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RELATIVE NODE POLYNOMIALS FOR PLANE CURVES
FLORIAN BLOCK

ABSTRACT. We generalize the recent work of S. Fomin and G. Mikhalkin on poly-
nomial formulas for Severi degrees.

The degree of the Severi variety of plane curves of degree d and ¢ nodes is given
by a polynomial in d, provided § is fixed and d is large enough. We extend this result
to generalized Severi varieties parametrizing plane curves which, in addition, satisfy
tangency conditions of given orders with respect to a given line. We show that the
degrees of these varieties, appropriately rescaled, are given by a combinatorially
defined “relative node polynomial” in the tangency orders, provided the latter are
large enough. We describe a method to compute these polynomials for arbitrary
6, and use it to present explicit formulas for § < 6. We also give a threshold for
polynomiality, and compute the first few leading terms for any 9.

1. INTRODUCTION AND MAIN RESULTS

The Severi degree N9 is the degree of the Severi variety of (possibly reducible)
nodal plane curves of degree d with § nodes. Equivalently, N%9 is the number of such
(d+3)d

curves passing through === — 4 generic points in the complex projective plane CP2.

Severi varieties have received considerable attention since they were introduced by
F. Enriques [§] and F. Severi [16] around 1915. Much later, in 1986, J. Harris [12]
achieved a celebrated breakthrough by showing their irreducibility.

In 1994, P. Di Francesco and C. Itzykson [7] conjectured that the numbers N%° are
given by a polynomial in d, for a fixed number of nodes 9, provided d is large enough.
S. Fomin and G. Mikhalkin [0, Theorem 5.1] established this polynomiality in 2009.
More precisely, they showed that there exists, for every 6 > 1, a node polynomial
Ns(d) which satisfies N4° = Nj(d) for all d > 20.

The polynomiality of N° and the polynomials Ns(d) were known in the 19th
century for 0 = 1,2,3. For 6 = 4,5, 6, this was only achieved by I. Vainsencher [19]
in 1995. In 2001, S. Kleiman and R. Piene [13] settled the cases 6 = 7,8. In [2],
the author computed Nj(d) for 6 < 14 and improved the threshold of S. Fomin and
G. Mikhalkin by showing that N%° = Nj(d) provided d > §.

Severi degrees can be generalized to incorporate tangency conditions to a fixed line
L c CP%. More specifically, the relative Severi degree N, 37 5 is the number of (possibly
reducible) nodal plane curves with ¢ nodes which have tangency of order i to L at

Date: October 19, 2010.
Key words and phrases. Enumerative geometry, floor diagram, Gromov-Witten theory, node
polynomial, tangency conditions.
2010 Mathematics Subject Classification: Primary: 14N10. Secondary: 14T05, 14N35, 05A99.
The author was partially supported by a Rackham One-Term Dissertation Fellowship & by the
NSF grant DMS-055588.
1


http://arxiv.org/abs/1009.5063v2

2 FLORIAN BLOCK

«; fized points (chosen in advance) and tangency of order i to L at [3; unconstrained
points, for all ¢ > 1, and which pass through an appropriate number of generic points.
Equivalently, Ni 5 is the degree of the generalized Severi variety studied in [6] 20].
By Bézout’s Theorem, the degree of a curve with tangencies of order (o, 3) equals

d =735 i(a; + Bi). The number of point conditions (for a potentially finite count)

.. (d+3)d . . e
is % — 0 —a; —ag — - --. We recover non-relative Severi degrees by specializing

to o = (0,0,...) and 8 = (d,0,0,...). The numbers N ; are determined by the
rather complicated Caporaso-Harris recursion [6].

In this paper, we show that much of the story of (non-relative) node polynomials
carries over to relative Severi degrees. Our main result is that, up to a simple
combinatorial factor and for fixed 6 > 1, the relative Severi degrees N, g’ﬁ are given
by a multivariate polynomial in oy, oo, ..., 01, Be, ..., provided that 81 + B2 + ... is
sufficiently large. (The 6 = 0 case is trivial as NV, 37 p=1forala,p .) For a sequence
a = (aq,ag, ... ) of non-negative integers with finitely many «; non-zero we write

oS tapt, alalage
Throughout the paper we use the grading deg(a;) = deg(f;) = 1 (so that d and |5
are homogeneous of degree 1). The following is our main result.

Theorem 1.1. For every 6 > 1, there is a combinatorially defined polynomial
Ns(aq, v, .. .5 B1, Ba, ... ) of (total) degree 36 such that, for all oy, s, ..., B, Pa, ...
with |B| > 9, the relative Severi degree Ngﬁ is given by

—0)!
(11) N(()Sc,ﬁ = 151262 e M ' Né(alva% - ';Blvﬁ% . )

B!
We call Ns(«; 8) the relative node polynomial and use the same notation as in the
non-relative case if no confusion can occur. We do not need to specify the number
of variables in light of the following stability condition.

Theorem 1.2. For § > 1 and vectors a = (an,...,0m), B = (Bi,-.., B) with
|B| > 6, it holds that

Ns(a,0; 8) = Ns(a; ) and  Ns(a; 3,0) = Ns(o; )

as polynomials. Therefore, there exists a formal power series Ng°(c; B) in infinitely
many variables aq, s, . .., B, P2, ... which specializes to all relative node polynomials
under Qi1 = Qpao = -+ =0 and i1 = Brye = -+ = 0, for various m,m’ > 1.

Using the combinatorial description we provide a method to compute the relative
node polynomials for arbitrary § (see Sections B and H]). We utilize it to compute
Ns(a; B) for § < 6. Due to spacial constrains we only tabulate the cases 6 < 3 in this
paper. The polynomials Ny and N; already appeared (implicitly) in [, Section 4.2].

Theorem 1.3. The relative node polynomials Ns(a; 3), for 6 =0,1,2,3 (resp., 6 <
6) are as listed in Appendiz[Al (resp., as provided in the ancillary files accompanying
this article).

The polynomial Ns(a; ) is of degree 30 by Theorem [[Jl We compute the terms
of Ns(a; ) of degree > 35 — 2.



