log(X))) :

O

3.2.2 Lemmas on Rational Approximation

In the coming Sections we will need some results on rational approximation of
numbers. In particular we will need to know how often multiples of a given «
have a good rational approximation. In order to discuss these issues we first
make the following definition:

Definition. We say that a real number . has a rational approximation with
denominator q if there exists relatively prime integers a and q so that

1

< =
q2

a
a— —
q

We now prove a couple of Lemmas about it.

Lemma 12. Let X,Y, A be positive integers. Let o be a real number with ratio-
nal approzimation of denominator q. Suppose that for some B, that XY B~ >
q > B. Then for all but O (Y (AY2B~1/2 + A2B~! +1og(AY)A*X 1)) of the
integers n with 1 < n <Y, na has a rational approximation with denominator
q for some XA~ > ¢ > A.

Proof. By Dirichlet’s approximation theorem, na always has a rational approx-
imation - with ¢ < XA ! and

1
< TXAT

a
o

q

Therefore, na lacks an appropriate rational approximation only when the above
has a solution for some ¢’ < A. If such is the case then dividing by n we find
that « is within (¢/)"'n~* X !4 of some rational number of denominator d so
that d|ng’. Note that this error is at most d~! X 1 A.
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Given such a rational approximation to a with denominator d, we claim that
it contributes to at most Y A2d~! bad n’s. This is because there are at most A
values of ¢’. Furthermore, for each value of ¢’, we still need that n is a multiple
of @#fz/) > dA~'. Hence for each ¢, there are at most Y Ad~! bad n.

Next we pick an integer ng. We will now consider only ¥ > n > ng so
that an has no suitable rational approximation. We do this by analyzing the
denominators d for which some rational number of denominator d approximates
a to within X 71 A(max(d, ng))~!. Suppose that we have some d # ¢ which does
this. a is within ¢~2 of a number with denominator ¢, and within X_lnalA of
one with denominator d. These two rational numbers differ by at least (dq)~*
and therefore

(dg)™' < q 2+ X tAngt.

Hence either dg~! or X 'Ang'dg is at least 4. Hence either d > £, or

Xno noB
> — 2> .
= 24q T 24Y

Therefore the smallest such d is at least the minimum of % and ;’25.

Next suppose that we have two different such denominators, say d and d’.
The fractions they represent are separated by at least (dd’)~! and yet are both
close to a. Therefore

(dd)t < XTA(dL + dY).

Therefore we have that max(d, d’) > %. Hence there is at most one denominator
less than %.

Next we wish to bound the number of such denominators d in a dyadic inter-
val [K,2K]. We note that the corresponding fractions are all within X ~tAK~!
of a, and that any two are separated by at least (2K)~2. Therefore the number
of such d is at most 1 + 8K X 1A,

To summarize we potentially have the following d each giving at most Y 42d~!

bad n’s.

e One d at least %.

e One d at least ;j‘j‘g

e For each diadic interval [K,2K] with K > 25 at most 10K X ~*A such d’s

Notice that there are log(2AY") such diadic intervals, and that each contributes
at most 10YA3X ! bad n’s. We also potentially have ng bad n’s from the
numbers less than ng. Hence the number of n for which there is no suitable
rational approximation of na is at most

O(ng+YA?’B™ ' +Y2AB 'ny ' +log(AY)Y A3X ).

Substituting ng = Y A/2B~1/2 yields our result. O
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We will also need the following related Lemma:

Lemma 13. Let X, A,C be positive integers. Let o be a real number with
rational approzimation of denominator q. Suppose that for some B > 2A, that
XB~!'>q> B. Then there exists a set S of natural numbers so that

e clements of S are of size at least Q(BA™1).

e The sum of the reciprocals of the elements of S is O(A3B~1 + X ~1A%(C).

o for all positive integers n < C, either n is a multiple of some element
of S or na has a rational approzimation with some denominator ¢ with
XA In7t>q¢ > A

