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Abstract

Two Dehn surgeries on a knot are called purely cosmetic, if they yield

manifolds that are homeomorphic as oriented manifolds. Using Heegaard

Floer homology, we give necessary conditions for the existence of purely

cosmetic surgeries on knots in S
3. Among other things, we show that the

two surgery slopes must be the opposite of each other.

1 Introduction

Given a knot K in a three-manifold Y , let α, β be two different slopes on K,
and let Yα(K), Yβ(K) be the manifolds obtained by α– and β–surgeries on K,
respectively. If Yα(K), Yβ(K) are homeomorphic, then we say the two surgeries
are cosmetic; if Yα(K) ∼= Yβ(K) as oriented manifolds, then these two surgeries
are purely cosmetic; if Yα(K) ∼= −Yβ(K) as oriented manifolds, then these two
surgeries are chirally cosmetic.

Chirally cosmetic surgeries occur frequently for knots in S3. For example,
if K is amphicheiral, then S3

r (K) ∼= −S3
−r(K) for any slope r. If T is the

right hand trefoil knot, then S3
(18k+9)/(3k+1)(T )

∼= −S3
(18k+9)/(3k+2)(T ) for any

nonnegative integer k [5].
On the other hand, purely cosmetic surgeries are very rare. In fact, the

following conjecture was proposed in Kirby’s Problem List [4, Problem 1.81].

Conjecture 1.1 (Cosmetic Surgery Conjecture). Suppose K is a knot in a
closed oriented three-manifold Y such that Y −K is irreducible and not home-
omorphic to the solid torus, then K admits no purely cosmetic surgeries.

This conjecture is highly nontrivial even when Y = S3. In [3], Gordon and
Luecke proved the famous Knot Complement Theorem, which can be interpreted
as that there are no cosmetic surgeries if one of the two slopes is ∞. In [1],
Boyer and Lines proved the cosmetic surgery conjecture for any knot K with
∆′′

K(1) 6= 0. In recent years, Heegaard Floer homology [6] became a powerful
tool to study this conjecture. In [12], Ozsváth and Szabó proved that if S3

r1(K)
is homeomorphic to S3

r2(K), then either S3
r1(K) is an L–space or r1 and r2 have
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opposite signs. Moreover, when S3
r1(K) is homeomorphic to S3

r2(K) as oriented
manifolds, Wu [17] ruled out the case that S3

r1(K) is an L–space, thus r1 and
r2 must have opposite signs. In [16], Wang proved that genus 1 knots in S3 do
not admit purely cosmetic surgeries.

In this paper, we are going to put more restrictions on purely cosmetic
surgeries for knots in S3. Our main result is:

Theorem 1.2. Suppose K is a nontrivial knot in S3, r1, r2 ∈ Q ∪ {∞} are
two distinct slopes such that S3

r1(K) is homeomorphic to S3
r2(K) as oriented

manifolds. Then r1, r2 satisfy that
(a) r1 = −r2;
(b) suppose r1 = p/q, where p, q are coprime integers, then

q2 ≡ −1 (mod p);

and K satisfies
(c) τ(K) = 0, where τ is the concordance invariant defined by Ozsváth–Szabó

[10] and Rasmussen [13].

Remark 1.3. Ozsváth and Szabó [12] remarked that their method can be used
to exclude cosmetic surgeries for certain numerators p. To illustrate, they proved
that p 6= 3. Our Theorem 1.2 (b) implies a more precise restriction on p: −1
must be a quadratic residue modulo p.

Remark 1.4. Ozsváth and Szabó [12] gave the example of K = 944. This knot
is a genus 2 knot with τ(K) = 0 and

∆K(T ) = T−2 − 4T−1 + 7− 4T + T 2.

Heegaard Floer homology does not obstruct K from admitting purely cosmetic
surgeries. In fact, S3

1(K) and S3
−1(K) have the same Heegaard Floer homology.

However, these two manifolds are not homeomorphic since they have different
hyperbolic volumes.

This paper is organized as follows. In Section 2, we use Ozsváth and Szabó’s
rational surgery formula [12] to compute the correction terms of the manifolds
obtained by surgeries on knots in S3. This gives a bound of the correction
terms by the correction terms of the corresponding lens spaces. A necessary and
sufficient condition for the bound to be reached is found. In Section 3, we review
the Casson–Walker and Casson–Gordon invariants. Combining these with the
bound obtained in Section 2, we show that if there are purely cosmetic surgeries,
then the correction terms are exactly the correction terms of the corresponding
lens spaces. In Section 4, we use the previous results and the method in [12] to
prove our main theorem. In Section 5, we compute the reduced Heegaard Floer
homology of surgeries on a class of knots that arises in this paper.

