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EXAMPLES IN DEPENDENT THEORIES

ITAY KAPLAN AND SAHARON SHELAH

ABsTrRACT. We show a counterexample to a conjecture by Shelah regarding
the existence of indiscernible sequences in dependent theories.

1. INTRODUCTION

In the summer of 2008, Saharon Shelah announced in a talk in Rutgers that he
had proved some very important results in dependent (NIP) theories. One of these
was the existence of indiscernible, an old conjuncture of his. Here is the definition:

Definition 1.1. Let T be a theory. For a cardinal k, n < w and an ordinal 8,
K — (&) ,, means: for every sequence (aq | € k) € “(¢™), there is a non-constant
sub-sequence of length & which is an indiscernible sequence.

In stable theories, it is known that for any A satisfying A = AT, AT — A )7
(proved by Shelah in [10], and follows from local character of non-forking). The first
such claim of this kind was proved by Morley in [3] for w-stable theories. Later, in
[9], Shelah proved

Theorem 1.2. IfT is strongly dependent, then for all A > [T|, 1+ (A) — (AT)+
foralln < w.

,TL

Shelah conjectured that this is true as well under just the assumption of NIP.
This conjuncture is connected to a result by Shelah and Cohen: in [, they proved
that a theory is stable iff it can be presented in some sense in a free algebra in a
fix vocabulary but allowing function symbols with infinite arity. If this result could
be extended to: a theory is dependent iff it can be represented as an algebra with
ordering, then this could be used to prove existence of indiscernibles.

Despite announcing it, there was a mistake in the proof for dependent theories, and
here we shall see a counter-example. In this paper, we shall show that

Theorem 1.3. There is a countable dependent theory T such that if k is smaller
than the first inaccessible cardinal, then for alln € w, k £ (W)1 .

It appears in a more precise way as theorem [3.8] below.
An even stronger result can be obtained, namely

Theorem 1.4. For every © there is a dependent theory T of size © such that for
all k and 8, k — (8)1, iff kK — (8)g«.

where
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Definition 1.5. k — (8)g® means: for every coloring ¢ : [kK]~® — 0 there is
an homogeneous sub-sequence of length & (i.e. there exists (o |i <) € °A and
(cn I < w) € “0 such that ¢ (xiy, ..., %, ,) =cn for every ip < ... <in_1 <9).

One can see that k — (8)5“ implies k — (S)le, so this is the best result possible.

However, the proof is considerably harder, so we will give the proof in a subsequent
paper.

The second part of the paper is devoted to giving a related example in the field of
real numbers, R. By [[L2] and as Th (R) is strongly dependent, we know we cannot
prove the same theorem, so we allow dealing with sequences of infinite tuples of
elements of the model (w-tuples in fact). The exact statement is:

Theorem 1.6. If A is smaller than the first inaccessible cardinal, then for all
new, KA (Wrer.w-

This is theorem (.41

The third part of the paper is devoted to another kind of counterexample. In a
series of papers ([7, [6 8, [5]), Shelah has proved (among other things) that depen-
dent theories give rise to a “generic pair” of models (and in fact this characterize
dependent theories). This is explained in more details in the section. The natural
question is whether the theory of the pair is again dependent. The answer is no.
We present an example of an w-stable theory all of whose generic pair (and even
weakly generic — see there) have the independence property.

Notes. Many strong results that have been announced in that talk in 2008 remain
true. For instance, the main theorem there is that a theory is dependent iff the
number of types up to isomorphism is small and there is a so called polarized
theorem (see more in [5]).

We also should note that a related result can be found in an unpublished paper
in Russian by Kudajbergenov that states that for every ordinal « there exists a
dependent theory (but it may be even strongly dependent) T, such that [Tyl =
|| + Ng and Ty (|Tl) A (2{0)%1 and thus seem to show that the bound in [[12]is
tight.

Idea of the construction. The counterexample is a “tree of trees” with functions
connecting the different trees. For every 1 in the tree “Z2 we shall have a predicate
P, and an ordering <y, such that (P, <) is a dense tree. In addition we shall have
functions G, ,~) ¢ Pn = P~y for i =0,1. The idea is to prove that k = (p)y,
by induction on k, i.e. to prove that in Py there are no indiscernibles. To use the
induction hypothesis, we push the counter examples we already have for smaller
k-s to deeper levels in the tree ©Z2 .

2. PRELIMINARIES

2.1. Notation. We use standard notation. a,b,c are elements, and a,b,c are
finite or infinite tuples of elements.

¢ will be the monster model of the theory.

Sn (A) is the set of complete types over A, and Si° (A) is the set of all quantifier
free complete types over A.

