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Abstract. Boxicity of a graph H, denoted by box(H), is the mini-
mum integer k£ such that H is an intersection graph of axis-parallel k-
dimensional boxes in R¥. In this paper, we show that for a line graph G
of a multigraph, boz(G) < 2A([log,logy, Al 4 3) + 1, where A denotes
the maximum degree of G. Since A < 2(x — 1), for any line graph G with
chromatic number x, boz(G) = O(x log, log,(x)). For the d-dimensional
hypercube Hgq, we prove that box(Hq) > 3 ([log, log, d] + 1). The ques-
tion of finding a non-trivial lower bound for box(Hg) was left open by
Chandran and Sivadasan in [L. Sunil Chandran and Naveen Sivadasan.
The cubicity of Hypercube Graphs. Discrete Mathematics, 308(23):5795-
5800, 2008].

The above results are consequences of bounds that we obtain for the
boxicity of fully subdivided graphs (a graph which can be obtained by
subdividing every edge of a graph exactly once).

Key words: Intersection graph, Interval graph, Boxicity, Line graph,
Edge graph, Hypercube, Subdivision

1 Introduction

Given a family F of sets, a graph G = (V, E) is called an intersection graph of
sets from F, if there exists a map f : V(G) — F such that (u,v) € E(G) &
f(u) N f(v) # 0. If the sets in F are intervals on a real line, then we call G an
interval graph. In other words, interval graphs are intersection graphs of intervals
on the real line. In R*, an axis parallel k-dimensional box or a k-boz is a cartesian
product Ry X R X - -- X Ry, where each R; is a closed interval [a;, b;] on the real
line. A graph G is said to have a k-box representation if there exists a mapping
from the vertices of G to k-boxes in the k-dimensional eucledian space such that
two vertices in GG are adjacent if and only if their corresponding k-boxes have
a non-empty intersection. Bozicity of G, denoted by box(G), is the minimum
positive integer k such that G has a k-box representation. As each interval can
also be viewed as an axis parallel 1-dimensional box, interval graphs are precisely
the class of graphs with boxicity 1. We take the boxicity of a complete graph to
be 1.
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1.1 Background

The concept of boxicity was introduced by F.S. Roberts in 1969 [17]. Cozzens
[11] showed that computing the boxicity of a graph is NP-hard. Yannakakis in
[21] improved this result. Finally, Kratochvil [16] showed that deciding whether
the boxicity of a graph is at most 2 itself is NP-complete.

Box representation of graphs finds application in niche overlap (competition)
in ecology and to problems of fleet maintenance in operations research (see [12]).
Given a low dimensional box representation, some well known NP-hard problems
become polynomial time solvable. For instance, the max-clique problem is poly-
nomial time solvable for graphs with boxicity k& because the number of maximal
cliques in such graphs is only O((2n)*).

Roberts proved that for every graph G on n vertices, box(G) < |4 ]. He gave a
tight example to this by showing that a complete §-partite graph with 2 vertices
in each part has its boxicity equal to 4. In [4], it was shown that if ¢ denotes
the size of a minimum vertex cover of G, then box(G) < [%] + 1. Chandran,
Francis and Sivadasan showed in [8] that, for any graph G on n vertices having
maximum degree A, box(G) < (A 4+ 2)Inn. An upper bound solely in terms
of the maximum degree A, which says box(G) < 242 is proved in [7]. Esperet
[15] improved this bound to A? + 2. Recently Adiga, Bhowmick and Chandran
[1] showed that box(G) = O(Alog® A). Chandran and Sivadasan in [9] found a
relation between treewidth and boxicity which says box(G) < tw(G) + 2, where
tw(G) denotes the treewidth of graph G.

Attempts on finding better bounds for boxictiy of special graph classes can
also be seen in the literature. Scheinerman [18] showed that outerplanar graphs
have boxicity at most 2. Thomassen [20] proved that the boxicity of planar
graphs is not greater than 3. Cozzens and Roberts [12] have done a study on
the boxicity of split graphs. Results on the boxicity of Chordal graphs, AT-
free graphs, permutation graphs etc. can be seen in [9]. Better bounds for the
boxicity of Circular Arc graphs and AT-free graphs can be seen in [2,3]. In [5]
it was shown that, there exist chordal bipartite graphs with arbitrarily high
boxicity.

1.2 An Equivalent Definition for Boxicity

Let G,G1,Ga, ..., Gy be a collection of graphs with V(G) = V(G;), for any i < b.
We say G = ﬂle G; when F(G) = ﬂle E(G;). The following lemma gives the
relationship between interval graphs and intersection graphs of k-boxes.

Lemma 1 (Roberts[17]). For any graph G, box(G) < k if and only if there
exist k interval graphs Iy, o, ..., Iy such that G = ﬂle I;.