Proof. We use the same basic techniques as the proof of Lemma We note

. . . a . . 1
that na always has a rational approximation - accurate to within TXATT

with ¢/ < XA~'n~!. This means that we have an appropriate rational approx-
imation of na unless this ¢’ is less than A. In that case it holds that

1
— qlefl'

a
a——
nq

Hence to each such n we can assign a rational approximation % of a. The m

that are assigned to a rational approximation § are those so that

e
mlo — — -
dl = XA-Im-1D
where D is the denominator of %. D= ﬁ. It must also be the case that D

is at most A. Hence it suffices to let S be the union of all % where A > D, D|d

and
1 1

a
— = < < .
}O‘ d‘ = XA D~ XA
We have to show that the elements of S are big enough and that the sum of
their reciprocals satisfies the appropriate bound. Note that for each such d, it

contributes at most O (%2) to the sum of reciprocals.

First off we should note that if we have any such denominator d other than
g, a is within ¢—2 of a rational number of denominator ¢ and within X 1A of
one of denominator d. Hence we have that

(dg) ' <qg?+X'A

(e X
d> -, — .
= (2’ 2A>
Note that in any case 4 = w(BA~'), and hence contributes at most O(A3B~1)
to the sum of reciprocals.

Hence

16



Next note that if we have two of these approximations with denominators d

and d’ that
(dd')~' <2XA~L

Therefore the second largest such d is at least vV2X A~1.
Next we consider the contribution from all such approximations with d lying
in a diadic interval [K,2K] all of these approximations are within X 1A of «

and are separated from each other by at least ﬁ. Therefore, there are at most

1+ 8X 'AK?. If we ensure that K is at least V2X A1, this is O(X 1AK?).
Hence all of these d’s contribute at most O(X "1 A3K) to the sum of reciprocals.
Furthermore we can ignore terms with K > AC. Taking the sum over intervals
we get at most O(X ~1A%0).

O

We will be using Lemma to bound the number of ideals of L so that
N(a)a has a good rational approximation. In order to do this we will also need
the following:

Lemma 14. Fiz L be a number field. Let n be a positive integer, and let X
and € be positive real numbers. Then we have that:

5 ﬁ:O(XlogiX)rf)’

n|N(a)
N(a)<X

o)

n|N(ab)
N(ab)<X

(The first sum is over ideals a with norm a multiple of n and < X, the sec-
ond over pairs of ideals a and b, the norm of whose product satisfies the same
condition).

Proof. We will prove the first of the two equations and note that the second
follows from a similar argument. Let d = [L : Q]. Let p1,...,px be the distinct
primes dividing n. We claim that for such an ideal a must be a multiple of some
ideal ag with N(ag) = nm with m = Hle p;t for some 0 < a; < d. We obtain
this by starting with the ideal (1) and repeatedly multiplying by primes of a
whose norm is a power of one of the p; (noting that this exponent is at most
d). We note that the number of possible values of m is k. Since k = O(log(n))
this is O(n€). For each value of m there are O(n¢) ideals of norm exactly nm,
and hence there are O(n¢) possible ideals ag.

We now need to bound the sum over ideals b so that the norm of agb is at
most X of m. This is at most % times the sum over ideals b of norm at
most X of ﬁ. This latter sum is O(log(X)). This completes the proof. O
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3.2.3 Lemmas on Exponential Sums

We will need a Lemma on the size of exponential sums of polynomials along the
lines of Lemma 20.3 of [I]. Unfortunately, the X ¢ term that shows up there will
be unacceptable for our application. So instead we prove:

Lemma 15. Pick a positive integer X. Let [X] = {1,2,...,X}. Let P be a
polynomial with leading term cx® for some integer ¢ # 0. Let a be a real number
with a rational approximation of denominator q. Then

1 1 q 10~k
Z e(aP(x))| < || X (E txt ﬁ) ;
z€[X]

where the implied constant depends on k, but not on the other coefficients of P.