For a finite set of formulas with a partition of variables, A (x;y), Sa(x;5) (A) is the
set of all A-types over A, i.e. maximal consistent subsets of
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(¢ (%,@),~¢ (%)l (x,7) € Ak ac A} Similarly we define tp s, (B/A) 8
the set of formulas @ (x, a) such that @ (x,y) € A and € = ¢ (B, C_l).

2.2. Dependent theories. For completeness, we give here the definitions and
basic facts we need on dependent theories.

Definition 2.1. A first order theory T is dependent if it does not have the in-
dependence property which means: there is no formula @ (x,y) and elements in

<ai,65 i< w,sC w> in ¢ such that ¢ (ai,bs) iffics.
We shall need the following fact (see [I0] II, 4])

Fact 2.2. Let T be any theory. Then for alln < w, T is dependent iff Uy aff Oy
where for any k < w,

Ok For every finite set of formulas A, and @ (x;y) such that lg (x) = k, there
is a polynomial f such that for every finite set AC M T, ‘SA(;(;Q) (A)‘ <
f(|Al).

Also, later, we shall need the notion of p(®) for an invariant type p and a basic
fact about them:

Definition 2.3. Suppose p (x) and q (y) are global invariant types, i.e. invariant
over a small set A. Then p ® q (x,y) is a global invariant type defined as follows:
for any B D A, let a = plg and b = qlgq, then p®@ q = [Jg5 tp (@, b/B). One can
easily check that it is well defined and invariant over A. Let p™) =p®@p...®@p
where the product is done n times. So p™) is a type in (xq,...,Xn_1), and p(®) =
Unew P™ and it is a type in (xq, ..., %n,...).

Fact 2.4. (see [2, Lemma 2.5]) If T is NIP then for a set A the function with

domain global invariant types over A that takes p to p'®) | A is injective.

3. AN EXAMPLE OF LACK OF INDISCERNIBLES

Let S, be the finite binary tree ™22. On a well ordered tree such as S,, we
define <gyc as follows: 1 <guc Vv if v is a successor of 1 in the tree.
Let L,, be the following language:

Ln ={Py, <1, \q, Gy M, vV € Siu.M <sue VI
Where:
e P, is a unary predicate ; <, is a binary relation symbol ; /\, is a binary
function symbol ; Gy v is a unary function symbol.
Let TY be the following theory:
e PoNPy =0formn#v.
o (Py,<y,/\y) is a tree, where /\; is the intersection function on Py, i.e.
X A\qy = max{z € Py lz < x&z <y} (so if for example, x ¢ Py, then
xA\n Yy =x).
e Gy : Py — Py, meaning that outside P, Gy is the identity, and no
further restrictions.
Thus we have:

Claim 3.1. TY is a universal theorem.
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Claim 3.2. TY has JEP and AP.
Proof. Easy to see. O
From this we deduce,

Corollary 3.3. TY has a model completion, T, which eliminates quantifiers, and
moreover: if METY. 1, M’ =M [ Ly, and M/ C N’ = TY then N’ can be enriched
to a model N of TXH so that M C N. Hence if M is an existentially closed model
of Tv+1, then M is an e.c. model of TY. Hence Ty C Ty i1.

mn

Proof. The moreover part: for each n € S;141\Sn, we define PT]]\I = PQA and in the
same way /\y. The functions Gy for 1 € Sy and v € S, will be extensions of
Gnv- O

Now we show that T, is dependent, but before that, a few easy remarks:

Observation 3.4.

(1) f A C M | T/ is a finite substructure (so just a tree, with no extra
structure), then for all b € M, the structure generated by A and b is
AU{b}U{max{bAala e Al}

(2) If M = T and n € ™22, we can define a new structure M,, = TXﬁlg(n)
whose universe is | {PQ/EV |y c nflg(n)>2} by: PQA“ = P]’:/LV’ and in the
same way we interpret every other symbol (for instance,

Gi\,/llf‘vz = GT]:/LVl,nA.Vl). For every formula @ (x) € L,,_j4(y) there is a formula
@' (x) € Ly, such that for all a € M,;, M = ¢’ (a) iff M, = ¢ (a) (we get
¢’ by concatenating 1 before any symbol).

(3) For M as before and 1 € ™22, for any k < w there is a bijection between
{p (x0,...,xk-1) € S (M) Vi < k (Py (xi) € p) } and
{p (x0,. .., x1—1) € S¥° (My) [Vi <k (Pyy (xi) € p) }.

