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Decomposition Theorem for Perverse sheaves on Artin stacks

Shenghao Sun

Abstract

We generalize the decomposition theorem for perverse sheaves to Artin stacks with
affine automorphism groups over finite fields and over the complex numbers. During
the proof, we also give the generic base change theorem for f. on stacks, and some
results on comparison between derived categories of different topoi.

1 A counter-example: BFE.

Let F be a complex elliptic curve, and let f : pt=Spec C — BFE be the natural projection;
this is a representable proper map. There is a natural non-zero morphism Cpp — Rf.C .,
adjoint to the isomorphism f*Cpp ~ C, but there is no non-zero morphism in the other
direction, because

Hom(Rf.Cyy,Cpp) = Hom(Cypy, f'Cpp) = Hom(C

—=pt>

Cf2) = 0.

Here the Hom’s are taken in the derived categories. Similarly, the non-zero natural map
Rf.C, — R?f.C[-2] = Cpp[—2] lies in

Hom(Rf*gptvgBE[_2]) = Hom(gpm f!gBE[_2]) = Hom(gptvgpt) = (Cv
but the Hom set in the other direction is zero:
Hom(QBE[_2]7 Rf*gpt) = Hom(f*gBE[_2]7gpt) = Hom(gpt[_ngpt) =0.

Therefore, Rf,.C is not semi-simple of geometric origin (since it is not a direct sum of the
P #(f.C)[—i]’s). The same argument applies to finite fields, with C replaced by Q.

Remark 1.1. This example was first given by Drinfeld, who asked for the reason of the
failure of the usual argument for schemes. Later, it was communicated by J. Bernstein to
Y. Varshavsky, who asked M. Olsson in an email correspondence. Olsson kindly shared this
email with me, and explained to me that the reason is the failure of the upper bound of
weights in [4] for stacks.

In the following we explain why the usual proof (as in [3]) fails for f. The proof in [3] of
the decomposition theorem over C relies on the decomposition theorems over finite fields
(3, 5.3.8, 5.4.5), so it suffices to explain why the proof of ([3], 5.4.5) fails for f, for an
elliptic curve E/F,.

Let Ko = Rf.Qy. The perverse t-structure agrees with the trivial ¢-structure on Spec F,,,
and by definition ([12], 4), we have P27 Ky = 7T (Ky)[—1] on BE, and so

P K) -] = PrK) -

7 i
Each R!f,Q,[—i] is pure of weight 0. In the proof of ([3], 5.4.5), the exact triangles

T<iK0 — TSiKO — (%’KO)[_Z] —
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split geometrically, because Ext!((s¢K)|[—i],7«;K) has weights > 0. We will see that
for f : Spec F, — BFE, this group is pure of weight 0, and in fact has 1 as a Frobenius
eigenvalue. For simplicity, we denote H*(2",Q,) by H*(Z').

Let m : BE — Spec I, be the structural map; then 7 o f = id. Since E is connected,
the sheaves R'f,Q, are inverse images of some sheaves on Spec F,, namely f*R'f.Q,. By
smooth base change, they are isomorphic to 7*H'(E) as Gal(F,)-modules. In particular,
RYf,Q, = Q;, R'f.Q, = 7*H'(F) and R?f,Q, = Q;(—1). Then the exact triangle above
becomes

i=2: T<1Ko — Ko — Qy(—1)[-2] —
i=1: Q) — 7<1Ko —1*HY(E)[-1] — -

Apply Ext*(Q(—1)[—2], —) to the second triangle. One can compute H*(BE) by a theorem
of Borel (see ([17], 7)): H*~Y(BE) =0, and H*(BE) = Sym'H'(E). Let o and 3 be the
eigenvalues of the Frobenius F' on H'(E). We have

Eat!(@(-1)[-2), Q) = B2t*(@,, Q1)) = H*(BE)(1) =0,
and
Bt @ (~1)[-2, 7" B (B)[-1)) = HABE)sH' (E)(1) = H' ()2 H(E)(1) = End(H'(E)),
which is 4-dimensional with eigenvalues o/, 3/c, 1,1, and
Bt @ (-1)[-2,Ty) = HY(BE)(1),
which is 3-dimensional with eigenvalues o/, 3/a, 1. This implies that the kernel
Ext' (Qu(-1)[-2), 71 K) =
Ker(Bat! (@ (~1)[-2), 7 H'(B)[-1]) = Bat2(@(~1)[-2, Q)

is non-zero, pure of weight 0, and has 1 as a Frobenius eigenvalue. So the first exact triangle
above does not necessarily (in fact does not, as the argument in the beginning shows) split
geometrically. Also

Eat'(r* H'(E)[-1), Q) = Eat®(@,, = H'(E)") = H'(E) ® H'(E)" = End(H"(E))

is 4-dimensional and has eigenvalues a/3, 5/a, 1, 1, hence the proof for the geometric split-
ting of the second exact triangle fails too.

In [12], Laszlo and Olsson generalized the theory of perverse sheaves to Artin stacks
locally of finite type over some field. In [17], we proved that for Artin stacks of finite type
over a finite field, with affine automorphism groups (defined below), Deligne’s upper bound
of weights for the compactly supported cohomology groups still applies. In this paper, we
will show that for such stacks, similar argument as in [3] gives the decomposition theorem.

Organization. In §2 we complete the proof of the structure theorem for (-mixed
sheaves on stacks, as claimed in ([I7], 2.7). In §3, we generalize the decomposition theorem
for perverse sheaves on stacks over finite fields, using weight theory. In §4 we prove the
generic base change for f, and Rs7om, and in §5 we use this result to prove a comparison
between bounded derived categories with prescribed stratification over the complex numbers
and over an algebraic closure of a finite field, as well as a comparison between the lisse-
étale topos and the lisse-analytic topos of a C-stack, and then finish the proof of the
decomposition theorem over C.



Notations and Conventions 1.2. We fix an algebraic closure F of the finite field IF, with
q elements. Let I or Iy, be the g-geometric Frobenius, namely the ¢-th root automorphism
on F. Let ¢ be a prime number, ¢ # p, and fix an isomorphism of fields Q, < C. For
simplicity, let |a| denote the complex absolute value |tal, for a € Q.

By an Artin stack, or an algebraic stack, we mean an algebraic stack in the sense of M.
Artin ([9], 4.1) of finite type over the base.

Objects over I, will be denoted with an index o. For instance, if Ky is a Qy-sheaf complex
on an Artin stack 2y over Fy, then K denotes its inverse image on 2" := 2y ®p, F.

For a field k, let Gal(k) denote its absolute Galois group Gal(k*P /k). By a variety over
k we mean a separated reduced k-scheme of finite type.

For a map f : X — Y and a sheaf complex K on Y, we sometimes write H"(X, K)
for H*(X, f*K). We will write H"(2") for H*(2",Qy), and h"(%, F) for dim H(Z", F),
and ditto for H*(2") and h2 (2", F).

We will denote Rf,, Rfi, Lf* and Rf' by f., fi, f* and f' respectively. We will only
consider the middle perversity.
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2 The prototype: the structure theorem of mixed sheaves
on stacks.

We generalize the structure theorem of (-mixed sheaves ([4], 3.4.1) to stacks. This result
is independent from other results in this paper, but it is the prototype, in some sense I
think, of the corresponding results (e.g. weight filtrations and the decomposition theorem)
for perverse sheaves.

Theorem 2.1. (stack version of ([{)], 3.4.1)) Let Zy be an Fy-algebraic stack.

(i) Every v-mized sheaf Fo on Zy has a unique decomposition Fy = @beR/Z Fo(b),
called the decomposition according to the weights mod Z, such that the punctual t-weights
of Fo(b) are all in the coset b. This decomposition, in which almost all the %y (b)’s are zero,
is functorial in Fy.

(i) Every t-mixed lisse sheaf Fy with integer punctual -weights on 2y has a unique
finite increasing filtration W by lisse subsheaves, called the weight filtration, such that Gr)"
is punctually t-pure of weight i. Every morphism between such sheaves on Zy is strictly
compatible with their weight filtrations.

(iii) If 2y is a normal algebraic stack, and %y is a lisse and punctually t-pure sheaf on
Zo, then F on X is semi-simple.

Proof. (i) and (ii) are proved in ([17], 2.6.1), where (iii) is claimed to hold without giving
a detailed proof. Here we complete the proof of (iii).

First of all, note that we may replace 2y and %y by Zp ® Fgv and %y ® Fyo, for any
finite base change F o /F,.

From the proof of ([12], 8.3), we see that if % C 2 is an open substack, and ¥ is a
subsheaf of % |y, then it extends to a unique subsheaf ¥4 C .#. Therefore, we may shrink
Z to a dense open substack %, and replace 2y by some model of % over a finite extension
F,o. We can assume 2 is smooth and geometrically connected.



Following the proof ([4], 3.4.5), it suffices to show (4], 3.4.3) for stacks. We claim that,
if Z is lisse and punctually «-pure of weight w, then H'(2 ,.%) is t-mixed of weights
> 1+ w. The conclusion follows from this claim.

Let D = dim Zy. By Poincaré duality, it suffices to show that, for every lisse sheaf
o, punctually -pure of weight w, H*P~1(2,.%) is t-mixed of weights < 2D — 1 +w. To
show this, we may shrink 2§ to open substacks, and hence we may assume that the inertia
Jo — Zp is flat. As in the proof of ([17], 1.4), we have the spectral sequence

H'(X,RFm.7) = H' R (2 ,.F),

so let r + k = 2D — 1. Note that k£ can only be of the form —2i — 2d, for ¢ > 0, where
d = rel.dim(.%,/ Zp). So we have r = 2dim Xy + 2¢ — 1, and in order for H} (X, —) to be

non-zero, i = 0. Then
HPN 2, 7) = H2™ (X, R 7).

It suffices to show that H2¢(BG,.%) has weights < w — 2d, where Gy is an algebraic
group of dimension d, and % is a lisse punctually t-pure sheaf on BGy of weight w. In
fact, R~2%m.Z is punctually -pure of weight w — 2d. We reduce to the case where Gy is
connected, and the claim is clear. O

3 Decomposition theorem for stacks over F,.

For an algebraic stack 25/Fy, let Dy, (20, Q) be the full subcategory of -mixed sheaf
complexes in D.(Z0, Q) ([17], 2.3iii). It is stable under the perverse truncations Pr<q
and P7>g. This can be checked smooth locally, and hence follows from ([I7], 2.10) and
([3], 5.1.6). The core of D,,(Zo,Q,) with respect to this induced perverse t-structure is
called the category of (-mixed perverse sheaves on 2y, denoted Perv,,(%Zp). This is a Serre
subcategory of Perv(.2p).