From the above lemma, we can say that boxicity of a graph G is the minimum
positive integer k£ for which there exist k interval graphs I, Is ..., I; such that
G = ﬂf:l 1;.

We have seen that intervals graphs are intersection graphs of intervals on the
real line. Hence for any interval graph I, there exists a map f : V(I) —» {X C



R | X is a closed interval} such that, for any u,v € V(I), (u,v) € E(I) if and
only if f(u) N f(v) # 0. Such a map f is called an interval representation of I.
An interval graph can have more than one interval representation. It is known
that given an interval graph I, we can find an interval representation for I in
which no two intervals share any endpoints.

1.3 Preliminaries

Except in Theorem 3, Section 4, we consider only finite, undirected, and simple
graphs. In Theorem 3, we consider finite, undirected multigraphs. For any finite
positive integer n, let [n] denote the set {1,2,...n}. For a graph G, we use
V(G) and E(G) to denote the set of its vertices and edges respectively. For any
v € V(G), Ng(v) :={u | (v,u) € E(G)} and dg(v) := |Ng(v)|. The maximum
degree of G is denoted by A(G). x(G) represents the chromatic number of G.
We say that an edge e; is a neighbour of another edge e; in G, if they share an
endpoint. Given two graphs G and H, we say G = H when G is isomorphic to
H.

We say that a graph G is obtained by fully subdividing H, if G is obtained
as a result of subdividing every edge of H exactly once. Given a multigraph H,
we define a graph L(H) in the following way: V(L(H)) = E(H) and E(L(H)) =
{(e1,€2) | e1,e2 € E(H), e1 and ey share an endpoint in H}. A graph G is a
line graph if and only if there exists a multigraph H such that G is isomorphic
to L(H). Let I be an interval graph and f an interval representation of I. Then,
Ve € V(I), we use I(f(z)) and r(f(z)) to denote the left and right endpoint
respectively of the interval f(z).

1.4 Our Results

In this paper, we show that for a line graph G with maximum degree A,
box(G) < 2A([log, logy Al +3) + 1.

From the above result, we also infer that if chromatic number of G is yx, then
box(G) = O(xlogylogy(x)). Recall that, in [1] it was shown that for any graph
G, box(G) < ¢- Alog® A, where ¢ is a large constant. Hence, for the class of
line graphs, our result is an improvement over the best bound known for general
graphs. Moreover, in contrast with the result in [1], the proof here is constructive
and easily gives an efficient algorithm to get a box representation for the given
line graph. We leave the tightness of our result open.

The main supporting result that we have used to prove the above result is the
following (this itself may be independently interesting): For a graph G obtained
by fully subdividing another graph H, box(G) < [logylogy(A)] + 3, where A
is the maximum degree of G. At the end of the paper, we point out another
consequence of this supporting result. For the d-dimensional hypercube Hy,

[logs logy d| + 1

box(Hg) > 5



It was shown by Chandran and Sivadasan in [10] that box(Hg) < %, where ¢
is a constant. They had raised the question of finding a non-trivial lower bound
for box(Hy).

2 Boxicity of a Fully Subdivided Complete Graph

Let S = {01,02,...,05} be a set of permutations of [n], where n is any finite
positive integer. S is called k-suitable for [n] if for any k-element subset X C [n]
and for any € X, there exists a permutation o € S with the following property:

afl(x) > ofl(y),Vy c X.

The minimum cardinality of a k-suitable set for [n] is denoted by N'(n,k).
Spencer [19] proved that

1
N'(n,3) < log, logy n + 3 log, log, logy n + logy (vV2) + o(1).

In this paper, we are interested in a slightly relaxed version of the notion of
3-suitability. Given a permutation o of [n] and s,t € [n], let

B(s,t,0) ={z | o7 (s) <o Hx) <o (1)
orott) <o Hx) <ol (s)} (1)

A set S = {01,09,...,0,} is called simply 3-suitable for [n], if for each pair
s,t € [n], Ni_; B(s,t,0;) = 0. In other words, for every triple z,s,t € [n] there
exists a permutation o € S such that either o~!(z) < min (c7(s),07*(t)) or
o1 (z) > max (07 (s),07(t)). It is easy to see that any 3-suitable set is also
a simply 3-suitable set while the converse is clearly not true. Let N(n) be the
minimum possible cardinality of a simply 3-suitable set for [n]. From Spencer’s
bound on N'(n,3), we have N(n) < N’'(n,3) < log, log, n + % log, log, logy n +
log, (v/27) + o(1). But since simply 3-suitability is a more relaxed notion than
3-suitability, we can get the following exact formula for N(n):

Lemma 2. N(n) = [log, logyn] + 1.

