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ABSTRACT. Mixed 3-structures are odd-dimensional analogues of paraquater-
nionic structures. They appear naturally on lightlike hypersurfaces of almost
paraquaternionic hermitian manifolds. We study invariant and anti-invariant
submanifolds in a manifold endowed with a mixed 3-structure and a compat-
ible (semi-Riemannian) metric. Particular attention is given to two cases of
ambient space: mixed 3-Sasakian and mixed 3-cosymplectic.
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1. INTRODUCTION

The counterpart in odd dimension of a paraquaternionic structure was introduced
in [8]. It is called mixed 3-structure, and appears in a natural way on lightlike hy-
persurfaces in almost paraquaternionic hermitian manifolds. Such hypersurfaces
inherit two almost paracontact structures and an almost contact structure, satisfy-
ing analogous conditions to those satisfied by almost contact 3-structures [14]. This
concept has been refined in [3], where the authors have introduced positive and neg-
ative metric mixed 3-structures. The differential geometry of the semi-Riemannian
hypersurfaces of co-index both 0 and 1 in such manifolds has been recently in-
vestigated in [II]. In the present paper, we discuss non-degenerate invariant and
anti-invariant submanifolds in manifolds endowed with metric mixed 3-structures,
the relevant ambients being mixed 3-Sasakian and mixed 3-cosymplectic.

The paper is organized as follows. In Section 2 we recall definitions and basic
properties of manifolds with metric mixed 3-structures. In Section 3 we establish
several results concerning the existence of invariant and anti-invariant submanifolds
in a manifold endowed with a metric mixed 3-structure, tangent or normal to the
structure vector fields. Particularly, we show that an invariant submanifold is ei-
ther tangent or normal to all the three structure vector fields. Moreover, we prove
that a totally umbilical submanifold of a mixed 3-Sasakian manifold, tangent to the
structure vector fields, is invariant and totally geodesic. This section ends with a
wide range of examples. In Section 4 we study the anti-invariant submanifolds in a
manifold endowed with a mixed 3-cosymplectic or mixed 3-Sasakian structure, nor-
mal to the structure vector fields. In particular, necessary and sufficient conditions
are provided for the connection in the normal bundle to be trivial. We also provide
an example of an anti-invariant flat minimal submanifold of Sgg]tf, normal to the
structure vector fields. Section 5 discusses the distributions which naturally appear
on invariant submanifolds of manifolds endowed with metric mixed 3-structures,
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tangent to the structure vector fields. Moreover, we obtain that a non-degenerate
submanifold of a mixed 3-Sasakian manifold tangent to the structure vector fields
is totally geodesic if and only if it is invariant. In the last Section we investigate the
geometry of invariant submanifolds of mixed 3-cosymplectic manifolds, normal to
the structure vector fields and prove that such a submanifold admits a para-hyper-
Kahler structure.

2. PRELIMINARIES

An almost product structure on a smooth manifold M is a tensor field P of type
(1,1) on M, P # +1Id, such that

P? = Jd.

where Id is the identity tensor field of type (1,1) on M.
An almost complex structure on a smooth manifold M is a tensor field J of type
(1,1) on M such that
J? = —Id.
An almost para-hypercomplex structure on a smooth manifold M is a triple
H = (Ja),-13, Where Ji, J2 are almost product structures on M and Js is an
almost complex structure on M, satisfying:

JiJy = =JoJ1 = J3.

A semi-Riemannian metric g on (M, H) is said to be compatible or adapted to
the almost para-hypercomplex structure H = (Jo),_13 if it satisfies:

g(JlX, J1Y) = g(JQX, JQY) = —g(J3X, J3Y) = —E(X, Y)

for all vector fields X,Y on M. Moreover, the triple (M, g, H) is said to be an almost
para-hyperhermitian manifold. If {J1, J2, J3} are parallel with respect to the Levi-
Civita connection of g, then the manifold is called para-hyper-Kéahler. Note that,
given a para-hypercomplex structure, compatible metrics might not exist at all, at
least in real dimension 4, as recently shown in [4], using an Inoue surface.

An almost hermitian paraquaternionic manifold is a triple (M, o,g), where M is
a smooth manifold, o is a rank 3-subbundle of End(T'M) which is locally spanned
by an almost para-hypercomplex structure H = (Ja)a:ﬁ and g is a compatible
metric with respect to H. Moreover, if the bundle ¢ is preserved by the Levi-Civita
connection of §, then (M,o,q) is said to be a paraquaternionic Kihler manifold
[6]. The prototype of paraquaternionic Kéhler manifold is the paraquaternionic
projective space P"(B) as described by Blazié [2].

A submanifold M of a quaternionic Kihler manifold M is called quaternionic
(respectively totally real) if each tangent space of M is carried into itself (respec-
tively into its orthogonal complement) by each section of o. Several examples of
paraquaternionic and totally real submanifolds of P™(B) are given in [7] [16].

Definition 2.1. Let M be a differentiable manifold equipped with a triple (¢, £, 7),
where ¢ is a field of endomorphisms of the tangent spaces, £ is a vector field and 7
is a 1-form on M. If we have:

(1) P =7(-I+n®E), nE =1

then we say that: o
() (¢,&,m) is an almost contact structure on M, if 7 =1 ([I1T]).
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(ii) (¢,&,n) is an almost paracontact structure on M, if 7 = —1 ([I8]).

We remark that many authors also include in the above definition the conditions
that

(2) p =0, nop=0,
although these are deducible from () (see [1).

Definition 2.2. A mixed 3-structure on a smooth manifold M is a triple of struc-
tures (¢a,€a, Na), @ € {1,2,3}, which are almost paracontact structures for o = 1,2
and almost contact structure for a = 3, satisfying the following conditions:

(3) 1a(8s) =0,

(4) Pa(8p) = 188y, 98(la) = —Tady,

() Nl ©Pp = ~1p © Pa = Tylly

(6) Paps = Tallp @ Ea = —PpPa + Tlla © s = TPy

where («, 8,7) is an even permutation of (1,2,3) and 71 =75 = —13 = —1.

Moreover, if a manifold M with a mixed 3-structure (¢q, &aq, na)a:ﬁ admits a
semi-Riemannian metric g such that:

(7) (o X, 0aY) = 1a[g(X,Y) — ana(X)na(Y)],

for all X, Y € ['(TM) and a = 1,2, 3, where £, = §(£a,&a) = £1, then we say that
M has a metric mixed 3-structure and g is called a compatible metric.

