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SURVEY OF DYNAMICAL MATRICES THEORY
ZHANG LIN AND WU JUNDE

AsstrAcT. In this note, we survey some elementary theorems and podafgnamical matrices theory
such that ones read them easily.

1. INTRODUCTION AND PRELIMINARIES

Positive linear mapsn some operator algebras are a very important subject bftbetmathemat-
ical and the physical literature for several years. The isagf positive operators acting on a given
Hilbert space under such a map are positive operators amtirige same Hilbert space. A mdpis
calledk-positive for somek € N if the tensor produc® ® Idy is positive. We callb is acompletely
positive(CP) when it isk-positive for anyk € N. Completely positive maps (CP maps, for short) de-
scribe the dynamics of open quantum systems. The structtine set of CP maps is well understood
due to the theorems of Stinespring[12], Kraus [8], and CBgi Choi's theorem is also proved by
another simple approach in [11].

In this paper, only finite dimensional complex vector sparesconsidered. An column vector in a
complex vector space is denoted |py, the symbolp is a label, whilg-) denotes that the object is a
complex column vector. This notation for complex vectorsafied Dirac notation Throughout the
paper,i,t andx* stand for Hermitian conjugate, transposition and comptaxugate, respectively, of
matrices with respect to a given orthonormal basis. Giveactov

19) = [62. 62, ..., ¢l
its dual is defined as

(@l = 97 ¢5 - o3l = ().

Given the vector$p), o), the inner product between two vectors is denoteddy), which is defined
as follows:

(@le) = Ty 670 = 105 65 - ¢3lld1, 02, bl
Thenorm of a vector|¢) is defined agl¢|| = \/W Unite vectors are those vectors with unit norm.
Two vectors ar@rthogonalit they have zero product. Thauter productof the given vector$p) and
l) is given by
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A set of vectors{|vk>}E:l in a vector spacé/’ is orthonormalif the vectors are normalized and orthog-
onal, that is{vilvj;) = ¢j;. If, in addition,n = dimV, this set of vectors form an orthonormal basis
for V. Here we have a simple but useful fact tlﬁaﬁzl vik){w| = I for given an orthonormal basis
{|vk>}E=1 in a vector spacé/. This called theompleteness relation

Quantum statesvill now be introduced. Aquantum systeris a physical system that obeys the
laws of quantum mechanics. Let us assume that we are givequamtum systems. The first one is
owned by Alice, and the second one by Bob. The physitatkesof Alice’s system may be described
by states in a Hilbert spack of dimensionds = N, and in Bob'’s system in a Hilbert spag¢és of
dimensiondg = M. Thetensor productis a ubiquitous mathematical operation which can be used
to combine vector spaces to form a larger vector space. Givervector spaced’ andW, we can
combine them to form the vector spag& W, with dim(V W) = dim(V) xdim(‘W). The bipartite
guantum system is then described by vectors in the tensdupt of the two spacesl = Ha ® Hg,
and dim(@H) = dads. A pure stateof dimensiond can be represented bydadimensional complex
unit vector|y). For reald, the vectorgy) ande’|y) represent the same state. More generallg; a
dimensional quantum state is represented blyxad complex matrixp, also called alensity matrix
which is a non-negative linear operator, acting on a compliétxert spaceH, with trace 1. A pure
state can be represented either by its state véetpor by its density matriy = [){y|. States which
are not pure are callemtixed statesA simple test for whether a stateis pure or mixed is to take the
trace ofp?: tr(p?) = 1 if p is pure and tif?) < 1 if p is mixed. A mixed state can be expressed as a
mixture of pure states in manyftérent ways.