Proof. (3): The bijection is given by (2). This is well defined, meaning that if
p (X0, ..., Xk—1) is a type over My, such that Vi < k (P, (x;) € p), then{¢’ (x)|p (X) € p}
determines a complete type over M, such that Vi < k (Py, (xi) € p). This is because

any atomic formula of the form F(x,a) <, G (i,f)) where a,b € M and F, G are

terms is either trivially false, as in the case v % n, or trivially equivalent to a for-
mula with no involvement of the xs at all (as in the case a/\;x <y b where a ¢ Py)

or it is equivalent to a formula of the form F’ (x,a’) <, G’ (i, B’) where a’,b’ are

from M,, (for example, if F = xg A\ Gy (a), then a’ = Gy, (a)). Obviously it is
injective and onto. O

Proposition 3.5. T, is dependent.

Proof. We use fact It is sufficient to find a polynomial f (x) such that for every
finite set A, [S' (A)| < f(IA]).

First we note that for a set A, the size of the structure generated by A is bounded
by a polynomial in [A: it is generated by applying /¢y on Py NA, applying Gy (1)
and G (o), and then applying /\gy,/\(1y and so on. Every step in the process is
polynomial, and it ends after n steps.

Hence we can assume that A is a substructure, i.e. A =T,

The proof is by induction on n. To easy notation, we shall omit the subscript n
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from <, and /\y.

First we deal with the case n = 0. In Tp, P(y is a a tree with no extra structure,
while outside Py there is no structure at all. The number of types outside Py is
bounded by |A|+ 1 (because there is only one non-algebraic type). In the case that
Py (x) € p for some type p over A, we can characterize p by characterizing the
type of x’ := max{a A x|a € A}, i.e. the cut that x" induces on the tree, and by
knowing whether x’ = x or x > x’ (we note that in general, every theory of a tree
is dependent by [4]).

Now assume that the claim is true for n. Suppose 1 € "*'22 and 1 < lg(n). By
[B413), there is a bijection between the types p (x) over A where Py, (x) € p and the
number of types p (x) in Ty, 1 15(n) Over Ay, where Py € p. Ay = T, ., and so by
the induction hypothesis, the number of types over A, is bounded by a polynomial
in Ayl < JA|. As the number of types p (x) such that Py, (x) ¢ p for all 1 is bounded
by |A| 4+ 1 as in the previous case, we are left with checking the number of types
p (x) such that Py (x) € p.

In order to describe p, we first have to describe p restricted to the language
{<<>,A<>}, and this is polynomially bounded. Let x’ = max{a/Ax|a € A}. By
the remark above, if A U{x} is not closed under /\y, x" is the only new element in
the structure generated by A U{x}in P(y. Hence , we are left to determine the type
of the pairs (G<>7<i> (%), Gy, iy (x')) over A for i = 0,1 (if x’ is not new, then it’s
enough to determine the type of Gy iy (x)). The number of these types is equal to
the number of types of pairs in Ty over Ay. As Ty, is dependent we are done by
fact O

Definition 3.6. Let L=J,,_, Ln, T=Un_ Thn and TV = J,,_, T (it follows
that T is the model completion of TV).

Note that we need the moreover part of to know that T, € Tni1.
We easily have

Corollary 3.7. T is complete, it eliminates quantifiers and is dependent.
We shall prove the following theorem:

Theorem 3.8. For any two cardinals u < k such that in [u, k] there are no inac-
cessible cardinals, Kk - (H)T,l-

We shall prove a slightly stronger statement, by induction on k:

Claim 3.9. Given p and K, such that either k < p or there are no (uncountable)
strongly inaccessible cardinals in [y, k], there is a model M = TV such that ‘P?{l‘ > K

and P?;l does not contain a non-constant indiscernible sequence (for quantifier free
formulas) of length .

Remark 3.10. From now on, indiscernible will only mean “indiscernible for quantifier
free formulas”; this clearly suffices.

Proof. Suppose we have n. The proof is by induction on k. We divide into cases:
Case 1. k < p. Clear.

Case 2. k = p = Ng. Denote nj = (1...1), i.e. the constant sequence of length
j and value 1. Find M | TV such that its universe contains a set {a;;[i,j < w}
where aij # ais 5 for all (i,j) # (i',j'), aij € Py, and in addition Gy, n,,, (ai;) =
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aijr1 if j < iand Gy, (aij) = agjy1 otherwise. We also need that P?{l =
{aioli < w}. Any model satisfying these properties will do (so no need to specify
what the tree structures are). Now. if in P?;l ={ai0 i < w} there is a non-constant

indiscernible sequence, (ai, ok < w), then there is a large enough j such that

anvnj+1 0...0 GT]th (aimO) = anvnj+1 0...0 Gnoym (aiho) .

But for every large enough k, Gy,
Gnom, (@i, o) — contradiction.