RELATIVE NODE POLYNOMIALS FOR PLANE CURVES 3

Theorem 1.4. The terms of Ns(«; 3) of (total) degree > 35 — 2 are given by

3° 13
No(as B) =5 {d“BI‘S 5[ = 56— 1 — 8B+ [Blon +dBy + |88 a* %181+

+ g [2(5 —1)(8 — 2)(38 — 1)d* +128(5 — 1)d®|8| + (116 + 1)d2|B)2+

— 2565 = )@ B + P|Blas) — (6 +5)(35 — 2|8181 — 865 ~ D(dlglPer + I 51+

+ %(6 — 1)(@B8] + |8120? + 8283 + (6 — 1)(d|Blar b1 + dIBIT + |B2a1B1) | a2 418172 + - .

)

where d =) -, i(a; + B;).

Theorem [[4] can be extended to terms of Ns(«, 3) of degree > 35 — 7 (see Re-
mark [5.2). We observe that all coefficients of Ns(a; ) in degree > 36 — 2 are of

the form % times a polynomial in 0. In fact, even more is true. It is conceivable to
expect this to hold for arbitrary degrees.

Proposition 1.5. Every coefficient of Ns(a; 3) in degree > 35 — T is given, up to a
factor of %, by a polynomial in & with rational coefficients.

Our approach to planar enumerative geometry is combinatorial and inspired by
tropical geometry which is a general procedure replacing a subvariety of a com-
plex algebraic torus by a piece-wise linear polyhedral complex (see, for example,
[10, 15, [I7]). By the celebrated Correspondence Theorem of G. Mikhalkin [14], Theo-
rem 1] one can replace the algebraic curve count in CP? by an enumeration of certain
tropical curves. E. Brugallé and G. Mikhalkin [4], 5] introduced a class of decorated
graphs, called (marked) floor diagrams (see Section ), which, if counted correctly,
are equinumerous to such tropical curves. We use a version of these results which
incorporates tangency conditions due to S. Fomin and G. Mikhalkin [9] (see Theo-
rem 27)). S. Fomin and G. Mikhalkin also introduced a template decomposition of
floor diagrams which we extend to be suitable for the relative case. This decompo-
sition is crucial in the proofs of all results in this paper, as is the reformulation of
algebraic curve counts in terms of floor diagrams.

For some related work see [I], where F. Ardila and the author generalized the
polynomiality of Severi degrees to curve counts in (some) toric surfaces including
CP! x CP! and Hirzebruch surfaces. A main feature is that we show polynomial-
ity not only in the multi-degree of the curves but also “in the surface itself.” In [3],
A. Gathmann, H. Markwig and the author defined Psi-floor diagrams which enumer-
ate plane curves which satisfy point and tangency conditions, and conditions given
by Psi-classes. We proved a Caporaso-Harris type recursion for Psi-floor diagrams,
and show that relative descendant Gromouv-Witten invariants equal their tropical
counterparts.

This paper is organized as follows. In Section [2] we review the definition of floor
diagrams and their markings. In Section [B] we introduce a new decomposition of
floor diagrams which is compatible with tangency conditions. In Section Ml we prove
Theorems [LTT2] In Section Bl we show Theorem [[L4] and Proposition
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2. FLOOR DIAGRAMS AND RELATIVE MARKINGS

Floor diagrams are a class of decorated graphs which, if counted correctly, enumer-
ate plane curves with prescribed properties. They were introduced by E. Brugallé
and G. Mikhalkin J4 5] in the non-relative case and generalized to the relative set-
ting by S. Fomin and G. Mikhalkin [9]. We begin with a review of the relative setup
following notation of [9] (where floor diagrams are called “labeled floor diagrams”).

Definition 2.1. A floor diagram D on a vertex set {1,...,d} is a directed graph
(possibly with multiple edges) with edge weights w(e) € Z~q satisfying:
(1) The edge directions preserve the vertex order, i.e., for each edge ¢ — j of D
we have 1 < J.
(2) (Divergence Condition) For each vertex j of D:

div() = Y wle)- Y wle) <1

edges e edges e

iSk i
This means that at every vertex of D the total weight of the outgoing edges is larger
by at most 1 than the total weight of the incoming edges.

The degree of a floor diagram D is the number of its vertices. It is connected if its
underlying graph is. Note that in [9] floor diagrams are required to be connected.
If D is connected its genus is the genus of the underlying graph (or the first Betti
number of the underlying topological space). The cogenus of a connected floor di-

agram D of degree d and genus ¢ is given by §(D) = W —g. If D is not
connected let dy,ds, ... and 01,09, ... be the degrees and cogenera, respectively, of
its connected components. Then the cogenus of D is 6(D) = Zj 0; + Zj<j, d;d;.
Via the correspondence between algebraic curves and floor diagrams [5, Theorem 2.5]
these notions correspond literally to the respective analogues for algebraic curves.

Connectedness corresponds to irreducibility. Lastly, a marked floor diagram D has

multiplicit et ,
u(D) T wie)

edges e

We draw floor diagrams using the convention that vertices in increasing order are
arranged left to right. Edge weights of 1 are omitted.

Example 2.2. An example of a floor diagram of degree d = 4, genus g = 1, cogenus
0 = 2, divergences 1, 1,0, —2, and multiplicity u = 4 is drawn below.

To enumerate algebraic curves with floor diagrams we need the notion of markings

of such diagrams. Our notation, which is more convenient for our purposes, differs
slightly from [9] where S. Fomin and G. Mikhalkin define relative markings relative

f floor diagrams are viewed as floor contractions of tropical plane curves this corresponds to
the notion of multiplicity of tropical plane curves.
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to the partitions A\ = (1%12°2...) and p = (171272...). In the sequel, all sequences
are sequences of non-negative integers with finite support.

Definition 2.3. For two sequences «a, 8 we define an («, 3)-marking of a floor di-
agram D of degree d =) .. i(c; + ;) by the following four step process which we
illustrate in the case of Example for « = (1,0,0,...) and 5 = (1,1,0,0,...).

Step 1: Fix a pair of collections of sequences ({a'}, {3°}), where i runs over the
vertices of D, with:

(1) The sums over Qach collection satisfylzz.l:l o' =a and ijl B = B.
(2) For all vertices i of D we have 3=, j(aj + ;) = 1 — div(i),

The second condition says that the “degree of the pair (o', 3%)” is compatible with
the divergence at vertex i. Each such pair ({a'}, {8%}) is called compatible with D
and (o, 5). We omit writing down trailing zeros.

al = (1)
gt = 1 (0,1)
Step 2: For each vertex ¢ of D and every j > 1 create 5; new vertices, called
B-vertices and illustrated as @, and connected them to ¢ with new edges of weight j

directed away from i. For each vertex i of D and every j > 1 create aj- new vertices,
called a-vertices and illustrated as @, and connected them to ¢ with new edges of

weight j directed away from . 5
o o 2 C{ )C%

of = (1)
gt = (1) (0,1
Step 3: Subdivide each edge of the original floor diagram D into two directed
edges by introducing a new vertex for each edge. The new edges inherit their weights
and orientations. Call the resulting graph D.

