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Abstract

We study the initial-value problem for a general class of nonlinear nonlocal coupled
wave equations. The problem involves convolution operators with kernel functions whose
Fourier transforms are nonnegative. Some well-known examples of nonlinear wave equa-

tions, such as coupled Boussinesq-type equations arising in elasticity and in quasi-continuum

approximation of dense lattices, follow from the present model for suitable choices of the
kernel functions. We establish local existence and sufficient conditions for finite time
blow-up and as well as global existence of solutions of the problem.
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1. Introduction

In this article we focus on blow-up and global existence of solutions to the nonlocal
nonlinear Cauchy problem

urer = (B1 * (u1 + g1(u1,u2)))zx, zeR, >0 (1.1)
uzer = (B2 * (u2 + ga(u1,u2)))ze, reR, >0 (1.2)
ur(z,0) = p1(x), wuie(z,0) =1 (x) (1.3)
uz(x,0) = @a(x), wu2(x,0) =a(x). (1.4)

Here u; = u;(x,t) (i = 1,2), the subscripts x,t denote partial derivatives, the symbol
denotes convolution in the spatial domain

Bruv= /Rﬂ(x —y)v(y)dy.
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We assume that the nonlinear functions g;(u1,uz2) (¢ = 1, 2) satisfy the exactness condi-
tion

0 0
99 _ 992 (1.5)
8U2 8’[1,1
or equivalently there exists a function G(uq, us) satisfying
oG
P = i =1,2). 1.6
gi=ge (i=12) (16)

We assume that the kernel functions f;(x) are integrable and their Fourier transforms
Bi(€) satisty
0<Bi(6) G147/ foralle (i=1,2) (1.7)

for some constants C; > 0. Here the exponents r1, 72 are not necessarily integers.

Equations (LI)-(L2) may be viewed as a natural generalization of the single equation
arising in one-dimensional nonlocal elasticity [1] to a coupled system of two nonlocal
nonlinear equations. As a special case, consider g;(u1,uz) = w;W'(u? +u3) (i = 1,2)
where W is a function of u? + u3 alone and the symbol ’ denotes the derivative. Then,
([CI)-(C2) may be thought of the system governing the one-dimensional propagation
of two ”pure” transverse nonlinear waves in a nonlocal elastic isotropic homogeneous
medium [2]. Note that this choice of g; and g will satisfy the exactness condition (L)
with G(u1,uz2) = $W (uf+u3). From the modelling point of view we want to remark that,
in general, the system will also contain a third equation characterizing the propagation
of a longitudinal wave. Nevertheless, with some further restrictions imposed on the form
of W, one may get transverse waves without a coupled longitudinal wave [3]. We also
want to note that, in the general case, the exactness condition (L) is necessary in order
to obtain the conservation law of Lemma [3.2)

For suitable choices of the kernel functions, the system ([I)-(T2) reduces to some
well-known coupled systems of nonlinear wave equations. To illustrate this we consider
the exponential kernel 81(z) = fBa(z) = Le~I®l which is the Green’s function for the
operator 1 — D2 where D, stands for the partial derivative with respect to . Then,
applying the operator 1 — D? to both sides of equations (LI)-(L2)) yields the coupled
improved Boussinesq equations

Uit — Ulgpe — Ulgatt = (91(U1,U2))an (1.8)

Ugtt — U2pw — Ugatt = (92(U1,U2))zz- 1.9

Similarly, if the kernels 81 (x) and S2(x) are chosen as the Green’s function for the fourth-
order operator 1 — aD? + bD? with positive constants a, b, then ([LI))-(T2) reduces to
the coupled higher-order Boussinesq system

Uit — Ulge — QULgztt + bulmmxmtt = (gl (uh u2))mm (110)

U2ttt — U2px — AUz it + bu2zwzwtt = (92 (Ul, UQ))II (111)

These examples make it obvious that choosing the kernels §;(z) in (I)-(T2) as the
Green’s functions of constant coefficient linear differential operators in x will yield similar
coupled systems describing the bi-directional propagation of nonlinear waves in dispersive

media. Different examples of the kernel functions used in the literature can be found in [1]
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where such kernels will give not only differential equations but also integro-differential
equations or difference-differential equations. For a survey of Korteweg-de Vries type
nonlinear nonlocal equations of hydrodynamic relevance we refer to [4].

