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CLOSED MAGNETIC GEODESICS ON CLOSED
HYPERBOLIC RIEMANN SURFACES

MATTHIAS SCHNEIDER

ABSTRACT. We prove the existence of Alexandrov embedded closed
magnetic geodesics on closed hyperbolic surfaces. Closed magnetic geodesics
correspond to closed curves with prescribed geodesic curvature.

1. INTRODUCTION

Let (M,g) be a compact, two dimensional, oriented manifold equipped
with a smooth metric g and k : M — R a smooth positive function. We
consider the following two equations for curves v on M:

Dy gy = k(7)Jg(7)7, (1.1)
and

Dyg¥ = [91gk(7) g (1) (1.2)
where Dy 4 is the covariant derivative with respect to g, and Jy(x) is the
rotation by 7/2 in T, M measured with g and the given orientation.
Equation (L) describes the motion of a charge in a magnetic field corre-
sponding to the magnetic form kdV, and solutions to (II]) will be called
(k- )magnetic geodesics (see [1l[11]). Equation (L.2]) corresponds to the prob-
lem of prescribing geodesic curvature, as its solutions « are constant speed
curves with geodesic curvature ky(v,t) given by k(vy(t)) (see [15]).

It is easy to see that a nonconstant magnetic geodesic v lies in a fixed energy
level E, i.e. there is ¢ > 0, such that

(1,9) € Ee :={(z,V) € TM : |V|, = c}.

For fixed k and ¢ > 0 the equations (L) and (L2]) are equivalent in the
following sense: If 7 is a nonconstant solution of (L2)) with k& replaced by
k/c, then the curve 7.(t) := v(ct/|¥|q) is a k-magnetic geodesic in E., and a
k-magnetic geodesic in E, solves ([.2)) with k replaced by k/c. We emphazise
that k-magnetic geodesics on different energy levels are not reparameteriza-
tions of each other.

We study the existence of closed curves with prescribed geodesic curvature
or equivalently the existence of periodic magnetic geodesics on prescribed
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energy levels E..

There is a vast literature on the existence of closed magnetic geodesics. We
limit ourselves to quote [121[18] for the approach via Morse-Novikov theory
for (possibly multi-valued) variational functionals, [I.[5] for the application
of the theory of dynamical systems and symplectic geometry, [4] concerning
Aubry-Mather’s theory, and [I5], where the theory of vector fields on infinite
dimensional manifolds is applied to (I.2]). We refer to [46l7,19] for a survey
and additional references.

From the example of the horocycle flow below, closed magnetic geodesics
need not exist on a fixed energy level in general. However, from [6,17,[18],
there are always closed magnetic geodesics in high and low energy levels, i.e.
in E, with ¢ > ¢y and ¢ < (cg) !, where ¢y > 0 depends on (M, g) and k (in
case of a flat torus and high energy levels & is assumed not to vanish). If the
magnetic form is exact, i.e. [kdVy] =0 in H3,(M), then there is a periodic
magnetic geodesic in every energy level (see [4]). Concerning non exact mag-
netic forms positive functions k are of special interest, since the magnetic
form is symplectic in this case. For k > 0 a closed magnetic geodesic exists
in every energy level, if (M, g) is a flat torus [2[10] or if (M, g) is a sphere S?
with nonnegative curvature [16]. The (essentially) only nonexistence result
for closed magnetic geodesics is based on an old result of Hedlund [g].

Example (Horocycle flow [6]). Let (M,g) be a compact hyperbolic surface
of constant curvature K, = —1 and k = 1.

(1) If 0 < ¢ < 1, then E. contains a contractible closed magnetic geo-
desic.

(2) There are no closed magnetic geodesics in Ej.

(3) If ¢ > 1, there are no contractible closed magnetic geodesics in E.,
but any non trivial free homotopy class of closed curves can be rep-
resented by one.

The existence question for closed magnetic geodesics on hyperbolic sur-
faces for non constant functions & is poorly understood. We shall show: If
(M, g) is a compact hyperbolic surface with Gaussian curvature K, > —1
and k > 1 a positive function, then there is a contractible closed magnetic
geodesics in F, for all 0 < ¢ < 1. The example of the horocycle flow shows
that this existence result is sharp.

We consider curves, that are Alexandrov embedded.

Definition 1.1. (oriented Alezandrov embedded) Let B C R? denote the
open ball of radius 1 centered at 0 € R%. An immersion v € CY(0B, M)
will be called oriented Alexandrov embedded, if there is an immersion F €
CY(B, M), such that F|sp =~ and F is orientation preserving in the sense
that

(DFL, Jy (@) (@)1 g2y > 0
for all x € 0B.
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We shall prove

Theorem 1.2. Let (M,g) be a smooth, compact, orientable surface with
negative Euler characteristic and k € C°(M) a positive function. Assume
there is Ko > 0 such that k and the Gaussian curvature Ky of (M, g) satisfy

k> (Ko)? and K, > — K.

Then there is an oriented Alezandrov embedded curve v € C?(SY, M) that
solves (L2) and the number of such solutions is at least —x (M) provided
they are all nondegenerate.

The equivalence between (1)) and (T.2]) leads to

Corollary 1.3. Let (M,g) be a smooth, compact, orientable surface with
negative Euler characteristic and k € C*°(M) a positive function. Assume
there is Ko > 0 such that k and the Gaussian curvature K, of (M, g) satisfy

k> (Ko)? and K, > —K,.

Then every energy level E. with 0 < ¢ < 1 contains an oriented Alexandrov
embedded closed magnetic geodesic and the number of such closed magnetic
geodesics in E. is at least —x (M) provided they are all nondegenerate.

The proof of our existence results is organized as follows. We consider
solutions to (L2]) as zeros of the vector field X} , defined on the Sobolev
space H>2(S', M): For v € H*?(S', M) we let X}, 4(v) be the unique weak
solution of

( - ng + 1)Xk,g(’Y) = =Dy 4y + ”'}"gk(’Y)Jg(’Y)"Y (1'3)

in T,,H**(S1, M). The uniqueness implies that any zero of Xj , is a weak
solution of (IZ) which is a classical solution in C?(S*, M) applying standard
regularity theory.

After setting up notation in Section [2] and introducing the classes of maps
and spaces needed for our analysis we recall in Section [B] the definition and
properties of the S!-equivariant Poincaré-Hopf index defined in [15],

Xs1 (Xk,ga MA) € Z7

where M, is the set of oriented Alexandrov embedded regular curves in
H?2(SY, M).

From the uniformization theorem (M, g) is isometric to (H/T', e®gq), where T’
is a group of isometries of the standard hyperbolic plane (H, gg) acting freely
and properly discontinuously and ¢ is a function in C*°(H/T",R). Since the
problem of prescribing geodesic curvature is invariant under isometries we
may assume without loss of generality that

(M, g) = (H/T',e?go).
In Section [ we analyze the unperturbed problem with k = ky > 0 and g = go:

We compute the set of oriented Alexandrov embedded zeros of Xy, 4, and
the image and kernel of the corresponding linearizations. The perturbative
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analysis in Section [, which carries over from [I5], is used to compute the
degree of the unperturbed problem in Section[G For large positive constants
ko and the standard metric gy we shall show that

Xs1 (Xko,g()v MA) = _X(M)7

where x(M) denotes the Euler characteristic of M.

Section [Tl contains the apriori estimate which implies that under the assump-
tions of Theorem the set of solutions to (I2]) is compact in M4. The
homotopy invariance of the S'-equivariant Poincaré-Hopf index then leads
to the identity

X5t (X9 Ma) = X51 ( Xk gean Ma) = —=x(M).