Suppose thaty € V, |w) € W. The vectolv) ® [w) € V ® W. The vectolv) ® |w) is computed as
follows:

W% Wy Vi

VW) =] wvy | if wy=| wi | andlv) =| v

| WI']|V> ] | WdB ) | VdA )

Similarly, the tensor product of two given matrices will bepkained as follows: with the orthonormal
baseqm)}(m=1,...,da) of Ha and{|u)}(u = 1,...,dg) of Hp, respectively, the orthonormal basis
of H can be described dfn) @ |u) = ImMu)}(m = 1,...,da;u = 1,...,dg) (throughout the present
paper, Roman indices correspond to the subsystamd Greek indices to the subsyst&m for which
two types of ordering are very important such as:

() Ordering of type-I:
{1D),120),...,1daL); .. .5 11u), [2u), . . ., |daw); - . .5 11dB), [2dB), . . ., [dadB)}.
(i) Ordering of type-Il:
{111),]12),...,]1dg);...;|ml),|m2),...,Imdg);...;|dal),|da2),...,|dadB)}.
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B(H), (Hp) and B(Hg) means that the set of all bounded linear operatorgfoft{, and Hg,
respectively. IfX € #B(Hp) andY € ZA(Hg), thenX ® Y € HA(H). Suppose that the matrix-
representationX = [Xmn] andY = [y,,] for X andY with respect to the given orthonormal bases
{|m>}ﬂ$=1 a”d{|/i>}28:1 are given, respectively. Then there are seveféddint matrix-representations of
X ® Y with respect to the corresponding orthonormal basesftdréint orderings. For the ordering of
type-I, the matrix representation ¥f® Y is

y1i X yoX oo Y X
y21X Yoo X oo Yo X
xeY=| " R
i ydalx ydBZX e YdBdBX |
while for the ordering of type-Il, the matrix representatiof X ® Y is
X11Y X12Y B deAY
X1Y %Y -0 Xoda Y
X®Y = . . . .
L XdAlY )@AZY XdAdAY ]

The ordering of type-I will be employed throughout the presper if unspecified. For tensor prod-
uct, we have the following rules: given two matricBsand T acting on vector space¥ and W,
respectively, vectorx) € V andly) € ‘W, then

(SeT)(v) @ W) = (SIX) @ (TIy), Tr(S®T) = tr(S)tr(T),(S®T) =STa TT.
If X,Y act also oV, ‘W respectively, we haveS(® T)(X® Y) = S X® TY. Obviously, tensor product
is a bi-linear map.

The description osubsystemsf a composite quantum system is provided byréuced density
operator, which is so useful as to be virtually indispensable in thalysis of composite quantum
systems. Suppose we have physical systdraad B, whose state is described by a density operator
pag. The state space of the composite quantum sy#t8ns denoted by (H), similarly, Z2(H,) for
subsystenA and Z(Hpg) for subsystenB. The reduced density operator for syst&ms defined by
Tre(oas) = pa, Where Tg is a map of operators know as thartial trace over systenB. The partial
trace is defined by

Tre(la1)(@zl ® Iby)<bzl) = [ag){@zltr(lbs )<b2l),
wherela;) and|ay) are any two vectors in the state spacé&pénd|b;) and|b,) are any two vectors in
the state space @. The trace operation appearing on the right hand side isdhel irace operation
for systemB, so tr(by ){by|) = (by|by). Infact, Tra = treldg, Trg = lda®tr and Tr= tretr. We have de-
fined the partial trace operation only on a special subclasperators orAB. More generally, for any
matrixZ acting onH®Hg, we have a block construction @ Z = [Z,,](u,v = 1,...,ds = dim Hp),
where eaclZ,, is a scalar matrix of sizéa x da(da = dimH,). Therefore

Z=3%% 1 Zw @)V,

Now the partial trace over systefnis provided by

Tra(2) = 28y 12 )i = [t(Z,)],

while the partial trace over systeBiis given by
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Tre(2) = X% ) Zutr(xv) = £, Z,,.
The partial trace over the composite quantum sysidis

TN(Z) = £8, tr(Zy)-

The quantum operations formalism is a general tool for deiscy the evolution of quantum sys-
tems in a wide variety of circumstances, including stodhagtanges to quantum states. A simple
example of a state change in quantum mechanics is the umtatytion experienced by a closed
guantum system. The final state of the system is related toitied state by a unitary transformation
U,

p — &(p) = UpUT.