The coupled improved Boussinesq system (L8)-(L9) has been derived to describe
bi-directional wave propagation in various contexts, for instance, in a Toda lattice model
with a transversal degree of freedom [5], in a two-layered lattice model [6] and in a
diatomic lattice [7]. For a discussion of the classical Boussinesq system we refer to [8, [9].
The Cauchy problem for (L8])-(L9) has been studied in [10] and recently in [11] where
both assume the exactness condition (LH). They have established the conditions for
the global existence and finite-time blow-up of solutions in Sobolev spaces H® x H? for
s>1/2.

The single component form of equations (LI0)-(TI1) arises as a model for a dense
chain of particles with elastic couplings [12], for water waves with surface tension [13]
and for longitudinal waves in a nonlocal nonlinear elastic medium [2]. We have proved
in 2] that the Cauchy problem for the single component form of (LI0)-(LII) is globally
well-posed in Sobolev spaces H® for s > 1/2 under certain conditions on nonlinear term
and initial data. To the best of our knowledge, the questions of global well-posedness and
finite-time blow-up of solutions for the coupled higher-order Boussinesq system (I0])-
(LII) are open problems. In this article we shall resolve these problems by considering
a closely related, but somewhat more general, problem defined by (LI))-(L4)

In Section 2 we present a local existence theory of the Cauchy problem (LI)-(L4) for
the case of general kernels with 71,72 > 2 and initial data in suitable Sobolev spaces. In
Section 3 we prove the energy identity and in Section 4 we discuss finite time blow-up of
solutions of the initial-value problem. Finally, in Section 5 we prove two separate results
on global existence of solutions of (ILT))-(T4) for two different classes of kernel functions.

In what follows H® = H*(R) will denote the L? Sobolev space on R. For the H®
norm we use the Fourier transform representation ||u||§ = [p(1+&3)5|a()]?dE . We use
lull, , llull and (u,v) to denote the L and L? norms and the inner product in
L2, respectively.

2. Local Well Posedness

To shorten the notation we write f;(u1,u2) = u; + g;(u1,u2) (i =1,2). Note that

OF
= =1,2 2.1
=2 =1 (2.1)
where F(u1,uz) = 3 (u} + u3) + G(u1, u2).
For a vector function U = (uy, uz) we define the norms ||U||, = [Ju1||, + [Juz||, and
Ul = lut]l o+ 2|l .. We first need vector-valued versions of Lemma 3.1 and Lemma

3.2 in [1] (see also [11, 14, 15]), which concern the behavior of the nonlinear terms:

Lemma 2.1. Let s > 0, h € CIIHY(R?) with h(0) = 0. Then for any U = (u1,uz) €
(H*NL>)?, we have h(U) € H*NL*>. Moreover there is some constant A(M) depending
on M such that for all U € (H* N L>)? with |U||, < M

IRl < AU, -
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Lemma 2.2. Let s > 0, h € CFITY(R?). Then for any M > 0 there is some constant
B(M) such that for all U,V € (H* N L®)* with |U||, < M, |V|, <M and
WU|l, <M, ||V], <M we have

[0(U) = h(V)l[, < BAM)|IU =V, and  [[M(U) = h(V)], < BIM)|U = V|, -

The Sobolev embedding theorem implies that H® C L™ for s > % Then the bounds
on L* norms in Lemma appear unnecessary and we get:

Corollary 2.3. Let s > %, h € CBIF1(R2). Then for any M > 0 there is some constant

B(M) such that for all U,V € (H®*)?* with ||U||, <M, ||V||, <M we have
1R(U) = h(V)Il; < BADIU =V -

Throughout this paper we assume that fi, fo € C*°(R?) with f1(0) = f2(0) =0. In
the case of f1, fo € C**1(R?), Lemma 21 and Lemma 22 will hold only for s < k. Thus
all the results below will hold for s < k. Note that the functions g; and go appearing in
(TI) and ([2) will also satisfy the same assumptions as f; and fa.

Theorem 2.4. Let s> 1/2 and ri,ro > 2. Then there is some T >0 such that the
Cauchy problem (L1)-(T-3) is well posed with solution uy and uy in C?([0,T], H®) for
initial data i, 0, € H® (i =1,2).