Acknowledgements. This work was carried out when the first author visited
Princeton University. The first author was partially supported by an AIM Five-
Year Fellowship and NSF grant number DMS-1021956. The second author was
supported by a Simons Postdoctoral Fellowship.
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2 Rational surgeries and the correction terms

2.1 The rational surgery formula

In this subsection, we recall the rational surgery formula of Ozsváth and
Szabó [12], and then compute the example of surgeries on the unknot.

Remark 2.1. For simplicity, throughout this paper we will use F2 = Z/2Z
coefficients for Heegaard Floer homology. Our proofs work for Z coefficients as
well.

Given a knot K in an integer homology sphere Y . Let C = CFK∞(Y,K)
be the knot Floer chain complex of (Y,K). There are chain complexes

A+
k = C{i ≥ 0 or j ≥ k}, k ∈ Z

and B+ = C{i ≥ 0} ∼= CF+(Y ). As in [11], there are chain maps

vk, hk : A+
k → B+.

Let
A+

i =
⊕

s∈Z

(s, A+

⌊ i+ps
q ⌋

(K)),B+
i =

⊕

s∈Z

(s,B+).

Define maps

v+
⌊ i+ps

q ⌋
: (s, A+

⌊ i+ps
q ⌋

(K)) → (s,B+), h+

⌊ i+ps
q ⌋

: (s, A+

⌊ i+ps
q ⌋

(K)) → (s+ 1, B+).

Adding these up, we get a chain map

D+
i,p/q : A+

i → B+
i ,

with
D+

i,p/q{(s, as)}s∈Z = {(s, bs)}s∈Z,

where
bs = v+

⌊ i+ps
q ⌋

(as) + h+

⌊ i+p(s−1)
q ⌋

(as−1).

Theorem 2.2 (Ozsváth–Szabó). Let X+
i,p/q be the mapping cone of D+

i,p/q, then

there is a relatively graded isomorphism of groups

H∗(X
+
i,p/q)

∼= HF+(Yp/q(K), i).

The above isomorphism is actually U–equivariant, so the two groups are
isomorphic as F2[U ]–modules.

Remark 2.3. For K ⊂ S3, the absolute grading on X+
i,p/q is determined by an

absolute grading on B+ which is independent of K. The absolute grading on
B+ is chosen so that the grading of

1 ∈ H∗(X
+
i,p/q(O)) ∼= T + := F2[U,U

−1]/UF2[U ]

is d(L(p, q), i), where O is the unknot. This absolute grading on X+
i,p/q(K) then

agrees with the absolute grading on HF+(S3
p/q(K), i).
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Remark 2.4. Let
D

+
i,p/q : H∗(A

+
i ) → H∗(B

+
i )

be the map induced by D+
i,p/q on homology. Then the mapping cone of D+

i,p/q

is quasi-isomorphic to X+
i,p/q. By abuse of notation, we do not distinguish

A+
k ,A

+
i , B

+,B+
i from their homology, and do not distinguish D+

i,p/q from D
+
i,p/q.

If K = O is the unknot, then the p
q –surgery on K gives rise to the lens space

L(p, q). Then
A+

k
∼= B+

k = T +.

We have

v+k =

{
U |k| if k ≤ 0,
1 if k ≥ 0,

h+
k =

{
1 if k ≤ 0,

U |k| if k ≥ 0.

Suppose p, q > 0. Let 0 ≤ i ≤ p − 1, then ⌊ i+ps
q ⌋ ≥ 0 if and only if s ≥ 0.

We have b0 = a0 + a−1. For ξ ∈ T +, define

ι(ξ) = {(s, ξs)}s∈Z ∈ A+
i

by letting 



ξ0 = ξ−1 = ξ,

ξs = U ⌊
i+p(s−1)

q ⌋ξs−1, if s > 0,

ξs = U−⌊ i+p(s+1)
q ⌋ξs+1, if s < −1.