Proof. We proceed by induction on k. We take as a base case kK = 1. Then

we have that P is a linear function with linear term c. « is within g2 of a

rational number of denominator q. Therefore ca is within cg~2 of a number

of denominator between gc=! and ¢q. If ¢ > ¢/2, there is nothing to prove.

Otherwise, ca cannot be within ¢=! — cg=2 = O(q™!) of an integer. Therefore

the sum is at most O(min(X, q)), which clearly satisfies the desired inequality.
Squaring we find that

1/2

3 e@P@)| = [ 3 e(a(P(a) - P())

z€[X] a,be[X]

Breaking the inner sum up based on the value of n = a — b, we note that
P(n +b) — P(b) is a polynomial of degree k — 1 with leading term nckz*~!.
Letting [X,,] be the interval of length X — |n| that b could be in given that
b e [X] and b+ n € [X], we are left with at most

1/2

> ela(P(b+n) - P(b))

ne[—X,X] |b€[Xn]

Let B = min(q, X¥/q). We consider separately the terms in the above sum
where na has no rational approximation with denominator between B/ and
Xk=1B=1/5 We note by Lemma that the number of such n is at most
O(X (B~2/> +1log(X)B?/>X*~F)). Each of those terms contributes O(X) to the
sum and hence together they contribute at most

O(X(B7Y% +1og(X)B3/10 x (1=F)/2)),

Which is within the required bounds.
For the other terms, the inductive hypothesis tells us that the sum for fixed
n is at most

1 xk-1p-1/5 ) —5k!

o) X (B~1/5
|"'( X T e
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Summing over n and taking a square root gives an appropriate bound. O

We apply this Lemma to get a bound on exponential sums of norms of ideals
of a number field. In particular we show that:

Lemma 16. Fix L a number field of degree d, and & a Grossencharacter of
modulus m. Then given a positive number X and a real number o which has a
rational approximation of denominator q, we have that

1074/2
S la)e(aN(a)| = O (x G T B %) )

N(a)<X

Proof. First we split the sum up into ideal classes modulo m. In order to rep-
resent an element of such a class we note that for ag a fixed element of such a
class then other elements a in the same class correspond to points % in some
quadrant of a lattice in L ® R. Note that points in this lattice over count these
ideals since if two differ by an element of O7, they correspond to the same ideal.
On the other hand if we take some fundamental domain of the elements of unit
norm in L®R modulo O} and consider its positive multiples, we get a smoothly
bounded region, R whose lattice points correspond exactly to the ideals in this
region. Notice that the norm is a polynomial form of degree d on R. By taking
R intersected with the points of norm at most X we get a region Rx whose
lattice points correspond exactly to the ideals in this class of norm at most X.
Let Y = (¢X )1/ 24 We attempt to partition these lattice points into segments
of length Y with a particular orientation. The number that we fail to include
is proportional to Y times the surface area of Rx which is O(Y X'~%/4). On
each interval, we attempt to approximate ¢ by a constant. We note that on
this region ¢ is a smoothly varying function of /(N (z))'/¢. Therefore the error
introduced at each point, z, is O(Y N(z)~*/4). The summed value over these
points of N(x)~/? is by Able Summation O(f;io xVedy) = O(X'Y%), thus
producing another error of size at most O(Y X 1~/4). We are left with O(XY 1)
intervals of length Y of the exponential sum of e(aN (x)). Recalling that N(x) is
a polynomial of degree d with rational leading coeflicient with bounded numer-
ator and denominator, we may (perhaps after looking at only every k*" point
to make the leading coefficient integral) apply Lemma [T5 and get that the sum

over each segment is
104
1 1 q
Oo|Y|(-+=+= .
((q+Y+Yd) )

Noting that each of the error terms we introduced is less than the bound given,
we are done. O

Able summation yields the following Corollary.
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Corollary 17. Fiz L a number field of degree d, and £ a Grossencharacter of
modulus m. Then given a positive number X and a real number o which has a
rational approximation of denominator q, we have that