In fact, Lafforgue proved the conjecture of Deligne that, all (Weil) sheaves are (-mixed,
for any ¢. Using this result, D,,(20,Q;) = D.(20, Q) and Perv,,(2y) = Perv(2p). But
to emphasize the condition of (-mixedness, we still write “D,,,” and “Perv,,” in this paper.

Definition 3.1. Let Ky € D,,(Z0, Q).

(i) We say that Ko has --weights < w if for each i € Z, the punctual 1-weights of #' K
are < i+ w, and we denote by D<, (20, Q) the subcategory of such complezes. We say
that Ky has t-weights > w if its Verdier dual DKy has t-weights < —w, and denote by
D> (Z0,Qy) the subcategory of such complezes.

(ii) For a coset b € R/Z, we say that Ky has -weights in b if the punctual t-weights of
HKq are in b, for all i € Z.

Lemma 3.2. Let P : 2y — Zo be a representable surjection of F,-algebraic stacks, and
Ko € D.(%20,Qy). Then K is t-mized of weights < w (resp. > w) if and only if P*K
(resp. P'Ky) is so.

Proof. 1t suffices to consider only the case where K has weights < w, since the other
statement is dual to this one. The “only if” part is obvious. The “if” part for -mixedness
follows from ([17], 2.8), and the “if” part for the weights follows from the surjectivity of

P. O

In particular, this applies to the case where P is a presentation.
We say that an [F-algebraic stack 2y has affine automorphism groups if for every integer
v > 1 and every z € Zy(Fy), the automorphism group scheme Aut, over k(z) is affine. In



the following, some results require the stack to have affine automorphism groups. We will
first give results that apply to all stacks, and then give those that require this condition.
The following lemma is the perverse sheaf version of (2.11).

Lemma 3.3. Every t-mized perverse sheaf Fy on 2o has a unique decomposition Fy =
DBrer /z Fo(b) into perverse subsheaves, called the decomposition according to the weights
mod Z, such that for each coset b, the t-weights of %#y(b) belong to b. This decomposition,
in which almost all the F#y(b)’s are zero, is functorial in Fy.

Proof. By descent theory ([12], 7.1) we reduce to the case where 2y = Xy is a scheme. One
can further replace Xy by the disjoint union of finitely many open affines, and assume X
is separated. We want to reduce to the case where X is proper.

Let j : Xy — Yy be a Nagata compactification, i.e. an open dense immersion into a
proper scheme Y[, and assume we have the existence and uniqueness of the decomposition
of any (-mixed perverse sheaf on Y[ according to the weights mod Z, and the decomposition
is functorial. Let

,7‘!*90 = @ GO(b)

bER/Z

be the decomposition for ji..%y. Applying j* we get a decomposition

Note that j* takes a perverse sheaf to a perverse sheaf. This shows the existence. For
uniqueness, let %, = @, %o(b) be another such decomposition. Then we have

j!*tg;O = @ ]'*QO(b)
bER/Z

Following the proof in [3] we see that ji,..%p(b) is t-mixed of weights in b (by twisting, we
may assume .%y(b) is -mixed of integer weights, then follow the proof in ([3], 5.3.1) to
show ji, preserves (-mixedness with integer weights, and finally twist back). By uniqueness
of the decomposition for ji..%y we have ji,.%y(b) = Go(b), and so Fy(b) = j*Go(b). For
functoriality, given a morphism %y — % between (-mixed perverse sheaves on Xy, we get
a morphism ji,.. %) — 71:% of -mixed sheaves on Y, which respects their decompositions
by assumption, and then apply j*.

So we may assume that X¢/F, is proper. Let a be the structural map of X/F,. Let K
and Lg in DZ(XO,@g) be -pure complexes of (-weights w and w’, respectively, and assume
w —w' ¢ Z. Then we claim that Ext!(Ky, Ly) = 0. From the exact sequence ([3], 5.1.2.5)

0 — Ext'"Y(K,L)p — Ext'(Ko, Lg) — Ext'(K, L)Y —0

we see it suffices to show that 1 cannot be a Frobenius eigenvalue on Ext'(K, L), for every
i. Note that R#om(Ky, Lo) = D(Ko ®* DLg) is t-pure of weight w' — w, by the spectral
sequence

H(Ky@F #7DLy) = # (Ko oL DL)

and the similar one for the first factor Ky. Consider the spectral sequence
R'a, R A om(Ky, Ly) = R (a7 0m)(Ko, Lo).

Since a, = a, by ([4], 3.3.10) we see that the (-weights of Ext!(K, L) cannot be integers.
Therefore Ext! (Ko, Lg) = 0.



For every b € R/Z, we apply ([3], 5.3.6) to Perv,mix(Xp), taking ST (resp. S7) to
be the set of isomorphism classes of simple (-mixed perverse sheaves (and hence t-pure
B3) of weight not in b (resp. in b). Then for every t-mixed perverse sheaf %y, we get
a unique subobject %y (b) with (-weights in b, such that .%y/.%,(b) has t-weights not in b,
and %(b) is functorial in %). As we see from the argument above, this extension splits:
Fo = Fo(b) @ Fo/Fo(b), so by induction we get the decomposition, which is unique and
functorial. O

Lemma 3.4. (stack version of ([3], 5.3.2)) Let j : % — Zo be an immersion of algebraic
stacks. Then for any real number w, the intermediate extension ji. ([12], 6) respects Pervs,,
and Perv<,,. In particular, if #y is an t-pure perverse sheaf on %y, then ji..%y is t-pure of
the same weight.

Proof. For a closed immersion i, we see that i, respects D>,, and D<,,, so we may assume
that j is an open immersion. We only need to consider the case for Perv<,,, since the case
for Pervs,, follows from ji,D = Djy,.

Let P: Xo — %0 be a presentation, and let the following diagram be 2-Cartesian:

’

UOL)XO

v e

02/07%

For Zy € Perv<y, (%), by B.2) it suffices to show that P*j.. %y € D<,(Xo, Q). Let d be
the relative dimension of P. By ([12], 6.2) we have

P*j1.Fo = (P*(j1xF0)[d])[—d] = ji.(P™ Fod])[—d].

Since Pl*g(] S DSw, Pl*go[d] € Dgw_,_d, and by ([3], 5.3.2), j,,*(P,*g;o[d]) € PerV§w+d,
and by definition P*j,..%y € D<y. O

Corollary 3.5. (stack version of ([3], 5.3.4)) Every t-mized simple perverse sheaf %y on
an algebraic stack 2o is t-pure.

Proof. By ([12], 8.2ii), there exists a d-dimensional irreducible substack j : %) < %2 such
that ¥jeq is smooth, and a simple -mixed (hence t-pure) lisse sheaf Ly on ¥ such that
Fo = jiLo[d]. The result follows from (3.4). O

The stack version of ([3], 5.3.5) is given in ([12], 9.2), and the following is a variant for
-mixed perverse sheaves with integer weights (B.Ili), which is the perverse sheaf version of

&.13).

Theorem 3.6. Let %y be an t-mized perverse sheaf on Zy with integer weights. Then there
exists a unique finite increasing filtration W of Fy by perverse subsheaves, called the weight
filtration, such that GriW Fo is t-pure of weight i, for each i. Every morphism between such
perverse sheaves on Zy is strictly compatible with their weight filtrations.

Proof. As in ([12], 9.2), we may assume 2y = Xy is a scheme. The proof in ([3], 5.3.5)
still applies. Namely, by [B.91i), if %y and %, are (-pure simple perverse sheaves on Xy, of
-weights f and g respectively, and f > g, then Ext!(%,.%y) = 0. Then take ST (resp. S7)
to be the set of isomorphism classes of (-pure simple perverse sheaves on X, of -weights
> i (resp. < i) for each integer i, and apply ([3], 5.3.6). O



Theorem 3.7. (stack version of ([3], 5.4.1, 5.4.4)) Let Ko € D, (20,Q,). Then Ky has
L-weights < w (resp. > w) if and only if P Kq has -weights < w+i (resp. > w+1i), for
each i € Z. In particular, Kq is t-pure of weight w if and only if each P 'Ky is t-pure of
weight w + 1.

Proof. The case of “ > 7 follows from the case of “ <” and P2 o D = D o P #~*. So we
only need to show the case of “ > 7.

Let P: Xg — %0 be a presentation of relative dimension d. Then K, has -weights < w
if and only if (3.2) P*Kj has t-weights < w, if and only if ([3], 5.4.1) each P.2#*(P* K;) has
-weights < w + i. We have P (P*Ky) = P (P*(Ko[—d))[d]) = P** s (Ko[—d))[d] =
P*(P#"9K)[d], so P*(P %K), and hence P57 ~? Ky, has t-weights <w +i —d. O

In the following results, except (3.8, ii, iv, v), we will need the assumption of affine
automorphism groups.

Proposition 3.8. (stack version of ([3], 5.1.14)) (i) The Verdier dual D interchanges D<y,
and D>_y,.
(11) For every morphism f of Fq-algebraic stacks, f* respects D<,, and I respects D>,.
(i1i) For every morphism f : %o — %, where 2y is an Fy-algebraic stack with affine
automorphism groups, fi respects D;f}tra and f, respects D;’f}tra.
(iv) @F takes DZ,, x D, into D_ 1 .
(v) R#om takes DZ, x DY , into DI

>w'—w*

Proof. (i), (ii) and (iv) are clear, and (v) follows from (iv). For (iii), if Zp has affine
automorphism groups, so are all fibers f~1(y), for y € %(F,), and the claim for f; follows
from the spectral sequence

H(f @), A7 K) = H. (f7 (@), K)
and ([17], 1.4), and the claim for f, follows from ([17], 2.10, 3.8) and the claim for fi. O

Corollary 3.9. (stack version of ([3], 5.1.15)) Let 2y be an Fy-algebraic stack with affine
automorphism groups, and let a : Zy — Spec Fy be the structural map. Let Ko (resp. L)
be in DZ,,(20,Qp) (resp. DI,,(20,Qy)) for some real number w. Then

(i) asR7# om(Ko, Lg) is in DZ,(Spec Fq, Q).

(ii) Ext' (Ko, Lo) =0 for i > 0.

If Ly € D;rw, then a,RAom(Ky, Lo) is in D;FO, and we have

(i4i) Ext' (K, L)Y =0 fori > 0. In particular, for i > 0, the morphism Ext'(Ky, Lo) —
Ext'(K, L) is zero.

The proof is the same as ([3], 5.1.15), using the above stability result for stacks with
affine automorphism groups.
The following is a perverse sheaf version of (ZTii).

Theorem 3.10. (stack version of ([3], 5.3.8)) Let Zy be an Fy-algebraic stack with affine
automorphism groups. Then every t-pure perverse sheaf o on 2y is geometrically semi-
simple (i.e. .F is semi-simple), hence F is a direct sum of perverse sheaves of the form
JwLldy), for inclusions j : % — Z of dy -dimensional irreducible substacks that are
essentially smooth, and for simple v-pure lisse sheaves L on % .