2
2 2

Step 4: Linearly order the vertices of D extending the order of the vertices of the
original floor diagram D such that, as in D, each edge is directed from a smaller vertex
to a larger vertex. Furthermore, we require that the a-vertices are largest among all
vertices, and for every pair of a-vertices ¢/ > i, the weight of the i’-adjacent edge is
larger than or equal to the weight of the i-adjacent edge.

2

We call the extended graph D, together with the linear order on its vertices, an
(o, B)-marked floor diagram, or an (o, 5)-marking of the floor diagram D.
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We need to count («, 3)-marked floor diagrams up to equivalence. Two (a, 3)-
markings Dy, D, of a floor diagram D are equivalent if there exists a weight preserving
automorphism of weighted graphs mapping D; to Dy which fixes the vertices of D.
The number of markings ves(D) is the number of («, 3)-marked floor diagrams D
up to equivalence. Furthermore, we write ps(D) for the product 1712%2 ... (D).
The next theorem follows from [9, Theorem 3.18] by a straight-forward extension
of the inclusion-exclusion procedure of [9 Section 1] which was used to conclude [9
Corollary 1.9] (the non-relative count of reducible curves via floor diagrams) from
[9, Theorem 1.6] (the non-relative count of irreducible curves via floor diagrams).

Theorem 2.4. For any 0 > 1, the relative Severi degree N55 s given by

aﬁ_zuﬁ VO!B

where the sum is over all (possibly disconnected) floor diagrams D of degree d =
> i1 Ui + Bi) and cogenus 6.

3. RELATIVE DECOMPOSITION OF FLOOR DIAGRAMS

In this section we introduce a new decomposition of floor diagrams compatible
with tangency conditions which we use extensively in Sections Ml and [l to prove
all our results stated in Section [II This decomposition is an extension of ideas of
S. Fomin and G. Mikhalkin [9]. We start out by reviewing their key gadget.

Definition 3.1. A template I is a directed graph (possibly with multiple edges) on
vertices {0,...,l}, where [ > 1, and edge weights w(e) € Z, satisfying:
(1) If i — 7 is an edge then ¢ < j.
(2) Every edge i < i + 1 has weight w(e) > 2. (No “short edges.”)
(3) For each vertex j, 1 < j <[ — 1, there is an edge “covering” it, i.e., there
exists an edge 1 — k with 1 < j < k.

Every template I' comes with some numerical data associated with it. Its length
[(T") is the number of vertices minus 1. The product of squares of the edge weights
is its multiplicity u(T). Its cogenus §(I) is

(02 Y |G it -1,

.e.
i—]

For 1 < j < I(T) let »; = 5;(I") denote the sum of the weights of edges i — k
with ¢ < j < k and define
kmin(I') = max (5¢; — j + 1).

This makes ki, (I') the smallest positive integer &k such that I' can appear in a floor
diagram on {1,2,...} with left-most vertex k. Figure [ (|9, Figure 10]) lists all
templates I' with §(I") < 2
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r [o(0) [ &) [ (@) | 2(T) |kwin(T) | Pr(k)
o020 1|1 4] (2 2 k—1
o~ o o 1 2 1| (1,1) 1 2k + 1
o—o 2 1 9 (3) 3 k—2
o%o 2 | 1 |16 | (4 4 (*7%)
o0 —o 2 | 2 | 1 | (22 2 %)
=05 o 2 | 2| 4 | @31 3 | 2k(k—2)
T 2 | 2 | 4 | (13 2 | 2k(k—1)
oo o™ |2 | 3|1 1Ly 1 3(k+1)
o oo o | 2 | 3| 1 [12)] 1 |k(4k+5)

FIGURE 1. The templates with §(I") < 2.

Our new decomposition of a floor diagram D depends on two (infinite) matrices A
and B of non-negative integers. We require both to have only finitely many non-zero
entries all of which lie above the respective dth row, where d is the degree of D.

The triple (D, A, B) decomposes as follows. Let {(A) and [(B) be the largest row
indices such that A and B have a non-zero entry in this row, respectively. After
we remove all “short edges” from D, i.e., all edges of weight 1 between consecutive
vertices, the resulting graph is an ordered collection of templates (I'y,...,I',), listed
left to right. Let ks be the smallest vertex in D of each template I';. Record all
pairs (I's, ks) which satisfy ks + [(I'y) < d —max(l{(A),[(B)). Record the remaining
templates together with all vertices i, for i« > max(l(A),l(B)) in one graph A on
vertices 0,...,[ by shifting the vertex labels by d — [. See Example B4 for an
example of this decomposition. Furthermore, by construction, if m is the number of
recorded pairs (I'y, ks), we have

ki > kmin(1) for 1 < <m,
ko +1(T) < d—I(A).

Given a floor diagram D, a partitioning of a and [ into a compatible pair of
collections ({', 8'}) (see Step 1 in Definition 2.3)), where i runs over the vertices
of D, determines a pair of matrices A, B, if ay, s, ..., 51, B2, ... are large enough.
The ith row vectors a; and b; of A and B are given by the sequences a®~* and 5%,
respectively, for i > 1 (so that a; equals the number of a-edges of weight 1 adjacent
to the various vertices of A, and so on, see Example B.2)). If d —i < 0 set a?~? to be
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the zero sequence. The sequences o and 3% are given by
(3.2) ad:a—Zai and deﬁ—Zbi
i>1 i>1

if both expression are (component-wise) non-negative.

Example 3.2. For o = (1,1), f = (4,1) and the floor diagram D pictured below,
the partitioning

p- o o E oL

ol = (0,1) (1)
g = (1) (1) (2,1)

determines the matrices

- OO0 O oo
oo o~ O
- OO0 O oo
O OO
[N eleNol el
[N el

In light of ([B.2]) we consider, for given tangency conditions a and 3, only the triples
(D, A, B) which satisfy

E a; < a (component-wise),
i>1

Z b; < B (component-wise),
i>1

(3.3)

For fixed d, the decomposition
(3.4) (D, A,B) — ({(Ts, ks)}, A, A, B).

is reversible if the data on the right-hand side satisfies (8I]) and the tuple (A, A, B)
is an “extended template.”