Then ι maps T + isomorphically to the kernel of D+
i,p/q. In particular, ι(1)

should have absolute grading d(L(p, q), i). The absolute grading on B+ can be
determined by the fact

v+
⌊ i
q ⌋
(0,1) = h+

⌊ i+p(−1)
q ⌋

(−1,1) = (0,1) ∈ (0, B+). (1)

2.2 Bounding the correction terms

For a rational homology three-sphere Y with Spinc structure s, HF+(Y, s)
can be decomposed as the direct sum of two groups: The first group is the
image of HF∞(Y, s) in HF+(Y, s), whose minimal absolute Q grading is an
invariant of (Y, s) and is denoted by d(Y, s), the correction term [7]; the second
group is the quotient modulo the above image and is denoted by HFred(Y, s).
Altogether, we have

HF+(Y, s) = T +
d(Y,s) ⊕HFred(Y, s).

For a knot K ⊂ S3, let AT
k = UnA+

k for n ≫ 0, then AT
k
∼= T +. Let DT

i,p/q

be the restriction of D+
i,p/q on

AT
i =

⊕

s∈Z

(s, AT
⌊ i+ps

q ⌋
(K)).
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Since v+k , h
+
k are isomorphisms at sufficiently high gradings and are U–

equivariant, v+k |A
T
k is modeled on multiplication by UVk and h+

k |A
T
k is modeled

on multiplication by UHk , where Vk, Hk ≥ 0.

Lemma 2.5. Vk ≥ Vk+1, Hk ≤ Hk+1.

Proof. The map v+k factors through the map v+k+1 via the factorization

C{i ≥ 0 or j ≥ k} → C{i ≥ 0 or j ≥ k + 1}
v+
k+1

−−−−→ C{i ≥ 0}.

Hence it is easy to see that Vk ≥ Vk+1. The same argument works for Hk.

It is obvious that Vk = 0 when k ≥ g and Hk = 0 when k ≤ −g, Vk → +∞
as k → −∞, Hk → +∞ as k → +∞.

Theorem 2.6. Suppose p, q > 0 are coprime integers. Then

d(S3
p/q(K), i) ≤ d(L(p, q), i)

for all i ∈ Z/pZ. The equality holds for all i if and only if V0 = H0 = 0.

Remark 2.7. The first part of Theorem 2.6 easily follows from [7, Theorem 9.6]
and [9, Corollary 1.5]. We will present a different proof, which enables us to get
the conclusion about V0 and H0.

Lemma 2.8. V0 = H0. Hence Vk ≥ Hk if k ≤ 0 and Vk ≤ Hk if k ≥ 0.

Proof. If
(Σ,α,β, w, z)

is a doubly pointed Heegaard diagram for (S3,K), then

(−Σ,β,α, z, w)

is also a Heegaard diagram for (S3,K). Hence the roles of i, j can be inter-
changed. It follows that v+0 is equivalent to h+

0 , hence V0 = H0.

Lemma 2.9. Suppose p/q > 0. Then the map DT
i,p/q is surjective.

Proof. Let 0 ≤ i ≤ p− 1. Suppose

η = {(s, ηs)}s∈Z ∈ B+
i .

Let

ξ−1 = U
−H

⌊
i+p(−1)

q
⌋η0, ξ0 = 0.

For other s, let

ξs =

{
U

−V
⌊
i+ps

q
⌋(ηs − U

H
⌊
i+p(s−1)

q
⌋ξs−1), if s > 0,

U
−H

⌊
i+ps

q
⌋(ηs+1 − U

V
⌊
i+p(s+1)

q
⌋ξs+1), if s < −1.
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By the definition of direct sum, ηs = 0 when |s| ≫ 0. Using the facts that

H
⌊ i+p(s−1)

q ⌋
− V⌊ i+ps

q ⌋ → +∞, as s → +∞,

and
V
⌊ i+p(s+1)

q ⌋
−H⌊ i+ps

q ⌋ → +∞, as s → −∞,

we see that ξs = 0 when |s| ≫ 0. So ξ = {(s, ξs)}s∈Z ∈ AT
i . Clearly

DT
i,p/q(ξ) = η.

Our key idea is the following lemma.

Lemma 2.10. Suppose p/q > 0. Under the identification

H∗(X
+
i,p/q)

∼= HF+(S3
p/q(K), i),

UnHF+(S3
p/q(K), i) is identified with a subgroup of the homology of the mapping

cone of DT
i,p/q when n ≫ 0.