From () we obtain
(8) 1a(X) = €ag(X,8a), 9(0aX,Y) = —g(X, paY)

for all X,Y € I(TM) and a = 1,2, 3.
Note that if (M, (pa, €a, Na)a=13:9) is a manifold with a metric mixed 3-structure
then from (B) it follows

9(&1,61) = 9(62,&2) = —7(63,83)-

Hence the vector fields &; and & are both either space-like or time-like and these
force the causal character of the third vector field 3. We may therefore distinguish
between positive and negative metric mixed 3-structures, according as &; and &
are both space-like, or both time-like vector fields. Because one can check that,
at each point of M, there always exists a pseudo-orthonormal frame field given
by {(E;, golEi,cngi,cngi)i:ﬁ,51,52,53} we conclude that the dimension of the
manifold is 4n 4+ 3 and the signature of g is (2n + 1, 2n + 2), where we put first the
minus signs, if the metric mixed 3-structure is positive (i.e. 1 = g9 = —e3 = 1),
or the signature of g is (2n + 2,2n + 1), if the metric mixed 3-structure is negative
(ZE €1 = €92 = —€3 = —1)

Remark 2.3. For the time being, it is not known wether a mixed 3-structure always
admits both positive and negative compatible semi-Riemannian metrics or not. The
cited result in [4] suggests a negative answer, but we do not have a proof.
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Definition 2.4. Let (M, (¢a;&asTa)q=13,9) be a manifold with a metric mixed
3-structure.

(2) If (9017 517 m, g)? (9027 527 n2, g) are para—cosymplectic structures and (@37 537 ns, g)
is a cosymplectic structure, i.e. the Levi-Civita connection V of g satisfies

(9) Vo =0
for all v € {1,2,3}, then ((¢a;&asTa)a=13,7) is said to be a mixed 3-cosymplectic

structure on M.

(i9) If (p1,&1,m,9), (p2,&2,1m2,7) are para-Sasakian structures and (3, &3, 73,7)
is a Sasakian structure, i.e.

(10) (vX%l)Y = Tal9(X,Y)Ea — €ana(Y)X]

for all X,Y € T(T'M) and « € {1,2,3}, then ((¢a,&a,7a)a—13,9) is said to be a
mixed 3-Sasakian structure on M.

Note that from (@) it follows:

(11) V&, = 0, (and hence V7, = 0),
and from (0] we obtain
(12) nga = _Easanu

for all a € {1,2,3} and X € I'(TM).
Like their Riemannian counterparts, mixed 3-Sasakian structures are Einstein,
but now the scalar curvature can be either positive or negative (see [3] [10]):

Theorem 2.5. Any (4n + 3)—dimensional manifold endowed with a mized 3-

Sasakian structure is an Einstein space with FEinstein constant A = (4n + 2)e,
with € = F1, according as the metric mized 3-structure is positive or negative,
respectively.

Several examples of manifolds endowed with metric mixed 3-structures are given
in [9} [I1]: Rgﬁﬁ admits a positive mixed 3-cosymplectic structure, Rgﬁig admits a
negative mixed 3-cosymplectic structure, the unit pseudo-sphere Ségif and the real
projective space Pégj{f (R) are the canonical examples of manifolds with positive
mixed 3-Sasakian structures, while the unit pseudo-sphere S;lgig and the real pro-
jective space Py t3(R) can be endowed with negative mixed 3-Sasakian structures.

Let (M,g) be a semi-Riemannian manifold and let M be an immersed subman-
ifold of M. Then M is said to be non-degenerate if the restriction of the semi-
Riemannian metric g to 7'M is non-degenerate at each point of M. We denote by
g the semi-Riemannian metric induced by g on M and by TM~ the normal bundle
to M. Then we have the following orthogonal decomposition:

TM=TM&TM™*.
Also, we denote by V and V the Levi-Civita connection on M and M, respec-
tively. Then the Gauss formula is given by:
(13) VxY =VxY +h(X,Y)
for all X,Y € I'(TM), where h : T(TM) x I'(TM) — I'(TM*) is the second
fundamental form of M in M.
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On the other hand, the Weingarten formula is given by:
(14) VxN = —-AnX + VN

for any X € I'(TM) and N € T'(TM*), where —AxX is the tangential part
of VxN and Vg-(N is the normal part of VxN; Ay and V= are called the shape
operator of M with respect to N and the normal connection, respectively. Moreover,
h and Ay are related by:

for all X,Y € T(TM) and N € T(TM™).

For the rest of this paper we shall assume that the induced metric is non-
degenerate.

3. BASIC RESULTS

Definition 3.1. A non-degenerate submanifold M of a manifold M endowed with
a metric mixed 3-structure ((¢a,&asMa)q=13,9) is said to be:

(¢) invariant if oo (Tp,M) C T,M, for allp e M and a =1,2,3;

(i1) anti-invariant if o (T,M) C T,M>*, for all p € M and o = 1,2, 3.
Lemma 3.2. Manifolds with metric mized 3-structure do not admit anti-invariant
submanifolds tangent to the structure vector fields &1,&2,&3.

Proof. If we suppose that M is an anti-invariant submanifold of the manifold M
endowed with a metric mixed 3-structure ((¢a, {asMa)a=13, ), tangent to the struc-
ture vector fields, then it follows

pals) € MY, o # 6.
On the other hand, we have from (@) that
pal€s) = 56, € T, M,
for any even permutation («, 8,7) of (1,2,3). So
& € T,MNT,M*+ = {0},
which is a contradiction. O

On the contrary, in mixed 3-Sasakian ambient, a submanifold normal to the
structure fields is forced to be anti-invariant:

Lemma 3.3. Let M be a non-degenerate m-dimensional submanifold of a (4n+3)-

dimensional mized 3-Sasakian manifold (M, a,8a,Na)a=13,9)- If the structure
vector fields are normal to M, then M is anti-invariant and m < n.

Proof. By using (I2)) and Weingarten formula, we obtain for all X,Y € I'(T M):
9(paX,Y) = _Eag(vaou V) =cag(A4e, X,Y)
and similarly we find
9(0aY, X) = €ag(Ae, Y, X).
But since Ag is a self-adjoint operator, it follows using also () that we have
70X, Y)=0,VX,Y e T(TM), a=1,2,3.