Definition 3.3. A tuple (A, A, B) is an extended template of length | = I[(A) =
[(A, A, B) if Ais a directed graph (possibly with multiple edges) on vertices {0, ..., 1},
where [ > 0, with edge weights w(e) € Z, satisfying:

(1) If i — j is an edge then ¢ < j.

(2) Every edge i i + 1 has weight w(e) > 2. (No “short edges.”)
Moreover, we require A and B to be (infinite) matrices with non-negative integral
entries and finite support, and we write [(A) and [(B) for the respective largest
row indices of A and B of a non-zero entry. Additionally, we demand that {(A) >
max(l(A),l(B)) and that, for each 1 < j < | — max(l(A),(B)), there is an edge
1 — kof Awithe < j<k.
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Example 3.4. An example of a decomposition of a floor diagram D subject to the
matrices A and B of Example is pictured below. Once we fix the degree of the
floor diagram the decomposition is reversible (here d = 8).

The cogenus of an extended template (A, A, B) is the sum of the cogenera §(A),
0(A) and §(B), where

def . . def .
S(A) =D {(j — w(e) — 1}, SA)E Y ijai,
e ij>1
i—j
and similarly for B. It is not hard to see that the correspondence ([B4) is cogenus
preserving in the sense that (compare with Example B4 (cont’d))

§(D) = <i 5(Fi)) +6(A) +0(A) + 6(B).

Example B.4] (cont’d). The cogenera of the decomposition are given by

0(T)+0(A)+d0(A)+0(B)=1+3+4+6=14.
This agrees with the cogenus of D as §(D) = W —g= %6 —7=14.

With an extended template (A, A, B) we associate the following numerical data.
For 1 < j < I(A) let 5;(A) denote the sum of the weights of edges i — k of A
with ¢ < j < k. Define d,,;,(A, A, B) to be the smallest positive integer d such that
(A, A, B) can appear (at the right end) in a floor diagram on {1,2,...,d}. We will see
later that d,,;,, is given by an explicit formula. For a matrix A = (a;;) of non-negative
integers with finite support define the “weighted lower sum sequence” wls(A) by

WlS(A)Z :ef Z j Q.
i">ij>1
We now define the number of “markings” of templates and extended templates and
relate them to the number of («, §)-markings of the corresponding floor diagrams.
To each template I' we associate a polynomial as follows. For k > kp(I') let 'y
denote the graph obtained from I' by first adding k+17— 1 — s¢; short edges connecting
i—1toi, for 1 <i <I[(I'), and then subdividing each edge of the resulting graph by
introducing one new vertex for each edge. By [9l Lemma 5.6] the number of linear
extensions (up to equivalence, see the paragraph after Definition 2.3)) of the vertex

poset of the graph I') extending the vertex order of I' is given by a polynomial
Pr(k) in k, if k > kpin(T)(see Figure [I).
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(A, A, B) 16 0] p| > |dun]| guap(a;B) of LemmalEd |s
° ool dlofojr] 0 |1 1 0
o o Lo o 1| (o) | 1 1 0
o o Ol ottt @ | 1 Bi(d+18] - 1) 0
oo [L ol o [2[t]4] @ | ¢4 (d-3) 1
oto UL 2|4 @ | 4| A@-3)d+18l-2) |1
o 0 o :(1) 8; Zg 8; 20211 (1,1)| 3 2(d — 2) 0
oo o [0 9L 0221 (1,1)| 3 Bi(d—2)(2d+ 2|3 —3) |0
o o 23321382211(0) 3 1 0
o o [ ol ulztt] © |3 Bu(d + 18] - 2) 0
o o [0 O O 11| (0) [ 3 | ()@ +2dsl+ 187 ~5d—5l5]+6) | O
o o 283:332211(0) 3 1 0
o o ol izl t] @ | 3| B(8-D@+IB-2) |0
o o 022821332231(0,0) 3 1 0
o o o :g g: :g g: 20311100 ] 3 BBl —1)(2d+18]—3) |0

FIGURE 2. The extended templates with §(A, A, B) < 2.

For each pair of sequences (a, ) and each extended template (A, A, B) satisfy-
ing B.3) and d > dynin, where d = 3. i(a; + B;), we define its “number of mark-
ings” as follows. Write [ = [(A) and let P(A, A, B) be the poset obtained from A
by

(1) first creating an additional vertex [ + 1 (> 1),

(2) then adding b;; edges of weight j between [ — i and [ + 1, for all 1 < ¢ <
and 7 > 1,

(3) then adding §; — > ,-, bi; edges of weight j between [ and [ + 1, for j > 1,

(4) then adding -

(3.5) d—1IA)+i—1—=5(AN) —wls(A)1-; — wis(B) 1414

(“short”) edges of weight 1 connecting ¢ — 1 and i, for 1 < ¢ <, and finally
(5) subdividing all edges of the resulting graph by introducing a midpoint vertex
for each edge.
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We denote by Qa5 (a; ) the number of linear orderings on P(A A, B) (up to
equivalence) which extend the linear order on A. As d > dyn(A, ) if and only
if (33 is non-negative, for 1 <i <[, we have

Amin(A, A, B) = max (I(A) — i+ 14 s(A) + wis(A)yay+1-i + WIS(B)iay+1-i)-

1<i<I(A)

7

For sequences s,t,ts,... with s > > ¢; (component-wise) we denote by

5 def s!
tl,tg,... B tl't2'(3_zltz>'

the multinomial coefficient of sequences.

We obtain all (o, 5)-markings of the floor diagram D that come from a compatible
pair of sequences ({a'}, {'}) by independently ordering the a-vertices and the non-
a-vertices. Therefore, the number such markings is given (via the correspondence

B.4)) by
(3.6) <UPFS(kS)) : ( T QO; ) -Q,a,) (s B),

ap,

where al,al, ... are the column vectors of A. We conclude this section by recasting

relative Severi degrees in terms of templates and extended templates.