1 1 q 10~4/2
Z log(N(a))é(a)e(aN(a))| = O <X log(X) < + S + y> > _

N(a)<X 4

3.2.4 Bounds on F
We are finally ready to prove our bound on F'.

Proposition 18. Fiz a number field L of degree d and a Grossencharacter &.
Let X > 0 be a real number. Let o be a real number with a rational approxima-
tion of denominator ¢ where XB~' > q > B for some B > 0. Then F, ¢ x ()
18

O (X (10g2(X)B™1""/12 1 1og? (X)X 10 "/%0 4 log? (X)X 710 "/100 1 10g”+/2(x) B71/%) ) .

Where the asymptotic constant may depend on L and &, but not on X, q, B or
Q.

Proof. Our proof is along the same lines as Theorem 13.6 of [I]. We first note
that the suitable generalization of Equation (13.39) of [I] still applies. Letting
y =2z = X?/5 we find that F ¢ x() equals

> p(a)é(a)log(N(b))E(b)e(aN (a)N (b))
N(ab)<X
N(a)<X?/3

- > (b)AL(c)€(be)€(a)e(alN (be)N(a))
N(abc)<X
N(b),N(c)<Xx?/5

+ Y u(0)E)AL(E(ac)e(aN (B)N(ac)) + O(X 7).
N(abo)<X
N(b),N(c)>X?2/5

The first term we bound by using Corollary [l on the sum over b. Letting
A = BY* < X'/8, then by Lemmas [[3 and [[4 we can bound the sum over
terms where aN(a) has no rational approximation with denominator between

A and %@ by

0 (X <1og2(X) (A?’B_l + X—3/5A4) (g))) =0 (X 1og2(X)B—1/4+6) .

For other values of b, Corollary [[7 bounds the sum as

9 1074/2
0 (X log?(X) (3—1/4 + X—3/5d) ) .
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The second term is bounded using similar considerations. We let A =
min(BY/4, X1/41) and use Lemmas [[3 and [4 to bound the sum over terms
with b and ¢ such that N(bc)a has no rational approximation with norm be-

tween A and %(bc) by

o) <X log® (X) <§)E (371/4 i X1A4X4/5)>
) (X log®(X) (B—l/4+e n X—l/lo)) '

Using Lemma [T6 we bound the sum over other values of b and ¢ as
1074/2
0 (X log?(X) (A*l + X*1/5d) > .

The last sum, we first change to a sum over b and 0 = a-c. We have
coefficients

and

y@) = > Ar(e)(ac).

a-c=0
N(c)>Xx2/5

We note that |y(0)] < log(N(d)) < log(X). Our third term then becomes
>, #(b)y@)e(aN ()N ().

N(b0)<X
N(b),N(2)>Xx2/5
To this we apply the bilinear forms trick. First we split the sum over b into
parts based on which diadic interval (of the form [K,2K]), the norm of b lies
in. Next for each of these summands we apply Cauchy-Schwartz to bound it by

1/2

2 1/2
> lav))? > > y@)e(aN(b2))
N(b)€[K,2K] N(b)e[K,2K] | N(@)<X/N(b)
N(mfd)>Xx?2/°
1/2
=0(K'/?) > 2(2)z(d")e(aN(b)(N(2) — N(2)))
N(b)€[K,2K]
N(2),N(2")<X/N(b)
N(0),N(d")>Xx?/5
<O(K'/?log(X)) > > e(a(N(@) - N(')N(b))

X2/5<N(d),N(d') | N(b)E[K,2K]
NQ),N()<X/(2K) ]J\\]f((:))f)?{(//g((;/))
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Now we let A = min(BY/3, X1/16). We bound terms separately based on
whether or not a(N(d) — N(?’)) has a rational approximation with denomi-
nator between A and KA~!. Applying Lemma [ with X = K, Y = XK}
and A and B what they are, we get that the number of values of N(d) — N (')
that cause this to happen is

0 (XK*l (3*1/3 + 1og(X)A4K*1)) — O(XK~1B1/3).