Unitary evolution is not the most general type of state ckegmussible in quantum mechanics. Other
state changes, described without unitary transformatianse when a quantum system is coupled to
an environment or when a measurement is performed on thensysthis formalism is described in

detail by Kraus. In this formalism there is an input state andutput state, which are connected by

amap

p > £
EIN

This map is determined byguantum operatioi&, a linear, trace-decreasing map that preserves posi-
tivity. The trace in the denominator is included in order tegerve the trace conditiongj(= 1. The
most general form fo€ that is physically reasonable, can be shown to be

&(p) = Z;Tjpl ]
The system operatolils; , which must satisfy};; l",-FJT < |, completely specify the quantum opera-
tion. Formally, every quantum operation has to be describathematically by a completely positive
complex-linear mapping, which satisfies t&(p)) < 1 for all statep. A quantum operation is called
guantum channef it is trace-preserving.

Given quantum operatio8, Ea, andEg on corresponding bipartite quantum system with subsys-
temsA and B, subsystems\, and B, respectively, owing to Jamiotkowski isomorphism, theiomwt
of entanglement can be extended from quantum states toujnagerations. A quantum operation
acting on two subsystems is said todmparabléf its action can be expressed in the Kraus form
&() = SuAL O AY) - (AR ® AR,
whereA@ andAE are operators acting on each subsystem and they satisfy that
SKAR® AR (AR @ AR) < Ia® g
Otherwise, it is entangled. When the equality is valid, ¢hisra concept ofeparable quantum chan-
nel.

2. VECTORIZATION AND REALIGNMENT OF MATRICES

Definition 2.1. Representation of matrices as vectors on a higher dimeaidititbert space is called
vectorization It transforms g x q matrix G into pg x 1 column vector denoted K¢)), this is done
by ordering matrix elements, i.e., by stacking the columing & form a vector: for example, with a
p x qmatrixG = [gij], IG)) is described as
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G(- 1) 01
IG)) = : , whereG(-,j))=| : [(j=1,...,0).
G(-,q) Opj
That is,G(:, j) is the jth column vector of matriXG. Dually, (G| is a 1x pqgrow vector defined as
(G, i.e..((Gl = (IGy)". (seel[4])

Remark 2.2. (i) Vectorization is obviously linear: for matricé and scalargy,
| 2k ASK)) = 2k AISKk))-

(ii) Vectorization is inner-product-preserving; i.e. metry. The Hilbert-Schmidt inner product is
equivalent to the usual Euclidean inner product of vectiimssquare matriceS, T of the same
size, (S, T) = tr(STT) = (S|T)). It is easily shown that vectorization is one-one and onto.
Therefore vectorization is a unitary transformation froitbert-Schmidt matrix space to Hilbert
vector space.

(iii) Vectorization is intrinsically related to the tensproduct. Consider a square matrix of size
p x p, representing an operator acting on thdimensional Hilbert spack. Let{|j>};’:l be the
orthonormal basis ok for which|j) is column vector with all entries 0 except figh entry 1. A
matrix T = [t;;] = yP tij Eij, whereE;; = [i)(]|, is transformed to the vector

ij=1
p p p p P
Y = 1D HED = Y GIED = Y Gy = > O i
ij=1 ij=1 ij=1 =1 i=1
p p P
= DT = Tl 1N = (T 1) Ej)
=1 i=1 =1

p
(Tl D Ejy = (Talplip) = (@ THiIp).

=1

2.1)

Thus it follows from the identity above that, for any matge@, X andR of the same size x p,

IQXR) = (QXR & Ipllp) = (Q& Ip)(X® Ip)[(R® 1)l p))]
= (Qel)XaI)(lp®RYIN] = (Q& )X & Ip)(1p @ RYIIIp)
= QI8 RYX@ Il = (Q® Ip)(Ip ® RYX))

(2.2) = QeRIX))

and
(2.3) X)) = (X® Ip)IY)) = (Ip ® YHIX)).