Therefore M is anti-invariant and m < n follows.
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Corollary 3.4. There do not exist invariant submanifolds in mized 3-Sasakian
manifolds normal to the structure vector fields. In particular, this is the case for
the ambients: Syit3, Syrts, Pant3(R) and Pyl 3 (R).

Remark 3.5. Let (M, (¢as€asma)o=13,9) be a manifold endowed with a metric
mixed 3-structure and let M be an anti-invariant submanifold of M, such that
the structure vector fields are not all normal to the submanifold. Hence we have
};p # 0, for « = 1,2 or 3, where {gp denotes the tangential component of £y,
pe M.

We consider the subspaces §f) CT,M, &, CT,M +, given by

5; = Sp{é{paé%pvgép}v 5;7} = Sp{g?paggpvggp}a

where £, denotes the normal component of {,p, and let (), be the orthogonal com-
plementary subspace to {; in T,M, p € M. Therefore we have the decomposition
T,M =&, © Qp.

Now, we put D;p, = ¢;i(Qp), ¢ € {1,2,3}, and note that Dip, Dap, D3, are mu-
tually orthogonal non-degenerate vector subspaces of T, M . Moreover, if we let
D, = Dip @® D2p @ D3p we note that D), and £ are also mutually orthogonal
non-degenerate vector subspaces of T, M L. Letting DIJ; be the orthogonal com-
plementary subspace of {; & D), in T, M L we have the orthogonal decomposition
TpML =& ®Dpd sz. Note that sz is invariant with respect to p;, ¢ € {1,2, 3}.

We now prove a rather unexpected result concerning the dimensions of subspaces
55 CTp,M and & C T,M~.

Proposition 3.6. Let (M4n+3, (Pas€asNa)a=13,9) be a manifold endowed with a

metric mized 3-structure and let M be an anti-invariant submanifold of M, such
that the structure vector fields are not all normal to the submanifold. Then dim {; =
1 and dim§; = 2.

Proof. We put q = dim{é, r = dim{;. If the dimension of Q) is s, then it is
obvious that the dimension of D, is 3s. On the other hand, since the subspace le
is invariant with respect to each ¢, it follows that its dimension is 4¢. Taking into
account that we have the decomposition

T,M=T,M&T,M"=¢ aQ,dE ®Dy,®Dy
we obtain
In+3=4t+4s+r+q

and so we deduce that ¢ +r = 3 mod 4. In view of LemmaB.2 and since &, # 0,
for « = 1,2 or 3, we have that ¢,r € {1, 2,3} and so we conclude that (¢ =1, r = 2)
or (=2, r=1).

We distinguish two cases.
Case 1. If £}, = 0, then , is tangent to M and using (]) and taking into account
that M is anti-invariant, we obtain that £g and &, are both normal to M, where
{a, 8,7} = {1,2,3}. Therefore we have ¢ =1 and r = 2.
Case II. If &, # 0, then we prove that is not possible to have ¢ = 2 and r = 1.
Indeed, if r = 1, then

Eop = €y Ep = VEy,
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where {«, 8,7} = {1, 2,3}, and from (§)) we obtain

(16) g(goaé-gzﬂ Zp) = g(goaé-gzﬂggp) = g(goaggp7 :,ylp) = 0

Since each 7; vanishes on @, i € {1,2,3}, making use of (@), (@) and &) we
derive for all X € Qy:

(17) 9(Pabaps PaX) = g(valap 8X) = 9(vadhp 91 X) = 0.

On the other hand, since DIJ; is invariant with respect to ¢, we also obtain
using (®) that we have:

(18) g(‘Paggpa U)= _g(ggp7 al) =0,

forall U € Dé'
From (IG), (I7) and (I8) we deduce that ¢,&, € T,M. On the other hand,
taking account of (2 and since M is anti-invariant, we obtain

‘Pafgp = _4%70452;0 € TPML'

Therefore it follows that &, = 0 and using @) we get

OZ@Z Zp :Ta[na( Zp) ();p_'—(nﬂt( Zp)_l) Zp]’

which leads to a contradiction: 0 = 1,(£3,) = 1. Therefore it is not possible that
g=2andr=1. O

Corollary 3.7. Let (HMH, (¢as€asMa)a=t3,9) be a manifold endowed with a

metric mized 3-structure and let M be an anti-invariant submanifold of M, such
that §(tlp # 0, for allp € M and a = 1,2 or 3. Then it follows that the mapping

E:peM— {Zt) C T,M defines a non-degenerate distribution of dimension 1 on
M.

In general, an invariant submanifold of a mixed 3-structure is either tangent or
normal to all the three structure vector fields (this is the motivation for the analysis
in the last two sections of the paper):

Proposition 3.8. Let (M, (¢a;&a;Na)a=13 9) be a manifold endowed with a met-

ric mized 3-structure and let M be an invariant submanifold of M. Then the
structure vector fields are all either tangent or normal to the submanifold.

Proof. We suppose that we have the decomposition:
(19) o =& + &0,

where £, denotes the tangential component of &, and £ is the normal component
of &,.
Applying now ¢, in ([[9) and taking account of (2)) we obtain:

paly = —pak, € T(TM),

since M is an invariant submanifold of M.
On the other hand, we derive from () that we have for all X € I'(T'M):

g(@aggax) = _g(gga @QX) =0.
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Therefore we deduce that ¢,&" = 0 and so p,&, = 0. Using now (1) and (I9)
we find

0= wi&é = Ta[_gg + Na (gg)ga]
Ta|(1a(€5) — D&, +na(€0)E0]-

Consequently, if &, # 0 and £7 # 0, we obtain a contradiction equating the
tangential and normal components in the above relation. Hence we deduce that
&, is either tangent or normal to the submanifold. Finally, it is obvious that if
one of the structure vector fields is tangent to the submanifold, then from () it
follows that the next two structure vector fields are also tangent to the submanifold,
because the tangent space of an invariant submanifold is closed under the action of

(‘Poz)a:ﬁ' u

As in the Riemannian case, we have:

Proposition 3.9. Let (M, (¢a,8a,Ma)0=13:9) be a mived 3-cosymplectic or mized
3-Sasakian manifold and let M be a totally umbilical submanifold tangent to the
structure vector fields. Then M is totally geodesic.

