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Abstract: This paper studies Bayesian variable selection in linear models
with spherically symmetric error distributions. We give a series of proper
prior distributions which converge in a certain sense to an improper prior
distribution and for which the Bayes factor for each possible sub-model
converges to the Bayes factor for the improper prior. This convergence
justifies the use of the improper prior in variable selection. We also show
that the resulting improper Bayes factors are independent of the particular
sampling model when all sub-models are assumed to have the same error
distribution. This gives a surprising robustness to the procedure which is
analogous to that observed in certain Bayes estimation problems involving
spherically symmetric error distributions. We also show that our procedure
has model selection consistency as the sample size increases for fixed maxi-
mum number of predictors uniformly over the entire class of spherical error
distributions. A simulation study indicates that the procedure performs
well and stably relative to a BIC based alternative.
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1. Introduction

Suppose the linear regression model is used to relate Y to the p potential pre-
dictors z1,...,xp,

y=al, + XrBr + €p, (L.1)
where the subscript F' refers to the full model Mpg. In the model (1.1), v is an
unknown intercept parameter, 1, is an n x 1 vector of ones, Xp = (x1,...,2p)

is an n X p design matrix, and Br is a p X 1 vector of unknown regression
coefficients. The error term er has a spherically symmetric distribution with
density 0" fr(|€]|?/o%), which satisfies

Mde — I:]En;z) /Oo s”/2’1fp(s)ds _ ]_7 (12)
n 0

R O'?a

where ||€|| denotes the Euclidean norm given by (e 4 --- 4 ¢2)'/2. In (1.2), 0%
is the variance of ¢; and hence fr(-) satisfies

7.‘.n/2

_ oos"/2 s)ds=n .
o | e (13)

1


mailto:maruyama@csis.u-tokyo.ac.jp
mailto:straw@stat.rutgers.edu

Y. Maruyama and W. Strawderman/A Bayes factor 2

as well as (1.2). We assume that the columns of X have been standardized so
that for 1 < ¢ <p, /1, =0 and zlx;/n = 1.

We shall be particularly interested in the variable selection problem where
we would like to select an unknown subset of the effective predictors. It will be
convenient throughout to index each of these 2P possible subset choices by the
vector

Y= (’717""’717)/

where 7; = 0 or 1. We use ¢, = v'1,, to denote the size of the yth subset. The
problem then becomes that of selecting a submodel of (1.1)

Y =0l1,+ X,8, +€,. (1.4)

In (1.4), X, is the n x ¢, matrix whose columns correspond to the yth subset
of £1,...,xp, By is a gy x 1 vector of unknown regression coefficients. Let M.,
denote the submodel given by (1.4). We allow €, to be distributed differently
from ep. In particular, the error term €, has a spherically symmetric distribution
with the probability density o™ f,(||€]|*/o2) satisfying

7T.n/2 n/2

oosn/Q—l s)ds — 7r oosn/z s = n -
F(n/2>/0 K(sds =1, 5o /0 fy(s)ds=n,  (15)

but f, is not necessarily equal to fr. By (1.5), 03 is the variance of the compo-
nents of €,. We note that, in almost all earlier studies, error terms er and e,
in linear models are assumed to have the same Gaussian distribution, that is,

fr = f, = fo where

folt) = Gy exp(—1/2) (L6)

as in George and Foster (2000) and Liang et al. (2008).
In this paper, we assume that n > p + 1 (the so called classical setup) and
{z1,...,xp} are linearly independent, which implies that

rank Xp =p, rank X, =gq,. (1.7)

We also assume that the null model (¢, =0 or v = (0,...,0)") is not a possible
model, that is, the number of possible models is 2P — 1, rather than, 2P. In the
following, we will sometimes omit v in X, ¢,, and €, when its absence should
not cause confusion.

A Bayesian approach to this problem entails the specification of prior distri-
butions on the models 7, = Pr(M.,), and on the parameters p(a, 3,02) of each
model. For each such specification, of key interest is the posterior probability of
M., given y,

_ mmy(y) 7 BFM,; Mg
Pr(M,ly) = > mymy(y) Y, T BFMy; Mp]’

where m.(y) is the marginal density under M.,. In (1.8), BF[M,; Mp] is the
Bayes factor for comparing each of M., to the full model Mp which is defined

(1.8)
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as

. _ my(y)
BF[M.,; Mp] m(y)’

where mp(y) is the marginal density under the full model. In Bayesian model
selection, the Bayes factor is often used as a criterion instead of employing the
marginal density directly. A popular strategy is to select the model for which
Pr(M,|y) or m,BF[M; Mp] is largest.

Our main focus in this paper is to propose and study specifications for the
prior distribution of the parameters for the submodel M, . In particular, the
joint density we consider has the form

p(a,0,0%) o {o?} /21| g~ (1.9)

for @ = (6y,...,0,) = (X'X)¥28 and 0 < a < 1. Since the term including @
in the prior above, [|@] 79" for 0 < a < min(2, ¢), is known as a sub-harmonic
function, that is,

q

82
> aalelmite > o,
~ 09;

we call the prior given by (1.9) a sub-harmonic prior. Fundamentally, a proper
prior should be used for the calculation of the marginal density for all models
in Bayesian model selection. The validity of the improper prior given by (1.9)
will be discussed in Section 3.