Let B(c) be the sum over such n of e(an). Let H(a) =3 va/5< y(ay<x/ i €(@N ().
Then the number of pairs of 9 and 0’ such that there is no rational approximation
with appropriate denominator is

1
/0 B(a)|H(a)*da.

This is at most X K~'B~1/3 times the L? norm of H squared. This latter term
I8 Y xe/s<n<x/K W (n)?, where W(n) is the number of ways of writing n as the
norm of an ideal in L. Notice that W?(n) is at most 72(n), where 74(n) is the
number of ways of writing n as a product of d integers. We know this because
W is multiplicative and if we write a power of a prime p as the norm of an ideal,
a, factoring a into its primary parts gives a representation of n as a product of
d integers. We therefore have that W?(n) < 742(n) and hence the above sum is

O(XK—1 logd2 (X)). Hence the total contribution from terms with such 9 and
0’ is at most

0 ((K1/2 1og(X)) (K (XK—lB—1/3) (XK—1 log®” (X)))1/2>
-0 (X log1+d2/2(X)B_1/6) .
And the sum over K of these terms is at most
0 (X 1og2+d2/2(X)B—1/6) .

On the other hand, the sum over ? and ?’ so that a(N(9) — N(d')) has a rational
approximation with appropriate denominator is bounded by Lemma [I6 by

) 10-4/2\ /2
0 (KW log(X)) ((XKl) K (A*l + K*l/d) )
1074/4
-0 <X log(X) (A—l + K‘l/d) > .
Summing over all of the intervals we get
10-4/4
0 (X log?(X) (A*l + X*2/5d) > .

Putting this all together, we get the desired bound for F. O
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3.3 Putting it Together
We are finally prepared to prove Theorem [l

Proof. We note that a can always be approximated by % for some relatively

prime integers a, ¢ with ¢ < X log™?(X) so that

1

’ —2 S
gX log™ " (X)

q

We split into cases based upon weather g < z.
If ¢ < z our result follows from Corollary [7}
If ¢ > z, our result follows from Propositions [[1] and O

4 Approximation of GG

Here we prove Theorem [8l We restate it here:

Theorem Bl Let K/Q be a finite Galois extension, and let C' be a conjugacy
class of Gal(K/Q). Let A be a positive integer and B a suitably large multiple
of A. Then if X is a positive number, z = logB(X), and o any real number,
then

G.o.x,( ‘ = (Xlong(X)) ;
where the implied constant depends on K,C, A, B, but not on X or .
Proof. Recall Proposition [2] which states that

Gr.ox(a Ig: <Zx O)FL . x( )—I—O(\/f).

Therefore we know that Gx ¢ x(a) is within O(\/Y) of
C _
o (Z x(c)FL,X,m)) .
X

Applying Theorem [ this is within O (X log_A(X)) of

%(ZWFKX,XZ ) :2} >3 XA LA ()x(n)e(an)

x n<X

C

= % Z Az (n)e(a <AL/Q ZX )
n<X

Note that in the above, y is summed over characters of Gal(K /L) and that x(n)

is taken to be 0 unless y can be extended to a character of Gal(K/Q)?, in which
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case x(n) is well defined for n € Hy. Notice also that x(n) being undefined for
n ¢ Hj, does not matter since Az (n) is 0 in those cases. We wish the evaluate
the inner sum over x in the case where n € Hp,.