Proposition 3.5. For any 0 > 1, the relative Severi degree N‘;ﬁ s given by

(3.7)
e 8. o
> (e 3 [T7e) (0 [T, 2 )Qmambass)).
(Th,...,Tp), =1 K s=1 i>1 L2, -
(A, A, B)
where the first sum is over all collections (I'1,...,T',) of templates and all extended

templates (A, A, B) satisfying (3.3), d > dpin(A, A, B) and
> 6(T%) + 6(A) + 6(A) + 6(B) =4,

and the second sum is over all positive integers ki, ..., k,, which satisfy (31).
Proof. By Theorem [2.4] the relative Severi degree is given by

aﬁ_zuﬁ VO!B

where the sum is over all floor diagrams D of degree d = ) -, i(a;+f3;) and cogenus .
The result follows from p3(D) =[5, 7% - ([T, w(Ts)) - w(A) and ([B0). O

4. RELATIVE SEVERI DEGREES AND POLYNOMIALITY

We now turn to the proofs of our main results by first showing a number of
technical lemmata. For a graph G, we denote by #E(G) the number of edges of G.
We write [|Al[1 = >, j5; ai; for the 1-norm of a (possibly infinite) matrix A = (a;;).
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Lemma 4.1. For every extended template (A, A, B) there is a polynomial g a,p)
in o, 0, ..., B, Bay ... of degree #E(AN) + || Bl + 0(B) such that for all a and
satisfying (3.3) the number Qa, a,5)(c; 3) of linear orderings (up to equivalence) of
the poset P(A, A, B) is given by

(18] = 6(B))!

Q(A,A,B) (04; ﬁ) = Al

*q(A,A,B) (Oé; 5)

provided ) ;- i(ci + B;) > dmin(A, A, B).

Proof. We can choose a linear extension of the order on the vertices of A to the poset
P(A, A, B) in two steps. First, we choose a linear order on the vertices 0, ..., [(A)+1,
the midpoint vertices of the edges of A and the midpoint vertices of the edges created
in step (@) in the definition of P(A, A, B). In a second step, we choose an extension
to a linear order on all vertices. Let r; be the number of vertices between ¢ — 1
and ¢ after the first extension, for 1 < ¢ < I(A) + 1, and let o; be the number of
equivalent such linear orderings of the interval between i — 1 and i (o; is independent
of the particular choice of the linear order). To insert the additional vertices (up to
equivalence) between the vertices 0 and [ = [(A) we have

l .
(4.1) H l (d —U(A) +i—1=56(A) = wIs(A)p1-i — WIS(B)i41- + ri)

of T
i=1 " !

many possibilities where again d = 3, i(a; + ;). If d > dpin (A, A, B) then expres-

sion (1)) is a polynomial in d of degree 22:1 r;, and thus in aq, oo, ..., 01, Pa, .. ..
The number of (equivalent) orderings of the vertices between [ and [ + 1 is the
multinomial coefficient

18] = [I1Bll1 + 7141 )
4.
( 2) (ﬁl_|b{|>ﬁ2_|bg|> ’

where [b]| denotes the sum of the entries in the jth column of B. As ||B||; < d(B),
expression (£.2)) equals, for all gy, s, -+ >0,

g Bl —d(B))! Bl —d(B))!

" (0 o) 1-3te)
B, B, - 15! 5!
for a polynomial P in Sy, 35, ... of degree r; ;1 + 6(B). The product of ([I]) and
B3) is
—4(B))!

" (B0 o
for a polynomial P"in v, a, ..., 1, B2, ... of degree #E(A)+||B||1+(B) provided
d > dpin(A, A, B) where we used that Zii r; = #E(A) + ||Bll1. As ([@4) equals
the number of linear extensions (up to equivalence) that can be obtained by linearly

ordering the vertices in all segments between ¢ — 1 and 7, for 1 <7 <[+ 1, the proof
is complete. ]

P(f)
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Recall that, for an extended template (A, A, B), we defined dyin, = dmin(A, A, B) to
be the smallest d > 1 such that d—I(A)+i—1 > 5(A)+wls(A)ya)+1-i+WIs(B)ia)+1-i
for all 1 < <I(A). Let ip be the smallest ¢ for which equality is attained (it is easy
to see that equality is attained for some 7). Define the quantity s(A, A, B) to be the
number of edges of A from ig — 1 to iy (of any weight). See Figure 2l for examples.

Lemma 4.2. For any extended template (A, A, B) and any o, > 0 (component-
wise) with

dmin(A7 A7 B) - 8<A7 A7 B) S Z Z(OZZ + ﬁl) S dmin<A7 A7 B) - 1

i>1
we have qa,a.5)(a; B) = 0, where qa,a,p) is the polynomial of Lemma[{.1]

Proof. Notice that dwin — [(A) +ig — 1 = 2, (A) + WIS(A)ya)+1-i + WIS(B)ia)+1-4o
where dpin = dmin(A, A, B). Therefore, the number of short edges which are added
between iy — 1 and i in step (3) of the definition of the poset P(A, A, B) is d — din,
where as before d = >, i(o; + 5;). Recall that, up to the factor W, the
polynomial g 4 p) records the number of linear extension of the poset P(A, A, B)
(up to equivalence). Every such extension is obtained by first linearly ordering the
d — dyin midpoints of the short edges between ig — 1 and iy which were added in
step (3) together with the s(A, A, B) midpoints of the edges of A between iy — 1 and
i, before extending this to a linear order on all the vertices of P(A, A, B). Thus,
q(a,a,B) is divisible by the polynomial (d — dmin + 1) -+ - (d — dwin + (A, A, B)). O

The next lemma specifies which extended templates are compatible with a given
degree.

Lemma 4.3. For every extended template (A, A, B) we have
min(A, A, B) — s(A, A, B) < 0(A) +6(A) +6(B) + 1.
Proof. We use the notation from above and write [ = [(A). Notice that
in (A, A, B) — U(A) +dg — 1 = 55, (A) + Wis(A) 1 iy + WIS(B) 11—, -
Therefore, it suffices to show
I(A) < 6(A) — 5, (A) + s(A, A, B) + §(A) — wis(A)j11-4 + 0(B) — wis(B) 41—, + to-

Let A’ be the graph obtained from A by removing all edges j — k with either k& < i
or j > ip. It is easy to see that [(A, A, B) — (AN, A, B) < 6(A) — 6(A’). Thus, we
can assume without loss of generality that all edges j — k of A satisfy j < ig < k.
Therefore, as s,(A) = - 4406 - Wh(e), we have

5(A) sty +s(A A B) = 3 [wt(e)(len(e)—1)—1]+s:z [wt(e)(len(e)—l)—l :

where len(e) is the length k — j of an edge j > k and the last sum is over all
edges of A of length at least 2. It is easy to see that the matrix A satisfies 6(A) >
wls(A); + I[(A) — 1 for all i > 1, therefore, if [(A) = [(A), it suffices to show that

(45) 1A <Y [wt(e)(len(e) 1) - 1} FUA) — 14 8(B) — WIs(B)rs1sy + o,



14 FLORIAN BLOCK

where the sum again runs over all edges of A of length at least 2. But (4.3) is clear
as all summands in the sum are non-negative and §(B) > wls(B);;1_;,- The same
argument also settles the case [(B) = I(A).