Proof. Let .#' be the sum in .# of simple perverse subsheaves; it is a direct sum, and
is the largest semi-simple perverse subsheaf of .#. Then .#’ is stable under Frobenius,



hence descends to a perverse subsheaf .#| C %, (([3], 5.1.2) holds for stacks also). Let
F = P/ F,. By BHiii), the extension

0— %' — % —F"—0

splits, because .7} and % have the same weight ([I2], 9.3). Then .#” must be zero, since
otherwise it contains a simple perverse subsheaf, and this contradicts the maximality of
F'. Therefore # = %’ is semi-simple. The other claim follows from ([12], 8.2ii). O

Theorem 3.11. (stack version of ([3], 5.4.5)) Let Zoy be an Fy-algebraic stack with affine
automorphism groups, and let Koy € Db (25, Qy) be t-pure. Then K on % is isomorphic
to the direct sum of the shifted perverse cohomology sheaves (P K)[—i).

Proof. By [B.1), both P7;Ky and (P#"Ky)[—i] are t-pure of the same weight as that of
K. Therefore, by (3.9iii), the exact triangle

ProiKo —P1<iKo — (P Ky)[—i] —
is geometrically split, i.e. we have
pTgiK ~ pT<Z'K ) (pe%piK)[—Z‘],

and the result follows by induction. O

4 Generic base change.

In the next section we will prove the decomposition theorem for stacks over the complex
numbers C. A technical step in the proof (as in [3]) will be to compare the derived categories
of the fiber over C and the fiber over F of some stack over a DVR with mixed characteristics.
For doing that, we prove a stack version of the generic base change theorem ([5], Th.
finitude) in this section.

4.1. Let S be a scheme satisfying the following condition denoted (LO): it is a noetherian
affine excellent finite-dimensional scheme in which £ is invertible, and all S-schemes of finite
type have finite /-cohomological dimension. The theory of derived categories and the six
operations in [10} [I1] then applies to algebraic stacks over S locally of finite type. Let (A, m)
be a complete DVR of mixed characteristic, with finite residue field Ay of characteristic ¢
and uniformizer A. Let A,, = A/m"*!. As mentioned in §1, we will only consider algebraic
stacks that are of finite type over the base. Let & = &/(X) := Mod(&} ., As).

We refer to ([17], §3) for the definition and basic properties of stratifiable complexes in
detail; we only give a quick review of the definition here.

For a pair (%, L), where . is a stratification of the stack X, and L assigns to every
stratum U € . a finite set L(U) of isomorphism classes of simple lcc Ag-sheaves on U,
we define Z (/) to be the full subcategory of Z.(47) consisting of the complexes of
projective systems K = (K,,), such that, for all i,n € Z and for every U € ., the restriction
H(Kp)|y is lec with Jordan-Holder components contained in £(U). Define Dy (X, A) to
be its essential image under the localization Z.(</) — D.(X,A); in other words, it is the
quotient of Z (/) by the thick subcategory of AR-null complexes. It is a triangulated
category.

4.2. For a morphism f : X — Y of S-algebraic stacks and K € D} (X,A,) (resp.
DF(X,A)), we say that the formation of f«K commutes with generic base change, if
there exists an open dense subset U C S such that for any morphism g : S — U C S



with S” satisfying (LO), the base change morphism ¢*f, K — fg,¢"*K is an isomor-
phism. The base change morphism is defined to be the one corresponding by adjunction
(9", 9.) to fu K — ¢l fsxg"* K =~ f.g"¢"* K, obtained by applying f. to the adjunction map
K — ¢ld" K.

1

j p— Xor
! J/fs/
Jl/ J Vg
S<oUu<l-g

Lemma 4.3. (i) Let P : 'Y — Y be a presentation, and let the following diagram be
2-Cartesian:

XLXY X

1

y<TY

Then for K € DI (X,A,) (resp. K € DI (X,A)), the formation of f«K commutes with
generic base change if and only if the formation of fLP™*K commutes with generic base
change.

(i1) Let K' - K — K" — K'[1] be an ezact triangle in DF(X,A,) (resp. DI (X,\)),
and let f: X — Y be an S-morphism. If the formations of f«+K' and foK" commute with
generic base change, then so is the formation of f.K.

(i1i) Let f : X — Y be a schematic morphism, and let K € D?X}’E(X,A) for some
finite set L of isomorphism classes of simple Ag-modules on X. Then the formation of f.K
commutes with generic base change.

(iv) Let K € DY (X,A), and let j : U — X be an open immersion with complement
i:Z— X. Forg:S — S, consider the following diagram obtained by base change:

U5 xg <5 Oz,
/ v I ”
S/
U° X = Z Vg
f
l g
Y

Suppose the base change morphisms

9 (f)d K — (f'is)g505* K,
g” (fl)*Z'K — (f/is’)*gl*zi!K and
9" 5K — jsngii K

are isomorphisms, then the base change morphism ¢* fo K — fg.q"*K is also an isomor-
phism.

(v) Let f : X — Y be a schematic morphism of S-Artin stacks, and let K € DI (X, A).
Then the formation of f«K commutes with generic base change on S.

(vi) Let f : X — Y be a morphism of S-Artin stacks, and let j : U — Y be an open
immersion with complement i : Z — Y. Let K € D}Y(X,A) (or DX (X,A,)). For a map



g:S" — S, consider the following diagram, in which the squares are 2-Cartesian:

i i,

2(')2/{,5”C XS’ i )XZ,S’
91 g" 9z
/ fus, / fS/ /
Ay —; X<~ Xz fzg
j i
l/ f l Iz
fu Z/[S’( - yS’ - >ZS’7
9u Ist / ts! /
u/ y g )Z g/Z
7 7

and assume that the base change morphisms

1% -/

9 fund K = fuggli 7K and g5 fzi"K — fz .95 1" K

are isomorphisms. Then after shrinking S, the base change morphism ¢™* f. K — fg,.g"* K
s an isomorphism.

Proof. (i) Given a map g : S’ — S, consider the following diagram

11
Iy

Xy Xy, s

P/
/ ‘ g// A

S’ /

XS/ s/
A

f Y <~——

9y
A g 4/

Vs

)

X

YS/

y

where all squares are 2-Cartesian. For the base change morphism ¢* f, K — fg.g"*K to
be an isomorphism on Yg, it suffices for it to be an isomorphism locally on Yg/. In the
following commutative diagram

Pg/g/*f*K T S*,fs,*g//*K
1) l@)

JEP fK fl Plig"™ K

(3)J/ (4)
Ix £ DIx (5) / //*P/*K
gY *P K —— fS/*gY )

(1) and (4) are canonical isomorphisms given by “P*g* ~ ¢g*P*”, (2) and (3) are canonical
isomorphisms given by “P*f, = f.P*”, which follows from the definition of f, on the
lisse-étale site. Therefore, (0) is an isomorphism if and only if (5) is an isomorphism.

(i) This follows easily from the axioms of a triangulated category (or 5-lemma):

g/* f*Kl gl* f*K gl* f*K/l
fS’*g//*K/ fS’*g//*K fS’*g//* K// .

10



(iii) By (i) we may assume that f : X — Y is a morphism of S-schemes. Note that
the property of being trivialized by a pair of the form ({X'}, £) is preserved when passing
to a presentation. By definition f,K is the class of the system (f*f?n)n, so it suffices to
show that there exists a nonempty open subscheme of S over which the formation of f*IA(n
commutes with base change, for every n. By the spectral sequence

RPf.#9(K,) = RPYIf.K,

and (ii), it suffices to show the existence of a nonempty open subset of S, over which the
formations of f.L commute with generic base change, for all L € £. This follows from ([5],
Th. finitude).

(iv) Consider the commutative diagram

/*f*l*ZK fS *g Tl ZKTfS’*ZS’*gZZK
H @

/* fZ

(5)

(fS/’L'S/)*QEZ'!K.

(1) and (4) are canonical isomorphisms, (5) is an isomorphism by assumption, and (3) is
the base change morphism for i, which is an isomorphism by ([11], 12.5.3), since i, = i
(note that i, has finite cohomological dimension, so it is defined on complexes unbounded
in both directions). Therefore, (2) is an isomorphism. Similarly, consider the commutative
diagram
/*f*]*]*K(_2>fS *g ]*] K?fs’*js’*gljj*K
o| )

(fsrgs)«933" K.

()

9*(fi)«*K

(1) and (4) are canonical isomorphisms, and (3) and (5) are isomorphisms by assumption,
o0 (2) is an isomorphism. Then applying (ii) to the exact triangle iWi'K - K — j,j*K —,
we are done.

(v) By (i), we may assume that f : X — Y is a morphism of S-schemes. Assume K
is trivialized by (., L), and let j : U — X be the immersion of an open stratum in .7
with complement ¢ : Z — X. Then j*K € D{U} E(U)(U’ A), so by (iii), the formation of
J«(K|y) commutes with generic base change. This is the third base change isomorphism in
the assumption of (iv). By noetherian induction and (iv), we replace X by U and assume
that . = {X}. The result follows from (iii).

(vi) In the commutative diagrams

. . (1) . .
9% ju fund* K Jsrdy fusg ¥ K

@) |®

g/*(fj/)*j/*K (fS’jS/)* //* /*KWjS’*fMS/*Q{,’,*]'*K

and

1% 2 /! ©) ; /% '/!K
g iy fz" K ZS’*ngZ*Z

™) ®

g/*(fi/)*i’! o (fS’lS/)*g%*Z,K 0 ZS’*fZS/*g//* /IK

(2), (5), (7) and (10) are canonical isomorphisms, (3) and (8) are isomorphisms by assump-
tion, (6) is an isomorphism by proper base change, and (1) is an isomorphism after shrinking
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S by (v). Therefore, (4) and (9) are isomorphisms. Also by (iii), the base change morphism
950" K — je.97 7K becomes an isomorphism after shrinking S. Hence by (iv), the

base change morphism ¢* f, K — fg/,¢"* K is an isomorphism after shrinking S. O

4.4. For K € D7 (X,A) and L € DF(X,A), and for a morphism g : Y — X, the base change
morphism ¢*R#omy(K,L) — R#omy(g*K,g*L) is defined as follows. By adjunction
(g*, g+), it corresponds to the morphism

Romx(K,L) = g. R omy(g"K,g*L) ~ R omy (K, g.g"L)
obtained by applying R omx (K, —) to the adjunction morphism L — g.g* L.
The following is the main result of this section.