Let the kernel of the map (c¢) — Gal(K/Q)% be generated by c* for some
klord(c). Then x(n) is O unless x(c*) = 1. Therefore we can consider the sum
as being over characters y of (c)/cF. Taking K to be the maximal abelian
subextension of K over Q, this sum is then k if [K*/Q,n] = ¢ and 0 otherwise.
Hence this sum is non-zero if and only if n € Hg. The index of Heo in Hp,
is [Hy, : Hg], which is in turn the size of the image of {¢) in Gal(K/Q)?, or
|(c)/(c*)| = k. Hence Ar(n) > X(e)x(n) = Ak,c(n). Therefore Gg c,x(a) is

within O (X 1og—A(X)) of

1]

G 2 AwcmAsmelan) = Gl o x .(@).

n<X

5 Proof of Theorem [l

We now have all the tools necessary to prove Theorem [Il Our basic strategy
will be as follows. We first define a generating function H for the number of
ways to write n as ), a;p; for p; primes satisfying the appropriate conditions.
It is easy to write H in terms of the function G. First we will show that if H is
replaced by H* by replacing these G’s by G¥’s, this will introduce only a small
change (in an appropriate norm). Dealing with H # will prove noticeably simpler
than dealing with H directly. We will essentially be able to approximate the
coefficients of H* using sieving techniques. Finally we combine these results to
prove the Theorem.

5.1 Generating Functions

We begin with some basic definitions.

Definition. Let K;,C;,a;, X be as in the statement of Theorem [l Then we
define

k
SKiyciyahX(n) = Z Hlog(pl)

pi<X =1
[Ki/Q,pi]=C;

5 aipi=n

(i.e. the left hand side of Equation[dl). We define the generating function

HKiqciyahX (a) = Z SKiyciqamX(n)e(na)'

Notice that this is everywhere convergent since there are only finitely many non-
zero terms.
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We know from basic facts about generating functions that

k

HKi7Ci7ai7X(a) = HGKmCi,X(aia)' (7)
=1

We would like to approximate the G’s by corresponding G¥’s. Hence we define

Definition.

k
: — :
HK“C“““Z’X(Q) T H GKi,Cz',z,X(aio‘)-
=1

b — #
HKi,Ci,ai,z,X(a) T HKi,Ci,ai,X (Oé) - HKi,Ci,ai,z,X(a)'
We now prove that this is a reasonable approximation.

Lemma 19. Let A be a constant, and z = log®(X) for B a sufficiently large
multiple of A. If k > 3,

| Hi,come x|, = O og ™ (X)),

Ifk=2,
Hi, 00|, = O(X*21og™ (X)),

Where in the above we are taking the L' or L? norm respectively of HE(l,Ci,ai,X
as a function on [0, 1].

Proof. Our basic technique is to write each of the G’s in Equation [ as Gf + G”
and to expand out the resulting product. We are left with a copy of H¥ and
a number of terms which are each a product of k G* or G*’s, where each such
term has at least one G°. We need several facts about various norms of the G*
and G?’s. We recall that the squared L? norm of a generating function is the
sum of the squares of it’s coefficients.

e By Theorem B the L>°-norm of G” is O (X log_QA_k(X)).

e The L™ norm of G* is clearly O (X loglog(X)).

e |GH2 = O(X loglog?(X)).

o [GI3 = O(X log(X)).

e Combining the last two statements, we find that |G”|3 = O(X log(X)).

For k > 3, we note that by Cauchy-Schwartz the L' norm of a product of
k functions is at most the products of the L? norms of two of them times the
products of the L norms of the rest. Using this and ensuring that at least one
of the terms we take the L> norm of is a G”, we obtain our bound on |H"|;.

For k = 2, we note that the L? norm of a product of two functions is at
most the L? norm of one times the L> norm of the other. Applying this to our
product, ensuring that we take the L norm of a G” we get the desired bound
on |[H’|s. O
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5.2 Dealing with H*

Now that we have shown that H¥ approximates H, it will be enough to compute
the coefficients of HY.

Proposition 20. Let A be a constant, and z = logB(X) for B a sufficiently
large multiple of A. The e(na) coefficient of Hgﬂ Cioas.z.x @) is given by the
right hand side of Equation [, or

i

Proof. We note that the quantity of interest is equal to

unte] i :
<H |Gl|> Z <H AKi;Ci(TLi)) <H Az(ni)> ) (8)

Zle ain;=n

C; L
|G_||>COOCD I1c +O(X’“ Llog A(X)).