(iv) For any matrixy,

(2.4) W= (Yot =t = vt
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(v) ForS € #(Hp) andT € B(Hg), whereHn = Hp ared-dimensional Hilbert spaces. For the
matrix representationS = [sj] and T = [t;;](i, j = 1,...,d), we have t(S))((T[) = ST and
tra(SH(TI) = SIT*. Indeed,

d d
D sadiptra(mdu) = D7 St ra(miul ® Inv)

mn,u,y=1 mn,u,y=1

tre(ISH(TI)

d d
= DL SuliOndmul = D Smdilmu

mn,u,y=1 mn,u=1
d d d d

= > O s i) = > SIM)(TINY)
n=1 m=1 pu=1 n=1

d
- Z SInnT! = ST,
n=1

The other identity goes similarly.
Definition 2.3. Let Z be andg x dg block matrix with each entry of sizés x da; i.e. Z = [Z,]
represent an operator acting #fn ® Hg. We define a realigned matri®(Z), acting fromHg @ Hp
to Ha ® Ha, of sized x d2 that contains the same elementZasut in different position as

R(Z) = [1Z10)), - - -, 1 Zdg1))s - - -1 1 Zadg))s - - - > |1 Zdgde )]
In fact, R(Z)}w = ZWVI. Similarly, we can also define another alignm@’ltasR’(Z)w = Z#vrr_ln. Note
that alignment of matrices is a one-one linear mapping fioembatrix spaceéM,dgxdads (C) Onto the
matrix spaceMgg g2 (C)-

Proposition 2.4. For a tensor matrix X® Y with the factor matrix X of sizeadx da and the factor
matrix Y = [y,,] of size @ x dg, Z = [y, X] = [Z,,]. We have:

(2.5) RX®Y) = [XMY.
Moreover, a nonzero matrix Z can be factorized ag X if and only if rankR(2)] = 1.
Proof.

RX®Y)

[Y22X))s -« w oo IYdg2 X)Ds - -5 1Y1dg X))s -« + s Yddgds X))
[Y221X)s - YeiglXD: - - - 3 Yacis X0, - - - VtaclsXO)]
XYL, -+ Yo - - - Yidgs - - -» Yaisds] = DY)
XY

For a general block matriX, it holds that

dB dB
RZ) = R Zwowt) = D RZuwe )
uy=1 uy=1

(2.6)

dB dB
Dz = Y 1Zu).

uv=1 w,y=1



DYNAMICAL MATRICES 7

Before the properties of realignment derived, we need tovkoime useful operator callesivap oper-
ator, defined a$s = Zi’f‘jzzl lij)jil, acting onHy ® Hy. Then by simple computations, we have:

Proposition 2.5. For any X and Y of the same sizexd\N. We have:
() S is self-adjoint, unitary, symmetric, and orthogonal;

(i) Xy =SIXy), Ly = S;

(i) S(X®Y)S=Y®X.

Definition 2.6. With S as above, thélip transformation of matrices over a bipartite quantum system
is defined as

F(Z) = SZSwith 7—'(2)%‘ = Zun.
Similarly, we can define twpartial flipsas#;(Z) = S Zwith 7—7(2)% = Zﬁn‘j and¥¢(Z) = ZSwith %(Z)% =
Zgﬁ (where ‘r and ‘c’ mean that row and column, respectivelyatér, we will see that = S® S.

Lemma 2.7. ([6]) Given any two square matrices X of the same size, we have the following equa-
tion:

(2.7) IX®@Y)) =(1®S®)XNHY)).
Proposition 2.8. (i) If X,Y are matrices of the same size<\N, then
(2.8) IR(X®Y)) = [XMHIY));

i.e., the vectorization of the matrX)){(Y*| is |[X))|Y)).
(i) Let Z be a matrix of size Nix N2. Then:|R(Z))) = | ® S® 1|2)), thus lg = | @ S® .