Proof. If M is a mixed 3-cosymplectic manifold, then from Gauss formula and ()
we obtain:

0= vXgoz = VXga + h(nga)
for all X € T'(TM) and « = 1,2, 3. Therefore, equating the normal components we
find:

(20) h(X,E4) = 0.
If M is a mixed 3-Sasakian manifold, then from Gauss formula and ([Z) we
similarly obtain: -
_Ea(an = nga = nga + h(X, 6(1)'
Taking X = £, in the above equality and using (2] we derive:
0= vﬁaga + h(gonga)
and so we get:
(21) h(€a,&a) = 0.

On the other hand, since M is totally umbilical, its second fundamental form
satisfies:

(22) hMX,Y)=g(X,Y)H

for all X,Y € I'(T' M), where H is the mean curvature vector field on M.
Taking X = Y = ¢, in 22) and using (20) - if the manifold M is mixed 3-
cosymplectic, or (ZI)) - if the manifold M is mixed 3-Sasakian, we obtain

0=¢e,H
and therefore H = 0. Using again (22)) we obtain the assertion. (]

Corollary 3.10. A totally geodesic submanifold of a mized 3-Sasakian manifold,
tangent to the structure vector fields, is invariant.

Proof. From ([[2) we obtain that
0aX = —aVxEa € D(TM), VX € D(TM)

and the conclusion follows. O
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3.1. Examples.

3.1.1. Images of holomorphic maps. Let M, M’ be manifolds endowed with met-
ric mixed 3-structures ((¢a;&asMa)a=139)s (Po:&asM0)a=13,9"). We say that a
smooth map f : M — N is holomorphic if the equation

(23) feopa =0 fs
holds for all & € {1,2,3}.

We remark now that if f is an holomorphic embedding such that the image of
f, denoted by N’ = f(M), is a non-degenerate submanifold, then it is an invariant
submanifold. Indeed, if we consider X,,Y, € I'(T'N’) such that f.X = X, and
f+Y =Y., where X, Y € I'(T'M), we obtain using (23)):

(P;X* = (P:lf*X = f*(SDaX) € F(TN/)

and therefore N’ is an invariant submanifold of M.

On the other hand, we can remark that if M is a manifold endowed with a metric
mixed 3-structure ((Pa,&a;Na)o=139) and M " is an invariant submanifold of M,
tangent to the structure vector fields, then the restriction of ((¢a;&a;Ma)o=13,9) to
M’ is a metric mixed 3-structure and the inclusion map ¢ : M’ — M is holomorphic.

3.1.2. Correspondence between submanifolds of mized 3-Sasakian manifolds and
paraquaternionic Kdahler manifolds via semi-Riemannian submersions. Consider
the semi-Riemannian submersion 7 : Sg;’_tf — P™(B), with totally geodesic fi-
bres S3. It was used by Blazi¢ in order to give a natural and geometrically oriented
definition of the paraquaternionic projective space [2I. If ((¢a,&ar7a)a=i3,9) 18
the standard positive mixed 3-Sasakian structure on 5’32113 (see [9]), then the semi-
Riemannian metric g’ of P™(B) is induced by

g (XY om=g(X" V"),
for all vector fields X', Y’ € T'(P"(B)), where X", Y" are the unique horizontal lifts

of X', Y on S3n3. Moreover, each canonical local basis H = (Ja)a=13 of P"(B)

is related with structures (¢a),-13 of Sgﬁif by

JOZX/ = T (QOOZXh)7

for any X’ € T'(P"(B)).

Let now M be an immersed submanifold of Ségif and let N be an immersed sub-
manifold of P"*(B) such that 7=(IN) = M. Then we have that NN is a paraquater-
nionic (respectively totally real) submanifold of P"(B) if and only if M is an in-
variant (respectively anti-invariant) submanifold of Sgﬁif , tangent (respectively
normal) to the structure vector fields.

In particular, if we consider the canonical paraquaternionic immersion i : P™(B) —
P"(B), where m < n, we obtain that M = Sy7? is an invariant totally geo-
desic submanifold of Sgﬁif , tangent to the structure vector fields. Similarly, if
we take the standard totally real immersion ¢ : P/*(R) — P™(B), where m < n
and v € {0,...,m}, we conclude that M = SI" is an anti-invariant totally geodesic
submanifold of S3/'f7, normal to the structure vector fields.

Moreover, it can be proved that if 7 : M — N is a semi-Riemannian submer-
sion from a mixed 3-Sasakian manifold onto a paraquaternionic Kéhler manifold
which commutes with the structure tensors of type (1,1) (we note that the cor-

responding notion in the Riemannian case was studied in [19]), and M’, N’ are
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immersed submanifolds of M and N respectively, such that 7=*(N’) = M’, then
M’ is an invariant (respectively anti-invariant) submanifold of M, tangent (respec-
tively normal) to the structure vector fields if and only if N’ is a paraquaternionic
(respectively totally real) submanifold of N.

3.1.3. Fibre submanifolds of a semi-Riemannian submersion. Let m be a semi-
Riemannian submersion from a manifold M endowed with a metric mixed 3-structure
((Pas§as Ma) =13 9) onto an almost hermitian paraquaternionic manifold (N, o, g'),
which commutes with the structure tensors of type (1,1). The horizontal and ver-
tical distributions induced by 7 are closed under the action of ¢,, « = 1,2, 3, and
therefore we conclude that the fibres are invariant submanifolds of M. Moreover,
we have
Joﬂr*ga = W*@aéa = 07

for « = 1,2, 3, and hence we deduce that &, s, &3 are vertical vector fields.

In particular, since the semi-Riemannian submersion 7 : Sy — P"(B) given
above commutes with the structure tensors of type (1,1), we have that S is an

invariant submanifold of Sggif , tangent to the structure vector fields.