Proof. We convert the problem into an H?® valued system of ordinary differential equa-
tions

Uit = V1, ul(O) = $1,
Uzt = V2, UQ(O) = ¥2,
v = B1 * (f1(u1, u2))pa, v1(0) = 11,

vor = Ba * (fo(u1, u2))pa, v2(0) = 1s.

In order to use the standard well-posedness result [16] for ordinary differential equations,
it suffices to show that the right hand side is Lipschitz on H®. Since r; > 2 for ¢ = 1, 2,
we have

-e28i0)| < cig+ e < O

Then we get

18i * Wzl

|a+eyem©ae)|
G ||+ €2 a(©)|| = ¢l - (2:2)

IN

This implies that f; * (.)z; is a bounded linear map on H?*. Then it follows from
Corollary 23 that  3; = (f;(u1,u2))se is locally Lipschitz on H® for s> 1. O

Remark 2.5. In Theorem we have not used neither the assumption B({) >0 nor
the exactness condition ([IL3); so in fact the local existence result holds for more general
forms of kernel functions and nonlinear terms. Moreover, as in [1], for certain classes of
kernel functions Theorem can be extended to the case of H* N L>® for 0<s<1/2.



The solution in Theorem [2.4] can be extended to a maximal time interval of existence
[0, Timax) where finite Ti,ax is characterized by the blow up condition

limsup(|U (1), + V)], = oo,

t—Thax
where U; = (u1s, uot). Then the solution is global, i.e. Tiax = 0o iff

for any T' < oo, we have limsup(|U(¢)|, + [|Us(t)],) < oo . (2.3)
t—T—

Lemma 2.6. Let s> 1/2, 71,79 > 2 and let U be the solution of the Cauchy problem
(L2)-({TF). Then there is a global solution if and only if

for any T < oo, we have limsup [|U(t)|,, < oo . (2.4)
t—T~

Proof. We will show that the two conditions (23] and (2.4) are equivalent. First assume
that (Z3) holds. By the Sobolev imbedding theorem, ||U(t)||,, < C[|U(t)]|, for s> 1/2
so [24) holds. Conversely, assume that the solution exists for ¢ € [0,7). Then M =
limsup,_,r- |U(t)||,, is finite and ||U(t)||,, < M for all 0 < ¢t < T. If we integrate
([CI)-(C2) twice and compute the resulting double integral as an iterated integral, we
get, for 1 = 1,2,

ui(e,t) = %(I)H%(I)Jr/o(tT)(ﬂi*fi(m,w))m(w,T)dT (2.5)

up(z,t) = wi(x)Jr/O (Bi * fi(u1,u2))ze(z, 7)dT (2.6)

So, for allt e [0,T) and i =1,2

[Jui ()]l

IN

t
@ills + T llbill, + T/O 1(Bi * fi(ur, u2))aa(T) |, dr,

A

t
Jua@)l, < ||¢i||5+/0 1(Bi * fi(ur, u2))ea(T)| dT -

Note that ||(3; * fi(u1,u2))ez(7)|ls < Cill fi(ur,u2)(7)||s < CiA;(M)||ui(7)||s where the
first inequality follows from (22 and the second from Lemma [ZJl Adding the four
inequalities we get

IO+ 1D, < lleally + llealls + T+ Dl + [le2]l,)
+ @rneann [ e, i,
where C' = max(C1, C2) and A(M) = max(A; (M), A2(M)). Gronwall’s Lemma implies
IO @, + 10 < Heorlly + lezll + (T + D1l + [2]],))elTHHDAROT

for all t € [0,T) and consequently
limsup (|U@)], + IU(8)]],) < oo .
t—=T~



3. Conservation of Energy

In the rest of the study we will assume that 31- (€) has only isolated zeros for i = 1, 2.
Let P; be operator defined by Pyw = F~1(|¢] ™ (B;(€))~Y/2@(¢)) with the inverse Fourier
transform F —1. Note that although P; may fail to be a bounded operator, its inverse
Pfl . Ht% — H® is bounded and one-to-one for s > 0. Then P; is well defined with
domain(P;) = mnge(Pi_l). Clearly, PZ-_Qw = —(Bi % W)gw = —Pi * Way.