Proof. Erdds and Szekeres [14] proved that if o1 and oy are two permutations
of [n? + 1], then there exists some X C [n? + 1] with |X| = n + 1 such that the
permutation of X obtained by restricting o1 to X is the same as the permutation
obtained by restricting o2 to X. By an easy inductive argument (as Spencer
points out in [19]) we can show that if o1, 09, . .. 0441 are permutations of 22" +1],
then there exists some triple {x,y, 2z} such that the order of these 3 elements
with respect to each permutation o1, 09,...04+1 is the same. This implies that
N(n) > [logy logyn| + 1.

We need to show that when n < 2%, N(n) < i+ 1. Note that when the
permutations in a simply 3-suitable set S for [n] are restricted to [n1] (where
ny < m), S becomes a simply 3-suitable set for [ni]. Hence it is enough to



prove that, when n = 22, N(n) < i 4+ 1. We prove this by induction on i. The
base case, when ¢ = 0 and n = 2, is trivially true. For any ¢ < ¢;, assume
N(n) <i+1. Let i =i, n = 22 and n; = = 922" Then n = ny - ni. So
set [n] can be partitioned into nq sets Ay, Ag,...A,,, where for any p € [n1],
Ay ={lp—Dn1+1,(p—1)n1+2,...,(p— 1)n1 + n1}. Clearly for any a € [n],
there exist k,p € [n1] such that a = (p — 1)n; + k. By induction hypothesis,
there exists a simply 3-suitable set S" = {n1,72,...7;, } of [n1]. Then we define
i1 + 1 permutations S = {o1,...,04, 41} for [n] as follows:

o; M (a) = (n; ' (p) — V)ny +n; ' (k), where 1 < j < iy.
o7 1) = (=i () + g, (k).

- We claim that S is a simply 3-suitable set for [n] i.e., for any s,t € [n],
N B(s,t,00) = 0. Let s € A, and t € A,. Consider the 2 cases below:
case 1: If p = ¢, then there exist ki,ko € [n1] with k1 # ko such that, s =
(p—1)n1 + k1 and ¢ = (p— 1)ng + k2. Consider a permutation o, where j € [i1].
B(s,t,0;) = {:v | U-_l(s) <o; ' (x) < U-_l(t)
7t <ot (@) <05 ()}
= {117 | (WJ p) - )n1+77] (k1) <oyt (x) < (n;(p) = ma + 5t (k)

or (n; ' (p) — Dna +n; (k) < o5 (z) < (7' (p) — Dna + ;' (ka)}-

o~

)
i

If B(s,t,05) # 0, then consider any = € (s, t,0;). Clearly z € A,. Let © =
(p—1)n1+ks. From the above, it is clear that either nj_l (k1) < nj_l (ks) < nj_l(kg)
or 77;1(/{2) < 77;1(/{3) < nj_l(kl) This means that x € S(s,t,0;) = ks €
B(k1, ka2, m;). Therefore, ﬂzl (s,t,05) #0 = ﬂ 1 B(k1,k2,n;) # 0. By in-
guction hypothesis, we know that ﬂj:1 (k1,k2,m;) = 0. Hence ﬂ;;l B(s,t,05) =
case 2: If p # ¢, then ki, ks € [ny] such that s = (p — 1)ny + k1 and
t = (¢g—1)n1 + ke. Let © = (r — 1)ny + k3. Now z € ﬂzlzl B(s,t,05) im-
plies, for any j € ], (n;l(p)—l)m+n;1<k1> (n; (r) = Dna +nj ' (ks) <
(0 @)= Dt h) on () (@)= -t ) < ()= Dot (k) <
(nj *(p )—1>n1+nj (k1) Tt follows that 7, (p) < ;" (r) < n; *(q) or n; (q) <
n{l(r) < 0y H(p)- I r & {p.q}, then 0 (p) < 07 (r) < ny'(q) or n;'(q) <
nj_l(r) < 77_1( ) ie,r € ﬂil B(p,q,n;) which contradicts the induction hy-
pothesis that ﬂ L ﬁ(p, q.nj) = 0.

Therefore we infer that r = p or r = ¢q. Let r = p (proof is similar when r = ¢).
If v € ﬂ““ B(s,t,0;) then we have x € (s, t,04, ) and therefore Ui_ll(S) <
o Nz o (t) or o; Lt o Nz o7 !(s). Without loss of generalit
lot é.—)l(j) < 0( )1(x) < 0(_)1(?). ”Fhén) (;_1(;) (—)1)n1 k) < g(n-_l(r) -

11 11 1 71 11

Dng + 77;11(/@3) (7711 (q) — Dnq + 771-:1(/@2). Since p = r, we have 77;11(1’) =
771-_11(7") and therefore 7, k) < ﬁi_ll(kg). This also allows us to infer that (ny —



iy (p)na +m (k) < (1 — 0 (r))na + ;" (k). That is of, +1( s) < 0741 ().
On the other hand, (n; — 17;11( ))n1 + 77;11(]{52) (np — i, ( ))n1 + n;l(kl)
(since nizl(p) < ni:l(q)) Therefore, o )< a;il(s). So we have, a;il(t) <
a;il( ) < U;il( ). Hence = ¢ (s, t, 04, +1) contradicting our assumption that
z € N} B(s.t,0). O

Theorem 1. Let G be the graph obtained by fully subdividing the complete graph
K,,. Then w < boz(G) < [logy log, n] + 2.