3.1.4. The Clifford torus Sl(%) X Sl(%) C S7. Let S7 be the 7-dimensional
unit pseudo-sphere in R, endowed with standard positive mixed 3-Sasakian struc-
ture ((Pa;8arNa)aztz 9) (see [9]). Let H = {Ji,J2,J3} be the almost para-
hypercomplex structure of R§ defined by
Jl((xl)z:m) = (_I7a T8, —T5,T6, —L3, T4, —T1, IQ)v
JQ(('I) r) = (.Ig, L7, L6, L5, L4, L3, L2, Il)a
((I’L)l 1, 8) - (_IQ; T1, —T4,T3, —T6, L5, —I8, $7)7

which is compatible with the semi-Riemannian g on R, given by

()15 (W) Z w3y + szyz

ﬁ’ we consider the submanifold M = Sl(%) X

S’l( ) of S7 The position vector X of M in S7 in R} has components given by

If S 1( 5) is a circle of radius

N =—(0,0,0,0, cosui, sin u1, cos ug, sin uz),

V2

u; and us being parameters on each S*.
The tangent space is spanned by {X1, X2}, where

1

—(0,0,0,0, —sinwu, cosug, 0,0),

V2
1

—(0,0,0,0,0,0, — sinusg, cos uz)

V2

and the structure vector fields &1, &2, &3 of S% restricted to M are given by

&=

X, =

X, =

(cosug, — sinug, cosuy, — sinuy, 0,0, 0,0),

V2

(— sinug, — cosug, — sinuy, — cosus, 0,0,0,0),

b=

Sl
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&3 = %(O, 0,0,0,sinuy, — cosuy, sin ug, — cos usg).
Since poX is the tangent part of J, X, for all X € I'(T'M) and « € {1,2,3} (see
[9]), we obtain:
9(paXi, X;j) = g(JaXi, X;) =0,
for all @ € {1,2,3} and 4,5 € {1,2}. Therefore M is an anti-invariant submanifold
of S7. On the other hand, it is easy to verify that &, &> are normal to M and since
&3 = — X1 — Xo, we deduce that &3 is tangent to the submanifold.

4. ANTI-INVARIANT SUBMANIFOLDS OF MANIFOLDS ENDOWED WITH METRIC
MIXED 3-STRUCTURES, NORMAL TO THE STRUCTURE VECTOR FIELDS

Let M be an n-dimensional anti-invariant submanifold of a manifold endowed
with a metric mixed 3-structure (M, (¢q, €a, Na)a=13:9)- From Lemma it fol-
lows that the structure vector fields &1, &2, €3 cannot be tangent to M, unlike the case
of anti-invariant submanifolds in manifolds endowed with almost contact structures,
where the structure vector field can be both tangent and normal (see [12} 13}, [15] 21]).
Next we suppose that the structure vector fields are normal to M.

Define the distribution & = {&1} @ {&} @ {&s} and set Doy = wo(Tp,M), for
p € M and o = 1,2,3. We note that Dy, Dy, D3, are mutually orthogonal
non-degenerate vector subspaces of 1, M L. Indeed, by using () and (8) we obtain

9(paX, ppY) = —7g(X, (paSDBY) = —TVE(X, (p’YY) =0
for all X,Y € T,M, where («, 3,7) is an even permutation of (1,2, 3).
Moreover, the subspaces
Dp =Di1p ® Doy ®Ds3p, pe M

define a non-trivial subbundle of dimension 3n on TM~. Note that D and ¢ are mu-
tually orthogonal subbundle of TM* and let D+ be the orthogonal complementary
vector subbundle of D @ € in TM~. So we have the orthogonal decomposition:

TM*+*=DaeDract
Lemma 4.1. (i) 9oDap CTyM,Vpe M, o =1,2,3.
(i1) YaDap C Dyp, Vp € M, a =1,2,3.
(iii) The subbundle D+ is invariant under the action of v, o =1,2,3.
(iv) p2(TM*+) C TM*, Vo =1,2,3.

Proof. (iv) is a consequence of the first three claims. () and (i¢) follow, respectively,
from () and (@). It remains to prove (iii). If U € I'(D*), then using @) and (8]
we obtain

g(‘PaUv 504) = _E(Ua @a&a) =0, a=1,2,3.
Similarly, using @) and (&) we get
g((anv 5,3) = —E(U, 90015,3) = —TB?(U, 6’7) =0

for any even permutation («, 3,7) of (1,2, 3).

On the other hand, if U € T'(D1) and X € (T M), then using () and (8) we
obtain:

g((ana (PaX) = _E(Uv (p(zxX) = Tag(UvX) =0, a=1,2,3

and similarly, using (@) and (8]) we have

9(pal, 0pX) = —g(U, pappX) = —7,9(U, p, X) =0
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for any even permutation (v, 8,7) of (1,2,3). This ends the proof. O

Lemma 4.2. If M is an anti-invariant submanifold of a mized 3-cosymplectic or
mized 3-Sasakian manifold (M, (Pa;Sa;sNa)o=13,9), normal to the structure vector

fields, then the distribution & on M is integrable.
Proof. If M is a mixed 3-cosymplectic manifold then the assertion is a direct con-

sequence of ([[I)). On the other hand, if M is a mixed 3-Sasakian manifold, then
using @) and ([Z) we obtain for any N € I'(D @ D1):

9([€a, €8], N) = (€87 + €a78)9(&5, N) =0
for any even permutation («, 3,7) of (1,2, 3). O

Lemma 4.3. If M is an anti-invariant submanifold of a mixed 3-cosymplectic or

mized 3-Sasakian manifold (M, (Pa;EasNa)a=13 9), normal to the structure vector
fields, then the following equation holds good:

RY(X,Y)éq =0, VX, Y € (TM), a =1,2,3.
Proof. From the Weingarten formula we have for any X € I'(TM) and a = 1,2, 3:
(24) nga = _AﬁaX + vg_(ga-

If M is mixed 3-cosymplectic, then identifying the normal components in (II]) and
[24) we obtain:
Viéa =0,YX € I(TM), a=1,2,3,
and the conclusion follows.
If M is mixed 3-Sasakian, from (I2]) and (24) we obtain in a similar way that

(25) Vila = —€apaX, VX € T(TM), a =1,2,3.
Using now the Gauss and Weingarten formulas, we get
(26) (Vxga)Y = —Ap,y X + Vx@aY — 0o VxV = pah(X,Y),

for XY eT(TM) and a = 1,2, 3.
On the other hand, from ({0} we obtain
(VX@Q)Y = Tag(X,Y)éa.
Identifying now the normal components in the last two equations we derive:
(27) VipaY = 109(X,Y)éa + ¢aVxY + (pah(X,Y))"

where (¢,h(X,Y))™ denotes the normal component of p,h(X,Y).
Using now (25]) and (21)) we deduce

Vﬁ}V{;{a = —a[ag(X,Y)éa + 0aVxY + (pah(X,Y))"]
and
V)L’VJXga = —¢€a[Tag(Y; X)a + pa Vy X + (0o h(Y, X))"].
Finally we derive:

RY(X,Y)a = VxVyéa—VyVxéa — Vixyila
= 5&(‘PQVYX - @QVXY) + EaPa [X7 Y]
0.
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We can now prove the main result of this section: the flatness of the normal
connection of an anti-invariant submanifold in a mixed 3-Sasakian or mixed 3-
cosymplectic manifold implies strong restrictions on the behavior of the submanifold
(compare with [20, Theorem] for totally real submanifolds in K&hler manifolds
(where flat normal connection implies flatness of the submanifold) and with [15]
Proposition 11] and [21I] Corollary 2.1, page 126], for anti-invariant submanifolds
in Sasakian manifolds).