Proof. By Lemma 2.9, DT
i,p/q is surjective, hence D+

i,p/q is also surjective. Thus

H∗(X
+
i,p/q) can be identified with the kernel of D+

i,p/q. Suppose ξ ∈ UnkerD+
i,p/q

for n ≫ 0, then ξ ∈ UnA+
i,p/q = AT

i,p/q. Hence ξ, being an element in kerD+
i,p/q,

is actually an element in kerDT
i,p/q. This proves that U

nkerD+
i,p/q is a subgroup

of the homology of the mapping cone of DT
i,p/q.

Proposition 2.11. Suppose p, q > 0, 0 ≤ i ≤ p− 1. Then

d(S3
p/q(K), i) = d(L(p, q), i)− 2max{V⌊ i

q ⌋
, H

⌊ i+p(−1)
q ⌋

}.

Proof. Lemmas 2.5 and 2.8 implies that

H
⌊ i+p(s−1)

q ⌋
≥ H0 = V0 ≥ V⌊ i+ps

q ⌋ if s > 0,

H
⌊ i+p(s−1)

q ⌋
≤ H0 = V0 ≤ V⌊ i+ps

q ⌋ if s < 0.
(2)

Given ξ ∈ T +, define
ρ(ξ) = {(s, ξs)}s∈Z

as follows. If
V⌊ i

q ⌋
≥ H

⌊ i+p(−1)
q ⌋

, (3)

let

ξ−1 = U
V
⌊ i
q
⌋
−H

⌊
i+p(−1)

q
⌋ξ, ξ0 = ξ;

if
V⌊ i

q ⌋
< H

⌊ i+p(−1)
q ⌋

, (4)
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let

ξ−1 = ξ, ξ0 = U
H

⌊
i+p(−1)

q
⌋
−V

⌊ i
q
⌋
ξ.

For other s, using (2), let

ξs =

{
U

H
⌊
i+p(s−1)

q
⌋
−V

⌊
i+ps

q
⌋
ξs−1, if s > 0,

U
V
⌊
i+p(s+1)

q
⌋
−H

⌊
i+ps

q
⌋
ξs+1, if s < −1.

As argued in the proof of Lemma 2.9, ξs = 0 when |s| ≫ 0. Then ρ maps
T + into the kernel of DT

i,p/q. In light of Lemma 2.10, the grading of ρ(1) is

d(S3
p/q(K), i).

If (3) holds, the map

v+
⌊ i
q ⌋
: (0, AT

⌊ i
q ⌋
) → (0, B+)

is U
V
⌊ i
q
⌋ . Using Remark 2.3 and comparing (1), the grading of ρ(1) can be

computed by
d(L(p, q), i)− 2V⌊ i

q ⌋
.

If (4) holds, the map

h+

⌊
i+p(−1)

q ⌋
: (−1, AT

⌊ i+p(−1)
q ⌋

) → (0, B+)

is U
H

⌊
i+p(−1)

q
⌋ . The grading of ρ(1) can be computed by

d(L(p, q), i)− 2H
⌊ i+p(−1)

q ⌋
.

The essentially same argument can be used to prove the following:

Proposition 2.12. Let K be a null-homologous knot in a rational homology
sphere Y , s is a Spinc structure over Y . Suppose p, q > 0, 0 ≤ i ≤ p− 1. Then

d(Yp/q(K), (s, i)) = d(Y, s) + d(L(p, q), i)− 2max{V⌊ i
q ⌋
, H

⌊ i+p(−1)
q ⌋

},

where (s, i) is the Spinc structure over Yp/q(K) that corresponds to s and i.

Proof of Theorem 2.6. The first part of Theorem 2.6 immediately follows from
Proposition 2.11.

If d(S3
p/q(K), i) = d(L(p, q), i) for all i, then

max{V⌊ i
q ⌋
, H

⌊ i+p(−1)
q ⌋

} = 0 (5)

for all i. In particular, V0 = 0. It follows from Lemma 2.8 that H0 = 0.
If V0 = H0 = 0, then (5) holds for all i. So d(S3

p/q(K), i) = d(L(p, q), i).
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3 Casson–Walker, Casson–Gordon invariants and

the correction term

3.1 Casson–Walker invariant

The Casson invariant is one of the many invariants of a closed three-manifold
Y that can be obtained by studying representations of its fundamental group in
a certain non-abelian group G. Roughly speaking, the Casson invariant of an
integral homology sphere Y is obtained by counting representations of π1(Y )
in G = SU(2). The geometric structures used to obtain a topological invariant
is a Heegaard splitting of Y and the symplectic geometry associated with it.
An alternative gauge-theoretical approach uses flat bundles together with a
Riemannian metric on Y and leads to a refinement of the Casson invariant, the
Floer homology.