Theorem 4.5. (i) Let f : X — Y be a morphism of S-algebraic stacks. For every K €
DX A) (resp. DI*™(X,Ay)), the formation of f.K commutes with generic base
change on S.

(ii) For every K,L € D%X,A) (resp. DY(X,A,)), the formation of R omx (K, L)
commutes with generic base change on S.

Proof. (i) We can always replace a stack by its maximal reduced closed substack, so we will
assume all stacks in the proof are reduced.

Suppose K is (.7, L)-stratifiable for some pair (., £). By (@.3l,iii,iv), we can replace
Y by a presentation and replace X by an open stratum in .%, to assume that J =Y is a
scheme, that . = {X'}, that the relative inertia Z; is flat and has components over X ([2I,
5.1.14), and let

x"-x sy

be the rigidification with respect to Zy. Replacing X’ by the inverse image of an open dense
subscheme of the S-algebraic space X, we may assume X is a scheme. Let % = m,K,
which is stratifiable ([17], 3.8). By (@3W), the formation of b,.# commutes with generic
base change. To finish the proof, we shall show that the formation of 7, /K commutes with
generic base change. As in the proof of (43iii), it suffices to show that there exists an open
dense subscheme of S, over which the formations of m,L commute with any base change
g: S = U, forall L eL.

By (2], 5.1.5), 7 is smooth, so étale locally it has a section. By (£3l) we may assume
that 7 : BG — X is a neutral gerbe, associated to a flat group space G/X. By (43Wi)
we can use dévissage and shrink X to an open subscheme. Using the same technique as
the proof of ([I7], 3.8), we can reduce to the case where G/X is smooth. For the reader’s
convenience, we briefly recall this reduction. Shrinking X, we may assume X is an integral
scheme with function field k(X), and G/X is a group scheme. There exists a finite field
extension L/k(X) such that Gieq is smooth over Spec L. Factor L/k(X) as a separable
extension L'/k(X) and a purely inseparable extension L/L’. Purely inseparable morphisms
are universal homeomorphisms. By taking the normalization of X in these field extensions,
we get a finite generically étale surjection X’ — X, such that Geq is generically smooth
over X'. Shrinking X and X’ we may assume X’ — X is an étale surjection, and replacing
X by X' ([E3i) we may assume Geq is generically smooth over X, and shrinking X we may
assume Geq is smooth over X. Replacing G by Gyeq (since the morphism BGreq — BG is
representable and radicial) one can assume G/X is smooth.

Now P : X — BG is a presentation. Consider the associated smooth hypercover, and
let f; : G* = X be the structural maps. We have the spectral sequence ([11], 10.0.9)

R fu ffP*L = R"™n,L.

12



As in the proof of ([I7], 3.8), we can regard the map f; as a product [[, fi and apply
Kiinneth formula (shrinking X we can assume X is affine, so X satisfies the condition
(LO), and we can apply ([11], 11.0.14))

fis i P*L = fr. fi P*L @" frho ®" - &% frulo.

Shrink S so that the formations of fi.f;P*L and f1,A¢ commute with any base change on
S. From the base change morphism of the spectral sequences

G R finfrP*L "R, L

H g (frafi P*L ®/L\O fixo ®/L\O e ®/on f1:0)
(9" fre fTP*L) %, (9% f1elho) @F, -+ @F, (97 [1:00))
|~ (1)
A ((freg" [ P*L) ®F, (freg*Ao) ®F, - - @F, (f1.9"Ao))
A ((frefiP*g* L) @F, (f1ehho) ®F, -+ ©F, (f1:lo))

R finf;P*g*L R™im,g*L

we see that the base change morphism (1) is an isomorphism.

(ii) For K and L € DY%X,A), the complex R#om(K, L) is defined to be the image
in D.(X,A) of the projective system R #omy, (I? ) E), so we only need to prove the case
where K and L are in DY(X, A,,).

Note that for an algebraic stack X', R omy takes DYOP x D! into D?%. To see this, take
a presentation P : X — X of relative dimension d, for some locally constant function d on
X. For bounded complexes K and L on X, to show R omx (K, L) is bounded, it suffices
to show that P*Rs#omy (K, L) is bounded. We have

P*RAomy(K,L) = P'R#omxy (K, L)(—d) = R# omx(P*K, P'L)(—d)
= R omx(P*K,P*L),

which is bounded on X.
Let g : S — S be any morphism, and consider the 2-Cartesian diagrams

/
XS/ i>,X'S/ —>Sl

A e o
X —5>X S.

For the base change morphism
gd*RA#omxy(K,L) — RA omx,, (d*K,g"* L)

to be an isomorphism, we can check it locally on Xg/. Consider the commutative diagram

P*¢" R omx (K, L) W P*RAtomx,, (9" K,g* L)

| |®

g”*P*R%omx(K, L) R,%”mnxs, (P/*g’*K, Pl*g/*L)

@| |®

gd" R omx(P*K,P*L) R omx,, (9" P*K,q" P*L),

(6)
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where (2) and (5) are canonical isomorphisms, (3) and (4) are proved to be isomorphisms
above, and (6) is an isomorphism after shrinking S ([5], Th. finitude, 2.10). Therefore (1)
is an isomorphism after shrinking S. O

Remark 4.5.1. This result generalizes ([16], 9.10ii), in that the open subscheme in S can
be chosen to be independent of the index i as in R’ foF.

5 Complex analytic stacks.

In this section, we give some fundamental results on constructible sheaves and derived
categories on the lisse-analytic topos of the analytification of a complex algebraic stack,
and prove a comparison between the lisse-étale topos and the lisse-analytic topos of the
stack.

5.1 Lisse-analytic topos.

For the definition of analytic stacks, we follow [I4], [18]. Strictly speaking, Toen only dis-
cussed analytic Deligne-Mumford stacks in [18], and Noohi only discussed topological stacks
in [14] (and mentioned analytic stacks briefly). I believe that they could have done the the-
ory of analytic stacks in their papers. For completeness, we give a definition as follows.

Definition 5.1.1. Let Ana-Sp be the site of complex analytic spaces with the analytic
topology. A stack X over this site is called an analytic stack, if the following hold:
(i) the diagonal A : X — X x X is representible (by analytic spaces) and quasi-compact,
(i) there exists an analytic smooth surjection P : X — X, where X is an analytic space.

5.1.2. Similar to the lisse-étale topos of an algebraic stack, one can define the lisse-analytic
topos Xjjs.an Of an analytic stack X to be the topos associated to the lisse-analytic site
Lis-an(X) defined as follows:

e Objects: pairs (U,u : U — X), where U is an complex analytic space and u is a
smooth morphism (or an analytic submersion, in the topological terminology);

e Morphisms: a morphism (U,u € X(U)) — (V,v € X(V)) is given by a pair (f,a),
where f : U — V is a morphism of analytic spaces and « : vf =2 u is a 2-isomorphism in
xX(U);

e Open coverings: {(ji,a;) : (Ui, u; € X(U;)) — (U,u € X(U)) }ier is an open covering
if the maps j;’s are open immersions of analytic subspaces and their images cover U.

To give a sheaf ' € Xjjs_an is equivalent to giving the data

o for every (U,u) € Lis-an(X), a sheaf F,, in the analytic topos U,, of U, and

e for every morphism (f,«) : (U,u) — (V,v), a morphism f*: f~1F, — F,.

The sheaf F'is Cartesian if f* is an isomorphism, for every (f, «). By abuse of notation,
we will also denote “F,” by “Fy”, if there is no confusion about the reference to w.

This topos is equivalent to the “lisse-étale” topos Xjis ¢t associated to the site Lis-ét(X)
with the same underlying category as that of Lis-an(X), but the open coverings are surjective
families of local isomorphisms. This is because the two topologies are cofinal: for a local
isomorphism V' — U of analytic spaces, there exists an open covering {V; C V}; of V by
analytic subspaces, such that for each i, the composition V; C V' — U is isomorphic to the
natural map from a disjoint union of open analytic subspaces of U to U.
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5.2 Locally constant sheaves and constructible sheaves.

For a sheaf on the analytic site of an analytic space, we say that the sheaf is locally con-
stant constructible, abbreviated as lcc, if it is locally constant with respect to the analytic
topology, and has finite stalks.

Let X be an analytic stack. For a Cartesian sheaf F' € Xjjs.an, We say that F' is locally
constant (resp. lcc) if the conditions in the following (5.2.1]) hold. This lemma is an analytic
version of ([16], 9.1).

Lemma 5.2.1. Let F € Xjjgan be a Cartesian sheaf. Then the following are equivalent.
(i) For every (U,u) € Lis-an(X), the sheaf Fys is locally constant (resp. lcc).
(i) There exists an analytic presentation P : X — X such that Fx is locally constant
(resp. lcc).

Proof. Tt suffices to show that (ii)=-(i), which is similar to that of ([16], 9.1). There exists
an open covering U = UU;, such that over each U;, the smooth surjection X xpx, U — U
has a section s; :

X Xx U—X

7
Si

Ui(/ U—"X.

Therefore Fyy, ~ s} Fxx v, which is locally constant (resp. lcc). O

5.2.2. Let X be a complex algebraic stack. Following ([14], 20), one can define its associated
analytic stack X?" as follows. If X; = Xg — X is a smooth groupoid presentation, then
X" is defined to be the analytic stack given by the presentation X" = X", and it can be
proved that this is independent of the choice of the presentation, up to an isomorphism that
is unique up to 2-isomorphism. Similarly, for a morphism f : X — ) of complex algebraic
stacks, one can choose their presentations so that f lifts to a morphism of groupoids, hence
induces a morphism of their analytifications, denoted f2" : X3 — )" The analytification
functor preserves 2-Cartesian products.

5.2.3. Let X = A2 for a complex algebraic stack X, and let P : X — X be a pre-
sentation. For a Cartesian sheaf F' € Xjjs an, we say that F' is constructible, if for every
(U,u) € Lis-ét(X), the sheaf Fyan is constructible, i.e. lecc on each stratum in an algebraic
stratification of the analytic space U?".

One could also define a notion of analytic constructibility, using analytic stratifications
rather than algebraic ones, but this notion will not give us a comparison between the
constructible derived categories of the lisse-étale topos and of the lisse-analytic topos.

Lemma 5.2.4. Let F € Xjjg.an be a Cartesian sheaf. Then the following are equivalent.
(i) F is constructible.
(ii) Fxen is constructible on X (in the algebraic sense above).
(iii) There exists an algebraic stratification /** on X, such that for each stratum U®",
the sheaf Fyran is lcc.

Proof. (i)=(ii) is clear.