Theorem 4.4. Let M be an anti-invariant submanifold of minimal codimension in
a manifold M endowed with a metric mized 3-structure ((Pa,Ea, No)a=13>7)s sSuch
that the structure vector fields are normal to M.

(3) If (M, (PusEas Na)a=13:9) 18 a mived 3-cosymplectic manifold, then Rt=0
if and only if R =0.

(id) If (M, (Pas€asNa)a=iz:9) 15 @ mized 3-Sasakian manifold, then the con-
nection in the normal bundle is trivial if and only if M is of constant sectional
curvature F1, according as the metric mized 3-structure is positive or negative,
respectively.

Proof. 1f the dimension of M is (4m + 3), since the submanifold M is of minimal
codimension, then from Lemma [B.3]it follows that the dimension of M is m and so
D+ = {0}. Therefore we have the orthogonal decomposition

TM+ =Dt

On the other hand, identifying the tangential components, from (1) and (24
- if M is a mixed 3-cosymplectic manifold, or from ([I2)) and @4)) - if M is mixed
3-Sasakian manifold, it follows that

(28) Ae. X =0, YX e T(TM), o =1,2,3.
From (I8) and (28)) we can deduce
WX,Y) e (D), VX,Y € [(TM)
and so we have
(29) wah(X,Y) € T(TM), VX,Y € T(TM), a=1,2,3.

Suppose now that M is mixed 3-cosymplectic. Then, taking into account (@) and
[29) in 20) and equating the normal components, we obtain

(30) VxwaY = 0o VxY, VX, Y € I(TM), a=1,2,3.
Using now (B0) we obtain for all X,Y,Z € I'(TM) and « € {1,2,3}:
RJ_(Xv Y)paZ = V)L(V#@az - VXJ;VAJ)_(S"&Z - V[JE(,Y](paZ

= V)L((anyZ) - v}l/(%’avXZ) —¢aVixyZ
= 9©aVxVyZ —0uaVyVxZ — poVixy|Z
paR(X,Y)Z
and (i) follows from the above equation and Lemma

For (ii), let M be mixed 3-Sasakian. Then from [@27) and [29) we deduce that
we have for all X, Y e I'(T'M) and o € {1,2,3}:

(31) Vg_{@ay = Tag(X, Y)fa + oaVxY.
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Using now (25]) and (BII) we derive
RYX,Y)paZ = VxVyaZ —VyVxpaZ = Vixy|paZ

= Vx[rag(Y, Z)éa + ¢aVy Z]
—V#[Tag(X, Z)a + aVxZ]
—[1ag([X, Y], Z)€0 + ‘Pozv[X,Y]Z]

= 7aXg(Y, 2)é0 — eaTag(Y, Z)paX + 10g(X, Vy Z)E,
—1aY 9(X, 2)0 + €aTag(X, Z)0aY — 10ag(Y,Vx Z)&,
"FSDQVXV)/Z — QDQVYVXZ
—Tag([X, Y], Z)6a — @aV[X,Y]Z)

= o R(X,Y)Z —catalg(Y, Z)paX — 9(X, Z)paY]
+7a[Xg(Y, Z) = Yy(X, Z) + 9(X,Vy Z)
—9(Y,VxZ) - g(VxY,Z) + g(Vy X, Z)|¢a.

Therefore, as V is a Riemannian connection, we deduce
(32)  RUX,Y)paZ = 9aR(X,Y)Z ~ eatalg(Y, Z)paX — g(X, Z)paY]

forall X,Y,Z € T'(TM) and « € {1,2,3}.

If the connection of the normal bundle is trivial, i.e. R+ = 0, then from (B2)
we obtain that M has constant sectional curvature €,7,. The conclusion follows
now taking into account that £,7, = —1 if the metric mixed 3-structure is positive,
respectively €,7, = 1 if the metric mixed 3-structure is negative.

Conversely, if M is of constant sectional curvature F1, according as the metric
mixed 3-structure is positive or negative, then from ([B2) we obtain

RY(X,Y)paZ =0, VX,Y,Z e T(TM), a =1,2,3.

On the other hand, from Lemma we see that the curvature tensor of the
normal bundle annihilates the structure vector fields. Therefore R+ = 0, i.e. the
connection in the normal bundle is trivial. O

4.1. An example of an anti-invariant submanifold M of minimal codimen-
sion in a mixed 3-Sasakian manifold M, such that the structure vector
fields are normal to M.

Let H = {Jy, Jo, J3} be the almost para-hypercomplex structure on Réﬁig, given
by

J1((%i) it anra) = (—Tan+3, Tanta, —Tant1, Tan2, oy —T3, T4, —T1, T2),
J2((20);—Tmga) = (Tan+4, Tants, Tant2, Tant1, ., T4, T3, T2, T1),

J3((I’L)z:m) = (_I27 L1y —T4, T3y ey —T4n42, Todn41, —Ldn+4, I4n+3)'

It is easily checked that the semi-Riemannian metric

2n+2 4n+4
9@t W) imtamma) = — D, i+ Y, Ty
i=1 1=2n+3

is adapted to the almost para-hypercomplex structure H given above.
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Let Sgﬁif be the unit pseudo-sphere with standard positive mixed 3-Sasakian
structure ((Pa,&a;Na)a=13,9). This structure is obtained by taking Sgﬁif’ as hy-
persurface of (Rgﬁig, ) (see [9]). Let T™ be the n-dimensional real torus S* x ... x S,

—_———
n
where S1 is the unit circle. We can construct a minimal isometric immersion

f:Tm™ — Syt defined by
1

flug, ... u,) = \/niH(O, ...,0,cosx1,8In T, . .., COS Ty, SIN Xy, COS Typt1, SIN Ty 1),
2n+2
where
n
Tpy1 = _ZI“ up = (cosxy,sinxy),. .., uy = (COSTp,sinxy,).