Casson’s SU(2) intersection theory was later extended by Walker to include
reducible representations, who generalized the invariant to rational homology
spheres. Most remarkably, Walker’s invariant admits a purely combinatorial
definition in terms of surgery presentations. The following proposition (see
[1]) is the special case of a more general surgery formula, when K is a null-
homologous knot in a rational homology sphere Y . Our convention here is that
λ(S3

+1(T )) = 1, where T is the right hand trefoil.

Proposition 3.1. Let K be a null-homologous knot in a rational homology
three-sphere Y , and let L(p, q) be the lens space obtained by (p/q)–surgery on
the unknot in S3. Then

λ(Yp/q(K)) = λ(Y ) + λ(L(p, q)) +
q

2p
∆′′

K(1). (6)

Definition 3.2. Given two coprime numbers p and q, the Dedekind sum s(q, p)
is

s(q, p) := sign(p) ·

|p|−1∑

k=1

((
k

p
))((

kq

p
)),

where

((x)) =

{
x− [x]− 1

2 , if x /∈ Z,

0, if x ∈ Z,

The next proposition is well known and can be found in [1].

Proposition 3.3. For a lens space L(p, q), λ(L(p, q)) = − 1
2s(q, p).

When p, q > 0, write p/q as a continued fraction

p

q
= [a1, · · · , an] = a1 −

1

a2 −
1

a3 −
1

. . .

.
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We learn from Rasmussen [14, Lemma 4.3] that the Casson–Walker invariant of
L(p, q) can be calculated alternatively by the formula

s(q, p) =
1

12
(
q

p
+

q′

p
+

n∑

i=1

(ai − 3)) (7)

where 0 < q′ < p is the unique integer such that qq′ ≡ 1 (mod p).

Lemma 3.4. The Casson–Walker invariant of a Lens space λ(L(p, q)) vanishes
if and only if q2 ≡ −1 (mod p).

Proof. If λ(L(p, q)) = 0, we must have q + q′ ≡ 0 (mod p) in view of formula
(7). Together with the definition of q′, we immediately see

q2 ≡ −qq′ ≡ −1 (mod p).

On the other hand, it is well known from the classification result of lens
spaces that L(p, q) is orientation-preserving homeomorphic to L(p, q′). Hence,
λ(L(p, q)) = λ(L(p, q′)). If q2 ≡ −1 (mod p), then q′ ≡ −q (mod p); so we have
λ(L(p, q)) = λ(L(p,−q)) = −λ(L(p, q)). This implies λ(L(p, q)) = 0.

Casson–Walker invariant is closely related to the correction terms and the
Euler characterisitic of HFred. The following theorem is established as [15,
Theorem 3.3], whose special case was also known in [7, Theorem 5.1].

Theorem 3.5. For a rational homology sphere Y , we have

|H1(Y ;Z)|λ(Y ) =
∑

s∈Spinc(Y )

(χ(HFred(Y, s))−
1

2
d(Y, s)).

3.2 Casson–Gordon invariant

Let us recall the following G–signature theorem for closed four-manifolds.

Theorem 3.6 (G–signature Theorem). Suppose X̃
π
−→ X is an m–fold cyclic

cover of closed four-manifolds branched over a properly embedded surface F in
X. Then,

sig (X̃) = m · sig (X)− [F ]2 ·
m2 − 1

3m
.

Consider a closed oriented three-manifold Y with H1(Y ;Z) = Zm. It has a
unique m–fold cyclic cover Ỹ → Y . Pick up an m–fold cyclic branched covering
of four-manifold W̃ → W , branched over a properly embedded surface F in W ,
such that ∂(W̃ → W ) = (Ỹ → Y ). The existence of such (W,F ) follows from
[2, Lemma 2.2].

Definition 3.7. The total Casson–Gordon invariant of Y is given by

τ(Y ) = m · sig(W )− sig(W̃ )− [F ]2 ·
m2 − 1

3m
.

9



It is a standard argument to see the independence of the definition on the
choice of the four-manifolds cover W̃ → W . Suppose W̃ ′ → W ′ is another cover
that bounds Ỹ → Y , then we can construct a branched cover −W̃ ′ ∪Ỹ W̃ →
−W ′ ∪Y W of closed four-manifolds. It follows readily from Novikov additivity
and the G–signature Theorem that the invariant is well defined.