(ii)=(iii). Let .x be a stratification of the scheme X, such that for each U € .x, the
sheaf Fpan is lcec. Let U be an open stratum, and let V' be the image of U under the map
P; then V is an open substack of X, and Py : U — V is a presentation. Let V' — V2" be
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an analytic presentation. There exists an analytic open covering V' = UV}, over which Pg"
has a section:
Uan(_> X an

/7' ~ lpg’ﬂ lpan

V*i/c V/ . Van( . %’

so Fyr o~ 571 Fyran is lcc, therefore Fy (and hence Fyan, by (5.2.1) is lcc. Note that

)

X — PY(V) = X — V gives an algebraic presentation of (X — V) = X — V2 and

(Flz—van)(x—p-1(v))mn = Fxan|x_p-1(y))en

is still constructible, so by noetherian induction we are done.
(iii)=(i). Let (U,u) € Lis-ét(X’). Then u®™*.#2" = (u*.)*" is an algebraic stratification
of U2, and it is clear that Fpan is lcc on each stratum of this stratification. O

5.2.5. A constructible A, -module on Xjigan is a Ay-sheaf, which is constructible as a sheaf
of sets. They form a full subcategory of Mod (X, A,,) that is closed under kernels, cokernels
and extensions (i.e. it is a Serre subcategory). It suffices to show that Cartesian sheaves
form a Serre subcategory, because lcc A,-modules form a Serre subcategory, and one can
use (B.2.4hii).

Let (f,a) : (U,u) — (V,v) be a morphism in Lis-an(X). Note that the functor F'
f*F : Mod(Van, Ay) — Mod(Uan, Ay) is exact, because f*F = A, p ® -1,y flF =
f7'F. Let a : F — G be a morphism of Cartesian sheaves. Then Ker(f*ay : f*Fy —
f*Gy) = f*Ker(ay), and it is clear that the induced morphism f*Ker(ay) — Ker(ay) is
an isomorphism:

[ray

f*Ker(ay) — f*Fy — f*Gy

| N

Ker(aU) FU w GU.

The proof for cokernels and extensions (using 5-lemma) is similar. One can also mimic the
proof in ([16], 3.8, 3.9) to prove a similar statement for analytic stacks, in the more general
situation where the coefficient ring is a flat sheaf. In this paper, we will only need the case
of a constant coefficient ring.

5.3 Derived categories.

5.3.1. Again assume X = X*". Let D(Xjig.an, An) be the ordinary derived category of A,,-
modules on X. By (5.2.5)), we have the triangulated subcategory D.(Xjis.an, An) of complexes
with constructible cohomology sheaves. We follow [I1I] and define the derived category
D(Xiis-an, A) of constructible A-adic sheaves (by abuse of language, as usual) as follows.
A complex of projective systems K in the ordinary derived category 9(%§S_an,A.) of the
simplicial topos :{E}s-an ringed by Ae = (A},)n, is called a A-complez if for every i and n, the
sheaf 7% (K,,) is constructible and the cohomology system #%(K) is AR-adic. A X\-module
is a A-complex concentrated in degree 0. Then we define D.(Xjis.an, A) to be the quotient
of the full subcategory Qc(ffﬁ]s_an,A.) of A-complexes by the full subcategory of AR-null
complexes (i.e. those with AR-null cohomology systems).

This quotient has a natural ¢-structure, and we define the category A-Sh.(X) of con-
structible A-adic sheaves on Xjsan to be its core, namely the quotient of the AR-adic
projective systems with constructible components by the thick full subcategory of AR-null
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systems. By ([]], p.234), this is equivalent to the category of adic systems, i.e. those pro-
jective systems F' = (F},),, such that for each n, F,, is a constructible A,-module on Xjis an,
and the induced morphism F,, ®, A,—1 — F,—1 is an isomorphism.

Using localization and 2-colimit, one can also define the categories D¢(Xjis.an, ) and
D(X}is-an, Q7), and their cores, the categories of constructible Ey or Q-sheaves on Xjis_an.

5.3.2. Let Mod(X, C) be the category of sheaves of C-vector spaces on Xjjs an, with C-linear
morphisms, and define the category Mod.(X, C) of constructible Cx-modules to be the full
subcategory of Mod(X, C) consisting of those sheaves M, such that there exists an algebraic
stratification . of X, over each stratum of which M is locally constant, and stalks of M are
finite dimensional C-vector spaces. Note that, in order for M|y to be constant, we may have
to refine . to an analytic stratification that is not necessarily algebraic. Then we define
D.(Xjis.an, C) to be the full subcategory of the ordinary derived category of Cx-modules,
consisting of those sheaf complexes with constructible cohomology sheaves. The core of the
natural t-structure on D (Xjis an, C) is Mod (X%, C).

Similarly, one can also define the category 9od.(Ax) of constructible Ax-modules, i.e.
Ax-sheaves for which there exists an algebraic stratification of X, such that over each stra-
tum the sheaf is locally constant, and stalks are finitely generated A-modules. Then we
define Z.(Xjis.an, A) (and also with E- and Q-coefficients) to be the full subcategory of
the ordinary derived category (denoted Z(Xys.an,A)) of Ax-modules, consisting of those
with constructible cohomology. In (5.5.4]), we will show that the two derived categories
D.(Xjis.an, A) and Z.(Xjjs.an, A) are equivalent.

For simplicity, for any coefficient 2, we will usually drop “lis-an” in D.(Xjis.an, ), if
there is no confusion. Also we will drop “lis-ét” in D.(Xjs.ét, $2)-

In the following lemma, we show that the category A-Sh.(X) admits a similar description
as Mod.(%,C).

Lemma 5.3.3. There is a natural equivalence between A-Sh.(X) and Mod.(Ax).

Proof. Firstly, we define the functor ¢ : A-Sh.(X) — 9Mod.(Ax). Let F = (F,), be an
adic sheaf on Xjis an, and define ¢(F') to be @n(Fn)n For a morphism b : FF — G of adic
sheaves, define ¢(b) to be the induced morphism on their inverse limits.

Then we show it is well-defined. Let P : X — X be a presentation. Then Fyan :=
(Fp,xan)p is an adic sheaf on X", By the comparison ([3], 6.1.2, (4”)), Fxan is algebraic,
i.e. it comes from a constructible A-adic sheaf G on X¢. Since X is noetherian, G is lisse
over the strata of a stratification .#x of X. Let U € .¥x be an open stratum, and let V' be
its image under P. Then V C X is an open substack and Py : U — V is a presentation. We
have (Gy)™ = ¢(F)yan = P (¢(F)yan), and it is the A-local system on U(C) obtained
by restricting the continuous representation pg,, of ﬂft(U , ) corresponding to the lisse sheaf
Gy to TP (U, 7) :

PGy

m (U, 7)) — 7§t (U, ) GL(Gua)-
The sheaf ¢(F)yan is locally constant because U?" is covered by contractible analytic open
subspaces.

As in the proof of (5.2.4]), one can take an analytic presentation V' — V2" and cover
the analytic space V' by analytic open subspaces V;/, such that P§" has a section s; over
each V/, and so ¢(F)y- is locally constant with stalks finitely generated A-modules, and the
same is true for (b(F);/an. Finally apply noetherian induction to the complement X — V2"
to finish the proof that ¢ is well-defined.
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Then we define a functor ¢ : 9Mod.(Ax) — A-Sh.(X). Given a Ax-module M, let M,, =
M ®a Ay, and define ¥(M) to be the adic system (M,,),. For a morphism ¢ : M — N of
constructible Ax-modules, define 1(¢c),, to be c® A,,.

We need to show (M) gives a constructible A-adic sheaf on Xjis ap. It is clearly adic. To
show each M, is constructible, by (5.2.4]), it suffices to show that there exists an algebraic
stratification of X, such that over each stratum M, is lcc. This follows from the definition
of mUDC(Ax).

Finally, note that ¢ and v are quasi-inverse to each other. O

5.4 Comparison between the derived categories of lisse-étale and lisse-
analytic topoi.

Given an algebraic stack X'/C, let X = X?"  and let P : X — X be a presentation, with
analytification P : X®" — X. Let € : X4 — & be the associated strictly simplicial smooth
hypercover, and let €" : X3" — X be the analytification. They induce morphisms of topoi,
denoted by the same symbol. Consider the following morphisms of topoi:

,yan 6?1’1 an
%lis—an < %lis—an ‘ X > Xo,an

ean lg.

Y de
Xiig-¢t <—— Nis-st| xo —— Xo ét-

v

Following ([I1], 10.0.6), we define the derived category D.(X3",A) as follows. A sheaf
F € Mod(X2™N A,) is AR-adic if it is Cartesian (in the e-direction) and F|onn is AR-

adic for every n. A complex C € .@(Xim’N, A,) is a A-complez (resp. an AR-null complex) if
the cohomology sheaf 7#(C) is AR-adic and #"(Cy,)|xan is constructible, for every i, m,n
(resp. Cl|xan is AR-null, for every n). Finally we define D (X", A) to be the quotient of
the full subcategory Qc(Xim’N, A) C P (an’N, A,) consisting of all \-complexes by the full
subcategory of AR-null complexes.

Using the diagram above, we will show that Re, o R&, . 0 €™ gives an equivalence
between D.(X,A) and D.(X,A), and it is compatible with pushforwards. It is proved
n ([11], 10.0.8) that, (e*, Re,) induce an equivalence between the triangulated categories
D.(X,A) and D.(X,,A). We mimic the proof to give a proof of the analytic analogue.

Proposition 5.4.1. (i) The functors (e*™*, Re?") induce an equivalence between the trian-
gulated categories Do(X,A) and D.(X3", A).

(ii) Let X be a C-scheme, and let £ : X* — Xg be the natural morphism of topoi.
Then RE, is defined on the unbounded derived category, and the functors (£*, RE.) induce
an equivalence between D (X*,A) and D.(X,A).

(iii) Let f : X —'Y be a morphism of C-schemes, and let {x,&y be as in (ii). Then for
every F' € DI (X, A), the natural morphism

& — IR
s an isomorphism.

Proof. (i) Firstly, note that 637, : Ab(Xjis.an|xgn) — Ab(X%,) is exact, since the topologies

e®.an
are the same. So in fact, ROJ, = &%, The functor 677, is the restriction functor, and i
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takes a sheaf F' € X to the sheaf d;, " F that assigns to the object

n,an

U "X

N

X

the sheaf u*F on Uyy,. It is clear that (&, o5 ) induce an equivalence between the category
Modeart (X]xan, Ayp) of Cartesian sheaves on the localized topos X|xan and Mod(X3", Ay, ).
For K € D(X3", A,,), we see that the adjunction morphism

K — R0 K

n,x°n
is an isomorphism by applying " :

HK — A(BESK) ~ 5802 A (K,
noting that 657, is exact. Similarly, if K € D(X|xan, A;,) has Cartesian cohomology sheaves,
the coadjunction morphism
O o K — K

is an isomorphism. Hence (5¢"", 5ffi) induce an equivalence
Dcart(%’Xim ) Am) <~ D(Xima Am)

We will show later that constructible sheaves form a Serre subcategory in Mod(X|xan, Ay,),
and then it is also clear that (55", d3%) gives an equivalence

D(%|xan, Ap) < Do(X3", Apy).