Lemma 3.1. Let s > 1/2 and ri,79 > 2. Suppose the solution of the Cauchy
problem (L1)-(T4) exists with uy and us in C*([0,T), HS N L®) for some s > 1/2. If
Prapy, Potpy € L2, then Piuyy, Pougy € C1([0,T), L?). If moreover Py, Paps € L2, then
Plul, PQUQ S 02([0, T) 5 L2>

Proof. Tt follows from (26]) that for i = 1,2
t
Pug(x,t) = P (x) —/ (]Di_lfi(’u,l,’llQ))(SC,T)dT .
0

It is clear from Lemma 2Tl that f;(u1,us) € H*. Also, P, 'w = FL(|€] (B:(€))/2w(€))
thus P (fi(u1,uz2)) € Hst3-1 ¢ L2 and hence Pu; € L?. The continuity and dif-
ferentiability of P;u; in t follows from the integral representation above. With a similar

approach (2.8]) gives the second statement. O

Lemma 3.2. Let s > 1/2 and 71,72 > 2. Suppose that (u1,us) satisfies (L1)-(14)
on some interval [0,T). If Py, Patpe € L? and the function G(p1,p2) defined by (1.6)
belongs to L', then for any t € [0,T) the energy

E(t) = [Prue(®)|” + | Pouae()| + fua(8)]* + I\U2(t)||2+2/RG(U1aU2)dw

| Puasse(8)]2 + | Pruse (D] +2 / F(uy, uz)da
R

is constant in [0,T).

Proof. Lemma [B]] says that Pu(t) € L? for i = 1,2. Equations (LI)-(L2) become
PPuist +ui + gi(ur,uz) =0 (i = 1,2). Multiplying by 2u;, integrating in x, adding the
two equalities and using Parseval’s identity we obtain % =0. O

4. Blow Up in Finite Time

The following lemma will be used in the sequel to prove blow up in finite time.

Lemma 4.1. [17, |18 Suppose ®(t), t > 0 is a positive, twice differentiable function
satisfying ®"'® — (1 4+ v)(®')? > 0 where v > 0. If ®(0) > 0 and ®'(0) > 0, then
O(t) — oo ast — ty for some t; < ®(0)/vP’(0).

Theorem 4.2. Let s> 1/2 and 71,79 > 2. Suppose that Pyp1, Pawa, Piib1, Pathg € L?
and G(p1,p2) € LY. If there is some v > 0 such that

wy f1(ur, uz) + uz fa(ur, ug) < 2(1 + 2v)F(ug, uz),
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and
E(0) = |[Pro]|? + | Paa|? + 2 / Flgr, ga)da <0,
R

then the solution (ui,us2) of the Cauchy problem (IL1)-(I17)) blows up in finite time.

Proof. Let
(1) = [|Prua (1)|* + | Poua (8)[|* + bt + to)?

for some positive b and ¢y that will be specified later. Assume that the maximal
time of existence of the solution of the Cauchy problem (LI)-(T4) is infinite. Then
Prua(t), Pruae(t), Paua(t), Pougi(t) € L? for all t > 0; thus ®(t) must be finite for all t.
However, we will show below that ®(¢) blows up in finite time.

We have

(I)I(t) =2 <P1U1, P1U1t> + 2 <P2U2, P2U2t> + Qb(t + to),
P (t) =2 ||P1U1t||2 +2 ||P2U2t||2 + 2 (Pruy, Prutg) + 2 (Poug, Pauog) + 2b .

Since
(Pyui, Piuge) = (ui, PPuge) = — (i, fi(ur,u2)),  i=1,2,

and
— /[ulfl(ul,uQ) + UQfg(’ul,UQ)]dl‘ > —2(1 + 2V)/F(U1,U2)dl‘
= (1+20)(||Prurs (1) + (| Pausze (8)||* = E(0)),
we get

2(|Pruse|® + 2| Pouze || + 2b — 2(1 + 20)(E(0) — ||Prul® — || Pouael|®)
—2(1 + 20)E(0) 4 2b + 4(1 4 v) (|| Pruse||* + || Pruse|*).

(b// (t)

Y

By the Cauchy-Schwarz inequality we have

(q)/(t))2 = 4[<P1’U,1, P1U1t> 4+ <P2U2, P2U2t> —+ b(t —+ to)]z
A[|| Py || || Pruae|| + [| Paus || | Pause |l + b(t + o)) .