The resulting proof of Theorem is given in Section [§

2. PRELIMINARIES

It is convenient for the functional analytic setting to assume that M is
embedded in some R, We consider for m € Ny the set of Sobolev functions

H™2(SY M) = {y € H™?(S',R™) : 4(t) € M for a.e. t € S1.}

For m > 1 the set H™2(S', M) is a sub-manifold of the Hilbert space
H™2(S1 RIM) and is contained in C™~1(S1 R9). Hence, if m > 1 then
v € H™2(SY, M) satisfies v(t) € M for all t € S'. In this case the tangent
space at vy € H™?2(S', M) is given by

T»YHm’2(Sl,M) = {V c Hm,Q(Sl’RQM) . V(t) [= T’y(t)M for all t € Sl}

For m = 0 the set H%?(S', M) = L?(S', M) fails to be a manifold. We
define for v € HY2(S, M) the space T, L*(S, M) by

T,L*(S', M) :={V € L*(S",R™) : V(t) € T,y M for ae. t€ S'}.

A metric g on M induces a metric on H™2(S', M) for m > 1 by setting for
v € H™?(SY, M) and V, W € T, H™?(S*, 5?)

(=) 5(Deg)™ + 1)V (1)

m

((=1)-2(Dy )™ + 1)W(t)>y(t),g dt,

<W7V>T7Hm72(5’1,5’2),g = /S1

where Lm /2. denotes the largest integer that does not exceed m /2.
Since g and k are smooth, X}, 4 is a smooth vector field (see [I5,20], Sec. 6])

on the set Hféf](S L M) of regular curves,

H22(SY, M) = {y € H**(S*, M) : #(t) #0 for all t € S'}.

reg
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From [I5] there holds
(_Dt%g + 1)D9Xk7g’7(v)
= =D}V = Ry(Vi3) 7 + 315 (Deg Vi A) ok (1) Jo (1)
+ Bl (K (V) g0 + F1gk() (Do sy V)A + Jy(1)DigV ) (2.1)
We note that (see also |21, Thm. 6.1])
(= D7, +1)DyXp gl (V) = (=D7, + 1)V + T(V),

where T is a linear map from T, H*?(S', M) to T,,L?(S*, M) that depends
only on the first derivatives of V' and is therefore compact. Taking the inverse
(=D?,+1)"" we deduce that Dy X} 4|, is the form identity + compact and
thus a Rothe map (see [15]).

The vector field X}, as well as the set of solutions to (LZ) is invariant
under a circle action: For § € S' = R/Z and v € H*?(S', M) we define
0+~ € H*2(S', M) by

0 x(t) =~ +96).
Moreover, for V € T, H*?(S', M) we let
0V :=V(-+0) € Tp, H**(S*, M).

Then Xj, 4(0 % v) = 0 % Xy, 4() for any v € H*?(S1, M) and 6 € S'. Thus,
any zero gives rise to a S'-orbit of zeros. We call v a prime curve, if the
isotropy group {6 € S': 6%~y =~} of v is trivial.

For m > 1 the exponential map Exp, : TH™?(S1, M) — H™?(S', M) is
defined for v € H™?(S', M) and V € T, H™?(S', M) by

Eap,(V)(©) = Eapy, (VD)

where Exp, , denotes the exponential map on (M, g) at z € M. Due to its
pointwise definition

0 x Expy g(V)(t) = Expgsy,q(0 * V)(1).

We shall find solutions to (I.2) in the class of oriented Alexandrov embedded
curves. Let v € H*2(S', M) be an oriented Alexandrov embedded curves
with corresponding oriented immersion F' from B to M. If we equip B with
the metric F*g induced by F', then the outer normal Np(x) at x € 9B with
respect to F*g satisfies

DF|,Np(x) = N, ()
where N, (z) denotes the normal to the curve v at x € 0B defined by

Ny (z) = ()| 7 g (v(2) ) ().

In [I6] the following two basic properties of oriented Alexandrov embedded
curves are shown.

Lemma 2.1.
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(1) Let (v,) in C*(0B, M) be a sequence of immersions, which are ori-
ented Alexzandrov embedded, such that () converges to an immer-
sion o in C?(0B, M) with strictly positive geodesic curvature. Then
o s oriented Alexandrov embedded.

(2) The set of reqular, oriented Alexandrov embedded curves is open in
H22(SY, M).

Property (1) and (2) are given in [16] for closed curves in S2. Since the
analysis in the proof of (1) and (2) is done in tubular neighborhoods of
closed curves, properties (1) and (2) continue to hold if S? is replaced by a
general surface M.

3. THE S'-POINCARE-HOPF INDEX

In [I5] a S'-equivariant Poincaré-Hopf index or S'-degree is introduced
for equivariant vector fields on subsets of H*2(S!,5?). The S'-degree is
based on an equivariant version of the Sard-Smale lemma [I5] Lem 3.9],
which depends on an appropriate change of a vector field locally around its
critical orbits. It’s merely a matter of form to extend this local argument,
when S? is replaced by a general surface M. We give a short account of
the definition and properties of the S'-degree for equivariant vector fields
on subsets of H*2(S', M).

We define a C? equivariant vector field Wy on H 22(81, M) by

Wg(’Y) = (_(Dt,g)2 + 1)_1;}/7 for v e H2’2(517M)’

We will compute the S'-Poincaré-Hopf index for the following class of vector
fields.

Definition 3.1. Let M be an open S'-invariant subset of prime curves in
H?2(SY M). A C? vector field X on M is called (M, g, S')-admissible, if

(1) X is St-equivariant, i.e. X (0v) = 0% X(y) for all (§,7) € St x M.

(2) X is proper in M, i.e. the set {y € M: X(y) = 0} is compact,

(3) X is orthogonal to Wy, i.e. (X(v), Wy(¥))1, m22(s1,0) = 0 for all
v eM.

(4) X is a Rothe field, i.e. if X(S*+y) = 0 then Dy X|, and Projuy, (y)+°
DyX|, are Rothe maps in L(T,H**(S', M)) and L((W,(7))1), re-
spectively.

(5) X is elliptic, i.e. there is € > 0 such that for all finite sets of charts

{(Expy,. g, B2s,(0)) - vi € H*2(SY, M) for 1 <i<n},
and finite sets

{W; e T,, HY*(S', M) : [Willz, mazesi ) <€ for 1 <i<nj,
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there holds: If o € 61 Exp, ¢(Bs,(0)) € H2(S', M) satisfies

X(a) = Projyy, (o)L © DExpy; gl pap:1, (o) (Wi)
=1

then « is in HY2(S, M).

It is shown in [I5] that X}, , satisfies properties (3) — (4). Hence, X 4
is (M, g, S')-admissible if and only if Xk,g is proper in M. Note that the
regularity property (5), taking W; = 0, shows that any zero of X belongs
to H42(S', M). Furthermore, for v € H+2(S', M) the map 6 — 6 % v is C?
from St to H*2(S1, M). Hence, if X (v) = 0 then

0= Dy(X (6 *7))lo=0 = Dg X1y (7),

such that the kernel of Dy X|, is nontrivial. If X is a vector field orthogonal
to Wy and X (v) =0, then

0= D(<X(a)7 Wg(a»TQHZﬂ(Sl,M),g) H = (DgXHa Wg(’Y)>T—yH2’2(S1,M),g

where the various curvature terms and terms containing derivatives of W,
vanish as X (y) = 0. Thus, X(y) = 0 implies

DyX |y T,H**(S', M) = (Wy())", (3.1)
and the projection Projyy, )+ in (4) is unnecessary.

Definition 3.2. Let M be an open S'-invariant subset of prime curves in
H?2(SY M), S'x~vC M, and X a (M, g, S')-admissible vector field on M.
The orbit S* * v is called a critical orbit of X, if X(v) = 0.