Proof. Let v1,vs,...v, be the vertices of K,, and ey, ea,...e,, its edges, where
m = (g) Let wp,., denote the vertex introduced when subdividing the edge
(vp,vq) € E(Ky), where p < ¢. Thus the graph G obtained by fully subdividing
K, has the vertex set V(G) = {v1,v2,... 0} U{upq | 1 < p < ¢ < n} and
E(G) ={(vp,upq) | 1 <p<qg=<n}U{(vg,tupq | 1 <p<qg=<n)}

We first show that box(G) < [log, logyn] + 2. Let k = [log, log, n] + 1. By
Lemma 2, there exists a simply 3-suitable set S = {01, ...,0x} for [n]. Using S,
we construct a (k + 1)-dimensional box representation for G. Corresponding to
each permutation o; of [n] in S, we construct an interval graph I; as follows. Let
fi denote the interval representation of ;.

for every v, € V(G), fi(vp) =[o; '(p).o o; Y(p)]-
for every up.q € V(G), fi(up.q) = lo; '(p), o o, Y(q)), if o, '(p)] < Ui_l(‘J)-
for every up.q € V(G), fi(up.q) = [07"(q). 07 ' (p)], if 07 (q) < o7 ' (p)]-

)0
The interval representation fj1 of the (k+1)th interval graph Iy, is as follows:
for every v, € V(G), fit1(vp) =[1,m].
for every up.q € V(G), fry1(up.q) = [J,j], where u,.q was obtained by
subdividing edge e; = (vp,v,) of K.

By Lemma 1, in order to prove that box(G) < k + 1 it is sufficient to show that
Nt L =G, e,

(i) each I; is a supergraph of G.

(ii) for any (z,y) ¢ E(G), there exists some interval graph I; such that (z,y) ¢
E(L).

Recall that any edge of G is of the form (v, upq) Or (vg, Upg), Where vy, v, €
V(K,). It is easy to verify that, for any i € [k + 1], fi(upq) N fi(vp) # 0 and
fi(upg) N fi(vg) # 0. Therefore (i ) is true.

Let (z,y) ¢ E(G). In order to prove (ii), we consider the following cases:
case 1: x = vp,y = vy, for some 1 <p < g <n.

It is easy to see that fi(vp) N fi(vg) = 0 and therefore (vy,vy) ¢ E(I1).

case 2: & = Up.q, Y = Up.s aNd Up.q F Up.s.

Clearly, fr+1(tp.q) N frt1(urs) = 0 and therefore (up.q, tr.s) ¢ E(lpt1).

case 3: T = vp, Y = Uy.g, for any p,r,s € [n], p & {r,s} and r <.

Since S is a simply 3-suitable set for [n] there exists a permutation o; such



that p ¢ B(r,s ,aj) i.e., either aj_l(p) < min(aj_l(r),aj_l(s)) or aj_l(p) >
max(o; “H(r), 07 (s)). Now it is easy to see that, f;(v,) N f;(uys) = 0 and there-
fore (vp,ur s) ¢ E(I;). We thus prove (ii) and thereby prove that box(G) <
[log, log, n] + 2.

We now show that box(G) > w. Let box(G) = b. By Lemma 1

there exist b interval graphs, say Iy, Is, ..., I, such that G = ﬂle I;. For any
i € [b], let f; be an interval representation of I; such that no two intervals share
any endpoints. From each f;, generate two permutations L; and R; of [n] in the
following way. For p,q € [n], p # ¢, Ly '(p) < L;*(q) < 1(fi(vy)) < I1(fi(vy))-
Similarly, R; '(p) < R; '(q) < r(fi(vp)) < r(fi(vy))

Consider the set S = {L1, Ry, La, Ra, ... Ly, Ry} of permutations of [n]. We
claim that S is a simply 3-suitable set for [n]. Let s,t € [n]. Then for any ¢ € [b],

z € B(s,t,L;) = (L;7'(s) <Ly'(z) <Lj'(t)) or (2)
(L7t < Li'(z) < Li'(s))
= (I(fi(vs)) <U(fi(ve)) <U(fi(ve))) or
(USfi(vr)) <U(fi(v)) <U(fi(vs))) -
z € B(s,t,R;) = (R;'(s) <Ry '(z) < R;'(t)) or (3)
(B7'(t) < B '(z) < Ri7'(s))
= (r(fi(vs)) <r(fi(ve)) <7r(fi(ve))) or
(r(fi(ve)) <r(fi(ve)) <r(fi(vs)))