Otherwise, we can assume that [(A) > [(A) > I(B) and that there exists an edge
0 — i of A with [(A) —I(A) <i— 1. If, additionally, we have iy < I(A) —[(A) then
wls(A)i+1-4, = 0 and, using 6(B) > wls(B);+1-4, , it suffices to prove that

A)+i1—-1<i—24+06A)+1

it
which is clear as [(A) < 0(A).
Finally, if i > I(A) — I(A) + 1, it remains to show that [(A) +1 < 6(A) —
wls(A)+1-4, + 90. We have (by definition of §(A) and wls(A);41-4,) that

(4.6) S(A) = WIs(A)ip1iy +io = 3 (i — V)jag; + _ijai; + o,

where the first sum runs over ¢ > [+ 1 — iy, j > 1 and the second sum runs over
1 <i<l+4+1—14y,75>1 Asig>1I(A)—1I(A)+ 1 there exists a non-zero entry
ayy of A with ¢/ = I(A) > [ 4+ 1 —ig. Therefore, the index set of the first sum
of ([A.6]) is non-empty and the right-hand side of ([A.6]) is > i — 1+ iy =I(A) + 1 as
io > 1(A)—1(A)+1>2. O

We now turn to the proof of the main theorem of this paper.

Proof of Theorem[I.1. We first show that (LI]) holds of all a, § with d > § + 1
where we again write d = Y .. i(oy + ;). This implies (1)) if at least one of
Q1,Q0, ..., P, B3, ... is non-zero (note that 3 is omitted), because in that case | 3| > 9
implies d > 6 + 1.

Notice that we can remove condition ([B.3]) from formula [B.7) of Proposition
and still obtain correct relative Severi degrees as (aip%w)Q( aa,8)(a; B) = 0 whenever

[B3) is violated. The first factor of ([B.1) equals

d—1(A) ke —1(Tim—1) ka—1(T'1)
(4.7) > w(Tn) P, (k) >, > (M) Py (k)
km:kmin(rm) kmflzkmin(rmfl) klzkmin(rl)

and is, therefore, an iterated “discrete integral” of polynomials. By repeated ap-
plication of |2, Lemma 3.5] (or other means) expression (41) is a polynomial in
difd—1(A) > 257", 6(;). Furthermore, as the polynomials Pr,(k;) have de-
grees #FE(T';) and each “discrete integration” increases the degree by 1 the polyno-
mial (7)) is of degree > " #E(I';) + m. By a literal application of the argument
in Section 4 of [2] one can improve the polynomiality threshold of (A7) and show
that (1) is a polynomial in d if d —I(A) > Y7 6(T;) + 1. Furthermore, we have
[(A) < 6(A) +0(A) + 6(B). Thus, the first factor of ([B7) is a polynomial in d if
d>0+1=>,0()+1+0(A)+6(A)+ 6(B).

The multinomial coefficient (aip%p) is a polynomial in aq,as,... for fixed se-

quences of (column) vectors al,al, ..., if aj, a9, -+ > 0. Hence, by Lemma 1] the
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second factor of ([B.1) is of the form

(4.8) 1" = |ﬁ| R(A,A,B)(a;ﬁ)

i>1

for a polynomial Ry ap)(a; ) in ay,as,..., [0, B, ... of degree #E(A) + [|All: +
||B||1 + ¢ provided d > din(A, A, B), where used that §(B) < §. By Lemma [4.2] the
second factor of (B.7) equals expression ([L8]) for all a, 8 with d > dyin(A, A, B) —
s(A, A, B). Thus, using Lemma [L3] if

d>64+1>06(A)+0(A)+6(B)+ 1> duin(A, A, B) — s(A, A, B)

the second factor in (B1) is [ [+, iﬁi-@ times a polynomial in oy, as, . . ., 51, Ba, . . .
of degree #FE(A) + ||Al|l1 + ||B]|1 + 6. Hence (1)) holds if |3| > ¢ and at least one
B;, for i > 2, or one a4, for ¢ > 1, is non-zero. Notice that each summand of (B.7))
contributes a polynomial of degree

m

(4.9) > #EI) +m+#EWN) + |||l +[|Bll + 6

i=1

to the relative node polynomial Ns(c; 3). It is not hard to see that expression (4.9) is
at most 30, and that equality is attained by letting I'y, ..., I's be the unique template
on three vertices with cogenus 1 (see Figure[ll) and (A, A, B) be the unique extended
template of cogenus 0 (see Figure 2I).

If « =0 and 8 = (d,0,...) then NJ 5 equals the (non-relative) Severi degree N*°
which, in turn, is given by the (non-relative) node polynomial N2> (d) provided d > §
(see [2, Theorem 1.3]). Therefore, we have N3(0;d) = N2*(d)-d(d—1)---(d—d+1)
as polynomials in d. Applying [2, Theorem 1.3] again completes the proof. 0

Remark 4.4. Expression (B.7) gives, in principle, an algorithm to compute the
relative node polynomial Ns(«; 5), for any 6 > 1. In [2| Section 3] we explain how
to generate all templates of a given cogenus, and how to compute the first factor in
B0). The generation of all extended templates of a given cogenus from the templates
is straightforward, as is the computation of the second factor in (B.7]).

Remark 4.5. The proof of Theorem [[.1] simplifies if we relax the polynomiality
threshold. More specifically, without considering the quantity s(A, A, B) and the
rather technical Lemmata and the argument still implies (L)) provided
|B] > 2§ (instead of |3] > 9).

The immediate conclusion from the proof of Theorem [I1]is two-fold.