=1

The tangent space is spanned by {X1,..., X, }, where:

1 . .
X = \/niH(O, ..., 0,—sinzy,cosx1,0,...,0,8in 241, — COSTpit1),
2n+2 2n—2
1 . .
Xo = \/niH(O, ..., 0, —sinxa, cos 2,0, ...,0,8in 241, — COSTpit1),
2n+4 2n—4
1 . .
X, = \/T__H(O, .o, 0, —sinx,, COS Ty, SIN Ty 41, — COS Tppt1)-

4n

On the other hand, the position vector of T in Réﬁi;‘ has components

= ——(0,...,0,cosx1,8Inx1,...,COS Ty, SN Ty, COS Tpt1,SIN Tpi1)
Vi 4+ 1 e——

2n+2

and it is an outward unit spacelike normal vector field of the pseudo-sphere in
Rgﬁig. Therefore the structure vector fields &1, &2, &3 of Ségif restricted to T are
given by

1 . . .
&1 = ——=(cosTp41, —SINTpt1,COS Ty, —SINT,, ..., co8x1, —sinz,0,...,0),
vn+1 ;\2 ,—/2
n+
1 . . .
o = ——(—sinxyq1, — COS Ty 41, — SIN Ty, — COS Ty, ..., —sinxy, — cosz1,0,...,0),
vn+1 ~——
2n+2
1 . . .
& = ——(0,...,0,8inx1, — cosx1,...,8in Ty, — COS Ly, SIN Ty 41, — COSTpy1).
Vvn+ 1 ~——

2n+2

Finally, as the structure tensors (¢a,&a,a) 013 Of S’éﬁif satisfy

Sani = JaXi - Eana(Xi)Na

and
Wa(XZ) = Eag(Xi,ga) = Oa
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foralli € {1,2,...,n}and « € {1,2,3}, we conclude that the immersion f provides

a non-trivial example of an anti-invariant flat minimal submanifold of Sgﬁ:{f , normal

to the structure vector fields.

5. INVARIANT SUBMANIFOLDS OF MANIFOLDS ENDOWED WITH METRIC MIXED
3-STRUCTURES, TANGENT TO THE STRUCTURE VECTOR FIELDS

Let (M, g) be an invariant submanifold of a manifold endowed with a metric
mixed 3-structure (M, (Pas€asMa)a=13,9), tangent to the structure vector fields
&1,82,&3. As above, let € = {&1} @ {&} @ {&} and let D be the orthogonal com-
plementary distribution to & in T'M. Then we can state the following:

Lemma 5.1. (i) ¢o(T,M*) C T,M*, Vpe M, a=1,2,3.
(1i) The distribution D is invariant under the action of @, « =1,2,3.
Proof. (i) For any N € T,M~* and X € T,,M, taking account of (§)) we obtain:
g(@OtNaX) = _g(Na @QX) = 07
since M is an invariant submanifold.
(i7) For any X € I'(D), using (@) and () we obtain:
9(paX,8a) = —9(X, paba) =0
fora=1,2,3.
Similarly, making use of (@) and (&), we deduce:
9(0aX,Ep) = —9(X, palp) = —Tp9(X, &) =0
for any even permutation (¢, 3,7) of (1,2,3). O
Proposition 5.2. Let (M, g) be an invariant submanifold of a manifold endowed
with a metric mived 3-structure (M, (Pas€asNa)a=13,9), such that the structure

vector fields &1,&,&3 are tangent to M. If M is mized 3-cosymplectic or mived
3-Sasakian, then M is mized 3-cosymplectic and totally geodesic, respectively mized
3-Sasakian and totally geodesic.

Proof. Gauss equation implies:
(33) (vX(pa)Y = (VX(pa)Y+h(X7 (paY) - (pah(Xa Y)

for all X,Y € T(TM).
If M is a mixed 3-cosymplectic manifold, then from (@) and (B3] we deduce:

(VX(pa)Y + h(X7 (paY) - (pah(Xa Y) =0
and equating the normal and the tangential components we find
(34) (Vxga)Y =0
and
hMX,0aY) = pah(X,Y), a=1,2,3.

From (34)) it follows that the induced metric mixed 3-structure on M is mixed
3-cosymplectic.

If M is a mixed 3-Sasakian manifold, then from (I0) and (33) we deduce:

(VX(pa)Y + h(X, (pay) - (pah(Xa Y) = Ta [Q(X, Y)ga — Ealla (Y)X]

and equating the normal and the tangential components we find

(35) (Vx@a)Y = 1a[9(X,Y)E0 — €ana(Y)X]
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and
X, 0aY) = poh(X,Y), a=1,2,3.
From (33)) it follows that the induced metric mixed 3-structure on M is mixed
3-Sasakian.
Moreover, making use of (€) and (), in both cases we obtain

hMX,01Y) = @o1h(X,Y) =11p203h(X,Y) = 11 p2h(X, p3Y)
= Tip2h(psY, X) = 1h(psY, p2X) = Th(p2 X, @3Y)
= Tipsh(p2X,Y) = mipsh(Y, 2 X) = mipsp2h(Y, X)
= 7Te3p2h(X,Y) = —p1h(X,Y).
On the other hand, since h(X, 1Y) = p1h(X,Y), it follows that h(X,Y) = 0,

VX,Y € I'(TM) and therefore M is a totally geodesic submanifold of M.
O

Corollary 5.3. An invariant submanifold of a mized 3-cosymplectic or mized 3-
Sasakian manifold, tangent to structure vector fields, has dimension 4k + 3, k € N.
Moreover, the induced metric has signature (2k + 1,2k 4+ 2) or (2k 4+ 2,2k + 1),
according to the metric mized 3-structure being positive or negative.

. . . 4n+3 4n—+3 4n+3 4n+3 4n+3
Corollary 5.4. An invariant submanifold of Ryy 77, RonTo, Sonit, Sonts, Poyit (R)

4k+3

and P;:jfg’ (R), tangent to the structure vector fields, is locally isometric with Ry, 7Y,

Rgiig, Sgllsif, Sg,]jig’, P;,f:lg (R) and P;,fizg (R) respectively, where 0 < k < n.
Proposition and Corollary B.I0 together imply the following result, which

corresponds to a theorem of Cappelletti Montano, Di Terlizzi and Tripathi [5] for
submanifolds in contact (k, u)-manifolds.