The orbit S * y is called a nondegenerate critical orbit of X, if X(v) = 0
and

DyXly o (W)™ = (Wy(7))+
s an isomorphism.
Note that if v € H¥?(S*, M) C H*?(S', M) then 4 & (Wy(y))*.

Definition 3.3. Let {g; : t € [0,1]} be a family of smooth metrics on
M, which induces a corresponding family of metrics on H*2(S', M), still
denoted by g;. Let M be an open S'-invariant subset of prime curves in
H?2(SY, M) and Xo, X1 two vector-fields on M such that X; is (M, g;, S*)-
admissible fori = 0,1. A C? family of vector-fields X (t,-) on M fort € [0,1]
is called a (M, g¢, S*)-homotopy between Xy and X1, if

o X(O, ) = XO and X(l, ) = Xl,

o {(t,v) €[0,1] x M : X(¢t,7v) =0} is compact,

o X;:= X(t,-) is (M, g, S')-admissible for all t € [0,1].

We write (M, g, S*)-homotopy, if the family of metrics {g;} is constant.
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Note that, if {k; € C°(M,R) : t € [0,1]} is a C? family of smooth
function, then t — X, 4, is a (M, g, S')-homotopy, if and only if the set
{(t ) €[0,1] x M: th,gt(’}’) = 0}

is compact.

We let M be an open S'-invariant subset of prime curves in H%2(S!, M)
and X a (M, g, S')-admissible vector field on M. The local S'-degree of an
isolated, nondegenerate critical orbit S* x 7 is defined by

degloc,S1 (X7 Sl * 70) = SganX"YO?

where sgnDyX |, is the sign of the Rothe map DyX|,, in L(W,(7))L).
Since Dy X 4|y, is of the form identity 4+ compact, in the above situation
sgnDy X}, g+, is given by the usual Leray-Schauder degree.

Using an equivariant version of the Sard-Smale lemma a S!'-equivariant
Poincaré-Hopf index

XX, M) €2
is defined in [I5] with the following properties.

Lemma 3.4.

(1) If X is (M, g, S')-admissible with only finitely many critical orbits,
that are all nondegenerate, then

XSl(Xv M) = Z degloc,Sl(X7 st *'7)
{S1xyCM: X (S1v)=0}

(2) If Xo and X1 are (M, g;, S')-homotop, then x(Xo, M) = x (X1, M).

4. THE UNPERTURBED PROBLEM

Let H C R3 be the standard hyperbolic plane
H:={(¢,e37)eR3: 2 — ¢ =1and 7 > 0}
with metric gy induced by the Minkowski metric g,,,
gm = (d€')? + (d€?)? — (dr)? = (-, )m.
We choose the orientation on H such that Jg,(y) is given for y € H by
Jgo(y)(v) : =y Xy v for all v € T, H,

where X,, denotes the twisted cross product in R3,

vl w! v3w? — v2w?
V2| X | w? | = [ vMwd — v3w!
1,2 2,1

’U3 ’lU3 vwT —ovtw
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The twisted cross product x.,, is related to the usual cross product x in R3
by v X, w = Iz 1v X Iz jw, where [ is given by

10 0
1271 = 0 1 0 5
0 0 -1

and satisfies for a, b, ¢, d € R3
((a X b),a)m = 0= {((a Xum b),b)m,
a X (b X, €) = =bla, ¢)m + c(a, b)m,
{((a Xpm b), (¢ Xm d))m = —{a, ¢)m{b,d)m + (b, C)m{a, d)m
We fix a compact, orientable Riemannian surface (M, g),
M :=H/T,

where I' C SO(2,1)+ is a group of oriented isometries acting freely and
properly discontinuously on H. Concerning the metric we will be sloppy
and denote by gy the metric on H as well as the induced metric on H/T.
The unperturbed problem on M is given by

Digo¥ = [Vlgokodgo (V)7 (4.1)
where kg is a positive constant.
We shall compute the S'-degree of the unperturbed equation (@IJ) in three
steps. Step 1: We compute explicitly the set Z3; of Alexandrov embedded
solutions in H%?(S', M) to ([@&I)) and show that Zj; is a finite dimensional,
nondegenerate manifold, in the sense that we have for all & € Z),
TsZm = kernel(Dg, X g0 la)s
T@H2’2(Sl, M) = T&ZM D R(DgoXko,go ’&).
Step 2: In Section Bl we perform a finite dimensional reduction of a slightly
perturbed problem: We consider for k; € C°°(M,R), which will be chosen

later, and € € R, which is assumed to be very small, the perturbed vector
field X, . defined by

Xgoe(7) = (_th,go + 1)_1( = Digo¥ + [¥lgo (ko + k1(7)) o (’Y)’Y)
= Xko,g0(7) + K1 (7),

where the vector field K7 is given by
Ki(7) = (=D7 gy + 1) g (k1(3) T (1))

We show that if S'x Gy C Z)s is a nondegenerate critical orbit of the vector
field & — Pi(@) o Ki(&) on Z)7, where Pi(&) is a projection onto T5Zns
defined below, then for any 0 < € << 1 there is a unique nondegenerate
critical orbit S'*7(g) of X, - such that §(g) converges to dg as e — 0 and

degjoc 51 (Xgo.e: S' %)) = — degoe(P1(-) 0 K1(), S* * dio).
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Step 3: In Section @ we choose a Morse function k; € C*°(M,R) with critical
points

{w; e M : 1<i<n}.

We show that if kg >> 1 is large, then Pj(-) o K1(-) has exactly n critical
orbits {S! * Qoo 1 <i<n}suchthat for 1 <i<n

degloc(Pl(') © Kl(')v Sl * d’i7k0) = degloc(vlﬁv wl)

This yields the formula xg1(Xk,g0, Ma) = —x(M), where My is the subset
of H*2(S', M) consisting of Alexandrov embedded, regular curves.

Step 1: The prescribed geodesic curvature equation with k = kg on (H, go)
is given by

Projﬁﬂ-,gm;)./ = |7|mk07 Xm 77 (42)

where v € H?2(S', H), 4 and ¥ are the usual derivatives of v considered as
a curve in R3, ||, is the Minkowski norm of # in (R?, g,,,).
If ko > 1 then there is a unique r = r(kg) > 0 such that

V1412

T

ko =
We call a triple of vectors {vg,v1,w} in R3 a positive oriented orthonormal

system with respect to gp,, if

(00, V1 )m = (Vo, W)y = (V1, W)y =0,
(00, V0)m = (V1,01 )m = —(W, W)y, = 1,

Vo Xm V1 = W.

We define for A > 0 and a positive oriented orthonormal system {vg,v1,w}
the function a € C*°(R, H) by

alt, \,vo,v1,w) := /1 + 72w + rcos(\r~'t)vy +rsin(Ar vy (4.3)

A direct calculation shows that a(-, A, vg, v1, w) solves [@2]). We fix (79, 0g) €
TH with 99 # 0 and define the parameter A\ := |0y, and the positive
oriented orthonormal system (vg,v1,w) by

v = A", vy i= =1y — V1 4 1219 Xom Y0), W = Vo Xop V1.
Then «a(-, A\, vg, v1,w) satisfies the initial conditions
(0, A, vo, v1,w) =70, &(0, A, v, v1,w) = o,

and we deduce that all non constant solutions of ([£2]) are obtained in this
way. Since we are only interested in solutions in H?2(S', H) we get an extra
condition on A, i.e. the 1-periodicity leads to

A € 2nNr,
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Lemma 4.1. The oriented Alexandrov embedded solutions in H2’2(51,H)
of equation ({[.3) are given by the set of simple solutions
Zy = {a(-,27rr, Vg, U1, W) :
{vo,v1,w} is a pos. orth. system in (]R?’,gm)}.
Proof. From the analysis above the periodic solutions to (4.2]) are given by
{a(-,27mr, vg,v1,w) :n € N and

{vo,v1,w} is a pos. orth. system in (R?, g,,)}.
We fix n € N and a positive orthonormal system {vg, vy, w} and write

T i= o+, 2mnr, v, v1, W).