The organization of this paper is as follows. In Section 2, we give details of
the prior distribution. In Section 3, we show that the Bayes factor with respect
to the above prior is given by

Ellley[1°]

BF[MW, MF|CL] = m

BFY[M.; Mp|d] (1.10)

where

o Ooo ga/2—1(1 4 g)(n—q.,—l)/Q{g(l _ R?y) 4 1}—(11—1)/2 dg
BF [M7§MF|G] = _ — i )
o7 T (U g) DR g(L— Rg) + 10 dg

(1.11)
for 0 < a < 1 (we recommend a = 1/2 eventually). In (1.11), BE¢[M.; M r|d]
is the Bayes factor for a Gaussian distribution (1.6) and R? and R% are the
coefficient of determination under the submodel M, and the full model Mg,
respectively. From (1.10), we see that if f, = fr the Bayes factor does not de-
pend on the sampling density. Hence, even when there is no specific information
about the error distribution of each model (other than spherical symmetry),
but we assume they are all the same, it is not necessary to specify the exact
form of the sampling density. It suffices to assume they are all Gaussian, that
is, fy = fr = fc. In the case where f, and fr are assumed to be different,
the most typical choice of errors in linear model are probably multivariate-t
mainly because the tail behavior can be controlled by a single parameter from
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thin (Gaussian) to fat (Cauchy). We will show that even if the error distribu-
tions, f, and fr, are multivariate-t with different (but > 3) degrees of freedom
BFY[M,; M|a] with a = 1/2 remains a good approximation to BF[M.,; M g|d]
with a = 1/2. As far as we know, in the area of Bayesian variable selection with
shrinkage priors, the sampling density has been assumed to be Gaussian and this
kind of robustness result has not yet been studied. Originally similar robustness
results were derived by Maruyama (2003) and Maruyama and Strawderman
(2005) in the problem of estimating regression coefficients with the Stein effect.
In Section 4, we approximate the Bayes factor given by (1.10). In Section 5, we
show that our Bayes factor BFG[MV; M r|a] has model selection consistency as
n — oo and p is fixed. In Section 6, we give some numerical results.

2. Prior distributions

In this section, we give a prior joint density of a form

pa, B,0%) = p(a)p(c®)p(Blo?).

Recall that we are suppressing the subscript on 3, 02 and ¢. The natural choice
of priors for location (a) and scale (02) are

pé(Oé) = I(—oo,oo)(a)a (21)

and

pLa(0?) = (0%) " (g 00)(0?). (2.2)
In (2.1) and (2.2), the superscript { means that the prior density is improper.
Since (2.1) and (2.2) have invariance to location and scale transformation, re-
spectively, they are considered by many as non-informative objective priors.
The problem is that they are improper and hence determined only up to an
arbitrary multiplicative constant. In this paper, the use of improper priors is
justified through sequences of proper priors approaching the target improper
priors (2.1) and (2.2):

1
Pa(aiha) = orI(—ho ha) (@) (2.3)

(03

where h, — 0o and
(o*)!

j.2 —1
h 1 ha ( )
j:gl( 2) 1l 2 (a 5

2. — 2y _ 2
po.2(0' ,ha-) = )(0' ) = ml(hgl7 hd)(O' ) (24)
where h, — 00. See the beginning of Section 3 for details of the justification.
Next we give a sequence of proper conditional priors of 3 given o2, which
approach an improper conditional prior of 3 given o2:

9 hg | X' X|'/? B'X'Xj3
oty = {L2) [ s XL BXXBY,
Pplo>(Blo™; hy) hg/2 o g (2mo2g)e/? exp 202g g
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for 0 < a < g and hy > 0. Eventually we will recommend setting a = 1/2,
the midpoint of (0, 1), because we will have reason to choose the same «a for all
submodels. Since this prior has the hierarchical structure

_ a/2 _
Bl{o2g} ~ No(0,95*(X' X)), pylg; hg>=ha//29“/2 o, (9),
g

it can be interpreted a scale mixture of Zellner’s g-priors. Similar priors have
been considered by Liang et al. (2008) and Maruyama and George (2008)
under the normal linear regression setup. For any fixed h, > 0, the prior
PB|o> (Blo?; hy) is clearly a proper probability density, that is,

Jra PBlo2(Blo*; hy)dB = 1.

As hg — 00, the limit of a variant of pg|,2 (Blo?; hy) is given by

) ha/2
péIUQ(’Bl(TQ) - hhin { ag/2 }pﬁaz(/@|023h9)
g oo
* a1 | X' X|'/? BX'Xp3
= g =l exp (- ) dg
0 (2m)a/2gal2 0 20%g

F( q—a 2) —(g—a —a
:7;/%11;/}2/ XX (8 XX B) " {o?y 0,

In summary, the proper prior joint density, which we will use in this paper, is
given by

p(er, B,0% ha, hg, ho) = pa(a; ha)po2 (0% ho)pgioz (Blo*shy)  (2.5)

which clearly satisfies

/ / / p(a, B,0%; ha, by, ho)dadBdo® = 1,
—o0 JR2JO

for any fixed hq, hg and h,. In Section 3, we will also use the improper joint
density of «, B and o? given by

p'(a, B,0%) = pi(@)pf=(0°)pg,2 (Blo?)
={8/a} lim lim lim ho log ho b2 2p(er, B, 0% ha, By, i)
— 00 h

a—+00 hg—00 hy (26)
F({q - a}/2) —(q—a —a/2—
— Salime)? |X/X|1/2(,3/X/Xﬂ) (q )/2{0_2} /2 1'
In this presentation of the improper joint density p’(a, 3,0?), two facts,
1. (a,3) and o2 are separable,
2 a/2—1