Proposition 5.5. A non-degenerate submanifold of a mized 3-Sasakian manifold,
tangent to the structure vector fields, is totally geodesic if and only if it is invariant.

Remark 5.6. The canonical immersions S? — Sy f3, SP — Somt2 Pr(R) —
Pyrt3(R) and PR(R) < Pyrf3(R), where v € {0,...,n}, provide very natural
examples of anti-invariant totally-geodesic submanifolds, but they are not tangent

to the structure vector fields.

Lemma 5.7. The distribution & of an invariant submanifold of a mized 3-cosymplectic
or mized 3-Sasakian manifold tangent to the structure vector fields is integrable.

Proof. Tf M is a mixed 3-cosymplectic manifold, then from (II]) we obtain for any
X eT(D):
9([€a: 5], X) = G(Ve &p, X) = G(Veyar X) = 0.

If M is a mixed 3-Sasakian manifold, then making use of ) and ([I2) we obtain

for any X € I'(D):
9([6as €1, X) = G(Ve.8s, X) = 5(Veya, X)
—e39(p8ar X) + €ag(as, X)
(€570 +€aT)9(&y, X)
= 0.

Therefore, in both cases it follows that the distribution £ is integrable. O
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Proposition 5.8. Let (M, g) be an invariant submanifold of a manifold M endowed
with a metric mized 3-structure, tangent to the structure vector fields.

(i) If M is mized 3-cosymplectic, then the distribution D is integrable. Moreover,
the leaves of the foliation are mixed 3-cosymplectic manifold, totally geodesically
immersed in M.

(ii) If M is mived 3-Sasakian and dim M > 3, then the distribution D is never
integrable.

Proof. (i) If M is mixed 3-cosymplectic, then using (1)) we obtain for any X,Y €
I'(D) and a = 1,2, 3:
g([Xv Y]aga) = E(VXY, ga) —E(VYX, ga)
= _g(Ya VXgﬂt) + g(Xa vygﬂt)
0.

Therefore the distribution D is integrable. Let M’ be a leaf of D. Then for any

X, Y e T(TM') we have:
VxY =VyY + 1K (X,Y),

where V' is the connection induced by V on M’ and I/ is the second fundamental
form of the immersion of M’ in M. Taking into account (IIJ) we obtain:

R(X,0.Y) = VxeaY — V.Y
= (Vx¢a)Y +0aVxY — Vi, Y
= 0o VXY + 0 (X,Y) — Vip,Y
= —(Vx@a)Y +0ah/(X,Y).
Therefore it follows (V'xva)Y = 0 and 1/ (X, poY) = @b/ (X,Y), fora = 1,2, 3.
From the last equality we deduce h/ = 0 and the conclusion follows.
(i4) If M is a mixed 3-Sasakian manifold, then using [8) and (I2), we obtain for
any X,Y € I'(D) and a« = 1,2, 3:
9([X.Y].&) = —g(v, vaa) +79(X, vaa)
= cag(Y,paX) —cag(X,¢aY)
= 2e,9(Y, 0aX).
If we consider now X to be a non-lightlike vector field, then choosing Y = ¢, X
in the last identity, we obtain using () and (8]) that we have:

9([X, paX],€a) = 2eaTag(X, X) # 0.
Therefore the distribution D is not integrable. ([l

6. INVARIANT SUBMANIFOLDS OF MANIFOLDS ENDOWED WITH METRIC MIXED
3-STRUCTURES, NORMAL TO THE STRUCTURE VECTOR. FIELDS

Let M be an invariant submanifold of a manifold endowed with a metric mixed
3-structure (M, (¢as€asMa)a=13,9), such that the structure vector fields {1, &2, &3
are normal to M. We consider { = {&} @ {&} & {&} and we denote by Dt the
orthogonal complementary subbundle to & in TM*.

The following result is straightforward:

Lemma 6.1. (i) ¢o(T,M*) C T,M*, Vpe M, a=1,2,3.
(ii) The subbundle D+ is invariant under the action of Y, o =1,2,3.
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Remark 6.2. If M is mixed 3-cosymplectic, then (II)) directly implies the integra-
bility of & on M.

Proposition 6.3. Let M be an invariant submanifold of a manifold endowed with

a metric mizved 3-structure (M, (Yo, Eas Na)q=i3,9), Such that the structure vector
fields &1,&2,&3 are normal to M. Then M admits an almost para-hyperhermitian
structure.

Proof. For any X € T'(T'M), we obtain from (8) that
na(X) = Eag(Xa ga) =0.
Then from () it follows
02X = -1,X, a=1,2,3
and if we denote by
Ja = Spa|M7a = 17273
from (@) we obtain
Jodg = —JgJo = 7y Jy,

for any even permutation (¢, 3,7) of (1,2,3).
On the other hand, from (7)) we get

9(PaX, oY) =709(X,Y), VX, Y e (TM), a«=1,2,3.
Therefore (M, (Jo)a=1,2,3,9) is an almost para-hyperhermitian manifold. O

Corollary 6.4. Any invariant submanifold of a manifold endowed with a metric
mized 3-structure, normal to the structure vector fields, has the dimension 4k, k €
N, and the induced metric has signature (2k,2k).

Proposition 6.5. Let M be an invariant submanifold of a manifold endowed with

a metric mizved 3-structure (M, (Pa;&asNa)a=13,9), such that the structure vector

fields &1,&2,&3 are normal to M. If M is mized 3-cosymplectic, then M is a para-
hyper-Kahler manifold, totally geodesically immersed in M.

Proof. From Proposition it follows that M can be endowed with an almost
para-hypercomplex structure H = (J,)a=1,2,3, which is para-hyperhermitian with
respect to the induced metric g. On the other hand, from (@) and Gauss formula
we obtain

0= (VX%X)Y = (Vxpa)Y +h(X,0aY) — 0o h(X,Y)

for all X,Y € I'(TM).
From the above identity, equating the normal and tangential components, it
follows that we have:

(36) h(X, (Pay) = Spah(Xv Y)
and
(37) (VxJa)Y =0,

since J, = Do |-

From (B7)) we deduce that (M, H = (Ja)a=12,3,9) is a para-hyper-Kahler man-
ifold and from (B6]) we obtain similarly as in the proof of Theorem that M is
totally geodesic immersed in M. (Il
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Corollary 6.6. The invariant submanifolds of Réﬁi? and Rgﬁig, normal to the

structure vector fields, are locally isometric with R3Y, where 0 < k < n.
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