Suppose, for contradiction, x € ﬂ?:l (B(s,t,Lj) N B(s,t,R;)). Consider any
i € [b) Let y = max(U(fi(v2)), L(fi(v1)) and 2 = min(r(fi(v,)), r(fi(v1))). Con-
sider the two cases below:

case 1: y < z. Then by implications (2) and (3) it is clear that I(fi(vs)) <y =
max(U(fi(v0)), 1(fi(ve))) and 7(fi(02)) > = = min(r(fi(v;)), r(fi{ve))). There-
fore, [y,z] C fi(vs). Now we will show that f;(us:) N [y,2z] # 0 which will
immediately imply that f;(us.t) N fi(vy) # 0. I fi(ust) N [y, 2] = 0, then ei-
ther r(fi(ust)) < y or I(fi(ust)) > z. In both these cases, it is easy to see
that either (us.t,vs) ¢ E(I;) or (us.,v¢) ¢ E(I;). This contradicts the fact that
I; is a supergraph of G. Hence f;(us.c)N[y, 2] # 0 and therefore (us.¢, v,) € E(I;).
case 2:y > z. Since (us.,vs) € E(I;) and (us.q, v) € E(I;), we have r(f;(us.)) >
y and I(fi(us.¢)) < z. Therefore, [z,y] C f;(us.1). Now we will show that f;(v,) N
[2,9] # 0 which will immediately imply that f;(us.t) N fi(ve) # 0. If fi(vgy) N
[2,y] = 0, then either 7(f;(vy)) < z or I(fi(vy))) > y. In both these cases, we
contradict implications (2) and (3) which state that r(f;(v;)) is sandwiched be-
tween r(f;(vs)) and r(fi(v¢)), and I(f;(v,)) is sandwiched between I(f;(vs)) and
1(fi(v)). Hence fi(vy) N[z,y] # 0 and therefore (us.¢,vs) € E(I;).

Thus we conclude that if there exists an x ¢ {s,t} such that x € ﬂ?bzl B(s,t,
0j), then (ugs.q,vy) € E(ﬂ?zl I;) which implies that (us. t,vm) € E(G). But this
contradicts the fact that (us.,v,) ¢ F(G) and hence ﬂ 21 B(s,t,05) =0 ie,



S is a simply 3-suitable set. Then by Lemma 2, |S| = 2b > [log, logyn] + 1 or
box(G) > [logy log, n]+1 1°2g2 nl+t O

Remark 1. Louis Esperet informed us that he had independently observed The-
orem 1. But he has not published it. We thank him for personal communication.
n [15], he also conjectures that for any graph G, (i) box(G) < a(G) + &, (ii)
box(G) < X -a(G), where k, A are constants and a(G) refers to the arboric-
ity of G. As arboricity of any graph is upper bounded by its degeneracy and
since fully subdivided complete graphs are 2-degenerate, Theorem 1 disproves
Esperet’s both conjectures.

3 Boxicity of a Fully Subdivided Graph of Chromatic
Number x

Theorem 2. Let H be a graph with chromatic number x and let G be the graph
obtained by fully subdividing H. Then, box(G) < [log, log, x| + 3.

Proof. Given a colouring of H using x colours, let Cy,C5 ... C, represent the x
colour classes. Let |C;| = ¢; and ¢;q, = max;(¢;). Give an arbitrary order to the
vertices in each colour class. Let v;; denote the j-th vertex in the i-th colour class,
where i € [x] and j € [¢;]. Let E(H) = {e1, e2,...,em} be the edge set of H. Let
Upg-rs denote the vertex introduced while subdividing the edge (vpq, vrs), where
p < r. Let k = [log,log, x| + 1. By Lemma 2, there exists a simply 3-suitable
set S = {o1,...01} for [x]. We use S to construct a (k + 2)-dimensional box
representation for G. Corresponding to each permutation o; € S, we construct
an interval graph I; as follows. Let f; denote the interval representation of I;.
When ¢ < k,

for every v,y € E(G), fi(vpg) = 19:(0,4),9:(0, )],

where gi(p.q) = o7 (p) + T
for every upq.rs € E(G), fi(upgrs) = [9i(p,q), gi(r, s)] if gi(p, q) < gi(r, ).
for every upg.rs € E(G), fi(upgrs) = [9i(r,5), 9i(p, @], if gi(r; 5) < 9i(p, q);
where gi(p.q) = o7 (p) + T
and g;(r,s) = o; 1(r) + z_ !