Assume 7, is oriented Alexandrov embedded and let F;, be the corresponding
immersion. Since H is diffeomorphic to R? we may assume that ; is a simple
curve in the plane (R?,§) with standard metric §. If we apply the Gauf-
Bonnet formula to (B, F,f0) and the embedded curve v; in the plane, we
obtain

2m = / kp;{(; dSF;;(S + / KF,’;J dAF;{&
OB B
_ / ksdSs —n | ksdSs = n2m,
Tn 71

which is only possible for n = 1.
The curve ~; is oriented Alexandrov embedded using polar coordinates and
[0,27] x [0,1] 3 (t,5) — V14 s2r2w + srcos(t)vy + srsin(t)v.
O

The Lorentz transformations S0(2,1)4 of (R?, g,,),
S0(2,1); :={A€0(2,1): AH) CH and det A =1},

correspond to the oriented isometries of (H, go) and act on solutions: if ~
solves (£.2]) so does A o~ for any A € SO(2,1),. We have

Ao af, vy, v, w) = a(-, A A(vy), A(vy), A(w)).
Moreover, there holds,
als, 2mr, v, v, w) = 0 % af-, 2mr, v)), v], w') (4.4)

for some @ € S! if and only if w = w’. Consequently, the critical orbits of
@2) in H, {S' %~ : v € 2y}, are parametrized by w € H and correspond
to “circles” with radius r around the center w in H.

We let mp; be the natural projection, 7y : H — H/I'. Any point z € H
admits a neighborhood U = Bj(z) such that mp/|ly : U — 7 (U) is an
isometry. From (43) there is Cy, > 1 such that if kg > Cj, then any
solution to (£2]) on H passing through z remains in U. For M is compact
Cly = Ck,(I') and § > 0 may be chosen independently of z. Equation (L2]) is
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invariant under isometries, hence the set of solutions to ([@Il) with kg > C,
is given by
{7TM © Oé(', 27r, v, 1, U)) :
. . 3
{vo,v1,w} is a pos. orth. system in (R?, gm)}.
Moreover, we have

Lemma 4.2. If kg > Cy,, then the oriented Alexandrov embedded solutions
in H>2(SY, M) of equation [@I)) are given by the set of simple solutions
Zy o= {d = 7 0 o+, 277, Vg, V1, W)
{vo,v1,w} is a pos. orth. system in (R®, gm)}.
Proof. We fix n € N and a positive orthonormal system {vg, v1, w} and write
Y i= T © o, 2N, vy, v1, W)

From the above analysis any periodic solution to (4.1) on (M, gp) is of this
form. Hence, it is enough to show that ~, is oriented Alexandrov embedded,
if and only if n = 1.

Concatenating the immersion in the proof of Lemma [T with 7; we deduce
that ~; is oriented Alexandrov embedded. Suppose 7, is oriented Alexan-
drov embedded with an immersion F,, : B — M. From the homotopy
lifting property of the covering mps : H — M we may lift F, to see that
a(-, 2mnr, vy, v1,w) is oriented Alexandrov embedded in H. From Lemma
[4.7] this is only possible for n = 1. O

From (4.4)) we find
s 0 s, 277, vg, v, w) = O x T 0 s, 27, Vg, v, W)

for some 6 € S if and only if 7y (w) = 7 (w'), such that the critical orbits
of (£2]) in M are parametrized by w € M and correspond to projections on
M of “circles” in H.

In the following we always assume that

ko > Chy.

We denote by X}, 4, 1 the vector field on H 22(S1 H) corresponding to equa-
tion (A2). We fix a solution a = «a(-, 277, vo, v, w) of (£2) and note that
for Ve T,H*?(S1, H)

Ry, (V. @)a = =Vlaly, + (V. @)md.
By (21) a vector field W is contained in the kernel of Dy Xy, g0 .1« if and

only if W is a periodic solution of
0=—D;, W+ Wlals, — (W,d&)md
+ & (Dt ogo W, &) ko (@ X &) + |&lmko(a Xim DygoW).  (4.5)
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Due to the geometric origin of equation ([A2]) and the SO(2,1); invariance
we find that
Wo(t, vo, vy, w) = ta, (4.6)
Wi (t, vo, v1,w) := & = 27r(— sin(27t)v1 + cos(27t)vy),
Wa(t, v, v, w) := (1 + 7‘2)%1)1 + 7 cos(2mt)w,
Ws(t, vg, v, w) := (1 + 7‘2)%1)0 + rsin(27t)w,

solve ([@.H]). In the sequel, we will omit the dependence of W; on (vg, vy, w),
if there is no possibility of confusion. The initial values of Wy, ..., W3

WO(07 Vo, V1, 'lU) = 07 Dt,g()WO(Ou Vo, V1, w) = 27TTUO7

W1(0,vg, v1,w) = 2wrvg, Dy goW1(0,vp, v1,w) = —4772r3/<;0(/<;0v1 + w),
W2(0,v0, v1,w) = rkov1 + rw, Dy g Wa(0, vg,v1,w) =0,
w)

Wg(o, Vo, V1, = Tko’l)o, Dt,goW?)(Oy Vo, V1, w) = —27T7‘3(]€0’l)1 + w).

are a basis of (T, a(O)H)z, such that any solution to (4.3 is a linear combina-
tion of Wy, ..., Ws. As only W1,..., W3 are periodic, we obtain
kernel(DgoXkO,go,ma) = <W1, Wg, W3> (47)

We fix a neighborhood U of a(0) as above, where mpr : U — mp(U) is an
isometry. Then o € H?%(S',U) and 7); induces isomorphisms

mar s H*2(SYU) — H**(SY, 7y (U)), a — w0 @,
(mar)x © T H*2(SY,H) — Ty H22(SY, M), V s drpr|aV,
where (77)« is an isometry. Moreover, there holds on H?2(S', U)
(1) 5 © Xgg kot = Xgo ko © TMs
(7a1)+ © Dgo Xgo ko, Hla = DggXgo ko lmaroa © (Ta1)s- (4.8)

Since Zy and Z); are three dimensional submanifolds of H*2(S1 H) and
H?2(S', M), respectively, we have for a« € Zy and & = Ty 0 € Zyy

ToZu = kernel(Dgo Xk, go 11la) = (W1, Wa, W3),
TsZym = kernel(Dgy Xio.g0la)
= (Wi = (mm)wo Wit 1 <0 <3),

To compute the image of Dg, Xy, 40.1|a We note that {c¢, o x,, &} is an
orthogonal system in T,,H for any ¢ € S'. Thus any V € T, H?>?(S*, H) may
be written as

V=X ada+ \(a Xy, &)
for some functions A1, Ay € H?%(S!,R). Using the fact that

Dy g, = |&|mko(a X, &) and Dy g (o X, &) = —|&|mkoc,
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we obtain
Do Xpogola(V) = (=D7 4+ 1) (=N + 20/ 1 + 12X\t
+ (=25 — (2m)*A2) (@ X4 ). (4.9)
Concerning W1, ..., W3 and Wy, we find
Wi(t) = a(t),
Wia(t) = 2; (V1 + r2sin(2mt)a(t) + cos(2mt)(a X &),
Ws(t) = —%( - mcos(Zwt)d(t) + sin(27t) (@ X 1))
Wyo(a) = (1 + a2 k) e = (1 +472(1 + r?) W7, (4.10)