N

For the mixed terms we use the inequalities

2 (| Pru || | Prunel| || Prus|| | Prusel| < || Prual|® || Peusel|” + | Pruz)? || Pruse

and
2 || Prwa| || Prae| (¢ + to) < [Powsl|* + || Prwae|* (¢ +20)%, i =1,2,
to obtain
(@'(£))” < 4 (1) (|| Prunl|* + || Pouael* +0) -
Therefore,

()" (t) — (1 +v)(9'(1))?
B(t)[~2(1 + 20)E(0) + 2b + 4(1 + v)(|| Prure||? + || Pouze||?)]
— 4(1+v)@()(|| Pruae || + || Pouat||* +0)
—2(1 + 20)(E(0) + b)D(t) .
7
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If we choose b < —FE(0), then ®(¢)®"(¢) — (1 + v)(®'(¢))? > 0. Moreover
0'(0) = 2(Pripr, Pripr) + 2 (Paipa, Parha) + 2btg > 0

for sufficiently large to. According to Lemma [Tl we observe that ®(¢) blows up in finite
time. This contradicts with the assumption of the existence of a global solution. |

Remark 4.3. The proof above implies that we may have blow-up even if E(0) > 0. In
this case, all we need is to be able to choose b and ty so that ® (0) > 0 and &' (0) > 0.
To shorten the notation put

A= (Pip1, Pip1) + (Paa, Potpa), B =||Proi|” + || Pl

When E(0) > 0, by choosing b = —FE (0) we still get blow up if there is some to so that
initial data satisfies

A—E0)ty>0, B-—FEQ0)2>0.

When A > 0, taking to = 0 works. When A <0, then ty must be chosen negative. The
two inequalities can be rewritten as

E(0) %A% <3, 12 < E(0)'B.

Such a to exists if and only if A2 < E(0)B. Hence there is blow-up if the initial data
satisfies

(P, Puin) + (Paga, Pota))* < E(0) (I|Pron* + [ Pagea )

5. Global Existence

Below we prove global existence of solutions of (ILT))-(IL4) for two different classes of kernel
functions. We note that the kernel functions corresponding to these two particular cases
belong to the classes of kernel functions mentioned in Remark Thus, in the cases
below, the local existence result of Theorem 2.4] and hence Theorems (.1l and can be
extended to s > 0 for initial data in H® N L°.

5.1. Sufficiently Smooth Kernels: r1,12 > 3

We will now consider kernels 3; (i = 1,2) that satisfy the estimate 0 < 3;(¢) < Cy(1 +
£2)~7i/2 with r; > 3. Typically if ; belongs to the Sobolev space W31 (R) (i.e. 3; and
its derivatives up to third-order are in L!); then we would get the estimate with r; = 3;
hence we consider kernels that are slightly smoother than those in W3 (R).

Theorem 5.1. Let s > 1/2, 71,72 > 3. Let @;,1; € H®, Pp; € L? (i = 1,2) and
G(p1,92) € LY. If there is some k > 0 so that G(a,b) > —k(a?+b?) for all a,b € R, then
the Cauchy problem (L1)-({1-4) has a global solution with uy and us in C?([0,00), H®).

Proof. Since 11,7192 > 3, by Theorem [Z4] we have local existence. The hypothesis implies
that E(0) < co. Assume that ui,us exist on [0,T) for some T > 0. Since G(uy,us) >
—k(u? 4 u3), we get for all t € [0,T)

[P (8)]|* + || Pouae (8)|* < E(Og + 2k = D) ([[ur (@)1 + [[u2(0)]1*)- (5.1)



Noting that 3;(¢) < Cy(1 + £2)7"/2 for i = 1,2; we have
2 D 2 —2/7 —1/ 2
1P = | P = [€2Gue) @l )
> ot / 21+ )P (@€, 1)) de
> q*/a+5%”””@u@0V%