To show v*™* induces an equivalence on the torsion level A,,,, we will apply ([10], 2.2.3).
For the morphism *" : (Xjis-an|xan, Arm) — (Xiis-an, Am ), all the transition morphisms of
topoi in the strictly simplicial ringed topos (Xjig.an|xan, Am) as well as v*" are flat. Let € be
the category of constructible A,,-modules on Xjg an, which is a Serre subcategory (5.2.5]).
We need to verify the assumption ([10], 2.2.1), which has two parts.

e ([I0], 2.1.2) for the ringed site (Lis-an(X)|xan,A.,) with 4 = constructible A,,-
modules. This means, for every object U in this site, we need to show that there exist
an analytic open covering U = UU; and an integer ng, such that for every constructible
Ay,-module F' on this site and n > ng, we have H"(U;, F) = 0. This follows from ([6], 3.1.5,
3.4.1).

o A 1 B — G, is an equivalence with quasi-inverse Ry2". Here %, is the essential image
of ¢ under ¥** : Mod(X, A,,) — Mod(X|xan,Ay,), called the category of constructible
sheaves in the target. Recall that, an object in Mod(X|xan, A,,) is given by a family of
objects F; € Mod(X] Xian,Am) indexed by i, together with transition morphisms a*F; — F;
for each a : i — j in the strictly simplicial set A*°P. Consider the commutative diagram

X?n a X]an

N

X.

For F' € Mod(X, Ay), its image v*"* F is given by Fj = Fxan € Mod(X#", Ap) =~ Modeart (X[ x2n, Am),
and the transition morphisms a*F; — F; are part of the data in the definition of F. One
can prove the analytic version of ([16], 4.4, 4.5) stated as follows.
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Let Des(X®" /X, A;,) be the category of pairs (F,«), where F' € Mod(X?", A,,), and
a: piF — p3F is an isomorphism on the analytic topos X{%, (where p; and py are the
natural projections X" = X§" = X?"), such that pi;(«a) = p23( )opiy(e) 1 pIF — pisF
on X5". Here p; : Xo — X are the natural projections. There is a natural functor A :
Modeart (X, Ay) — Des(X?" /X, Ay), sending M to (F,«), where F' = Myan and « is the
composite

*\—1
ptF P My P2 e

There is also a natural functor B : Modears (Xe™ ", Ay) — Des(X2 /%, A,,) sending F =
(F}); to (Fo, ), where « is the composite

—1
can can
p1Fo F p3Fo,

and the cocycle condition is verified as in ([16], 4.5.4).

Lemma 5.4.2. The natural functors in the diagram

MOdcart(X?nvA )—>M0dcart( an+ A )

Ean,*T \LB
A

Modecart (X, A Des(X* /X, Ay,)

are all equivalences, and the diagram is commutative up to natural isomorphism.

The proof in ([I6], 4.4, 4.5) carries verbatim to analytic stacks, so we do not write
down the proof again. This finishes the verification of ([10], 2.2.1). In particular, €, =
Modeart (X]xan, A ) is a Serre subcategory ([10], 2.2.2), so as we mentioned before, (d¢"" 5?;)
give an equivalence

De(X|xan, Ap) < De(X3", Ary).

By ([10], 2.2.3), the functors (v*™*, Ry2") induce an equivalence
DC(:{, Am) d Dc(fﬂxgn s Am)

It is clear that the composition of equivalences

an
*

Da(%, M) 5 Dol xan, Am) - Do(X3, A,)

is just e*™* (they are both restrictions). Since 83" is the quasi-inverse of g™, it is both a

left adjoint and a right adjoint of dg™"*. This implies that Re® = Ry o §g' . and it is a
quasi-inverse of the equivalence

€ Do(X, Ary) = Do(X3%, Apy).

Note that for M € Z.(XN,A,) (resp. Zo(X3N A,)), each level M,, is in De(X, Ay)
(resp. D.(X3", Ay,)), and the property of M being AR-adic (resp. AR-null) is intrinsic ([§],
V, 3.2.3). So the notions of AR-adic (resp. AR-null) on the two sides correspond under
this equivalence. Therefore, we get equivalences

(e™*, Red™) : 90(%N,A.) o QC(an’N,A.)

and
(e Re¥™) : Do(X,A) <> D (X3, A).
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(ii) This is a generalization of ([3], 6.1.2 (B")), which says that ¢* : D%(X,A) —
Db(X® A) is an equivalence. We prove it on the torsion level first.
For a A,-module G on X?", the sheaf R'¢,G on X is the sheafification of the presheaf

(U — X) = H(U™,G).

By ([6], 3.1.5, 3.4.1), R¢.G = 0 for all sheaves G and all i > 1+2dimc X, so R&, has finite
cohomological dimension, hence it extends to a functor

RE, : D(X™ Ay,) — D(X, Ay).

It takes the full subcategory D.(X?", A,,) into D.(X, A,,), since for any i there exist integers
a and b such that R'¢,G = Rif*T[mb]G.

Given F' € D.(X,A,), we want to show that the adjunction morphism F — R{.E*F
is an isomorphism. Recall that £* is the analytification functor, which is exact. For each
1 € N, we want to show the morphism

H'F — REEF
is an isomorphism. Consider the spectral sequence
RPEEAUF = RPTIELF,
where RPEE*FC1F is the sheafification of the functor
(U — X)— H(U™, " HIF) = HP (U™, (F1F)™).

By the comparison theorem of Artin ([I], XVI, 4.1), we have HP(U**, (A#°1F)*") = HP(U, #1F),
and this presheaf sheafifies to zero if p > 0 ([13], 10.4). When p = 0, the sheafification is
obviously #79F. Therefore, the spectral sequence degenerates to isomorphisms

HF = E & HF ~ RELF,

and the adjunction morphism is an isomorphism.
Given G € D .(X?", A,), we want to show that the coadjunction morphism {*R¢,.G — G
is an isomorphism. Consider the spectral sequence

ERPE NG = EFRPTIE,G,
where £*RPE, 779G is the analytification of the sheafification of the presheaf on Et(X )
(U — X)— HV(U*™, #1G).

By the comparison ([3], 6.1.2 (A’)), the constructible A,-sheaf 771G is algebraic, therefore
by Artin’s comparison theorem ([I], XVI, 4.1) again, {*RPE,#9G = 0 for p > 0, and the
spectral sequence degenerates to isomorphisms

H'G = MG ~ EFRE,QG.
This proves that we have an equivalence
(€, RE) : Do(X*™ Ay) < Do(X,Ay)

for each n. As in the proof of (i), the notions of being AR-adic (resp. AR-null) for complexes
in 2(X* N A,) and in 2(X"N, A,) are the same, therefore, we have equivalences

(€*,RE,) : Do( XN A,) & Zo(XN,A,)
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and
(£, RE,) : Do(X™, A) <> De(X, A).

(iii) Applying #* on both sides, we should show that
&R fF — R f2 (X F)

is an isomorphism. Replacing F' by various levels E, of its normalization, we reduce to the
case where F' € DI (X, A,,). We know that f, and f2" have finite cohomological dimension
(for instance by generic base change), so one can replace F' by Tla,p F* and reduce to the case
where F' is bounded. Taking truncations again and using 5-lemma, we reduce to the case
where F' is a constructible A,-sheaf, and this follows from Artin’s comparison ([I], XVI,
4.1). O

5.4.3. Let f : X — Y be a morphism of C-algebraic stacks. Choose a commutative diagram

X. —f>Yo
X
€ \Ley
x—1-y

Then by construction, the diagram

an,*

DF(X,A) —X— DF (X, A)

an Fan
* *
an,*

DF (Y, A) —2— DF (Y22, A)

commutes. On the algebraic side, the equivalence €* is also compatible with taking coho-
mology (cf. [11], p.202). As a summary, we have the following commutative diagram

an,* 5*
Xe

DF(%,A) 2> DF (X2, A) <=2 D (X, A) <=~ D (X, A)

l on l?:‘" lﬂ lf*
DI (D,4A) =t DI (Y3, A) T DF (Ye,A) =<— DIV, A),

v Yo Y

where the horizontal arrows are all equivalences of triangulated categories.

5.5 Comparison between the two derived categories on the lisse-analytic
topos.

In (53J) and (532), we defined two derived categories, denoted D.(X,A) and Z.(X,A)
respectively. Before proving they are equivalent, we give some preparation on the analytic
analogues of some concepts and results in [11].

5.5.1. Asin [7], let 7 : XY — X be the morphism of topoi, with 7, = gn We have derived
functors Rm, and L7* between 2(XN, A,) and 2(X,A). Denote Mod (XN, As) by «7(X) or
just <.

Lemma 5.5.2. Let M be an AR-null complex in P (/). Then Rr.M = 0.

Proof. Each of (M) and 7-;M is AR-null, so by ([7], 1.1) we have Rm, (M) =
Rm,m~;M = 0. By ([6], 3.1.5, 3.4.1), the assumption ([I0], 2.1.7) for the ringed topoi
(Xtis-an, An) with €, = all A, -sheaves is satisfied, so by ([10], 2.1.10) we have Rm,M = 0. O
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Therefore the functor Rm, : Z.(«7) — Z.(X, A) factors through the quotient category
D.(%,A) :
Do) —2 Do(X, A) L (%, A) -2 (),
One can also define the normalization functor to be K + K := La*Rr, K. For M € Do (),
we will also write M for Q(M), if there is no confusion. A complex M is normalized if
the natural map M — M is an isomorphism. The analytic versions of ([11], 2.2.1, 3.0.11,
3.0.10) hold, as we state in the following.

Proposition 5.5.3. (i) For U — X in Lis-an(X) and M € 2(/ (X)), we have R (My) =
(R M)y in D (Uny, A).

(ii) For U — X in Lis-an(X) and M € 2(X,A), we have Ln*(My) = (L7*M)y in
P (A (Uan)).-

(iii) For M € 9(<7 (X)), it is normalized if and only if the natural map

L
M, Qn,, A1 — My
18 an isomorphism for each n.

They can be proved in the same way as in [11], and we do not repeat the proof here.

Proposition 5.5.4. (i) The functors (Q o L7*, Rr,) induce an equivalence D.(X,A) <>
D(X,N).

(ii) Let f : X — Y be a morphism of complex algebraic stacks, and let f*® : X — ) be
its analytification. Then the following diagram commutes:

m *
DF (X,A) —> 77 (X, A)

an an
* *

DI, A) =75 (D, A).