Mj41 © -+ 0 GT]th (ai-lvo) ?é Gnmjﬂ ©...0

Case 3. « is singular. Suppose k = [ J;_,Ai where 0,A; < « for all i < 0. By the
induction hypothesis, for i < o there is a model My |= T" (for A;) such that in P?;l‘
there is no non-constant indiscernible sequence of length w. Also, there is a model
N (for o) such that in PB] there is no non-constant indiscernible sequence of length
p. We may assume that the universes of all these models are pairwise disjoint and
disjoint from k.

So there are enumerations without repetition {ai|i < 0} C PB‘, and

by UM< i} <j <Ak C P that witness ‘PB" >0,

‘P?;l‘ > A = IM\U{MIL < i) resp. Let M be a model extending each M; and
hence containing the disjoint union of the sets |J;_, M (exists by JEP).

Define a new model M = TV: (P?{l,<<>) = (K, €) (so /\(y = min); (P?AHAH,<T]) =
(Pl;',<n) and (P%{)An’ <<0>7n) = (PQ_A, <n>- In the same way define /A, for all n

of length > 1. The functions are also defined in the same way: G](\ffn 1y =
GTT:V and Gl(\(;L)An,(O)Av = Grlilv We are left to define Gy oy and Gy 1y. So let:

G<>7<1> (0() = Qmin{ila€A; } and G<>7<0> (OC) = b, for all & < k.

Note that if I is an indiscernible sequence contained in P?AD then I is an indiscernible
sequence in N contained in PE\;, and the same is true for (0) and M resp.

Assume (a;|j < p) is an indiscernible sequence in P?{l. Then (G 1y () [j < ) is
a constant sequence (by the choice of N). So there is 1 < o such that J{M [l <1} <
o < Aq for all j < p. So <G<>7<0> (o) =bg; lj < u> is a constant sequence (it’s
indiscernible in Pé\;l and in fact contained in P?;L‘), hence (& [j < p) is constant, as
we wanted.

Case 4. «isregular uncountable. By the hypothesis of the claim, k is not strongly
inaccessible, so there is some A < k such that 2 > . By the induction hypothesis
on A, there is a model N = TV such that in PBI there is no non-constant indiscernible

sequence of length . Let {a; i <A} C PB‘ witness that ’P}\;’ is at least A.

Define M = T7 as follows: P?;L = 222 and the ordering is inclusion (equiva-

lently, the ordering is by initial segment). /\;y is defined naturally: f /Ay g =
f [ min{eclf () # g (o) }.

For all n, let P?AD = PT]]\I , and the ordering and the functions are naturally induced
from N. The main point is that we set Gy, 1) (f) = aig(s). Let P%L)An’ G<0>An’<0>\,,
etc. have any legal values according to Ty. Let Gy oy be any function.

Suppose that (f; [i < n) is an non-constant indiscernible sequence:
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If f; < fo (ie. f1 <y fo), we shall have an infinite decreasing sequence in a well-
ordered tree — a contradiction.

If fo < f1, (fi]i < p) is increasing, so <G?>/l,<1> (fi) = aigey L < u> is non-constant
— contradiction (as it is an indiscernible sequence in M and hence in P?cl)))'

Let hy = fo A fiyq for i < p (where A = /\(y). This is an indiscernible sequence,
and by the same arguments, it cannot increase or decrease, but as h;y < fy, and
(P<>, <<>) is a tree, it follows that h; is constant.

Assume fg A < f1 A fy, then fo; A\ foir1 < f2(i+1) A\ f2(i+1)+1 for all 1 < L,
and again (fo; Afoip1 [ < ) an increasing indiscernible sequence and we have a
contradiction.

By the same reasoning, it cannot be that fo /A f; > f1 Afs. As both sides are less or
equal than fq, it must be that fo A\ fy = fo/Afy = f1 /Afy. But that is a contradiction
(because if o« = lg (fo /\ f1), then [{fo (o), f1 (), f2 ()} = 3).

O

4. RCF

Here we give a related theorem about the theory of Real closed fields, i.e.
Th(R,+,-,0,1,<). Fix RCF as our theory, so € = RCF.
For our proof we need a more lenient version of the arrow relation (see below),
this helps with the induction hypothesis.

Notation 4.1. The set of all open intervals (a,b) (where a < b and a,b € €) is
denoted by J.

Definition 4.2. For a cardinal k, n < w (i.e. n < w or n = w) and an ordinal 3,

K — (6)intcrval

n means: for every sequence of (non-empty, open) n-tuples of intervals

<io¢\oc< K> € “(3™) (so for each «, Iy = (I5 le <m)), there is a subset u C «
of order type &, and <5£ le € u> such that b, € I, (ie. b, = (b?,...,b 1) and
bl € 1!) such that <B£ le € 6> is a non-constant indiscernible sequence.