G ptD

First we consider the number of tuples of n; that we are summing over. Mak-
ing a linear change of variables with determinant 1 so that one of the coordi-
nates is = ), a;n1, we notice that we are summing over the lattice points of
some covolume 1 lattice in a convex region with volume C., and surface area
0] (X k*2). Therefore if some affine sublattice L of the set of tuples of integers
(n;) so that ), a;n; = n of index I is picked, the number of tuples (n;) in our
sum in this class is Cs/I + O(X*72). We can write Ag, ¢;(n) as a sum of
indicator functions for congruences classes of n modulo d. We can also write
Az (n) = C(2) >4/(n, p(z)) #(d) another sum over sublattices. Hence we can write

the expression in Equation [§ as a constant (which is O(C(z))¥) times the sum
over certain affine sublattices of L of +1 times the number of points of the inter-
section of this sublattice with our region. These sublattices are of the following
form:

{n;: Zami =n,n; =2; (mod D), d;|n;},

where d; are chosen elements of H; C (Z/DZ)*, and d;|P(z) are integers.
We first claim that the contribution from terms with any d; bigger than
X1/(k) is negligible. In fact, these terms cannot account for more than

Xk—l 0 B 3
OCEME 3 F = Olloglog(0)") [ XM 15z )y 2y
X1/(2k)
d|P ()
dZXl/(2k2)

=0 (Xk_l_l/((QB)(%)) exp (O ( log(X)))) .

(Using Lemma [ to bound the integral above). Throwing out these terms,
we would like to approximate the number of tuples in our sum in each of these

sublattices by Co over the index. The error introduced is O (log log" (X)X k*2)
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per term times O (X 1 2) terms. Hence we can throw this error away. So we have
a sum over sets of d;|P(z),d; < X*/?*) and z; of an appropriate constant times
Cso/I. We would like to remove the limitation that d; < X'/(%) in this sum.
We note that once we get rid of the parts of the d; that share common factors

with D], a; (for which there are finitely many possible values), the value of

I is at least glc_{ii(gz)'

each prime p. If p divides some set of d; other than all of them, we are forcing
the corresponding z; to have specified values modulo p, when otherwise these
values could have been completely arbitrary. If we let d = ged(d;), then we can
bound the sum of the reciprocals of the values of I that we are missing as

e k—1 oo
kY d (/ 5(z,y)y‘2dy> </ S(Z,y)y‘2dy> :
p; 0 X1/2k) /d

This is small by Lemma [Bl and a basic computation.
We now wish to evaluate the sum over all z; and d; the sum of the appropriate
constant times % We note that if we were instead trying to evaluate

k k
Z <H AK'Lyci (TLJ) <H Az(”z)) >

n; (mod N)
>, ain;=n (mod N)

This is because we can compute the index separately for

for N a sufficiently divisible integer, we would get exactly this sum of % times
the total number of n; mod N so that . a;n; =n (mod N). This is because
the number of points in each sublattice would be exactly % of the total points.
Hence our final answer up to acceptable errors is

> <f[1 Ak, .c, (m)) <f[ Az(m)>

n; (mod N) i i=1
) >, ain;=n (mod N)

#{(n;) (mod N):> .an; =n (mod N)}

k
|Ci
e (I 55

Note that A.(n) = [],<, Ap(n) is a product of terms over the congruence
class of n modulo p. Similarly Ak, ¢, (n) only depends on n modulo D. Therefore
we may use the Chinese Remainder Theorem to write the fraction above as a
produce of p-primary parts and a D-primary part.

For pt D,pt P(z) the local factor is clearly 1.

For pt D, p|P(z), the p-primary factor is

= (i)

n; (mod p)”
> ain;=n  (mod p)"

#{(n;) (modp)*:> .an;=n (modp)"}
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for some appropriately large n. In fact we can pick n = 1 since A,(n;) only
cares about n; modulo p, and since p does not divide all the a; any solution
to >;a;n; = n (mod p) lifts to a solution modulo p" in exactly p~D (k-1
different ways. Hence the local factor is

S

n; (mod p)
>, aini=n (mod p)

#{(n;) (modp):> ,an;=n (modp)}

(p%)k #{(n;) (modp):n; #0 (mod p),>  an;=n (modp)}
1

Where above we used that since some a; Z 0 (mod p) that there were exactly
p*~1 solutions modulo p.