Lemma 4.3. If r # (2m)~!, then we have for o € Zy
{0} = (W1, Wa, W) N R(Dgo Xk go.1la),
(W)t = (Wa, W3) @ R(Dgo X go.tla)
Proof. For A\, A € H*2(S',R) we have
(=D7F 4o + 1) (M6 + Ag(a X &)
= (= M +47V/1 + 12X 20+ 72 + DAr)a
+ (=5 — 47?\/14——7"2 L+ @Ar? 1+ %) + D)o Xy &
Hence we get by direct calculations
(—D7,, + D)W1) = (4n*(1 +r?) + 1)y,

(_Dt%go + 1) (=2mrWa) = V1 + r2(4nx%r? 4 1) sin(2nt) &
+ (—=47%r? + 1) cos(2mt) (@ X &),  (4.11)

(_D?,go + 1) (=2mrW3) = —v/1 + r2(47°r% 4 1) cos(27t)
+ (—4m%r? + 1) sin(27t) (o X ). (4.12)

Consequently, by (B.1)), (4£I0), and the above computations W7 is orthogonal
to (Wa, W3) and to R(DgyXp, g01la) in ToH*?(ST, H). As in L*(S',R)

b+ (2m)%Ng Lp2 (cos(2mt),sin(27t)), (Nf,A5) L2 const,
we get from ([L9) and the fact that 1 — 472r? # 0

{0} = (=D7,, + 1) ((W1, Wa, Ws))
N (_DZQO + 1)D90Xko,go7H|a(TaH2’2(SlaH))

and the claim follows for Dy, X, 01|« is a Fredholm operator of index 0. [J
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Moreover, we see for a € 2y

R(DgoXko7go7H|a) = {( Dt290 I 1((_)‘,1/ +2rv1+ 7‘2)\,2)04
— ( 9 + (27‘1’)2)\2)(04 Xm Oé)) : )\1, Ao € H2’2(51,R)}
= {(=D7, + D7 (M + Ao X &) = N € L*(S',R),
A Lzz 1, g L2 (cos(2mt), sin(27t)) }
— (@ Xm &) @ Fy. (4.13)
where E is given by
Er={(- ngo + 1) (AMd A+ Ao X &)
N € L2(STR), Ay L2 1, Ay Lpe (1,cos(2t), sin(27t)) }
We have for V = A\jd& + Ag(a X, &) in T, H>2(S, H)

Dy Xo,goHla(V) € By = Xa L2 1=V L2 (a xp @).

We fix
V= (=D7, + 17 (A\d+ a(a xm &) € Ey.
Then
/ (V.o Xy &)y
g1

- /51<( D2, + 1) (Ma + Ao(@ Xm &))@ X @

_ /Slula + Aa(a X &), (—D2y, + 1)1 (@ Xm 6))m

= (47*(1 +72) + 1)_1/ (M + A X &), Xy Q) = 0.
Sl

Consequently, Dy Xk g0.1|a(E+) = E4.
E. is L?-orthogonal to a X, & and ¢, we may thus write
V= (v + fi)a+ (2 + fo)(a Xy &),
where
vi,vy L2 (1,sin(27-), cos(27)) and f1, fa € (sin(27-), cos(27-)).
Then
(=D, + DgoXko,go,H| V), V)2

— 21+ 12 + (V) — 4 (12)?

1

/Sl 2 — 2/ 1112 fo. (4.14)

m\
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Since vo L2 (1, cos(27+),sin(27-)) we have

/Sl(yé)2 — 4772(1/2)2 > / 16772(1/2)2

Sl
and for 0<r <1

/ ()2 = 27V 1 4 1204w + (V})? — 472 (1p)?
S1
1
> [ 042 = J0AP — 4r (4 1))+ (0?4200
3
> [ 0D+ an P,
g1 4
Concerning the remaining term in (£.I4]) we note that as (—Dt% g 1) maps
{Mé+ dala xm &) © A1, Ao € (sin(27+), cos(2m)) }
into itself and V € FE, there holds
f160+ fa(o X &) € (=D7 0 + 1) cos(2m)ct, sin(2m-) ).
Hence, by explicit computations there are z,y € R satisfying

fi(t) = x cos(2nmt) + ysin(2nt),

812v/1 4 12
fa(t) = 13 2
4m2(2412) 4+ 1

(y cos(2mt) — xsin(27t)),

such that

201 _ 42,2
/Sl(fi)2 — 2V 1+7’2f{f2 = j;rz((;+r:)+)1(g;2+y2)

This shows that if r < (27)~!, then
(=D2yy + 1Dy Xy g itla(V), V)2 > 0 for all V € E4 \ {0},

t,g0

and the homotopy
[0,1] 3 s+ (1 — 5)(Dgy X g0.1la) | £, + sid|E,
is admissible. We use the decomposition in (£I3]) and

42
4r(1+7r2) +1
1

(@ Xy )

D gy Xo,go ilale Xom &) =

to see that under the assumption r < (27)~
-1 0

(DgoXk()ngvma)|R(D90Xko,go’H|a) ~ < 0 id|E+> ‘

Consequently, for r < (27)~!

581 (Dgo Xy, go.1la) |R(Dgy Xig g9 la) = —1- (4.15)
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We remark that the formula for the degree continues to hold for r > (27)~1.
From (4.8) and the fact that (7y/)« is an isometry we obtain for & € Z),

{0} = (W1, W, W3) N R(Dygy X, g0l)
(W)t = (Wa, W3) ® R(Dgo X g0la),
_1 = s-gn(DgoXko7go|d)|R(D90Xkoygo\&)- (416)

We fix ap € Zy and a parametrization ¢ of Zj, which maps an open
neighborhood of 0 in (Wi (ag), Wa(ap), Ws(ag)) into Zpy, such that

©(0) = ag and Dy|p = id.

As Z) consists of smooth functions, Zj; is a sub-manifold of H™?2(St, M)
for 1 < m < co. We define a map ® from an open neighborhood U of 0 in

T@OH2’2(51, M) = <W1 (540), WQ(&()), Wg(&o» D Range(DgoXko,go ’&0)
to H>2(S', M) by
O(W,U) 1= Expag,g (Exps, 4 (0(W)) +U). (4.17)

Then (®,U) is a chart of H%2(S', M) around &g such that U/ is an open
neighborhood of 0 in Ts, H?2(S*, M), ®(0) = &, and

D@D’Q = 1d, (13_1(ZM N @(U)) =Un <V~V1(C~¥0), WQ(@Q), Wg(do».

From the properties of Fxpg, 4, the map ® is a chart of H k2(S1, M) around
&g for any 1 < k < 4 and shrinking ¢ we may assume that

Ty H'(5', M) = (£0(V) © DIy (o)1), (419
ToryH*(S1, M) = (Wy, (2(V))) ® Dl ((Wy, (G0)) "), (4.19)
Projp,, @(vy: © D®lv : (W, (o)™ S (W (V)L (4.20)

and the norm of the projections in (£I8) and ([4.I9) as well as the norm of
the map in (£20) and its inverse are uniformly bounded with respect to V.
5. THE PERTURBATIVE ANALYSIS

For &g € Zj; the vectors Wl(do) and Wy, (Go) are collinear and we use
(Wi(ao)) instead of (Wy,(&p)) in the analysis below.
We define a S'-invariant vector bundle SH??(S*, M) by

SH>2(S', M) :={(y,V) € TH**(S*, M) : v # const, V € (W,(y))*}.

As in [15, Sec. 4] we obtain a chart ¥ for the bundle SH??(S!, M) around
(6[0,0) bY7
WU xUN (Wi (a))t — SH*2(ST, M),
U(V.U) = (®(V), Projuw, @yt © D[v(U)).
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We define

ng),e s UN <W1(540)>J‘ — <W1(C~¥0)>J'
by
X3 (V)= Projo o U H®(V), Xy -(B(V))).