Corollary 4.6. For § > 1 the relative node polynomial Ns(«, ) is a polynomial in
d, |Bl, a1, ... a5, and By, ..., Bs, where d =) i(a; + (i)

Proof. Every extended template (A, A, B) considered in ([3.7) satisfies 6(A) < 0 and
0(B) < 6. Therefore, all rows i in A or B are zero for i > 0. O
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Proof of Theorem[I.2. By the proof of Lemma .1l we have, for every extended tem-
plate (A, A, B),

Rap(a,0;8) = Baapy(a; ) RBuapy(a;B,0) = Raans(a;B).
Hence, by the proof of Theorem [[T] the result follows. O
Now it is also easy to prove Theorem [L.3]

Proof of Theorem [1.3. Proposition gives a combinatorial description of relative
Severi degrees. The proof of Lemma E.1] provides a method to calculate the poly-
nomial Q(a a,p)(a; 3). All terms of expression ([B.1) are explicit or can be evaluated
using the techniques of [2, Section 3|. This reduces the calculation to a (non-trivial)
computer calculation. ]

5. COEFFICIENTS OF RELATIVE NODE POLYNOMIALS

We now turn towards the computation of the coefficients of the relative node
polynomial Nj(a; ) of large degree for any §. By Theorem [[] the polynomial
Ns(a, B) is of degree 30. In the following we propose a method to compute all terms
of Ns(a; B) of degree > 3§ — t, for any given ¢ > 0. This method was used (with
t = 2) to compute the terms in Theorem [[4]

The main idea of the algorithm is that, even for general §, only a small number of
summands of (7)) contribute to the terms of Ns(«; 5) of large degree. A summand
of B87) is indexed by a collection of templates I' = {I';} and an extended template
(A, A, B). To determine whether this summand might contribute to Njs(a;3) we

define the (degree) defects
e of the collection of templates I by

m

def(T") &f Z [6(T";)] = m, and

s=1
e of the extended template (A, A, B) by
def

def(A, A, B) = 6(A) +26(A) +20(B) — |[Ally — || Bl]1-
The following lemma restricts the indexing set of ([B.7) to the relevant terms, if
only the leading terms of Ns(a; ) are of interest.
Lemma 5.1. The summand of (37) indexed by T and (A, A, B) is of the form

—9)!
181282 . --Lﬂﬁ! ) - P(a; ),
whe(re P(a;)ﬁ) is a polynomial in o, o, ..., 01, Ba, ... of degree < 36 — def(I') —
def(A, A, B).

Proof. By [2, Lemma 5.2] the first factor of (8.7) is of degree at most

m

2:3 0(T) =Y (6(T) — 1) =Y 6(Ts) +m.

s=1
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The multinomial coefficient (,r :2T ) is a polynomial in « of degree ||Al, if a are
the jth column vector of A. Recall from the proof of Theorem [[T] that the second

factor of (B1) is

—9)!
Hiﬁi% times a polynomial in «, 3 of degree #E(A) + ||A||1 + || B||1 + ¢.
i>1 ’

Therefore, the contribution of this summand to the relative node polynomial is at
most of degree

D 6(0s) +m+#EA) + ||All +|Bll + 6
—35—2 i S5(T's) — 20(A) — 26(A) — 25(B) + #E(A)

= 30 — def(T') — def(A, A, B) — 6(A) + #E(A).
The result follows as 6(A) > #E(A) O

Therefore, to compute the coefficients of degree > 35—t of Nj(«; 3) for some t > 0,
it suffices to consider only summands of (B7) with def(I') < ¢ and def(A, A, B) < t.

One can proceed as follows. First, we can compute, for some formal variable o,
the terms of degree > 25 — t of the first factor of (B7) to N;(; 8), that is the terms
of degree > 26 —t of

m d—1(Tm) ko—1(T'1)
def
61 R =D [[e@) D> Pr(ka)- > Prlk),
i=1 km:kmm(l“m) klzkmin(rl)

where the first sum is over all collections of templates T' = (T'y, ..., T') with §(T) = 0.
(Notice that (5.0J) is expression [9, (5.13)] without the “c-correction” in the sum in-
dexed by ky,,.) The leading terms of R;(d) can be computed with a slight modification
of [2, Algorithm 2] (by replacing, in the notation of 2], C*"¢ by C' and M by M).
The algorithm relies on the polynomiality of solutions of certain polynomial differ-
ence equations, which has been verified for t < 7, see [2, Section 5] for more details.
With a Maple implementation of this algorithm one obtains (with ¢ = 5)

3 5 80 g5, O(115+1) n5 o  6(6— 1)(4965 — 245) 5 4
R;(d):a[d ST S A o d
06 —1)(16850% — 27735 + 1398) 21
631
5(6 —1)(6 — 2)(73526% + 116115 — 25221) 5 -
— 30. 3 d + ...

Finally, to compute the coefficients of degree > 30 — ¢, it remains to compute all
extended templates (A, A, B) with def(A, A, B) <t and collect the terms of degree
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> 30 — t of the polynomial

(5.2) Rs(d—l(/\))~u(/\)( ;o ) 1:[ (18] =) - aa,a,8)(: B),

ai,az,...
L2 i=5(B)

where, as before, af ,al, ... denote the column vectors of the matrix A, g4 5)(a; 3)

is the polynomial of Lemma B and 6 = § — §(A, A, B). Notice that, for an inde-
terminant x and integers ¢ > 0 and § > 1, we have the expansion

ﬁ(m —i) = i s(0—c,6 —c—t)(x —c)’

where s(n,m) is the Stirling number of the first kind [I8, Section 1.3] for integers
n,m > 0. Furthermore, with ¢’ = § — ¢ the coefficients s(¢8’, " — t) of the sum equal
(0 =1)--- (8" —1t)- Se(0"), where S; is the t-th Stirling polynomial [I1), (6.45)], for
t > 0, and thus are polynomial in ¢’. Therefore, we can compute the leading terms
of the product in (B.2) by collecting the leading terms in the sum expansion above.