2. the part depending on o is given by the power function {o2}~
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will be the key for calculating the marginal density in the next section.
If, in the above joint prior for (a,3,0?), we make the change of variables,
0 = (X'X)'/28, the joint prior of (a, @,0?) becomes

I'{qg —a}/2 (o—a —a/2—
p'(0,0,0%) = "D gy —(ame g2y s (2.1

As noted in the introduction, the part depending on @, ||@]|~(4=%) for 0 < a <
min(2, ¢), is known as a subharmonic function, that is,

q 82
> 4ol = (g - )2 - a)e > 0
i=1 ?

3. Marginal density and Bayes factor
In this section we derive the marginal density under each submodel and the

Bayes factor for comparing each M., to the full model M. The marginal density
of y under M., is given by

oo oo 1
mo@ihactiyhe) = [ [T gy = a1, - X8I2/0%)
x p(a, B,0%; hay hy, ho)da dB do?,

(3.1)

where the proper joint prior p(a, 8,02; ha, hg, hy) is given by (2.5). In (3.1), A,
hg, and h, do not depend on the submodel, but are the same in all models. In
the following, instead of m,(y) directly, we consider the limit of a variant of

m’Y(y)7

Mv(y)
={8/a} lim lim lim halog hoh®?m., (y; ha hg, ho)

a—00 hg—r00 hg—00 (32)

o0 o0 . _ 9
:/ / / if'y <|y OZ].n2 X3 >p1(a,ﬂ,02)dad,6d02,
—ooJraJo o" o

which is the marginal density with respect to the improper joint prior p! (o, 3, 02)
given by (2.6). The second equality in (3.2) follows from the monotone conver-
gence theorem. We choose the same a in all submodels, and thus the Bayes fac-
tor m~(Y; ha, kg, he)/mp(Y; ha, by, he) approaches M, (y)/Mp(y) as hq — 00,
hg = oo and h, — co. Hence the use of the improper joint prior is justified as
long as M, (y)/Mr(y) is well-defined. As remarked in Section 1, the null-model
is not a possible model. Since there is no 8 and hence no hy, My (y)/MFp(y) is
not well-defined.

Let M$ (y) be the marginal density under M., with Gaussian errors €g, i.e.,
fv = fa where fg is given by (1.6). Before proceeding with the entire calculation
of the marginal density, M, (y), we will provide a relationship between M, (y)
and Mf(y) as follows.
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Lemma 3.1. Let a be between 0 and g,. Assume the existence of E|e,]|%].

then Ellley]l*)
€ a

M, (y) = =22 MG (y). 3.3

’Y( ) E[||€GHG] o’ ( ) ( )

Proof. See Appendix. O

Hence M, (y) depends on the error distribution e, only through the a-th
moment of €, E[|€,]|%]. Using some techniques from Strawderman (1971) and
Liang et al. (2008), we have the following result concerning M (y).

Lemma 3.2. Let a be between 0 and q. Then

VG () — T —13/2) [ gt (14 g) D
v) |

= — — — — dg, (3.4)
! ly = g1, trin=t {90 —R2) 41} V72

where ng is the coefficient of determination under the submodel M. .
Proof. See Appendix. O
Combining Lemmas 3.1 and 3.2, we have the main result of this paper.

Theorem 3.1. Let a be between 0 and q,. Assume that the proper joint prior
density of (o, B, J,Qy) is given by (2.5) with parameters ho >0, hy >0, hy > 0.
Assume also El||e4||*] < co. Then the limit of the Bayes factor for comparing
each of M., to the full model Mg is given by

. . . m (y; hoza h ) ho)
BF ; =1 1 1 al g
Mo Mplal = Tim i s hgr o)

_ Ellley]l]

— BFYM.; MFrla
Bllepfelr My Mrlal

where

Jo 9" 1+ gV {g(1 - RY) + 132 dg
Jo~ 9P (1 + g)nr=D/2{g(1 — RE) + 1} -(=D/2dg
(3.5)

BFG[M“/?MFM =

At this point, a has not been fixed, but has to be in the open interval (0, 1)
in order that all Bayes factors are well defined. As the default choice of a, we
recommend the midpoint

a, =1/2. (3.6)

In Sub-Section 3.2 below, we will consider the “correction term”, Ef||e,||*]/E|| €r||*]
for @ = 1/2 and will demonstrate E[||e,||*]/E[||€r]||?] is negligible in many cases.