Remark 4.3. Note that

(1) If k — (8)2 ™ then k — (8)™™ for all m < n.

n m

(2) If kK A (é)ifftcrval then k / (8)gcp, (Why? if <fo¢|oc< K> witness that

kK A (8)™2 then choose by € Iy (as above) such that <Bo¢\cx< K>

n
is without repetitions, and by definition it will not have an indiscernible
sub-sequence of length §).

(3) If A < k and k 7 (8)1*"** then A 4 (5) ™.

n

We shall prove the following theorem:

Theorem 4.4. For any two cardinals i < K such that in [, ] there are no inac-
)mtcrval

cessible cardinals, - (W),

The proof follows from a sequence of claims:
Claim 4.5. If k < p then k /4 (u)i’ftewal for all n < w.

Proof. Obvious. O
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Claim 4.6. If k = p = ¥g then k 4 (u)ilntcrval.
Proof. Forn < w, let I, = (n,n+1). .

Claim 4.7. Suppose k = J{Aili < 0} and n < w. Then, if o A (W)™ and
Ai A (W2 then k A (W)t

Proof. By assumption, we have a sequence of intervals <l_21 i<o > that witness

oA (u)iftcrval and for each i < ¢ we have <§[5 ‘Uj<i A <P < 7\i> that witness

As 7L> (u)intcrval
i n .
First, fix an increasing sequence of elements (b; i < o).

For a <k, let p = () =min{i < 0| < A; } and for 1 < 2 + 2n, define:
Ifi= 0, let I:x = (b2[3(oc)ab2[3(oc)+1)-

o [fi= 1, let I}x = (bzﬁ(“)+1,b2[3(“)+2).
o Ifi=2k+2 let [ = RE (o)
o If i = 2k + 3, let It = Sk.

Suppose u C k of order type p and <B£ le € u> is a non-constant indiscernible

sequence such that b, € I (as above). Denote b, = (b§,..., b5, 9n_1). Note that
b < bg, iff B(e) <P (e') (we need two intervals for the only if direction).

Hence (B (&) |e € u) is increasing or constant. But if it is increasing then we have a
contradiction to the choice of <l_2l i< G>. So it is constant, and suppose § (¢) = ig

for all ¢ € u. But then u C A;)\ Ujd0 A; and we get a contradiction to the choice
of <§B‘Uj<io>\j <[3<)\10>. 0

Claim 4.8. Suppose A 7 (W™ Then 2% /4 (W)5ne".

n

Proof. Suppose <ix lo < 7\> witnesses that A 4 (u)?fterval.

By adding two intervals to each I, we can ensure that it has the extra property
that if ¢; € I, and Cy € Iy, then ¢l < ¢J iff oy < &y (as in the previous claim).
Notation: write ¢; <* ¢s for ¢ < ¢3 , it is not really an ordering (it is not transitive)
but on tuples ¢ that belong to some i“, it is transitive.

By this we have increased the length of I, to 2+ n.

We shall find below a definable 4-place function f such that:

Q For every 2 ordinals, 8, ¢, If <l_20( loe < 6> is a sequence of (-tuples of in-

tervals, then there exists a sequence of 2-tuples of intervals, <§n |n € 62>

such that for all k < ¢ and 11 # 19, if by € S2%,by € S%‘f“ and by €

nu’
S%E,bz; S S%‘zﬁ_l then f(bl,bg,b3,b4) is in R};(TMATM)'

Apply © to our situation to get <Tn Ine >‘2> such that J, = (Jili<4+2n) and
for all k < 2+mn and 1y #ng, if by € J3¥, by € J2"! and bs € J35, by € J2H! then
f (bl,bg, b3,b4) is in Ié(ﬂlAHQ)'

This is enough (the reasons are exactly as in the regular case of the proof of Theo-

rem [3.8 but we shall repeat it for clarity):
To simplify notation, we regard f as a function on tuples: in each pair of consecutive
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coordinates it acts as f, so ifBl S Tm , 62 S T‘ﬂz then (61, 62) is in ilg(mmm) (more

precisely, f (61,62) = (axlk <2+n) where ax = f(bd, bl . b3, b3 1) €
Ilig(m/\m) for k < 24mn).

Suppose u = (i [i < u) € *2 and <l_)m i< u> is a non-constant indiscernible se-
quence such that Bm € Tm (as above).
Let g =10/ for i < . Iflg (ho) < Ig (1) then f (by,, by, ) <* F (byyba )

for all i < p, so (lg (h{) i < u) is increasing, and so f BT]O’BT]’L+1) contradicts our
choice of <io¢ loe < 7\>. Hence (because hy < 1) hy is constant.