Next we will compute the D-primary factor. Note that by reasoning similar
to the above we can compute the factor modulo D rather than some power of

D. Next we will consider the function Ag,,c;(n) [, p Ap(rn). This is 0 unless n
is in H;. Otherwise it is (M) (H E ) = 2 Hence this factor is

Iliw‘ pIE p—1 ‘Hzl
( k
i=1

Putting these factors together we obtain our result. O

) (#{(ni) (mod D) : n; € H;, Y, ain;=n  (mod D)}> oy

D
|H;| #{(n;) (mod D):> . amn;=n (mod D)}

5.3 Putting it Together
We are finally able to prove Theorem [I]

Proof. Let B be a sufficiently large multiple of A, and z = log? (X).
For k& > 3 we have that

1
SKi7Ci;ai;X(n) :/ HKi7Ci7ai7X(a)e(_na)'
0
By Lemma [I9 this is
1
‘/0 Hg(i,ci,ai,z,X(O‘)e(_na)

up to acceptable errors. This is the e(na) coefficient of H&Q,Ci,ai,z,X(a% which
by Proposition 20l is as desired.

For k = 2, we let Tk, c,.q;,x(n) be the corresponding right hand side of
Equation [l It will suffice to show that

Z (SKiyciqaﬁX(n) - TKiqciyahX (n))2 = O(X3 1Og_2A(X))'
[n]<32; lai| X
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If we define the generating function
JKi;Ci;ai;X(a) = Z TKi;Ci;ai;X(n)e(na)
[n|<32; lail X

we note that the above is equivalent to showing that

|HKi;Ci;ai;X - JKi;Ci;ai;X|2 = O(X3/2 IOgiA(X))'
But Lemma [T9 that

Hk. Cooix = Hig, 0,0, 2 x|2 = O(X¥ 2 log™ (X))
and by Proposition 20 that

|H§(ini,ai,z,X - JKi7Ci7ai7X|2 = O(X3/2 IOgiA(X))'
This completes the proof. O

6 Application

Finally we present an application of Theorem [I] to constructing elliptic curves
whose discriminants are divisible only by primes with certain splitting proper-
ties.

Theorem 21. Let K be a number field. Then there exists and elliptic curve

defined over Q so that all primes dividing its discriminant split completely in
K.

Proof. We begin by assuming that K is a normal extension of Q. We will choose
an elliptic curve of the form:

y* = X*+ AX + B.

Here we will let A = pq/4, B = npq? where n is a small integer and p, q are
primes that split over K. The discriminant is then

—16(4A3 +27B3%) = —64p3¢> /64 — 432n°p*q?
= —p*¢*(p + 432n°q).

Hence we need to find primes p,q,r that split completely over K with p +
432n%g —r = 0. We do this by applying Theorem ?? with k = 3, K; = K,
C; = {e}, and X large. As long as Cp > 0 and C, > 0 for all p, the main
term will dominate the error and we will be guaranteed solutions. If n = D,
this suffices to grantee solutions. This is because for C'p to be non-zero we need
to have solutions 11 + Ong — ng = 0 (mod D) with n; all in some particular
subgroup of (Z/DZ)*. This can clearly be satisfied by ni = n3. For p = 2, C,
is non-zero since there is a solution to ny + Ong —n3z =0 (mod 2) with none of
the n; divisible by 2 (take (1,1,1)). For p > 2, we need to show that there are
solutions to ny + 432D%ny — ng =0 (mod p) with none of the n; 0 modulo p.
This can be done because after picking ny, any number modulo p can be written
as a difference of things that are not multiples of p. o
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