The interval representations of the remaining 2 interval graphs namely I, and
Iy 42 are as follows:-

for every vy € E(GQ), fit1(vpg) =[1,m].
for every upg.rs € E(G), frt1(Upgrs) = 14, ],
where upq.-s Was obtained by
subdividing edge e; = (vpq, vrs) of H.
for every vpg € E(G), frra(vpg) = [Pr(p; @), he(p, 9],
where hi(p,q) = (x +1) — o, (0) + =

for EVery Upq.rs S E(G)a fk+2 (upq-rs) = [hk(pa q)v hk (Ta S)]v if hk (pv Q) < hk(rv S)
for EVErYy Upgq.rs S E(G)u fk+2 (upq-rs) = [hk(?”, S)a hk (p7 Q)]v if hk (’f‘, 8) < hk(pu Q)a

B 1

where hk(p,q)z(x-i-l)—%l@)"'z
1 s—1

and hy.(r,s) = (x + 1) =0, (r) + —.

Observe that every edge in G is of the form (upg.rs, Upg) OF (Upg.rs, Urs) Where vy,
and v, are vertices of H and uyq.rs is the vertex introduced while subdividing
edge (Upq, Urs). Any interval graph I;, where 1 < i < k, is clearly a supergraph
of G because in f; the interval corresponding to w,q.-s has its endpoints on the
point intervals assigned to v,, and v,s. The same is true with interval graph
I42. In the interval representation f;41 of Ir11 , any vertex v, is assigned an
interval [1,m] which overlaps with the interval of every other vertex. Hence all
interval graphs Iy, Io, ..., Ix42 are supergraphs of G.

In order to show that for every (z,y) ¢ E(G) there exists some interval graph
I; in our collection such that (z,y) ¢ E(I;), we consider the following cases:
case 1: x = vpq, Y = Ups, Where vpq # Ups.
As f1(vpg) N f1(vrs) =0, (vpg, vrs) ¢ E(I1).
case 2: & = Upgrs, Y = Upg-yz, WHETE Upg.rs 7 Uwayz-
It is easy to verify that fr1(Upg.rs)Vfrt1(Uway=) = 0 and hence (Upg.rs, Uwz-y=) ¢
E(Ii41).
case 3: T = Upgrs, Y = Ugp and a & {p,7}.
Note that p,7,a € [x] and since S is a simply 3-suitable set for [x], there ex-
ists a 0; € S such that a ¢ B(p,r,0:) ie., o, *(a) < min(o; *(p),o; *(r)) or
o7 Y(a) > max(o; ' (p), o7 (). filvas) = [gi(a.b),9i(a,0)] and fi(upg.rs) =
[9i(p,q), gi(r,s)]. Recalling that, for any x; € [x] and zo € [¢;], gi(x1,22) =
0;1(:101) + ”C”fn—:zl it is easy to verify that f;(vaes) N fi(upg.rs) = 0.
case 4: T = Upgrs, Y = Ugp and a € {p,7}.
Assume a = p (proof is similar when a = 7). Assume (Vpp, Upg.rs) € E(I;), Vi €
{1,2,...,k+ 2}. Tt means (vpp, Upg.rs) € E(Ilx) = o' (p) + c‘{:alz <o '(p)+

=L o 57 () + =L = ¢ < b (here we assume that o; '(p) < o; ' (r).

Cmax Cmax

Proof is similar when o; *(p) > o, '(r)). In fgy2, note that upyg.s is assigned the
interval [(x + 1) — og '(r) + ==L (x + 1) — o3 ' (p) + L] and vap (= vpp) is

Cmax Cmax




assigned the interval [(x+1) — o, '(p) + cl:alm J(x+1) —a, Hp)+ cl:alm |. Therefore,
(Upb, Upgrs) € E(Ip42) = b < ¢. But this contradicts our earlier inference that
g < b. Therefore, either (vap, Upg.rs) ¢ E(Ix) Or (Vap, Upgrs) ¢ E(Iky2).

We have thus shown that for any (z,y) ¢ E(G), 3i € [k + 2] such that
(x,y) ¢ E(I;). As each I; is a supergraph of G, we have G = ﬂfif I;. Applying
Lemma 1, we get boz(G) < [log, logy x| + 3. 0

Corollary 1. Given a graph H, let G be the graph obtained by fully subdividing
H. Then, box(G) < [logy logy(A(H))] 4 3 < [log, log, (A(G))] + 3

Proof. By Brooks’ theorem (see chapter 5 in [13]), x < A(H) unless the graph
H is isomorphic to a complete graph K (g)41 or to an odd cycle. If H is iso-
morphic to K a(g)41, then by Theorem 1, box(G) < [logy logy(A(H) +1)]+2 <
[logy logy (A(H))] + 3. If H is an odd cycle, then G will be a cycle and hence
box(G) < 2 < [logylogy(A(H))] + 3. Therefore applying Theorem 2, we have
box(G) < [logy logy(A(H))] + 3. As A(H) < A(G), the corollary follows. O

4 Line Graphs

For any bipartite graph G with bipartition {A, B}, we use C'4(G) to denote the
graph with V(C4(G)) = V(G) and E(C4(G)) = E(G) U {(z,y) | =,y € A}.
Thus C4(G) is the graph obtained from G by making A a clique. Similarly one
can define C'p(G).