In Section 4, we will approximate BFG[MW; M |a] by the Laplace method.
Remark 3.1. Expression (3.5) again shows why the null model is not allowed

as a possibility. For the null model My, R% = 0 so the numerator of (3.5)
is infinite, and hence so would be BFY[My; Mp|a]. This situation may be
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avoided at a slight cost in complexity and in interpretability of the expressions.
The required alteration in the prior distributions (proper and improper) is to
treat the intercept parameter « as another 3, (and not give it a “uniform”
prior). This results in replacing the improper prior in (2.6) by

F{g+1-a}/2) & Sty — (a4 1— —aj2—
I 2\ 1/2 +1—a)/2 2 a/2—1
p (o, B,0%) = Sa/2a/ZF1)2 |X'X| / (B X' X3) (q )/ {0*} /2-1

where 3 = (a, ) and X = (1,|X). Similarly the marginal distribution in
(3.4) and the Bayes factor given by (3.5) are replaced by

i - L2 [T
’ lyla Jo - {g1—R2)+1}"*
and
. x _a/2—1 14+ (n—qy—1)/2 1— RQ +1 —n/2d
BFG[MV;MFM/] _ fg g ( g) {g( 'y) } g

Jo g1+ g)nmrmD/2{g(1 — RR) +1}—"/2dg

where R,Qy = 1-RSS, /||y||?, (the “coefficient of determination” of the model M.,
relative to the O-intercept model). Hence with the substitution R?/ — R%, n—1—
n, ¢y — ¢y + 1, y — yl,, — y, all expressions and results in the paper remains
valid and the result (Theorem 5.1) on model selection consistency in Section
5 holds also for the null model. Clearly R?Y is unusual, but if model selection

consistency under the null-model is desirable, we can use BVFG[MV; Mp|al.

3.1. BIC under spherically symmetric error distributions

BIC (Schwarz (1978)) is a popular criterion for model selection. We will show in
this subsection that BIC has a similar distributional robustness property to the
above Bayes model selection procedure. In Section 4, we will develop a Laplace
approximation to our robust Bayes factors which relates them to BIC. In Section
5 we will show that both the BIC and robust Bayes model selection procedures
are consistent.

BIC for the model M., is defined as

_ _ 2
BIC = Qm{ max if7 <”y oaln = X5 | >nq/2}, (3.7)

a,By,02 0" o2

and is derived by eliminating O(1) terms from the approximate marginal den-
sities. Here we denote the function (3.7) by M, (y|BIC). In general, the maxi-
mization with respect to unknown parameters in (3.7) is not always tractable.
However when f, is decreasing (i.e. €, has a unimodal spherically symmetric
distribution), the maximization is achieved by & = 7, B = (X'X) 1 X"y, and

5* = ¢ lly —al, - XB|* = ¢, lly — gLa (1 — B3) (3.8)
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where c, is the sole solution of

n/2+cf(¢)/ f;(c) = 0. (3.9)

Hence M, (y|BIC) may be expressed as

—n/2
@ C
M, (y|BIC) = %MMf(y\BIC) (3.10)
cq ' falea

where Mf(y|BIC) is M, (y|BIC) with the Gaussian error, specifically

MS (y|BIC) = ¢5""* fa(ca){lly — g1a]2(1 — R2)}~"/?n=4/2

3.11
:n_n/2fG(n){||y—§1nH2(1—Ri)}_n/Qn_q/Q ( )

(since c¢g is given by n). Clearly (3.10) and (3.11) correspond to (3.3) and (3.4),
respectively. The Bayes factor based on the BIC is given by

. _ M,(yIBIC) &P h(e) hocra,
BF[M.,; M |BIC] = M (y[BIC) ~ C;n/QfF(CF)BF [M.; Mp|BIC] (3.12)

where
(1 _ R3>_7l/2n_q/2

G . =
BF”[M; Mp|BIC] = (1— R2)—n/2p-r/2’

(3.13)

which corresponds to (3.5).

Hence the Bayes factor based on BIC is also independent of the sampling
distribution f,(-) provided the unimodal error density f,(-) is the same for all
models (c.f. Theorem 3.1).

3.2. Correction terms for Bayes factor

In this subsection, we will consider the correction terms, E||e,||*]/E[||€r||*] in
(3.5) and {&;"" £, (e)}/{cx"* fr(er)} in (3.12).

Case I €, and er have the same arbitrary distribution
Clearly both correction terms become 1 and hence we have

BF[M.; Mpla] = BFY[M.; Mpla]

and
BF[M.,; M |BIC] = BFY[M.; Mz |BIC],

with unimodal €, and er. Hence, even when there is no specific infor-
mation about the error distribution of each model (other than spherical
symmetry), but we assume they are all the same, it is not necessary to
specify the exact form of the sampling density. It suffices to assume they
are all Gaussian, that is, f, = fr = fg. As far as we know, in the area
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of Bayesian variable selection with shrinkage priors, the sampling den-
sity has been assumed to be Gaussian and this kind of robustness results
has not yet been studied. Similar robustness results have been derived by
Maruyama (2003) and Maruyama and Strawderman (2005) in the problem
of estimating regression coefficients with the Stein effect.
Case II €, and ep are distributed differently

In the case where f, and fr are assumed to be different, the most typical
choice of error distribution in linear models is probably a multivariate-t,
mainly because the tail behavior can be controlled by a single parameter
from thin (Gaussian) to fat (Cauchy).

Lemma 3.3. Let €, have a multivariate-t with m degrees of freedom, with
the density given by

T'({m+n}/2)

e Ellle, | 2 T({m - a}/2)
ngla]:(ﬂ T T -9
and
" he) | TUmnl/2) gmn
Can/2fG(CG) {(m + n)/z}(m+n)/2 I‘(m/2) = s .
Proof. See Appendix. 0

From the properties of the Gamma function, g(m,a) is decreasing in m,
for example in the case a = 1/2, g(m,a) varies from ¢(3,0.5) ~ 1.132 to
9(00,0.5) = 1. On the other hand, h(m,n) for any fixed n is increasing in
m, for example, in the case n = 30, h(m,n) varies from h(3,30) ~ 0.287
to h(oo,30) = 1.