Proof. (i) We will show that the adjunction and coadjunction maps are isomorphisms. For
coadjunction maps, this is an analogue of ([I1], 3.0.14).

Lemma 5.5.5. Let M € Z.(XN,As). Then M s constructible and the coadjunction map
M — M has an AR-null cone. In particular, M € Z.(XN, A,).

Proof. It can be proved in the same way as ([L1], 3.0.14). We go over the proof briefly.

Let P : X — X be an algebraic presentation, i.e. the analytification of a presentation
of the algebraic stack X'. By (5.5.3)), the restriction of the natural map M— MtoX gives
the natural map N — N in 2(4/ (X)), where N = M|x. It suffices to show the cone of
N > Nis AR-null, and M is Cartesian.

1. By ([6], 3.1.5, 3.4.1) and ([II], 2.1.i), the cohomological dimension of R, on Xay is
finite. Since L7* also has finite cohomological dimension, the same is true for the normal-
ization functor, namely there exists an integer d, such that for every a and N € 22¢(X")
(resp. 25%(XYN)), we have N € 229~4(XN) (resp. 2=t (xN)).

2. One reduces to the case where N is a A-module. This is because

HN) = A (5i—ar<iralN)

and hence one can assume N is bounded, and then a A-module.
3. One reduces to the case where N is an adic system. There exists an adic system K
with an AR~isomorphism K — N, whose normalization K — N is an isomorphism (5.5.2]).
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4. By comparison ([3], 6.1.2 (A”)), the adic system N on X is algebraic, so by ([5],
Rapport sur la formule des traces, 2.8) there exists an ng such that N/Ker(A™0) is torsion-
free. Hence one reduces to two cases: N is torsion-free, or A"° N = 0.

5. Assume N is torsion-free and adic. Then the component N, is flat over A,,, for each
n, and the natural map

Ny @5 Apy = N, @4, Anot = Ny

is an isomorphism, i.e. NN is normalized. Then the cone of N — N is zero.
6. Assume NN = 0. One reduces to the case where ng = 1 by considering the \-
filtration. This means the map

(Nn)n — (Nn/)\Nn)n - (NO)n

is an AR~isomorphism, so N and 7*Ny = (Np),, have the same normalization. Note that
Rm.(No)n = No ([11], 2.2.3), hence Ny = La*Ny. By (524]), Ny is lcc on each stratum
of an algebraic stratification of X, and one can check if L7* Ny — 7* Ny is an isomorphism
on each stratum. By (3], 6.1.2 (A)), Ny is algebraic, and one can replace each stratum
by an étale cover on which Ny is constant. Finally by additivity we reduce to the case
No = Ay, which is proved by computing L7*A( via the 2-term flat A-resolution of Ag (cf.
([T, 3.0.10)).

The proof for M being Cartesian is also the same as ([11], 3.0.14) (note that the analytic
version of ([I1], 3.0.13) holds). Let us not to repeat it here.

In particular, M € P.(o/ (X)), since the cone (which is AR-null) is AR-adic, and A-
complexes form a triangulated subcategory. O

We prove that the adjunction map is an isomorphism in the following lemma. This will
be the crucial step; it only holds in the analytic category.

Lemma 5.5.6. Let M € Z.(X,A). Then the adjunction map M — R, Lw*M is an iso-
morphism.

Proof. For simplicity, let us denote Rm,Lm* M by M. Note that if M’ — M — M" — M'[1]
is an exact triangle, and the adjunction maps for M’ and M"” are isomorphisms, then the
same holds for M, since M’ — M — M" — M’[1] is also an exact triangle.

1. That the map M — M is an isomorphism is a local property, since it is equivalent
to the vanishing of all the cohomology sheaves of the cone, which can be checked locally.
So we may replace X by the algebraic presentation X.

2. On the analytic topos Xan, the functor Rm, has finite cohomological dimension ([11],
2.1.4). Then as explained in (5.5.5), since the functor M + M has finite cohomological
dimension, one reduces to the case where M is a constructible Ax-module. This case
follows from ([3], 6.1.2 (B”)), but for the reader’s convenience, we continue to finish the
proof.

By (533), M is the limit of some adic sheaf F' € A-Sh.(Xan), and by comparison ([3],
6.1.2 (A”)) we see that F is algebraic. Therefore by ([5], Rapport sur la formule des traces,
2.8), we reduce to two cases: M is torsion-free (i.e. stalks are free A-modules of finite type),
or M is killed by A. The second case follows from ([11], 2.2.3).

3. Assume M is a torsion-free constructible sheaf. We want to use noetherian induction
to reduce to the case where M is locally constant. Let j : U < X be the open immersion
of a Zariski open subspace over which M is locally constant (by definition; see (5.3.3])), and
let i : Z — X be the complement. Consider the exact triangle

Z*F—>M—>R]*MU—>’
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where F = Ri'M € 9De(Zan, ). Tt suffices to show that the adjunction maps for i, F and
Rj. My are isomorphisms.
We have the following commutative diagram of topoi

N
N _¥ | N
Zan Xan

of

3
Zan Xany

so Rmx s o if ~ i, 0 Rmyz,. Also Ly o, =~ z'lf o Lm7,, since i is just extension by zero,
and i, (F ®k Ap) ~ i F ®k A,,. Therefore, the adjunction map for i, F' on X is obtained by
applying i, to the adjunction map for ' on Z :

i — Rrx  Lnxi F ~ i, Rny L, F,

which is an isomorphism by noetherian hypothesis.
We have the commutative diagram of topoi

-N
N _J _ yN
Uan Xan

o

J
Usn — Xana

so Rmx 0 RjN ~ Rj, o Rry . Also RjNo L7, ~ L1y o Rj,. For each n we have a natural

n+1
morphism A, ®/](Rj*F — Rj*(F®/L\An). Let P*® be the flat A-resolution 0 — A /\—+> A— A,

of A, and let FF — I°® be an injective resolution of the sheaf F. Then I* ®, P* is also a
complex of injectives, and it is clear that j,(I°*®P*®) = j.(I*)®P*. Therefore, the adjunction
map for Rj, My on X is obtained by applying Rj. to the adjunction map for My on U.
Hence we reduce to the case where M is a locally constant sheaf on X.

4. Since the question is local for the analytic topology, we may cover X by analytic
open subspaces over which M is constant, and hence reduce to the case where M is con-
stant, defined by a free module A" of finite rank. By additivity we may assume M = A.
Then L7*A = (Ay)n, and m(Ayp), = M(An)n = A. To finish the proof, we shall show
Rimy(Ay)n =0 for i # 0.

Recall that R'm,(A,), is the sheafification of the presheaf on X,,

U H(7*U, (An)n).
Consider the exact sequence ([I1], 2.1.1)
0 — R! @Hi_l(U’ Ap) — Hi(r*U,Ay) — @Hi(U’ An) — 0.

Since X is locally contractible, and ngnHO(U, Ap) = ngnA. = 0 for U connected,
we see that the sheafification R'm, A4 is zero for i # 0. This proves that the adjunction
morphism M — M is an isomorphism. U

Therefore, (Q o L7*, Rr,) induce an equivalence between D.(X,A) and Z.(X,A).

(i) If X¢ — X is a strictly simplicial algebraic smooth hypercover, we have D (X, A) ~
D.(X,,A) by (54Tk). Similarly, Z.(X, A) is naturally equivalent to Z.(X,,A). This can be
proved in the same way as we prove “D.(X,A,,) ~ D.(X&", Ay,)” in (B4T).
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So we may assume that X = X is the analytic space associated to an algebraic scheme.
By definition of R, it suffices to show the following diagram commutes

T (X)) 222 g (X, )

| |

Rry 4
T (Y)) == FF (Y, ),
and this follows from the commutativity of the diagram of topoi

TX
X;Iil > Xan

| lf
Yali L Yan-

Note that the corresponding diagram for f : X — 2) does not even make sense, since if f is

not smooth, it does not necessarily induce a morphism of their lisse-analytic topoi. O

Similarly, Ry . induces a fully faithful functor D.(X,A) — Z.(X, A), which is compat-
ible with f..

6 Over C.

Let (A,m) be a complete DVR as before, with residue characteristic ¢ # 2. Let X’ be an
algebraic stack over Spec C. We first prove a comparison theorem between the lisse-étale
topoi over C and over F, and then use this together with (5.4.3]) to deduce the decomposition
theorem for C-algebraic stacks with affine diagonal.

6.1 Comparison between the lisse-étale topoi over C and over F.

Let (%, L) be a pair on X defined on the level of A. By refining we may assume all strata in
.7 are essentially smooth (i.e. their maximal reduced substack is smooth) and connected.
Let A C C be a subring of finite type over Z, large enough so that there exists a triple
(Xs, S5, Lg) over S := Spec A giving rise to (X, .7, L) by base change, and 1/¢ € A. Then S
satisfies the condition (LO); the hypothesis on ¢-cohomological dimension follows from ([I],
X, 6.2). We may shrink S to assume that strata in .#s are smooth over S with geometrically
connected fibers, which is possible because one can take a presentation P : Xg — Zg and
shrink S so that the strata in P*.%g are smooth over S with geometrically connected fibers.
Let a : Xs — S be the structural map.

Let A C V C C, where V is a strictly henselian DVR whose residue field is an algebraic
closure of a finite residue field of A. Let (Xy, %, Ly) be the triple obtained by base change
to V, and let (X5, %5, Ls) be its special fiber. Then we have morphisms

X —% - Xy~ A,

Proposition 6.1.1. (stack version of ([3], 6.1.9)) For S small enough, the functors

D_by,E(X7 An) - Dgﬁv,EV(XV7An) %nD__bVSVCS(XS7An)

and
DY (X, A)<“— Db . (Xy,A)—"=Db . (X, A)

are equivalences of triangulated categories.
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Proof. Clearly, they are all triangulated functors.

By (@3], we can shrink S = Spec A so that for any F' and G of the form j L, where
Jj:Us — Xsin s and L € Lg(Us), the formations of R omy,(F, G) commute with base
change on S, and the complexes a,& xt‘fYS(F ,G) on S are lcc and of formation compatible
with base change, i.e. the cohomology sheaves are lcc, and for any g : S’ — S, the base
change morphism for a, :

g ax8ats, (F,G) — ag.g™ Ext’y (F,G)

is an isomorphism. Then using the same argument as in [3], the claim for «} and i} follows.
For the reader’s convenience, we explain the proof in [3] in more detail.

Note that the spectra of V,C and s have no non-trivial étale surjections mapping to
them, so their small étale topoi are the same as Sets. In particular, Ray. (resp. Racs
and Rag,) is just RI'. Let us show the full faithfulness of w) and 4} first. For K,L €
D-bﬂv,ﬁv (Xv,A,), let K¢ and Le (resp. K and Lg) be their images under u) (resp. ).
Then the full faithfulness follows from the more general claim that, the maps

Batly(Ke, Le) <= Botly, (K, L) == Batly, (K, L)

are bijective for all i.