Lemma 3. For any bipartite graph G with bipartition {A, B}, box(Ca(G)) <
2 - box(G).

Proof. Proof of this lemma is similar to the proof of Lemma 7 in [5]. In [5] it
is proved that box(Cap(G)) < 2 - box(G), where Cap(G) refers to the graph
obtained by making both A and B cliques. For the sake of completeness, we give
a proof to our lemma below.

Let box(G) = b. Then by Lemma 1, there exist b interval graphs, say I, Io,
..., Iy, such that G = ﬂle I;. Let f; denote an interval representation of I;,
where i € [b]. Let s; = minge 4 (I(f;(2))) and ¢; = max,ea(r(fi(x))). From these
b interval graphs we construct 2b interval graphs namely I7, 15, ... I}, IV, I}, .. . I}/
as follows. Let f/, f/' denote interval representations of I/ and I/ respectively,
where 7 € [b].

Construction of f; :
Vo € A, fi(z) = [sir(fi(x)))-
Vz € B, fl(z) = fi(z).

Construction of f/" :
Vo e A, f!'(z)
Vo e B, fI'(z)

[1(fi(z)), ti].
fi(z).
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We claim that Cx (G) = ﬂi?:l(lgﬁ]{’). Consider any (z,y) € E(Ca(G)). To show
that (z,y) € E(I}) and (z,y) € E(I"), Vi € [b], we consider the following 2 cases.
If (z,y) € E(G), clearly (z,y) € E(I;). From the construction of f/ and f/, it
is easy to see that I/ and I}’ are supergraphs of I;. Otherwise if (z,y) ¢ E(G),
then z,y € A and therefore [s;,s;] C f/(z) N f/(y) and [t;, ;] C f/'(z) N f'(y).
Now, counsider any (z,y) ¢ E(Ca(G). We know that (z,y) ¢ E(Ca(G)) =
(z,y) ¢ E(G) = (z,y) ¢ E(I;), for some i € [b]. It is then easy to verify

that,
(a) if z € A, y € B, then (f(z ) fi( )Or (f' (@)D fi'(y) = 0).
nd (fi'(z) N fi'(y) = 0).

i y)
(b) if z,y € B, then (f/(z) N f/(y) = 0)
i—1 (I N I]").Therefore by Lemma 1,
box(Ca(G)) < 2-box(G). O

”m H

Thus we prove the claim that C4(G) =

Lemma 4. Let G be a bipartite graph with bipartition {X,Y} having the fol-
lowing two properties: (i) for anyy €Y, da(y) < 2 and (i) for any y1,y2 €Y,
if y1 # y2 then Ng(y1) # Ng(y2). Then, box(G) < [logy logy(A(G))] + 3.

Proof. It A(G) = 1, then G is a collection of isolated edges and therefore
box(G) = 1 < [logylogs(A(G))] + 3. Let A(G) > 2. From G, we construct
a bipartite graph G’ with bipartition {X’,Y’} in the following way: To start
with, let G’ = G. For each vertex u € Y’ with dg/(u) = 1, we add a new ver-
tex m, to X’ such that u is the only neighbour of n,. For each v € Y’ with
dgr(v) = 0, delete v from Y'. So X' = X U{n, | u € Y and dg(u) = 1} and
Y=Y\ {v €Y |visan isolated vertex}. We claim that boz(G) < box(G’).
This is because the graph obtained by removing isolated vertices from G is an
induced subgraph of G’ and therefore its boxicity is at most that of G’. As adding
isolated vertices to any graph does not increase its boxicity, our claim follows.

From the construction of G’ we can say that, for every y € Y/, deo(y) = 2.
Let G be the subgraph induced on vertices of X’ in G'?, where G'* denotes the
square of graph G’. It is easy to see that G’ can be obtained by fully subdividing
G" (Here note that if G and thereby G’ had not satisfied property (ii), then the
graph obtained by fully subdividing G would have just been a subgraph of G").
Therefore by our above claim and applying Corollary 1, we get

box(G) < box(G") < [log, log,(A(G))] + 3.

From the construction of G’ and recalling that A(G) > 2, we infer that A(G') <
A(G). Therefore,
box(G) < [log, logy (A(G))] + 3.

a

A critical clique of a graph G is a clique K where the vertices of K all have the
same set of neighbours in G\ K, and K is maximal under this property. Let K de-
note the collection of critical cliques in G. The critical clique graph of a graph G,
denoted by CC(G), has V(CC(G)) = K and E(CC(G)) = {(K1, K2) | K1,K3 €
K and V(K;)UV (K3) induces a clique in G}. Notice that CC(G) is isomorphic
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to some induced subgraph of G. For example, we can take a representative ver-
tex from each critical clique and the induced subgraph on this set of vertices
is isomorphic to CC(G). The following lemma is due to Chandran, Francis and
Mathew [6] :

Lemma 5. For any graph G, box(G) = box(CC(Q)).