The next result uses the above lemma to give bounds on the ratios of
Bayes factors for the case of t-distributions with at least three degrees
of freedom (so that the second moments exist) and for default choice of
a=1/2.

Theorem 3.2. Let e, and er have multivariate-t distributions with dif-
ferent degrees of freedom, each of which is greater than 3, and a = 1/2.
Then

BFC[M.,; Mp|1/2]

where C ~ 1.132 and

BF[M.; M |BIC]
BFY[M.; My |BIC]

Cpic(n) < < Cgrc(n) (3.16)

where Cprc(30) = 3.486, Cprc(50) ~ 4.426 and something.
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Hence BFY[M.,; Mp|a] with a = 1/2 remains a good approximation to
BF[M,; Mp|a] with a = 1/2 even if the error distributions, f, and fr, are
multivariate-t with different (but > 3) degrees of freedom. On the other
hand, the correction term for BIC is not negligible in this case.

4. The Laplace approximation

In this section, we will approximate the function BFG[MW; M| by the so-called
Laplace approximation. First we provide a summary of Laplace approximations
to the integral based on Tierney and Kadane (1986). For integrals of the form

| estnir.myin

we make the use of the fully exponential Laplace approximation, based on ex-
panding a smooth unimodal function h(7,n) in a Taylor series expansion about
7, the mode of h(7,n). The Laplace approximation is given by
fooo exp(h(7,n))dr

lim J ~ (" )A) =1 (4.1)

n—oo (2m)Y/26, exp(h(7,n))

. 92h(r, n) e

op=4————+> .

h 87'2 T=7

In the following, we will use the symbol f(n) = g(n) (n — oo) if

where

lim f) =1. (4.2)

n—oo g(n)
Hence the approximation given by (4.1) is written as
/ exp(h(r,n))dr ~ (2r)Y/%6}, exp(h(7,n)), (n — o). (4.3)

The next result gives approximations of the Bayes factor (3.5) in terms of the
Bayes factor based on BIC given in (3.13).

Proposition 4.1.
BFY[M.; Mp|ad]

(er _ a)q,yfafl(l o F{ny)7n+1+q,y7¢z{,rlj%’2ye}¢17q’Y 1/2
T a1 Rp) e {nR e} (4.4)

- {c(q7 — a,R?Y)

1/2

where ¢(s, R?) = s°71(1 — R?)**'{eR?}~* and BF®[M.,; M |BIC] is given by
(3.13).

Proof. See Appendix. O
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5. Model selection consistency

In this section, we consider model selection consistency in the case where p is
fixed and as n approaches infinity. Let M be the true model,

y=oarl, + XrBr +e€.
The consistency for model choice is defined as

plim Pr(Mrply) =1,

n—oo
where plim denotes convergence in probability and the probability distribution
is the sampling distribution under the true model M. We will show that our
criterion of general form, BFY[M.,; M |a] given by (3.5), has a model selection
consistency. The consistency property is clearly equivalent to

plim BFY[M.; Mp|a]

=0 YM M. 5.1
n—o0 BES[My; Mp|a] 17 Mr (5.1)

For the model selection consistency, we assume as follows.

Al. U, = |l€||*/{no?} is bounded in probability from below and from above,
that is, for any ¢ > 0 and any positive integer n, there exists an M such
that

Pr(M~'<U,<M)>1-c

A2. The correlation coefficient of z; and z;, «jx;/n, for any ¢ # j has a limit
as n — 00.

A3. The limit of the correlation matrix of 1, ..., zp, lim, oo Xz Xr/n, is pos-
itive definite.

A1 seems more general than necessary. It appears that, by the law of large num-
bers, U,, ought to converge to 1 in probability, but this is not necessarily true if
the error distribution is not Gaussian. In the case of a scale mixture of Gaussian,
U,, approaches, in law, a random variable g which has the distribution of the
mixing variable of the variance. Even when the error distribution is not a scale
mixture of normals, A1l appears to be a reasonable and minimal assumption.
A2 is the standard assumption which also appears in Knight and Fu (2000) and
Zou (2006). A3 is natural because the columns of Xp are assumed to be lin-
ear independent. Under these mild assumptions, we have following preliminary
results for proving the consistency.

Lemma 5.1. Assume A1, A2 and AS.

1. For any k > 0 and any positive integer n, there exists a c¢1(v,k) > 1 such

that ) )
Pr <R2<1—>>1—k. 5.2
<c1<wf> T W) (5:2)
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2. Let v 2 T. Then (1 — R%)/(1— R2) > 1. Further for any k > 0 and any
positive integer n, there exists a ca(y, T, k) > 0 such that

1— RZ\"
I%(1§< Rg) <1+cﬂyﬂ1m>>1k. (5.3)
1-R?

3. Let v 2 T. Then for any k > 0 and any positive integer n, there exists a
cs(y, T, k) > 1 such that

1— R2 1
P L 11— ) >1—k. 5.4
r(l—R? 63(%T,k?)) 54

Proof. See Appendix. O

The main theorem on the consistency is as follows.

Theorem 5.1. Assume A1, A2 and A3. Then the Bayes factor BFG[M,Y; M |a)
for 0 < a <1 is consistent for model selection.