90,€

As in [I5, Lem. 3.5] it is easy to see that
V e U n (Wi(ap))t is a (nondegenerate) zero of X;I;’E if and only if
S' % ®(V) is a (nondegenerate) critical orbit of Xy, .,
(5.1)

and if X (V) =0, then
Dy X2 v = Ayt 0 Dgy Xy cloy © DOy, (5.2)
where the isomorphism Ay : (W1 (Gg)) — (W, (®(V)))* is given by
Ay = Projuy, @)+ © D|y.
From Lemma [.3] we may assume
U N (Wi(60)) " = Uy x Us,
where U; and Uy are open neighborhoods of 0 in (Wa(dg), Wa(éo)) and

R(DgoXko,go|do)- We denote for @ € Zj; by Py(&) the projection onto
R(DgyXg,0la) with respect to the decomposition

(Wi (@) = (Wa(@), Ws(a)) & R(DgyXrg,g0la)
and by Pj(a&) the projection onto (Wy (&), Wi(&)). Moreover, for W € U;
we define for ¢ = 1,2
P (W) := (Aw) ™" o B(®(W)) o Aw.

The projections P2 (W) and Py (W) correspond to the decomposition

(Wi (@0))* = (Waldo), Waldo)) & R(Dp X2 olw),  (5.3)
as we have for W € U;

Dygo X gy olw = Ay © Do Xgq.0la(w) © Aw-

Moreover, for & € Z)s the vector field K(&) is orthogonal to W1 (&) and we
may define a vector field on Z,; by

Zy 3 a— P(a) o K1 (&) € (Wa(a), Ws(a)).
Note that Pi(-) o Ki(-) is S'-equivariant, i.e.
0% (P(&) o K1(&)) = P1(0 % @) o K1(0 * &) for all (0,a) € S* x Zy.
If P(&p) o K1(Gg) = 0 for some &y € Z), differentiating the identity

0= (Pi(@) o K1(a), Wi (a))
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we find that the covariant derivative Dz,, (Pi(-) o K1(-))|s, maps
Tso 20 = (Wi (&), Wal(do), Wa(éo))

to (Wa(ap), Ws(ag)) and the S' equivariance leads to
Dz, (Pi(-) o K1(+))]ao (W1 (G0)) = 0.

Consequently, we say that S! % &g € Z)s is a nondegenerate zero orbit of
Pl() @) Kl(-), if Pl(do) o Kl(do) =0 and

Dz, (Pi(-) o K1())|ao = (Waldo), Wa(dg)) — (Wa(d), Wa(d))

is invertible.
Using the above notation the perturbative analysis done in [I5] carries over
and we state the following four results without proof (see [15, Lem. 5.2-5.5)).

Lemma 5.1. For &g € Z after possibly shrinking U there are eg > 0 and
U € C*([~e0, 0] x U, (Wi (a0))™),
R € C*([—eo, 0] x U, (Wa(én), Ws(d))),
such that for all (e, W) € [—eg,e0] X Uy
R(e,W) = X7 (W +U(e, W)),
0=PEW)oU(e, W),
O(e)emo = U (e, W)l + |1DwU (e, W) + [|1R(e, W)l + [| Dw R(e, W),
R(e,W) = PP (W) o KT (W) + 0(e)=0,
U(e, W) = —&(Dgy Xgo olw) ™ 0 P’ (W) 0 KT (W) + 0(€) 0.

Moreover, the functions U(e, W) and Rga, W) are unique, in the sense that,
if (e,W,U, R) in [—eg,e0] x Uy x U N <W1(d0)>l x Uy satisfies
X2 _(W+U) =R and P (W)(U) =0,

go,e

then U =U(e, W) and R = R(e,W).

Lemma 5.2. Under the assumptions of Lemma [5.1] we have as € — 0
Xone(W +U(e, W) = eP1' (W) 0 KY' (W) + O(*)e 0,

where K is the vector-field Ky in the coordinates ®, i.e.

o [} [}
Ky = Xgo,l - X9070‘

Lemma 5.3. Under the assumptions of Lemmali 1l suppose 0 is a nondegen-
erate zero of the vector-field P (-)o K (-), in the sense that P (0)o K (0) =
0 and

Dw (PE(-) o KT ()]0 € L((Wa(do), Ws(o)))
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18 an isomorphism. Then, after possibly shrinking ey and U, for any 0 <
e < gg there is a unique W (e) € Uy such that
Xo (W (e) +U(e,W(e)) =0,
Wi() =0 ase — 0.

Moreover, V(e) := W(e) + U(e,W(e)) is the only zero of X7 . in U N

- g0t
(W1(ép))* and is nondegenerate with

sg(DXg v (o) = —det(Dw (P (-) o KT'(-))]o)-

Lemma 5.4. Under the assumptions of Lemma [5.1 suppose &g s a mon-
degenerate zero of the vector-field Py(-) o Ki(-) on Zy, in the sense that
Pl(do) o Kl(do) =0 and

Dz(Pi(-) o K1(+))lay € L((W2(d0), W3(0)))
is an isomorphism. Then for any 0 < € < gg there is () € ®(U) satisfying
Xgo,e(7(€)) =0 and ¥(e) = &g as € — 0.

Moreover, S x 7(g) is the unique critical orbit of Xy in ®U) and is
nondegenerate with

degoe 51(Xgo.er ST # 7(€)) = — det(Dz,, (Pi(-) 0 Ki1(-))]ap)-

6. THE COMPUTATION OF THE DEGREE

In order to compute the S'-degree of X, . we choose a smooth Morse
function k; € C*°(M,R). The corresponding vector-field K1 on H??(S*, M)
is given by

Ki(7) = (=Di gy + 1) (g0 k1(3) Jgo (1)9)-

We note that for & = myroa(-, 27|r|, v, v1,w) € Zjr and r > 0 small enough
we have

K1(&) = 2mr(=D} ;0 + 1) (k1 (&) (oar)s (@ Xy &)).
Consequently, from (£11]), (£I12), and (£I13)
Pi(a) o K1(@) = 03(a)Wa(@) + o3(a)W3(a), (6.1)
where o2(@), o2(&) € R are defined by the condition that

2nrky (@) — %(1 — 47%r?) cos(2m-) — #(1 — 47%r?) sin(27-)

(27
is L2-orthogonal to <COS(27T ), SlIl(27T )). Hence,

1
o9(@) = 1_47T2 2/0 k1 o a(t) cos(2nt) dt,

82r2
1— 4x2p2

1
o3(@) = / k1 o a(t) sin(27t) dt.
0
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In the following we are interested in the asympotics of o9 and o3 as r — 0T
or equivalently as kg — oco. There holds

1 — 4x2p2
822

1
= / (kl o 7TM(’U)) + Tdklle(w) COS(27Tt)(7TM)*’U1
0

o2(@)

+ 7dk1 |y, () SIN(27E) (701 V0 + O(r2)> cos(2nt) dt

1
= §rdk1|7rM(w) (TrM)*,Ul + 0(72)7 (62)

and analogously we find

1—d4r?? 1
52,2 03(4) = 57kl () (Tar)<vo + O(r?). (6.3)

From the above expansion we easily deduce
Lemma 6.1. For all § > 0 there is rqg > 0 such that for all 0 < r < rg and
a= 7TM(\/1+—T'2U) + 7 cos(2mt)vy + rsin(27t)vg) € 2y
satisfying P (&) o K1(&) = 0 there holds
m(w) € U Bs(i),
where {w; : 1 <i < n} denotes the set of critical points of ki in M.