Assume 1ng ANy < M1 /A1nsg, then f (En0,6n1> <* f (Bm,f)nz) so f (f)m,f)nz) <*
f (anaf’ns)a and solg (o A1) <lg (1 Anz2) < lg(n2 Ans) hence, f (Bno,f)m) <*

f (6n2a6n3) and it follows that (lg (n2i A1oit1) i < 1) is increasing. And this is
again a contradiction.

By an analog analysis, it cannot be that ng/An; > n1/\n2. As both sides are less or
equal than 11, it must be that ng Ans =10 /\n1 =n1 /Ane. But that is impossible
(because if o« = 1g (o An1), then [{ng (o) , 11 () ,m2 ()} = 3).

Claim. Q is true.

Proof. Let f(x,y,z,w) = (x—2z) / (y —w) (do not worry about division by 0, we
shall explain below).
It is enough, by the nature of Q| to assume { = 1 (we treat each family of intervals
separately). By compactness, we may assume that § is finite, and to avoid confu-
sion, denote it by m. So we have a finite tree, ™*2, and a sequence of intervals
(Ri[i <m). Each R; is of the form (ai,bi). Let ¢ = (bi + ai) /2. Let d € € be
any element greater than any member of A := acl(ai,bili<m), and 0 < e € €
such that e < d™* for all k € N. For each 1 € ™2, let ay = Y ;_,, n(i)cid™*,
and by =) ,_, . n({i)d™
Let S) = (an —e,an +e) and S} = (by —e, by +e).
This works:
Assume b; € 59]1’b2 S STlh and b3 € S%Q,b;; S 57112
We have to show (b —bs) /(b —bs) € Rig(y, An,)- Denote k = lg (n1 Angz).
@y, — @y, is of the form ecxy d™ *+F (d) where ¢ € {—1, 1}, and F(d) is a polynomial
over A of degree < m—k—1. by, —by,, is of the form ed™ *+G (d), where ¢ is the
same for both (and G is a polynomial over Z of degree < m—k—1). Now, by —bs €
(an, —an, —2e,ay, — ay, +2e), and by — by € (by, — by, —2e,by, — by, + 2e),
and hence we know that by — by # 0. It follows that (b; —bs) / (ba — by) is inside
an interval whose endpoints are {(&ckdm_k +F(d)+ 26) / (edm_k +G(d) &+ 2e) }
But

(eckd™ * +F(d)+2e)/ (ed™ *+ G (d) £2e) € Ry

by our choice of d and e, and we are done. O
O

The proof of Theorem 4] now follows by induction on k: Fix p, and let k be
the first cardinal for which the theorem fails. Then by 3 k > u. By claim [4.6],
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Ny < k. By claim @7 k cannot be singular. By claim 8] k cannot be regular,
because if it were, there would be a A < « such that 2 > k (because k is not
strongly inaccessible). Note that we did use claim to deal with cases where we
couldn’t use the induction hypothesis (for example, in the regular case, it might be
that A < p).

More remarks. Theorem 4] can be generalized to allow parameters:
Suppose € = RCF, and A C €.

Definition 4.9. k —A (u)iﬂmrval means the same as in definition B2 but we

demand indiscernible sequences to be indiscernible over A.
Then we have:

Theorem 4.10. For any cardinal |A| < k such that in [|A], k] there are no inac-

. . el
cessible cardinals, k +a (Ro)y, & .

Proof. The proof goes exactly as in the proof of Theorem 4] but the base case for
the induction is different. There it was @ = k = Ny. Here it is k = |A|. Indeed,
enumerate A = {a;[i<pu}. Let ¢ € € be greater than 0 but smaller than any
element in acl (A). For o < y, let I = (ai, a; + ¢€).

Suppose there is a subset u = {e;[i < w} C p and (b; i < w) such that b; € I,
and (b; [i < w) is non-constant and indiscernible. Let iy = i¢,,1; = 1¢,. Suppose
without loss of generality that ai, < ai,, then by € (ai,, ai, + €), so by < ai,. But
ai, < by — contradiction. O

5. GENERIC PAIR

Here we give an example of an w-stable theory, such that for all weakly generic
pairs of structures M < My the theory of the pair (M, M) has the independence
property. Here is the definition:

Definition 5.1. A pair (M, M1) as above is weakly generic if for all formula ¢ (x)
with parameters from M, if ¢ has infinitely many solutions in M, then it has a
solution in M{\M.

This definition is driven by the well known “generic pair conjecture” (see |7 [5]),
and it is worth while to give the precise definitions.