Proof. By Lemma 5.1, ¢(¢y — a, Ri) for 0 < a < 1 goes to a constant in proba-

bility for all models and hence (5.1) is equivalent to
BFS[M.,; M p|BI 1- R2\""?

plim G[MW’MF‘ ¢ = plim {n‘”q7 ( Rg) } =0. (5.5)

Consider the following two situations:

1. v 2 T: By the lemma, {(1 — R7)/(1 — R2)}" is bounded in probability.
Since ¢, > qr, (5.5) is satisfied.

2. v 2 T: By the lemma, (1 — R7)/(1 — R?) is strictly less than 1 in
probability. Hence {(1 — R%)/(1 — R2)}" converges to zero in probability
exponentially fast with respect to n. Therefore, no matter what value
gr — g takes, (5.5) is satisfied.

These complete the proof. O

Remark 5.1. The issue of model selection consistency in our setup, is somewhat
complicated by the wide choice of possible error distributions. If all errors are
normally distributed, then under our assumptions A2 and A3 on the design
matrix Xp, imply that each R2 approaches a constant, and that |[€[*/n —
02 < oo. If on the other hand, all models are variance mixtures of normals with
mixture variance distributed as a positive random variable g, then ||€||?/n — ¢
a random variable, and R,ZY also approaches a random variable which is bounded
above and below in probability provided that g is similarly bounded.

In general philosophical terms, it might be better to assume that the se-
quence of error terms € = (eq,. .., €,)" are exchangeable for all n. By De finetti’s
Theorem, this would imply that the error terms all have a variance mixture
of normal distributions. We have chosen a slightly weaken requirement on the
sequence of error distributions, namely, that |€||?/n remains bounded above
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and below in probability, which extracts the necessary limiting behavior of the
error terms to ensure consistency of model selection. Interestingly, although we
attain model selection consistency with these assumptions, it is not necessarily
true that o2 = vare; = varg is consistently estimated by ||€||*/n.

6. Simulation Study

In this section, we compare numerical performance of our BFY[M.; M r|a] with
BIC in a small simulation study. We generated 16 possible correlated predictors
(p = 16) as follows:

cor=0.5 cor=0.3 cor=0.1

~ = —~ = —~

L1,T2 , T3,T4 , T5,T6, L7,T8 ,TY,T10 NN(O?I)

N~ el
cor=—0.4 cor=-0.2

Z11,212,213, 214,15, T16 ™~ N(07 1)-

Here “cor” denotes the correlation of two normal random variables. Also (z1, z2),
(x3,24), (z5,%6), (x7,28), (T9,%10), T11, %12, L13,T14, T15,T16 are assumed to
be independent. After generating pseudo random x1, ..., 16, we centered and
scaled them as noted in Section 1. We assume n = 30 and consider 4 cases where
the true predictors are

qr = 16 x1,%2, %3, %4, T5, Tg, T7, T8, L9, 10, L11, L12, L13, L14, T15, T16
qr =12 x1,%2,%3, %4, T5, Tg, T7, T8, L9, 10, L11, T12

qr =8  T1,T2, x5, X6, Z9, %10, T115 T12

qgr =4 x1,%3, x5, T

(where gr denotes the number of true predictors) and the true model is given
by

y:13()+2 Z T, +0 X
ic{true}

with ¢ = 0.5, 1, 2. In (6.1), the density of Multi-¢(0, I,,;m,n) is given by
(3.14). The Table 1 and 2 show that how often the true model is in the top
3 among 2'® — 1 candidates when the number of replication is N = 200. The
error distributions are normal (Table 1) and multivariate-t with 3 degrees of
freedom (Table 2). For the case of normally distributed errors (See Table 1), the
Bayes factor method performed well and stably for ¢ = 0.5 and ¢ = 1 and did
reasonably well for o = 2 for the smaller true models (g7 = 4, 8). BIC seemed,
generally, to have a preference for larger models, and performed much less well
than the Bayes factor method for ¢ = 0.5 and o = 1 for models of smaller size
(¢r = 4,8,12) For o = 2, BIC did substantially better than BF for the largest
model (gr = 16) and somewhat better for ¢gr = 12.

Interestingly, for the case of a multivariate-t error distribution with 3 degrees
of freedom (the minimum so that a variance exists), the numerical results were
quite similar to those in the normal case for both BF and BIC, both quantita-
tively and qualitatively.

(6.1)

N30(0, I),
Multi-#(0, I5; 3, 30),
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TABLE 1
Frequency of the true model (normal error)

qr | 16 | 12 8 4

rank ‘ 1st 1st—3rd‘ 1st 1st—3rd‘ 1st lst—Srd‘ 1st 1st-3rd

BF 1.00 1.00 0.96 1.00 0.90 1.00 0.89 0.98
BIC 1.00 1.00 0.43 0.66 0.31 0.53 0.23 0.44

BF 0.82 0.90 0.89 0.99 0.85 0.95 0.80 0.93
BIC 1.00 1.00 0.43 0.66 0.31 0.53 0.23 0.44

BF 0.05 0.08 0.22 0.39 0.54 0.74 0.56 0.74
BIC 0.58 0.78 0.31 0.50 0.27 0.47 0.23 0.43

TABLE 2
Frequency of the true model (multi-t with d.f. 3 error)

qr | 16 | 12 | 8 | 4

rank ‘ 1st 1st-3rd‘ 1st 1st-3rd‘ 1st 1st-3rd‘ 1st 1st-3rd

BF 0.95 0.95 0.96 0.98 0.92 0.99 0.88 0.99
BIC 0.99 0.99 0.46 0.66 0.30 0.48 0.26 0.43

BF 0.89 0.93 0.94 0.98 0.90 0.98 0.84 0.98
BIC 0.98 0.99 0.44 0.66 0.29 0.48 0.26 0.43

BF 0.13 0.16 0.27 0.39 0.43 0.57 0.42 0.61
BIC 0.44 0.55 0.28 0.42 0.18 0.35 0.17 0.33

15
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Appendix A: Proof of Lemma 3.1