We now prove the main result of the paper. Recall that, given a multigraph
H, we define its line graph L(H) in the following way: V(L(H)) := E(H) and
E(L(H)) := {(e1,€2) | e1,ea € E(H), e; and ey share an endpoint in H}. A
graph G is a line graph if and only if there exists a multigraph H such that G
is isomorphic to L(H).

Theorem 3. Given a multigraph H, let G be a graph isomorphic to L(H). Let
A denote A(G) and x represent x(G). Then, box(G) < 2A([log, logy A]+3)+1.

Proof. Given a vertex colouring of G' using x colours, let Dy, Ds, ..., Dy be the
colour classes. For any 1 <14 < (y—1), let G;, with V(G;) = V(G) and E(G;) =
E(G)U{(z,y) | z,y € D;}, be the split graph where D; is an independent set
and D; a clique (here D; = {z € V(G) | « ¢ D;}). Let G} be the graph having
V(GY) =V(G) and E(GY) = {(z,y) | z € Dy,y € V(G)}. It is easy to see that

G=GiNGyN---NGH_1yNGT.
Therefore by Lemma 1,
box(G) < Ei(i;l)bo:v(Gi) + box(GT).

By Lemma 5, we know that box(G;) = box(CC(G;)). Also, observe that G is
an interval graph and hence its boxicity is 1. Therefore,

box(G) < XX Vbox(CC(Gy)) + 1. (4)
We know that, Vi € [(x — 1)], G; is a split graph, where D; is an independent
set and D; a clique. As CC(G;) is isomorphic to some subgraph of Gj, it is also
a split graph with V(CC(G;)) = X; WY;, where X; C D; is an independent set
and Y; C D; a clique. Let H; be the bipartite graph obtained from CC(G;) by
making Y; an independent set. By Lemma 3, we have box(CC(G;)) < 2-box(H;).
Applying this to inequality (4), we get

box(G) < 2Zfifl)box(Hi) +1. (5)
Claim 1. For any i € [(x —1)] and y € Y], dp, (y) < 2.

Proof. Recall that G = L(H) and therefore a proper vertex colouring of G is
equivalent to a proper edge colouring of H. Since in any edge colouring of H
a given edge e cannot have more than 2 monochromatic neighbours, for any
y € D;, |[Ng(y) N D;| < 2. Observe that the bipartite graph H; is a subgraph of
G. Therefore, for any y € Y; C D;, we get | Ny, (y)NX;| = | N, (y)| = du, (y) < 2.
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For any i € [(x — 1)], H; is a bipartite graph with bipartition {X;,Y;} satis-
fying the following two properties:
(i) by Claim 1, for any y € Y;, dp, (y) < 2.
(ii) for any y1,y2 € Vi, if y1 # y2 then Ny, (y1) # Ng, (y2). Assume for contradic-
tion that there exist some y1,y2 € Y; with y1 # y2 and Ng, (y1) = Ny, (y2). Then
we have Noc(a,)(y1) = Nee(a,) (y2) which contradicts the fact that CC(G;) is
the critical clique graph of G;.

Therefore by Lemma 4, we get box(H;) < [logylogs(A(H;))] + 3. Since H;
is a subgraph of G, A(H;) < A. Hence,

box(H;) < [logy log, A] + 3.
We thus rewrite inequality (5) as,
box(G) < 2(x — 1)([logylogy A] +3) + 1 < 2A([log, logy A] +3) + 1.
AsG=L(H), A <2(A(H)—1) <2(x — 1). Therefore,

box(G) < 2(x — 1)([logz logy (2(x — 1))] +3) + 1.

5 Lower Bound for Boxicity of a Hypercube

For any non-negative integer d, a d-dimensional hypercube H, has its vertices
corresponding to the 2¢ binary strings each of length d. Two vertices are adjacent
if and only if their binary strings differ from each other in exactly one bit position.

Theorem 4. box(Hy) > w

Proof. For any vertex v € V(Hy), let g(v) denote the number of ones in the bit
string associated with v. Let X = {v € V(H) | g(v) = 1 or g(v) = 2}. Let H'
be the subgraph of H induced on the vertex set X. We can see that H’' is a
bipartite graph with bipartition {A, B}, where A = {v € V(H’) | g(v) = 1} and
B={veV(H')]g(v) =2}

It is easy to observe that H' is a graph obtained by fully subdividing K4,
where K| 4 refers to a complete graph on |A| = d vertices. Then by Theorem 1,
we can say that

bOI(H/) > “ng 1Og2 d‘| + 1
i 2 .

As H' is an induced subgraph of H,

log, log, d] + 1
bou(H) > box(H') > 128210821+ 1
ox(H) > box(H') > 5
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