Definition 3.8. Let K be a knot in an integral homology sphere Y . The
generalized signature function σK(ξ) is the signature of the matrix A(ξ) :=
(1− ξ̄)A+ (1− ξ)AT for a Seifert matrix A of K, where |ξ| = 1.

A surgery formula for the total Casson–Gordon invariant was established in
[1].

Proposition 3.9. Let K be a knot in an integral homology sphere Y , then

τ(Yp/q(K)) = τ(L(p, q)) − σ(K, p). (8)

where σ(K, p) =
∑p−1

r=1 σK(e2iπr/p).

Quite amazingly, the total Casson–Gordon invariant of the lens space L(p, q)
is also related to the Dedekind sum [1].

Proposition 3.10. For a lens space L(p, q), τ(L(p, q)) = −4p · s(q, p).

3.3 Cosmetic surgeries with slopes of opposite signs

In this subsection, we derive an obstruction for purely cosmetic surgeries
with slopes of opposite signs. We prove:

Proposition 3.11. Given p, q1, q2 > 0 and a knot K in S3. If Y = S3
p/q1

(K) ∼=

S3
−p/q2

(K), then

∆′′
K(1) = 0,

∑

s∈Spinc(Y )

χ(HFred(Y, s)) = 0,

and there exists a one-to-one correspondence

σ : Spinc(L(p, q1)) → Spinc(L(p, q2))

such that

d(S3
p/q1

(K), s) = d(L(p, q1), s) = d(S3
−p/q2

(K), σ(s)) = −d(L(p, q2), σ(s))

for every s.

It is a natural question to ask what three-manifolds may be obtained via
purely cosmetic surgeries on knots in S3. The above obstruction enables us to
eliminate the following class of three-manifolds that includes all Seifert fibred
rational homology spheres.
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Corollary 3.12. If Y is a plumbed three-manifold of a negative-definite graph
with at most one bad point, then Y can not be obtained via purely cosmetic
surgeries on knots in S3.

Proof. By [9, Corollary 1.4], all elements of HF+(Y ) have even Z/2Z grading.
This implies that in the case HFred(Y ) 6= 0, it must be that

∑

s∈Spinc(Y )

χ(HFred(Y, s)) = rankHFred(Y ) 6= 0,

hence we can apply Proposition 3.11. The other case where HFred(Y ) = 0
follows from discussions in [17].

Proof of Proposition 3.11. Using the surgery formulae (6) (8), we can compute
the Casson–Walker and Casson–Gordon invariants of Y from its two surgery
presentations and obtain

λ(Y ) = λ(L(p, q1)) +
q1
2p

∆′′
K(1) = λ(L(p,−q2)) +

−q2
2p

∆′′
K(1),

τ(Y ) = τ(L(p, q1))− σ(K, p) = τ(L(p,−q2))− σ(K, p).

In light of Proposition 3.3 and 3.10, we must have ∆′′
K(1) = 0 hence

λ(Y ) = λ(S3
p/q1

(K)) = λ(L(p, q1)).

This, according to Theorem 3.5, implies

∑

s∈Spinc(Y )

(χ(HFred(Y, s)−
1

2
d(Y, s)) =

∑

s∈Spinc(L(p,q1))

−
1

2
d(L(p, q1), s).

It follows from Theorem 2.6 that

d(S3
p/q1

(K), s) ≤ d(L(p, q1), s)

for any knot K and p/q1 > 0. Therefore,

∑

s∈Spinc(Y )

χ(HFred(Y, s)) ≤ 0.

On the other hand,

λ(Y ) = λ(S3
−p/q2

(K)) = λ(L(p,−q2)).

Again, this implies

∑

s∈Spinc(Y )

(χ(HFred(Y, s)−
1

2
d(Y, s)) =

∑

s∈Spinc(L(p,−q2))

−
1

2
d(L(p,−q2), s).

11



With negative surgery coefficient −p/q2, Theorem 2.6 implies that

d(S3
−p/q2

(K), s) ≥ d(L(p,−q2), s).

Therefore, ∑

s∈Spinc(Y )

χ(HFred(Y, s)) ≥ 0.

This forces ∑

s∈Spinc(Y )

χ(HFred(Y, s)) = 0

and the identity everywhere else, which concludes the proof.