Fix wyo € H and a positive orthonormal system {vg,v1,wg} in (R?,m)
such that mys(wp) is a critical point of k; in M. We choose § > 0, a
parametrization

w: Bi(0) C R?* = Bs(wy) C H, (,y) — w(z,y),

and smooth maps vy, vy : B1(0) — R? such that {vy(z,y),v1(x,y),w(z,y)}
is orthonormal for all (z,y) € B1(0) and

ow ow
(v0(0,0),v1(0,0),w(0,0)) = (vo, v1,wo), %\(o,o) = vy, 8—y\(o,o) = vp.

(6.4)

Shrinking § > 0 we may assume that mys o ¢, parametrizes M and that
(z,y) — a(z,y) is an injective immersion from Bj(0) to Z,s, where

a(z,y) == mp (V14 r2w(z,y) + rcos(2m)vi (z,y) + rsin(27)vo(z,y)).
From (£6) and (6.4) we get as r,6 — 07

2 Bl = Waldle,)) +O(r) + 0(6)
0 A(gy) = Ws(a(z,y)) + O(r) + O(6). (6.5)

dy
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Define H : B1(0) — R? by
H($7 y) = (02(d($7 y))7 03(d($7 y))) .

By (6.2) and (6.3) we have as r — 0T

H(zx,y
8;27,3) = (k1 |y (w(,)) (T0) w01 (2, Y), AR 2y (0(9)) (Ta1) w00 (2, )
+ O(r).
Since

d d
e owlop = (mar)«v1(0,0), d—yﬂM owlo,o = (mar)«v0(0,0)

we find for small values of § > 0 and » > 0

deg(H, B1(0),0) = deg(V (k1 o mas o w), B1(0),0)
= deg(Vki, Bs(mam(wo)),0) = degyo.(Vir, mar(wo)),

and the set of zeros of H in B;(0) is non-empty. Fix a zero (z¢, yo) € B1(0)
of H. Then

dH | = :v(02 © d)|(xovyo) %(0—2 © d)|(~’v07yo) '
(r0.40) (030 d)|(xovyo) 8_y(03 © d)|(~’v07yo)

Q3|Q3Q>|Q)

T

From (6.2)), (63]), and the fact that H(x,y0) = 0 we get

k1| (w(wo o)) = O(1)-
Thus, we have as r — 0T

0 .
dky ’&(xo,yo)(t) %a‘ (x0,y0) (t)

0
= dkl‘wM(w(aco,yo))(FM)*%U)’(%@O)
0
7V 2 w0000 1 bt 100 (T80 5,30

0 .
+ dky |7rM(w(9007yo))v 9 6(x0,50) ()| r=0 %Og(djo, yo)(t)|r:0) + 0(7‘2)

or

= Akt |y (wo,90)) (TM1)x 5l (0,40)

)
+7(Vdk1) | ryy (w(wo.mo) <(”M)*%w|(xo,yo>7

cos(2mt)(mar)«v1(xo, yo) + sin(27t) (mar ) «vo(xo, y0)> + O(r?).
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Using ([6.4]), this leads to, as r,6 — 0T
0
ox a1

720 &)| (g ,0)

1
0 .
/ k1|6 (0.40) Clrm @ (z,40) (t) cOs(2t)dt
0 x

r 0
= §(de1)\w(w(xo,yo)) ((mar)« %w‘(mo,yoﬁ (mar)<v1 (20, 90)) + O(r?)

= g(dej)LrM(wo) <(7TM)*U1, (7TM)*’U1> + O(Tz) + O(rd).

Analogously, we may compute the remaining partial derivatives of H and
we find for small values of § > 0 and r > 0

sgndet(dH (5 o)) = sgndet(Vdki|r,, (wy)) = degioe(VEL, mar(wo)), (6.6)
such that (zo,yo0) is the unique zero of H in B1(0). From (6.1) we see that
P1(&(x0,0)) o K1(&(zo,y0)) =0,

by (6.5) we obtain as r,d — 07"

sz (Pl(‘) o Kl( )) ‘d(rmyo)
— (do—2|& (0.0 W2 (@ (:no,yo))>W (a(zo,Y0))

<d03!a(;p0 sy Wa(&(zo,0)) ) &(xo,%0))
0 - -
= %(02 o a)|(xo,yo)W2(a(x07 Y0))

0 -
+ 8_95(03 ° a)\(:co,yo)W3( a(wo,y0)) + O(r) + O(0).
Concerning the covariant derivative of P;(-) o Ki(-) in direction W3 we have
to replace by 3y in the above formula. Consequently, from (G.6])
s det(Dz,, (P () 0 K1 (Dla(ro ) = desion(Vhr, mas (o).
Thus we arrive at the following
Lemma 6.2. Let {w; : 1 < i < n} denote the set of critical points of ky
in M. Then there is rog > 0 such that for all 0 < r < rq the set of critical
orbits of Pi(+) o K1(-) is given by {S* * &y, : 1 <i < n}, where
Qi = (V1 4 12w; , + 7 cos(2mt)vy i + 7 sin(27t)voi,) € 2.
Moreover, we have for 1 <i<mn
v (wiy) — Wi asr — 07T,
sgndet(DgM (Pl() 0 Kl('))’&i,r-) = degloc(th wl)
Proof. From Lemma and the analysis of H we may choose § > 0 and

ro > 0 such that the union U} ; Bs(w;) is disjoint and for every ¢ and 0 <
r < 1o there is a unique my/(w;,) € Bs(w;) corresponding to a critical orbit
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St % &; . Moreover, if r — 07 we may shrink § > 0, which yields together
with the uniqueness of mys(w; ) the claimed asymptotic. O

Lemma 6.3. Let My be the set of oriented Alexandrov embedded regular
curves in H>2(S', M). There is Cy, > 0 such that for all ko > Cy, we have

Xs1 (Xko,gov MA) = _X(M)7
where x (M) denotes the Euler characteristic of M.
Proof. We choose a Morse function k; on M with nondegenerate critical
points {w; : 1 <1i < n}. From Lemmal6.2lwe obtain Cy, > 0 such that for all
ko > Ct, the critical orbits of Py ()oK (-) are given by {S1*; x, : 1 <i < n}
satisfying
sgn det(DZM (Pl() ° Kl('))|5éi,k0) = degloc(Vkl’ wl)
We fix kg > Cf,. By Lemma [5.3] there is ¢ > 0 such that for any 0 < ¢ < gp
and 1 < ¢ < n there is 7;(¢) € ®(U;) satistying
Xgo.e(7i(e)) =0 and F(e) = & i, as € = 0.

Moreover, S* * 7;(e) is the unique critical orbit of X, . in ®(U4;) and is
nondegenerate with

degloc,51 (Xg(),f:" Sl * 5/(6)) = - degloc(ka QI}Z) (67)

To show that there is an open neighborhood U of Z3; and ¢y > 0 such
that for all 0 < € < gg the critical orbits of X, . in U are given exactly
by {7i(e) : 1 < i < n} we argue by contradiction. Suppose there are
en — 07 and a sequence (&) of zeros of X, ., that converges to Z; but
an ¢ {Fi(e) : 1 <i<n}. Up to a subsequence we may assume

a, — ag € Zy

as n — oo. For large n we use the chart ® around &g given in ([@I7). From
the existence of a slice of the S Laction (see [I5, Lem. 3.1]) we get sequences
0, € R/Z and V,, € (Wy(ag))* converging to 0 such that
Oy, * G, = (V).

Note that from the S'-invariance and by construction

Xgo,en(On * &) =0 and Xg:)’en(Vn) =0.
We consider the map

A (Wi(ao))™ = (Wa(do), Wa(do)) @ R(Dgy Xy, olo) = (Wi(ao)) ™,
defined by
AW, V) =W + Dg, X olw (V).