Definition 5.2. Assume A = A<* > [T| (in particular, A is regular), 2* = AT,
and for all « < A", My E T is of cardinality A. Suppose (My|x <At) is an
increasing continuous sequence. Furthermore, M = |J, . + M« is a saturated
model of cardinality A*. The generic pair property says that there exists a club
E C AT such that for all « < 3 € E, the pair (M, Mg) has the same isomorphism
type.

Proposition 5.3. This is a property of M, and does not depend on the particular
choice of (My).

Proof. Suppose M satisfies the definition The means that M| = AT, M is
saturated, there are (Mq |@ < A1) such that M = J,_,+ M, and there is a club
E C A" such that for all «, B € E such that o < B, the pair (M, M) has the same
isomorphism type. Suppose M = |J .+ N« for another increasing continuous
sequence (Ny oo <At). Let Eg = {6 < AT N5 = M;}. This is a club of A", and so
ENEy is also a club of AT showing that (N) has the same property. O
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Justifying definition 5] we have

Claim 5.4. Assume that M has the generic pair property, and N < Ny = T.
Then (1) implies (2) where:

(1) (N, Ny) have the isomorphism type of a pair (M, M) as in definition
above.
(2) (N,Ny) is weakly generic as in definition (.11

Proof. So suppose that E, (My|oe < AT) is as in definition Suppose «, 3 € E
and o« < B. We are given a formula ¢ (x) with parameter from My, such that
Ny < [@ (My)]. But by saturation of M, A* = [@ (M)|, and M = [J ¢ M, hence
there is some & < B’ € E such that ¢ (Mg) # 0, but as (Mq, Mp) = (Mg, Mp/),
we are done. O

The generic pair property is very important in dependent theories. In fact, they
characterize them: In [6] 5] [7, 8] it is proved that T is dependent iff for large enough
regular A every model of T has the generic pair property (assuming GCH).

Hence it makes sense to ask whether the theory of the pair is dependent.

The answer is no:

Theorem 5.5. There exists an w-stable theory such that for every weakly generic
pair of models M < My, the theory of the pair (M, Mi) has the independence
property.

We shall describe the example:
Let L ={P,R, Q1, Q2} where R, P are unary predicates and Q1, Q2 are binary rela-
tions.
Let M be the following structure for L:

(1) The universe is

M = [uCwlu<wlu
{uv,dluuvCw,lu < w, v <w,icw&uCv=1i< v +1}.
(2) The predicates are interpreted as follows:
o PV —fuCwlul < X},
e RMis M\ (PM),
° Q?X = {(u, (u,v,1)) ’u € PM} and
o Q' ={@, (wvi) vepM]
Let T=Th (M).
As we shall see in the next claim, T gives rise to the following definition:
Definition 5.6. We call a structure (B,U,N,—,C,0) a pseudo Boolean algebra

(PBA) when it satisfies all the axioms of a Boolean algebra except: There is no
greatest element 1 (i.e. remove all the axioms concerning it).

Pseudo Boolean algebra can have atoms like in Boolean algebras (nonzero ele-
ments that do not contain any smaller nonzero elements).

Definition 5.7. Call a PBA of finite type if every element is a union of finitely
many atoms.
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Notation 5.8. For a PBA A, and C C A a sub-PBA, let
Ac = {a cA }Elc eC (a cA c) }, and for a subset D C A, let at(D) be the set of
atoms contained in D.

Proposition 5.9. Every PBA of finite type is isomorphic to (P o (k) ,U,N, —, C, D)
for some k where P_o (k) is the set of all finite subsets of k. Moreover: Assume
A, B are infinite PBAs of finite type and C C A, B is a common sub-PBA. Then, if

(1) lat (ANAc)l = lat (B\Bc)I.
(2) For every c € C, A and B agree on the size of ¢ (the number of atoms it
contains).

Then there is an isomorphism of PBAs f: A — B such that f | C =id.

Proof. The first part follows from the easy observation that in a PBA of finite type,
every element has a unique presentation as a union of finitely many atoms. So if A
is a PBA, and its set of atoms is {a;|i < }, then take a; to {i}.

For the moreover part, first we do a back-and-forth, adding elements a € A and
b € B to the domain and range of a partial isomorphism (starting with id | C) to
extend it to an isomorphism from A¢ to Bc.

Let a € A. First assume a is an atom and that a C ¢ for some ¢ € C. Let d C ¢ be
of maximal size such that d € C. Then a C* ¢ —d, and there must be some b € B
such that b CB ¢ — d (because the size of ¢ and d is the same). Take a to b.

If a is not an atom, but a C c for some ¢ € C, then by the previous case we may
assume that the domain of the isomorphism already contains all of ¢’s atoms. So
¢ € C (as their union) and we are done.