4 Proof of the main theorem

Proposition 4.1. Suppose K ⊂ S3 is a knot with V0 = 0. Let

ν(K) = min
{
k ∈ Z

∣∣∣v̂k : Âk → ĈF (S3) induces a non-trivial map in homology

}
.

Then ν(K) ≤ 0.

Proof. Consider the commutative diagram

A+
k

jA
−−−−→ Âk

v+
k

y v̂k

y

B+ jB
−−−−→ B̂.

Since V0 = 0, v+0 (1) = 1. Since jB(1) = 1, the above commutative diagram
shows that v̂0 is nontrivial in homology. Thus ν(K) ≤ 0.

Proof of Theorem 1.2. By the result in [17], we only need to consider the case
that r1, r2 have opposite signs. Suppose r1 = p/q1 and r2 = −p/q2, where
p, q1, q2 are positive integers, gcd(p, q1) = gcd(p, q2) = 1. By Proposition 3.11,
d(S3

p/q1
(K), i) = d(L(p, q1), i). Theorem 2.6 implies that V0 = H0 = 0. By

Proposition 4.1, ν(K) ≤ 0. Since ν(K) = τ(K) or τ(K)+1 (see [12, Lemma 9.2]
and [10, 13]), τ(K) ≤ 0. The same argument can be applied to K to show that
τ(K) ≤ 0. Since τ(K) = −τ(K), we must have τ(K) = 0.

Since ν(K) = τ(K) or τ(K) + 1 and ν(K) ≤ 0, we must have ν(K) = 0. So
we can apply [12, Proposition 9.8] to conclude that r1 = −r2.

Using Proposition 3.11 and (6), we conclude that

λ(L(p, q1)) = λ(S3
p/q1

(K)) = λ(S3
−p/q1

(K)) = λ(L(p,−q1)) = −λ(L(p, q1)).

So λ(L(p, q1)) = 0. The fact that q21 ≡ −1 (mod p) follows from Lemma 3.4.
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5 The computation of HFred

In order to get more information about the knot K, we need to consider the
reduced Heegaard Floer homology HFred of the surgered manifolds. We present
our computation here since it may be useful for future research of cosmetic
surgeries.

Proposition 5.1. Suppose K ⊂ S3 is a knot with V0 = H0 = 0. Let Ak,red =
A+

k /A
T
k . If either

p/q > 0

or
p/q < 0, d(S3

p/q(K), i) = d(L(p, q), i),

then
Ai,red =

⊕

s∈Z

(s, A⌊ i+ps
q ⌋,red(K))

is isomorphic to HFred(S
3
p/q, i), and the isomorphism preserves the absolute

grading.

Lemma 5.2. Suppose K ⊂ S3 is a knot with V0 = H0 = 0. If p/q > 0, then
DT

i,p/q is surjective and its kernel is isomorphic to T +; if p/q < 0, then DT
i,p/q

is injective and its cokernel is isomorphic to T +.

Proof. We always suppose p > 0 and 0 ≤ i ≤ p− 1. First consider the case that
p/q > 0. The surjectivity of DT

i,p/q is guaranteed by Lemma 2.9. We define a
map

σ : T + → A+
i

as follows. Given ξ ∈ T +, let σ(ξ) = {(s, ξs)}s∈Z, where

ξs =





ξ, if s = 0 or − 1,

U
H

⌊
i+p(s−1)

q
⌋
−V

⌊
i+ps

q
⌋
ξs−1 = U

H
⌊
i+p(s−1)

q
⌋ξs−1, if s > 0,

U
V
⌊
i+p(s+1)

q
⌋
−H

⌊
i+ps

q
⌋
ξs+1 = U

V
⌊
i+p(s+1)

q
⌋ξs+1, if s < −1.

We claim that there is a short exact sequence

0 −−−−→ T + σ
−−−−→ AT

i

DT
i,p/q

−−−−→ B+
i −−−−→ 0.

In fact, σ is clearly injective and the image of σ is in the kernel of DT
i,p/q.

Suppose {(s, ξs)}s∈Z is in the kernel of DT
i,p/q, we want to show that it is in the

image of σ. Since V⌊ i
q ⌋

= H
⌊ i+p(−1)

q ⌋
= 0, one must have ξ−1 = ξ0. Let ξ = ξ0,

then we can check σ(ξ) = {(s, ξs)}. This finishes the proof of the case where
p/q > 0.