From (5.3]) the map A is a diffeomorphism locally around (0,0), hence we
may decompose

Vi =® Y0, *x ay) = W, + Uy,
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where W, € (Wi (ap))* and U,, € R(DgOXl(cIZ),g()’Wn) converge to 0 as n — 00.

From the uniqueness part of Lemma [B.1] as X;I:),an(Wn + U,) = 0, we get
U, = Ul(en, Wy,). By Lemma we see that

Pl(do) 9] Kl(dO) = 0.

Consequently, S x ag € {S Ly &y o 1 <i<n}. From the uniqueness part
in Lemma [5.3] we finally arrive at the contradiction

St sy, € {StxA(e,) : 1<i < n}.

From the definition of the S'-equivariant Poincaré-Hopf index, the classi-
fication of Alexandrov embedded zeros of Xy, o,, and (6.7)) there holds for
small € > 0

Xs1 (Xko,govMA) = Xs1 (Xko,govu) = Xs1 (Xgo,€7u)

n
= Z degloc,sl (Xgo,& Sl * (6))
=1

== degpo(Vk1, 1) = —x(M).
i=1

7. THE APRIORI ESTIMATE

We fix a continuous family of metrics {g; : ¢ € [0,1]} on M and a con-
tinuous family of positive continuous function {k; : ¢ € [0,1]} on M. We
assume that there is Ko > 0, such that the Gaussian curvature K, of each
metric g; on M and the functions {k;} satisfy

K, > —Ko, (7.1)

king 1= inf{k;(z) : (,t) € M x [0,1]} > (Ko)2. (7.2)

We let X; be the vector field on H?*2(S', M) defined by
Xi = Xy g,
We denote by M4 C H?2(S1, M) the set
My :={ye€ Hféz(S L M) : ~ is prime and oriented Alexandrov embedded.}.
We shall show that the set
X7H0) = {(7,1) € Ma x [0,1] : Xy(7) =0}

is compact in My x [0,1]. Fix (v,t) € X~1(0). Then there is an oriented
immersion F' : B — M with Fl|sgp = . We denote by F*g; the induced
metric on B.



26 MATTHIAS SCHNEIDER

Lemma 7.1. For any (v,t) € X~(0) there is ¢ € C%(B,R) satisfying

—AF*thD -+ Kp*gt + Koego =01 B,
dyp =0 on 0B, (7.3)

where v denotes the unit normal oriented to the outside.
Moreover, there is Cy > 0, which may be chosen independently of (vy,t) €
X—10), such that

0>¢>—Co.

Proof. To show the existence of a solution ¢ we use the method of upper
and lower solutions (see also [9]). The function ¢ = 0 satisfies

_AF*thD—l- + KF*gt + I(OeSij = KF*gt + Ky > 0,

from (7I) and the fact that F'is a local isometry. Hence, ¢4 is a superso-
lution of (73]). To find a subsolution, we let ¢1 € C°°(M,R) be defined as
the solution to the linear equation

—Ag, 01+ Ky, — 2mx (M )vol(M, gt)_1 =0in M, / p1dg; = 0.
M

By standard elliptic estimates using a Green’s function on (M, g;) (see [3,
Thm 4.13]) we have

sup 1| < C(gt)(s]l&p | Kg,| — 2mx(M)vol (M, g;)~")
S C17

because {g; : t € [0,1]} is a compact set of smooth metrics. We may choose
Cy > 1 such that we have for all ¢ € [0, 1]

—Cy < In (= 2mx(M)Kovol(M, g,) 7).
Since F' is a local isometry, there holds
Apsg,(p10F) = (Agp1) 0 F.
We define ¢_ € C?(B,R) by
p_ =10 F —C; — (O
and get
~Apegp— + Kpsg, + Koe?~ = 2mx(M)vol(M, g;) ™" + Kge?*F =172 < 0.
Hence @_ is a subsolution of (73] satisfying
—Co:=—(2C1+Co) < p_ < vy

Using a version of the method of upper and lower solutions given in [14] we
find a solution ¢ to (T3] satisfying p_ < ¢ < py. O
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We consider B equipped with the metric h; := e¥F*g;. Then the Gaussian
curvature Kp,, and the geodesic curvature kj, of 0B with respect to (B, hy)
are given by (see [3| Sec 5.8.2])

K, = —Kg and ky, = kp«ge™ 2.

(S

Consequently, since 0 < ¢,

i > i wg, > ki

laan kht = ngf kF gt = klnf-
The Gauss-Bonnet formula applied to (B, h;) gives

2r = —/ K() dht + / kht dSht > —KQA(B, ht) + kme(aB, ht),
B oB
where A(B, h) denotes the area of B and L(0B, h;) the length of 0B with
respect to hy. The isoperimetric inequality (see [13, Thm 4.3]) yields
L(OB, h)? > 41 A(B, hy) + KoA(B, hy)? > KoA(B, hy)>.
Thus we arrive at
21 > —(Ko)2 L(OB, hy) + kiny L(OB, hy).

This yields
27

L(v,9:) = L(OB, F*g;) < ¢“°L(0B, hy) < e ——————
Kiny — (Ko)

(NI

Using again the Gauss-Bonnet formula we see

27r=—/ KodhtJr/ kn, dSh,
B 0B

< % (sup{ky(z) : (x,t) € M x [0,1]}) L(OB, hy)
< e (sup{ke(z) : (z,t) € M x [0,1]}) L(7, g¢)-
Consequently, there is C' > 0, such that
C < L(y,g,) <C7L, (7.4)

for all (v,t) € X~1(0).

Fix a sequence (Y, tn)nen in X ~1(0). As a solution each 1, is parameter-
ized proportional to its arc-length. From (7.4), (v,) is uniformly bounded
in C1(S', M). Using the equation (.2 we obtain a uniform bound of ()
in C3(S', M), such that we may extract a subsequence, still denoted by
(Yns tn)nen, which converges in C2(St, M) x [0,1] to (y0,t0). The conver-
gence in C%(S!, M) and the lower bound in (Z4]) imply that X¢,(70) = 0 and
that 9 is an immersion. By Lemma 2] the curve 7q is oriented Alexandrov
embedded and hence (9, t9) € X ~1(0). This shows that

Lemma 7.2. Under the assumptions (T1) and (T2) the set X ~1(0) is com-
pact.
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8. EXISTENCE RESULTS
We give the proof of our main existence result.

Proof of Theorem [1.2. From the uniformization theorem (M, g) is isometric
to (H/I',e¥go), where I' C O(2,1)1 is a group of isometries acting freely
and properly discontinuously and ¢ is a function in C*°(H/T',R). Due to
the invariance of (L2) under isometries we may assume without loss of
generality that

(M, g) = (H/T, €% go).

We consider the family of metrics {g; := €?gy : t € [0,1]} and choose a
large constant kg >> 1, such that

ko > (—nf{K, () : (z,t) € M x [0,1]}) + inf -+ C,.
where K, denotes the Gaussian curvature of the metric g; given by
Kg, = e (= tAg(p) +2).
From Lemma the homotopy
0,1] >t = X, g,

is (M4, g¢, S')-admissible. By Lemma and the homotopy invariance of
the S'-equivariant Poincaré-Hopf index we obtain

—X(M) = x51(Xkg,g0, Ma) = X1 (X9, Ma).

For ¢ € [0, 1] we define k; € C*°(M,R) by
ky(x) = (1 — t)ko + th(z).
Then
inf{k(z) : (z,t) € M x [0,1]} = infk > (- iﬁng)%.
From Lemma the homotopy
0,1] >t Xi, 4

is (M4, g, S')-admissible and there holds

X1 (X g, Ma) = X1 (Xg g, Ma) = —x(M).
This gives the claim. O
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