= O @), (5.2)
and similarly,
1Pausze (1)]|* > C5 ™" [luae (1), (5.3)
where p; = 5 — 1, i = 1,2. By the triangle inequality, for any Banach space valued
differentiable function w we have
d d
Gl < | )|
Combining (51)), (52) and (53),
L @I, + ua2,)
at I oy 2\ py
d d
= 2wy, 7 lua @, + lluz@l],, 2 luz@)l,,)
< 2lfuae @), Nlua (@)1, + lluae @), w2 (@)]],,)
< e @), + a7, + luse @)1, + llua @)1,
< C(|Prun(®)|* + | Pouae()[1*) + lur (D15, + luz(®)]15,
2 2 2 2
< CIE(0) + (26 = D) (lus &7 + uz &) + llua (®l5, + lluz(®)l,
< CE(0)+ (C2k = 1) + D) ([ur(®)lly, + [luz(D)]5,)
where C' = max(C1,C3). Gronwall’s lemma implies that [u1(2)][, + [luz(t)],, stays

bounded in [0,T). Since p; = 5 — 1 > 3, [lu1(t)||, + [Juz(t)]|,, also stays bounded in
[0,T). By Lemma [Z8] a global solution exists. O

5.2. Kernels with Singularity

In the next theorem we will consider kernels of the form S;(x) = f2(x) = v(]z|) where
v € C%([0,)), v(0) > 0, 7v/(0) < 0 and v € L' N L*>°. Then the 3; will have a jump in
the first derivative. The typical example we have in mind is the Green’s function %e"””'.
For such kernels we have

Bi(e)<C(1+6)7"

so r1 = r3 = 2. Due to the jump in £} at « = 0, the distributional derivative will satisfy

B =~"+29'(0)5, i=1,2



where § is the Dirac measure and we use the notation 4" (x) = v”(]z|). Then we have
(ﬁi*w)mzvﬂ*w—)\w, 221,2

where A = —2+/(0) > 0. We will call these type of kernels mildly singular. For such
kernels we extend the global existence result in [14] to the coupled system.

Theorem 5.2. Let s > 1/2 and let the kernels 81 = P2 be mildly singular as defined
above. Suppose that p1,pa, 11,02 € H®, Pii1, Pytpy € L? and G(p1,p2) € LY. If there
is some C' >0, k>0 and ¢; > 1 so that

|9i(a,b)|" < C[G(a,b) + k(a® + %)
for all a,b € R and i = 1,2; then the Cauchy problem (11)-{I4) has a global solution
with uy and ug in C?([0,00), H®).

Proof. By Theorem 2.4l we have a local solution. Suppose the solution (u;,uz) exists for
t €[0,T). For fixed € R we define

e(t) = g l(eae )7 + (uze )] 1w (00 + (aa, )7 + 26 (2, ), w2, )

e'(t) = [uie + Mur + g1(u1, u2))ure + [uae + A(ug + ga(u, ug))|uzy
= [(B1* (u1 + g1(u1,u2)))zz + Mur + g1(u1, uz))]ure
+ [(B2 * (u2 + g2(u1, u2)))wa + Muz + g2(ur, uz))]uz
= (7" xur)ure + (7" % g1(ur, uz))ue + (V" % ug)uge + (7" * g2 (ur, uz))ug

IN

1 2 2
(1) + (u2)” + S (1" * il + "+ wall)
1 " 2 1" 2
+ U * gu(un, ua)l[oo + " * ga(u, u2)5)-
Since 7 € L' N L>™ we have 4" € LP for all p > 1. By Young’s inequality
1 2 2 2
) < (o) + (u2)* + 5 1717 (lal” + fuz %)
1 2 2 1 2 2
+ 5 1Y o g (urs u)lipan + 5 17" e 92 (ur u2)l o »
where 1/p; +1/¢; =1 (i = 1,2). Now the terms may be estimated as

2
hut|I* + JJual|* < E(0)

and for i =1,2

9 ) 2/%‘
lgi ()]s = ( / |gi<u1,u2>|%dx)

2/q;
(C’/[G(ul, uz) + k(a® + b2)]dz> < [C(1 + k)E(0)]¥/%
10

IN



so that

e'(t) < D+ 2e(t)

for some constant D depending on |||, ||7"] and E(0) (¢ = 1,2). This inequality
holds for all z € R, ¢t € [0,T). Gronwall’s lemma then implies that e(t) and thus u;(x,t)
and us(x,t) stay bounded. Thus by Lemma [2.6] we have global solution. O
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