Next consider the case where p/q < 0. We have

V⌊ i+ps
q ⌋ = 0 when s < 0, H⌊ i+ps

q ⌋ = 0 when s ≥ 0. (9)
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Suppose
{(s, ξs)}s∈Z

is in the kernel of DT
i,p/q. By the definition of direct sum, ξs = 0 when |s| is

sufficiently large. It follows from (9) that ξs = 0 for all s ∈ Z. This proves that
DT

i,p/q is injective.
Given

η = {(s, ηs)}s∈Z ∈ B+,

let

φ(η) = η0 +
∑

s>0

U

∑s
j=1 V

⌊
i+p(j−1)

q
⌋ηs +

∑

s<0

U

∑−s
j=1 H

⌊
i−pj

q
⌋ηs.

We claim a short exact sequence

0 −−−−→ AT
i

DT
i,p/q

−−−−→ B+
i

φ
−−−−→ T + −−−−→ 0.

It is routine to check φ ◦DT
i,p/q = 0. Moreover, suppose φ(η) = 0. Let M > 0

be an integer such that ηs = 0 whenever |s| > M . Define

ξs =





ηs, if s ≤ −M,

ηs − U
H

⌊
i+p(s−1)

q
⌋ξs−1, if −M < s < 0,

ηs+1, if s ≥ M − 1,

ηs+1 − U
V
⌊
i+p(s+1)

q
⌋ξs+1, if 0 ≤ s < M − 1.

We can check DT
i,p/q{(s, ξs)} = η, where at (0, η0) we use the fact that φ(η) = 0.

This proves kerφ = imDT
i,p/q. The image of φ is clearly T +, so T + is isomorphic

to the cokernel of DT
i,p/q.

Proof of Propostion 5.1. When p/q > 0, we can identify HF+(S3
p/q , i) with the

kernel of D+
i,p/q. Then there is a natural projection map

π : HF+(S3
p/q, i) → Ai,red

We claim that there is a short exact sequence

0 −−−−→ T + σ
−−−−→ HF+(S3

p/q, i)
π

−−−−→ Ai,red −−−−→ 0,

where σ is the map defined in Lemma 5.2.
From Lemma 5.2 we know that σ is injective, and im σ ⊂ ker π. If ξ ∈

kerD+
i,p/q is in the kernel of π, then ξ is contained in AT

i,p/q, so

ξ ∈ kerDT
i,p/q = im σ.

Next we show that π is surjective. Let π′ : A+
i → Ai,red be the projection

map. We need to show that for any ζ ∈ Ai,red, there exists a ξ ∈ ker D+
i,p/q
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with π′(ξ) = ζ. In fact, let ξ1 be any element with π′(ξ1) = ζ. Since DT
i,p/q is

surjective, there exists ξ2 ∈ AT
i with

DT
i,p/q(ξ2) = D+

i,p/q(ξ1),

then ξ = ξ1 − ξ2 is the element we want. This finishes the proof of the claim.
The claim immediately implies our conclusion when p/q > 0.
When p/q < 0, suppose d(S3

p/q(K), i) = d(L(p, q), i). We claim that

imD+
i,p/q = imDT

i,p/q.

Otherwise, imD+
i,p/q is strictly larger than imDT

i,p/q. Then φ(imD+
i,p/q) would

contain a nonzero element, where φ is the map defined in Lemma 5.2. Hence
1 ∈ φ(imD+

i,p/q). It follows that the bottommost element in UnHF+(S3
p/q(K), i)

for n ≫ 0 has grading higher than the grading of (0,1) ∈ (0, B+), which is
d(L(p, q), i). This gives a contradiction.

Now our conclusion easily follows from the claim and Lemma 5.2.

Corollary 5.3. Suppose K ⊂ S3 is a knot with V0 = H0 = 0. Then there exists
a constant C = C(K), such that

rankHFred(S
3
p/q(K)) = |q| · C,

for any coprime integers p, q with p/q > 0. Moreover, if d(S3
p/q(K), i) =

d(L(p, q), i) for all i, then the above equality also holds for p/q < 0.

Proof. Let C =
∑

k∈Z
rankAk,red. In

⊕

i∈Z/pZ

Ai,red =

p−1⊕

i=0

⊕

s∈Z

(s, A⌊ i+ps
q ⌋,red(K)),

each Ak,red appears exactly |q| times. It follows from Proposition 5.1 that

rankHFred(S
3
p/q(K)) = |q| · C,

whenever the conditions in the statement of the theorem are satisfied.
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