Under the submodel M., the conditional marginal density of y with respect to
improper prior (¢2)~%/2~1 given o and 3 is

< —al, — XB|? /o
/ o f’y <|y = /BH ) (0_2) /2 1d0_2
0

= Hy —al, — Xgn—n—a/o t{”+“}/2_1f7(t)dt

© n-+a - [e'e] —a/2— Al
_ [0 pnta)/2 1f7(t)dt/ i ly — al, — XB|2\ (02)%/2 1d02 (A.1)
JoS ) 2=1 o (t)dt o o2 on
_ Ellle, %] /°° fo <||yodn2 Xﬁll2> (02)’“/2’1d02
Elllecll*] Jo o on
where .
fa(t) = WGXP(—t/Q)
provided
/ t+ 2=l (Hdt < 0o < Effley]%] < oo (A.2)
0
Therefore, we have
Ellley||®
() = Al o)

Elllecll*]

where

G [ > 1 ly — al, — X8|
v) = /,oo /R / (2mo2)n2 P ( 207 ) (A3)

x pl(a, B,0%)da dB do?.

Appendix B: Proof of Lemma 3.2

As in (A.3), Mg(y) is given by

:/“’/ /‘” L (y ot - X812
Rq 2mo2)n/2 202

x pl(a,B, 0 )dad,@da

//R// gmzn/rz (—”y_o‘;r;;XﬂIIQ) (B.1)

|X X|1/2 I@/X/Xﬁ )
WGX T 5 3. dad,@da dg
(2ma?)4/2g 20%g

% ga/2—1{0_2}—1

In the following, we calculate the integration of MG( ) with respect to «, 3,
02, and g, in this order.
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By the simple relation
y—al,— XB=(—a+7y)l,+v-— X3
where ¢ is the mean of y and v = y — y1,,, we have the Pythagorean relation,
ly — a1, — XB|* = n(—a+7)* + v - X8>

since X has been already centered. Then we have

= 1 ly—al-XBP
oo (2ma2)n/2 P 202
Y SRS N UES <A A
— o (2ma2)n/2 202 202

_ ' lv— X8|
= @ror)n—072 TP\ T g0 :

Next we consider the integration with respect to 3. Note the relation of com-
pleting squares with respect to 3

lv—XB|*+¢7'8X'X
1 l+yg g A g 312 2
29 (0 2p) xx (8- 128) - L IXBI + ol

~ 1t (ﬁ—ﬂ) (ﬁ—ﬁ) ”"’”2 {oL - B+ 1)

1+g¢

where 8 = (X’X)"'X'v and R2 = || X 32/||v||? is the coefficient of determi-
nation under the submodel M,,. Hence we have

[ o (oot xor
—oo JRa 2ma2)n/2 202

‘;KV;le/Q /3/)(/)([3
—_ ——— | dad B.2
X (2mo2)a/2g4/2 P 202g adB (B-2)

_nPArg o IeIPle(l - B) + 1)
(2mo2)(n=1)/2 202(g+1) '

Then we consider the integration with respect to o2. By (B.2), we have

- o1 ||y—041n—Xf5||2
—ooJra o (2mo?)n/2 P o?

|)(/)Kw1/2 [3/)( )(KB

n'2T({n —1}/2)

_ n—q—1)/2 2 —(n
= D2 (1+9)( O {g(1 - B +1)

1)/2

Finally we consider the integration with respect to g. By (B.3) we have

MG (- MDA = 13/2) 1% g° /2711 4 g)n 0D/ B4
v (y - (n—1)/2 n—1 9 (n—1)/2 ( : )
™ v o {g(1-R2)+1}
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Appendix C: Proof of Lemma 3.3

Since the Jacobian for the change of variables | €| = t is proportional to ¢t"/2~1,
El|le,[|°]/E[||€c||?] is written as

[/2Ha (1 4t fm)imand2qe [ 4n/2 T exp(—t/2)dt
[n/2+a=1(1 + t/m)—\m+n}/2dt [ tn/2a—1 oxp(—t/2)dt

BO/2tam2—a) ., T(n/2)
B(n/2,m/2) I'(n/2 +a)
B o ['(m/2 —a)
B T

Note ¢ is defined as the solution of (3.9). The solution of

n {d/dc}(l +C/m)*(m+n)/2

5 te (1 + ¢/m)—(m+m)/2 =0

is ¢ = n. Since ¢ is also n, the last half of the lemma follows.