Since Homp,(xa,)(K,—) and Homp,(xa,)(—, L) are cohomological functors, by 5-
lemma we may assume that K = F and L = G are A,-sheaves. Let j : Us — Xg be the
immersion of an open stratum in .y, with complement i : Zg — Xg. Using the short exact
sequence

0 —JjvipF — F —iv.ip, F —0
and noetherian induction on the support of ' and G, we may assume that they take the
form jy1L, where j is the immersion of some stratum in .%g, and L is a sheaf in Ly . The
spectral sequence
Rpa[,,*éaﬂjtg\gm (F[], G[]) - Eﬂ?t?\%q(FD, GD)

is natural in the base [, which can be V,C or s. The assumption on S made before implies
that the composite base change morphism

0 0Bty (F,G) = asig” Satly (F,G) = ag.batly (9 F,¢"C)

is an isomorphism, for all g : S — S. Therefore, the maps
Extly(Fc,Ge) == Batly, (F,G) " Exth, (F,G)

are bijective for all i. The claim (hence the full faithfulness of u} and i) follows.
This claim also implies their essential surjectivity. To see this, let us give a lemma first.

Lemma 6.1.2. Let F : € — 2 be a triangulated functor between triangulated categories.
Let A,B € Obj €, and let F(A) 5 F(B) — C — F(A)[1] be an ezact triangle in 2. If the
map

F: Homg(A,B) - Homg(F(A),F(B))

1s surjective, then C' is in the essential image of F.

Proof. Let u: A — B be a morphism such that F(u) = v. Let C’ be the mapping cone of
u, i.e. let the triangle A % B — C’ — A[1] be exact. Then its image

F(A) %~ F(B) — F(C") — F(A)[1]

is also an exact triangle. This implies that C' ~ F(C"). O
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Now we can show the essential surjectivity of v and ;. For K € Dgﬂc’ Lo (X, A,), to show
that K lies in the essential image of w}, using the truncation exact triangles and (61.2)),
we reduce to the case where K is a sheaf. Using noetherian induction on the support of K,
we reduce to the case where K = jiL, where j : Y — X is the immersion of a stratum in
&, and L € L(U). This is the image of the corresponding jy Ly, since they are all defined
over S. Similarly, ¢} is also essentially surjective.

Next, we prove that u* and * are equivalences.

We claim that for K, L € Db%(Xy, A), if the morphisms

and
Z; : Hoch(XV,An) (Kn,Ln) — Hoch(Xs,An) (Kn,s,Ln,s)

are bijective for all n, then the morphisms
u* : Homp, (x, a) (K, L) = Homp, x ) (Kc, Lc)

and
i Hoch(XV,A)(K7 L) — Hoch(XS,A)(KsaLs)

are bijective. Let [ be one of the bases V,C or s. Since K and L are bounded, we see from
the spectral sequence

~ ~ ~

Rpag,*éaﬂjtgfm (Km[], Ln,D) — Eﬂjtgf—;q(Kn,D, Lm[])

and the finiteness of R7om and Ran . ([10], 4.2.2, 4.1) that, the groups Ea:t_l(l/(\’n,g, an)
are finite for all n, hence they form a projective system satisfying the condition (ML). By
([11], 3.1.3), we have an isomorphism

~ ~

Homp,(x.n) (Ko, Lo) = Wm Homp, (x;,a,.) (EKn,0, Lno),
n

natural in the base [, and the claim follows.

Since when restricted to Dgﬁm o the functors uy, and i, are fully faithful for all n, we
deduce that u* and ¢* are also fully faithful.

Finally we prove the essential surjectivity of u* and ¢*. In the following 2-commutative
diagram

Q
DY, o, (A (Xy) =D . (X, A)
L
ggﬂ,ﬁ(%(x)) DCIJY,E(XvA)v

the localization functors @@ and Qv are essentially surjective. Given K € D_by (X, A), to

show that K lies in the essential image of u*, it suffices to show that K € 2% (7 (X)) lies
in the essential image of u'*. 7

Let M = K = (M,)n; it is a normalized complex ([I1], 3.0.8). Let p, : My, — M,_; be
the transition maps. Since u, is an equivalence, there exists (uniquely up to isomorphism)
an M,y € Dg’v,ﬁv(XV’A") such that w) (M, ) ~ M,, for each n. Also there exists
Pnv € HomD‘byV’CV(XV’An)(Mn’V,Mn_LV), which is mapped to p, via u;,. We see that the
induced morphism Py M, v ®kn Ap—1 — M, _1y is an isomorphism, since its image

under the equivalence v} _; is an isomorphism ([11], 3.0.10).
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For My = (M, v)», to be an object of Zbyv’ﬁv(szf()(v)), we need to show it is an object
of De(a/(Xy)), i.e. the cohomology systems ¢ (My ) are AR-adic ([11], 3.0.6).

Let N* = (N?),, be the universal image of the projective system #(M). Recall ([§], V,
3.2.3) that, since (M) is AR-adic, it satisfies the condition (MLAR) (so that it makes
sense to talk about its system of the universal images), and there exists an integer k > 0
such that [y(N*) := (N}, /A\"TINL, s is an adic system. Let r > 0 be an integer such

. . n4k/m
that N} is the image of S (My,) — " (M,), for each n. Then for every s > r, we have

Im('%pi(Mn—i-r,V) — r%pz(va))
Im(‘%ﬂi(Mn+s,V) — %Z(Mn,\/))

=0,

since its image under the equivalence u? is zero. This shows that #(My ) also satisfies the
condition (MLAR), with universal images N, y, = Im(#" (M4 v) — H(My,v)). Also,
the projective system [ (N"/) is adic, since the image under u;, of the transition map

i n+2 Ari i n+1 nri
(Nn—i-k—i-l,V/)‘ Nn+k+1,v) ®Apyr An — Nn+k,v//\ Nptryv

is an isomorphism. By ([8], V, 3.2.3) again, the system #*(My ) is AR-adic. This finishes
the proof that v* (and similarly, *) is essentially surjective. O

6.2 The proof.
Let P: X — X be a presentation and let X = A'*" be the associated analytic stack.

6.2.1. Following [12], one can define Q-perverse sheaves (for Q = C,Ey or Q,) on X as
follows. Let p = py/o be the middle perversity on X*". Let d : mo(X') — N be the dimension
of the smooth map P. Define ?D=%(X, Q) (resp. PDZ%(X,€)) to be the full subcategory of
objects K € D.(X,9) such that Pa™*K[d] is in PD0(X®, Q) (resp. PDZ%(X?" Q)). As in
([12], 4.1, 4.2), one can show that these subcategories do not depend on the choice of the
presentation P, and they define a t-structure, called the (middle) perverse t-structure on X.

6.2.2. Following ([3], 6.2.4), one can define the sheaf complexes of geometric origin as
follows. Let .# be a Q-perverse sheaf on X (resp. a Q,-perverse sheaf on X). We say that
F is semi-simple of geometric origin if it is semi-simple, and every simple direct summand
belongs to the smallest family of simple perverse sheaves on complex analytic stacks (resp.
lisse-étale sites of C-algebraic stacks) that

(a) contains the constant sheaf ) over a point, and is stable under the following opera-
tions:

(b) taking the constituents of P 7T, for T = f,, fi, f*, f', R#om(—,—) and — @ —,
where f is an arbitrary algebraic morphism between stacks.

A complex K € DY(X,Q) (resp. D2(X,Q,)) is said to be semi-simple of geometric origin
if it is isomorphic to the direct sum of the (P K)[—i]’s, and each P 'K is semi-simple
of geometric origin.

One can replace the constant sheaf E by its ring of integers @, and deduce that every
complex K € 2°(%,Q,) that is semi-simple of geometric origin has an integral structure.

Then we can apply (5.5.4).

Lemma 6.2.3. (stack version of ([3], 6.2.6)) Let .F be a simple Q-perverse sheaf of
geometric origin on X. For A C C large enough, the equivalence (611

DY (X,Q)) + D%, . (X, Q)

takes .7 to a simple perverse sheaf F5 on Xy, such that (Xs, F) is deduced by base extension
from a pair (Xy, Fo) defined over a finite field Fy, and Fy is t-pure.

29



Proof. % is obtained by base extension from some simple perverse sheaf %y on 2y, so it
suffices to show % is (-mixed (B.5]). This is clear, since the six operations, the perverse
truncation functors and taking subquotients in the category of perverse sheaves all preserve
-mixedness, and the constant sheaf Q, on a point is punctually pure. O

Finally, we are ready to prove the stack version of the decomposition theorem over C.

Theorem 6.2.4. (stack version of ([3], 6.2.5)) Let f : X — Y be a proper morphism with
finite diagonal of C-algebraic stacks with affine automorphism groups. If K € Db(X,C) is
semi-simple of geometric origin, then f2"K is also bounded, and is semi-simple of geometric
origin on ).

Proof. By (5.5.4) we can replace D4(%,C) by D2(X,Qy), and by (5.43]) we can replace this
by D!(X, Q). B

From ([15], 5.17) we know that there is a canonical isomorphism f; ~ f, on D_ (X,Qy).
For K € D%, we have fiK € D7 and f.K € D}, hence f.K € D

Lemma 6.2.5. We can reduce to the case where K is a simple perverse sheaf 7.
Proof. There are two steps: firstly, we show that the statement for simple perverse sheaves

of geometric origin implies the statement for semi-simple perverse sheaves of geometric
origin. This is clear:

1D F) = D f.7 = DDA (171 = DA (£.(D Fi)-i):

Then we show that the statement for semi-simple perverse sheaves implies the general
statement. If K is semi-simple of geometric origin, we have

fol = @f*w%m[—i] = @ D P A fI A= — ]

(2

Taking 7™ on both sides, we get
LA (FE) = (D PA S ANE),
i+j=n
therefore f,K = &, ? " (f.K) and each summand is semi-simple of geometric origin. [

Now assume K is a simple perverse sheaf .#. By ([17], 3.4v) every bounded complex
is stratifiable. By ([6.2.3]), . corresponds to a simple perverse sheaf .7, which is induced
from an t-pure perverse sheaf .%; by base change. By (4.3]), the formation of f, over C is
the same as the formation of fs, over F or fy . over a finite field. By [B.8)), fo .%o is also

-pure. By (BI0, BI1), we have

fs,*ys ~ @pt%ﬂi(fs,*ys)[_i]a

1E€EL

and each P ( fs ..7s) is semi-simple of geometric origin. Therefore f..% is semi-simple of
geometric origin. ]
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