Now, |at (A\Ac)| = |at (B\B¢)|, so any bijection between the set of atoms induces
an isomorphism. O

Claim 5.10. T is w-stable.
Proof. First add new relations to the language, which are all definable —
{Sna gn; Ty, T2, mﬂa UTU € |TI 2 1}

where S, is a unary relation defined on P, C;, is a binary relation defined on P,
71, T are two unary functions from R to P, My, —n are binary functions from S,
to S;, and e is a constant in P. Their interpretation in M are as follows:

m ((u,v,1)) =u, 7o ((u,v,1)) = v.

Foreachl <n<w, S, (v) & v[<n.

Foreachl <n,uCpviff u/<n, v/ <nand uCwv.
unN,v=unvforall u,v e S,.
u—pv=u\vforv<_C, u

uUpv=uUv for u,v € §,;,.

e=10.
Note that they are indeed definable:

(1) 7 (x) is the only y such that Q; (y,x), and similarly for 7.

(2) Let E (x,y) by an auxiliary equivalence relation defined by 7t; (x) = 711 (y)A
T (x) = 12 (y).

(3) e is the unique element in P such that there exists exactly one element z € R
such that 71y (z) = x = 715 (2).
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(4) x Cy y is defined by “Sy (x), Sn (y) and the number of elements in the E
class of some (equivalently any) element z such that 1 (z) =x, 3 (z) =y
is at most n + 1”.

(5) Sn (x) is defined by “P (x) and e C;, X (In particular, e € Sy, for all n).

(6) Ny, and —y, are then naturally definable using C,,. For instance x —y =z
iff x,y,z are in Sy, z C;, x and for each e Zw Cy, y, w ,Q_n Z.

(7) xUny=zif x,y € Sy, z € San, X,y Con z and z —an X Con Y.
Furthermore, Cy[ S, =C, for n < k. Hence every model M of T gives rise
naturally to an induced PBA: BM = (Un SMM M M M eM) where UM =
U{uMIn < w}, and similarly for €M, —M and NM (see definition [B.0).

Claim. In the extended language, T eliminates quantifiers.

Proof. Suppose M,N | T are saturated models, [IM| = [N| and A € M,N is a
common substructure (where |[A| < [MJ). It’s enough to show that we have an
isomorphism from M to N fixing A.

By Proposition [(.9] we have an isomorphism f from BM to BN preserving A (by
saturation and the choice of language, the condition of the proposition are satisfied).
On PM\ (BM U A) there is no structure and it has the same size as PN\ (BN U A)
(namely |N[), so we can extend the isomorphism f to cover PM.

We are left with covering RM: let a € RM, and a; = m; (a) for i = 1,2. Then,
we already know f(ai),f(az). Suppose a; C,, as for minimal n. Then there are
exactly n elements in z € M with 71y (z) = a1,72 (z) = as, also in N, and the
number of such z-s not in A is the same for both M, N. Hence we can take this
E-equivalence class from M to the appropriate class in N.

If not, i.e. a; &n ap for all n, then there are infinitely many elements z in N and
in M with 711 (z) = ai, 73 (z) = as, and again we take this E-class in M outside of
A to the appropriate E-class in N. O

Now we can conclude by a counting types argument. Let M be a countable
model of T. Let p (x) be a non-algebraic type over M. There are some cases:

Case 1. Sy (x) € p for some n. Then the type is determined by the maximal
element ¢ in M such that ¢ C;, x (this is easy, but also follows from Proposition

E9).
Case 2. Sy (x) ¢ p for all n but P (x) € p. Then x is already determined — there
is nothing more we can say on x.

Case 3. R(x) € p. Then the type of x is determined by the type of (711 (x), 712 (x))
over M.

So the number of types over M is countable. O
Proposition 5.11. A generic pair of models of T has the independence property.

Proof. Suppose (M, Mj) is a generic pair (see definition [5.1]). We think of it as a
structure of the language Lg, where Q is interpreted as M. Consider the formula

@ (x,y) =Px) APy NIz & Q(Q1(x,2) NQ2(y,2)).
This formula has IP: Let {a; [i < w} € M be elements from PM such that a € SM
(as in the language of the proof of B.I0), i.e. they are atoms in the induced PBA,
and ai # aj for i #j. For any finite s C w of size n, there is an element by € pM
be such that a; CM by for all i € s. Then for all i € w, @ (a;,bs) iff i ¢ s:
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If ¢ (ai,bs) there are infinitely many z-s in M such that Q; (ai,z) /A Q2 (bs,z)
(otherwise they would all be in M). This means that a; M bs — a contradiction.
On the other direction, the same exact argument works, but this time use the fact
that the pair is generic. 0
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