Appendix D: Proof of Proposition 4.1

Denote the numerator of BF[M.,; Mp|a] in (3.5) by H(n). When approximat-
ing H(n), make the change of variables 7 = logg. See Liang et al. (2008) for
details. With this transformation, the integral becomes

oo _(a/2-1)T \—q/2+(n—1)/2
Hin) = / e (1+e7)

oo {eT(1— R2) 4 1}(n7D/2 ¢

, (D.1)

where the extra e” comes from the Jacobian of the transformation of variables.
Denote the logarithm of the integrand function in (D.1) by h(7,n). We have

n—q—1 n—1
1+z 1+ Az

0 1
sehrm =3 { =)

1 z Az
ﬁh(ﬂn) =3 {(n—q— 1)m —(n— 1)(1—|-ZA)2}

where z = €7 and A = 1 — R?. Setting {0/07}h(r,n) = 0 gives a quadratic
equation in z =¢€":

(g—a)Az? +(Aln—a—1}—n+qg—a+1)z—a=0.
Since 0 < a < 1, only one of the roots is positive, 2 = e”, which is given by

L 1

+{(A{na1}n+qa+1)2+4A(qa)a}1/2}.
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The mode 7 = log 2 satisfies

Lz 1-A R?
e T 0 e ) -

Hence we have

6h(’?,n)
_ {Aa(l+é)n7q71(1+A2)7n+1}1/2
{+ (/2" () /A2 "“}” :
= 1+ 14 2
An—1 n n
( <)A a-a ) ( 1/2) (D-3)
~(laza S U =
= {(n(l b)) }
<<qa><1R2>>q‘“ N
A e ) U !
and
1 Z Az
{82/872}h(77 n)|r=s = 3 {(n —q— 1)m —(n— 1)(14'5'14)2}
1 (n—qg—1 2 n—1 Az
2{ 1+2 1+21+2A1+2A} (D.4)
Nl{A(qa) 3 qa}
T2l 1-4 1-A4
= (g a)/2.

Therefore we have

H(n) ~ (2m)/2e"7 ({=02 )92 h(r,m)]o—s) /?
o\ G—a 1/2 D.5)
N{ dm ((q—a)(l—R)> 2—n+1} (
N (1-R?)

q—a nR2e

as n — 0o. Hence the proposition follows.

Appendix E: Proof of Lemma 5.1

Let M~ be the true submodel y = arl, + X767 + € where X7 is the n X qr
true design matrix and By is the true (gr x 1) coefficient vector.

For the submodel M., 1 — R2 is given by [|Q(y — y1,)|*/|ly — y1,|* with
Q,=1I-X,(X/X,)"'X!. The numerator and denominator are rewritten as

1Q+(y — 71a)|I* = 1@, X1Br + Q¢

5 5 (E.1)
= B&“XC/FQ’YXTBT + QB%X}Q"/G + 6/CQ'ye
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where € = € — €1,, and similarly
ly = g1al* = B X7 XrBr + 287 Xre + ||€]*.
Since € Q€ < ||€]|?, 1 — R? is bounded as
Br{X7rQ,Xr/n}Br + 287 {X7Q ¢/n} + W, V,
Br{ X7y Xr/n}pBr + 287{ X e/n} + o> W,V

BrA{XQ X1 /n}Br 4+ 281{XQ €e/n} + oV,
B X5 X /n}Br + 285 { Xhe/n} + a2V,

where V,, = €'€/{no?} and W, = €'Q-€/||€||* ~ Be({n — ¢, — 1}/2,4,/2). In
(E.2), we have the following.

e Since Fle] = 0 and var[e] = oI, E[X/€/n] = 0 and

(E.2)
<1-R2 <

var (X,e/n) =n"to?{ X Xr/n} — 0. (E.3)

Therefore 3% X/.€/n approaches 0 in probability.

e When v 2 T, Q,Xr is a zero matrix. When v 2 T, B.{X}Q~€/n} — 0
in probability can be proved as (E.3).

e By the assumption A3, X} X7 /n — X7.Q,Xr/n is positive-definite for
any n and hence

Br{ X1 X1 /n}Br > Br{X7Q,Xr/n}Br, for Br # 0.

e W, converges to 1 in probability.
e By the assumption Al on €'e/{no?}, V, is also bounded in probability
from below and from above.

Combining these facts, we see 0 < ng < 1 with strict inequalities in probability.

Since QX7 = 0 for v 2 T and using (E.1), (1 — R7)/(1 — R?) is given by
|1Qrél?/]|Q€||*. Further we easily have

LR Qrel? _ el _ 1

1< L s o .
1-R: Q€ T [|Qyéll> W,

Note W, ~ Be({n — ¢, — 1}/2,¢,/2) is distributed as (1 + ng/xi_qw_l)*l
where X%—%—l and X; are independent. Hence

{1 + Xi/xi—qw—l}_n - {1 * {"/Xi—%—l} {X?“/n}}_n

~ exp(—xgw) as n — 0o

since X%—q7—1 /n — 1 in probability. Therefore W™ is bounded in probability
from above and hence the theorem follows.
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(1 - R%)/(1 — R?) is written as

1- R} _ |QTel

=R BLX7Q,X1Br + 28, X, Qe + Q¢

< €

T BrXpQy XrBr + 267 X1 Q€+ €Q, €
(ﬂ’T{X’TQvXT/n}ﬂT +207{X7Qye/n} Wy) - '

o2V,

Clearly W, — 1 in probability. Also since v 2 T, B,{X;Q- X1 /n}Br > 0 for
any n. Further as { X},Q~€/n} — 0 in probability, (1 — R%.)/(1— R2) is strictly
smaller than 1 in probability.
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