Proof of Proposition[Ld Using [2, Algorithm 2] we can compute the terms of the
polynomial Rx(d) of degree > 26 — 7 (see [2, Section 5]) and observe that all co-

efficients are polynomial in . By the previous paragraph the coefficients of the
expansion of the sum of (5.2)) are polynomial in ¢. This completes the proof. O

Proof of Theorem[1.]]. The method described above is a direct implementation of
formula ([B.7), which equals the relative Severi degree by the proof of Theorem [L1]
U

Remark 5.2. It is straight-forward to compute the coefficients of Ns(«; 5) of degree
> 30 — 7 (and thereby to extend Theorem [[.4]). Algorithm 3 of [2] computes the
coefficients of the polynomials Rz(d) of degree > 20 — 7, and thus the desired terms
can be collected from (5.2)). We expect this method to compute the leading terms
of Ns(a, B) of degree > 3§ — t for arbitrary t > 0 (see [2, Section 5], especially
Conjecture 5.5).

APPENDIX A. NEW RELATIVE NODE POLYNOMIALS

Below we list the relative node polynomials Ns(a; 3) for 6 < 3. For § < 6 the
polynomials Ng(«a; 3) are as provided in the ancillary files accompanying this article.
All polynomials were obtained by a Maple implementation of the formula ([B7). See
Remark 4] for more details. For § < 1 this agrees with [0l Corollary 4.5, 4.6]. As
before, we write d = ) .., i(coy + ;). By Theorem [l the relative Severi degrees

N(‘;B are given by Nféﬁ = 151282 .. WNg(a,ﬁ) provided |5] > ¢.
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No(a, B) =1,

Ni(a, B) = 3d®|8| — 8d|B| + dBy + |Blay + 8|81 + 4I8] — b1,

Na(a, B) = 3d*|B|? — 3d*|B| — 24d°|B|* + 3d%|B|B1 + 3d?| B2 + 3d?(B|?B1 + 24d°|B| — 3d> By + 2342 |3
— 3d%|Blay — 14d|8|61 + 3d°B7 — 8d|B|% a1 — 8d|B[*B1 + d|Blar 1 + d|BIBT + 1B|°aF + |87 a1 b1
+ 518187 — 23d%(8] + 2Ld?B1 + 5d|8|* + 8d|B|ay + 11d|B|B1 + d|B|B2 — da1 1 — 3dBT — 5B|%cn
+181%a2 — 51881 + 8>82 — §1B8lai — 3|Blarfr — 51B16F — B2d|B| — SdB1 — dBa — 488) + [Blen
— |Blaz + Z (8181 — 3|8182 + 20181 + 367 + 48|8| — 1561 + 282,

Na(a, ) = 3d°|8> — 21d°|8)% — 36d°|B|* + §d°(8B1 + 3d*|B1%cr + 5d*|BI>B1 + 9d°| B + 108d°|B|* — 2L d°|B|B:
+51d* 8% — Zd* |81 — 42d* 8?81 + 3d*|B1BT — 24d° B — 24d%|BI°B1 + 3d°|B[ e B1 + 3d%| 8|57
+ 3d%|8af + 3d%(B2 a1 B1 + 3d°|BI BT — T2d°|B] + 9d° B1 — 153d*(B|* + 9d*|B|ar + 93d*| 8|1 — 3d* BT
+ 128343 |8[% 4 72d%| 821 + 92d°|B|* B + 3d°|B|* B2 — 9% | Blon 1 — 32d3(BI8T + 3BT + K d?|BPen
+3d%(BPaz + 5 d°|B° B1 + 3d°| 8] B2 — §d*|87af — 23d%|B2a1 B1 — L d?|BI° BT + $d°|Blar BT
+ 1d2|8183 — 4d|B|Pa? — 8d|B|3arfr — 4d|BIT + Ld|BPatBy + dIBPaa 3 + LdIB1PBE + L1B1Pad
+ 3181281 + 3|81 BT + 5181787 + 102d* |8 — 54d* B — 15B.d%|B|* — 48d°|Blar — 132d°|B| 1
—9d%|8|B2 + 6d3a1 B1 + Ld® BT — 45842 |B|° — ZLd?|B|* a1 — 9d2|BPaz + 11642 |52 B1 — 23d%( 8|2 B2
+3d|Blat + Ld?(Blea By + 192d%|BIBT + d®|B|B1 B2 — d®on BT — 2d° B + 1324|813 — 8d| Bl ar
+ 18548381 — 8| 8|32 + 12d|8|a3 + SLd| B2 a1 B1 + dIBI2a1 B2 + d|B[*azf + 3Ld|BI? B3 + 2d|B|* 152
— 3d|Blaip — ALd|Blea BT — 4d|BIBT — 5181%aF + |BPanaz — 5|BPa1 1 + B3en B2 + B2 a2 B — 5181787
+ 18128182 — 3182} — 3|82aif1 — 318121 BT — 2|8|7B3 + 1223 |8| + L2d®B1 + 6d° B2 + 1374d% (8|2
+19d?|Blon 4 6d°|Bla — 252 d?|B|B1 4 48d%|B| B2 — 27d° a1 B1 — 40d° BT — 2d*B1 B2 — 332 d| BI°
— 2854|8% a1 + 24d|B|* g — 396d| 8] B1 + 29d|B|*B2 + d|BI> Bz — 8d|B|aF — 33d|B|o1 B1 — 3d| Bl Ba
— 3d|Blazpr + 2d|B|BT — 11d|B|B1 B2 + dai 1 + Tdar B + LLdBT — 2|8 a1 — 6|8 az + |B[*as
— 22181°81 — 61882 + |8]° 83 + L |B|°af — 3|8*araz + & |B°a1 81 — 6|8]|*a1 82 — 6]8|>azB: + 36|8|% 57
—981*B182 + (Blaf + L [BlaiBi + 13]Bla1 BT + 4L |BIBT — 916d°|B| + 303d° B1 — 28d° B + 8424 8|
+ 155d| Bl — 16d|8laz + 1227d| 8|81 — 31d|B|B2 — 3d|B|Bs + 8dar B1 + 2da1 B2 + 2daz fr — 152 dBT
+ 14dB1 B2 + 706| 8] + 92|B[*ar + 18|8[* a2 — 3|B|* a3 — 46|B8|*B1 + 48| B]* B2 — 6|81 B3 — 5|B|af
+2|Blaras — BT |Blarfi + 11(Bla1 B2 + 11|BlazB — 271(B|BT + 26(8]8182 — 3a7B1 — 120137 — 1057
— 16844|8] — 838dBy + 10dB2 + 2dB3 — 2118| 8> — 152 |Blan — 12|8laz + 2|Blas + 134881 — 102|8|82
411|883 + 6301 81 — 61 B2 — 621 + 15087 — 241 B + 1412|8| — 36261 + 6082 — 633.
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