(i) If Q) = Zi’j‘jzl(l QYD - (liy(jl® 1), then: for any matrices X of the same size XN,
(2.9) QXY = X® Y* and (X ® Y*) = XY = R(X ® Y).
More generally, we hav(Z) = R(Z) for any matrix Z of size Rix N2

Proof. (i) and (ii) follow easily from LemmaZ2]7.
(iii) Together with Lemma 217, it follows from (i) that

QX ®Y)))

N N
| D A elixixe Y ixile Ny = > (1 @lixihXe Y (i)l e)))

i,j=1 ij=1

N N
Yaeslxide(ixienxeyy = (elij}jlehXe Y
ij=1 ij=1
(@S NIX®Y) = XNIY)) = [RX® Y))).
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HenceQ(X®Y*) = R(X®Y*) = |X))(Y|. By simple computations, we have alRQX)){(Y|) = X Y*.
Since(mu|R(Z)Inv) = R(Z)% = Zw and

(mul TN, (1 @ DNZAiX T ® DY) = 3N_ 6idn(miiZliv) = (MNZ|uy) = Zo,
i.e.,Q(Z) = R(Z). In such a way, we obtain the explicit expression for théigaenent transformation:

N
(2.10) R@2) = > (e lixXiZ(ixile!

ij=1
for any matrixZ of sizeN? x NZ. O

Next the relationship amorthe realignment, the transposition, and the 8iger a bipartite quantum
system will be discussed. First recall that the transposifi over bipartite quantum systefia ® Hg
are defined a% (Z2) = 7a ® 78(2) with 7 (Z)p# = Zr%, where7 a and7 g are the transpositions with
respect to subsystems A and B, respectively. Apparemang)F]yvl =Z w and7 B(Z)F]yvl = Zrn%.

Proposition 2.9. (i) 7,R and¥ all are involution; i.e.,7 c 7T =RoR=F o F = Id.
(i) FoT =T oF, T oR#+RoT andF oR # Ro ¥, whereo stands for the composite of
transformations.
(i) ToR=RoF andRoT =F oR.
(iv) R =T oRoT =F oRoF.
(V) Fr =RoTaoRandFc=RoTgoR.

Proof. It is trivially by some computations. For examplé] p R(X)]F# = [T (X)];TS = Xr’ﬁ“n and
[Ro ?(X)]m = [R(X)]%a = Xy : e, [T o R(X)]Hyvl =[Ro T(X)]Wvl which meansthal o R = Ro .
Others go similarly. O

3. DyNAMICAL MATRICES FOR QUANTUM OPERATIONS

A density matrix
P11 - Pldg
(3.1) p= = [p,uv]
Pdgl *°*  Pdgds
of sizedg x dg may be treated as a vector
p('a 1) Plv
(3.2) lo)) = : ;wherep(-,v) =| : |(v=1,...,dg).
p(" dB) Pdgy

Suppose thgt ando act onHg andHp, respectively. The action of a linear super-operatarp —
o = ®(p) = [omn] May thus be represented by a mattix = L of sized3 x d3:

ds
(3.3) ) = 10(0))) = L)) of rmn = ), Lywpy.

=1
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It can be written concretely as the equation of multiplicfya supermatrixand asupervector

[ o(,1) | | L - Ly - Ligg || pGo1) ]
(3-4) 0'(‘a n) = Lnp -+ Ln -+ I-ndB p(‘a V) >
| O—('5dA) 1 | LdAl LdAV LdAdB 11 p(;dB) )
where
Lin -+ Lun
1v dgv
(3.5) Ly = [Lynl = P
LdAn te LdAn
1v dgv

One must be caution here thatand v stand for the block row index and the block column index,
respectively; whilem andu stand for row index and column index of each block. Now we give
simple example for a qubit map for later use as follows:

[ Ly Ly Ly Ly |
011 11 21 12 22 P11
L La La Lo
(3.6) da_| i a1z 2 || PR
012 L Lz Lz Lyp P12
11 21 12 22
022 Lz Lz Lz Lax P22
11 21 12 22 1

Theorem 3.1. The requirement that the imageis a density matrix, so it is Hermitian, positive with
unit trace, impose constraints on the matrix L:

u
(i) 020 = [ZiBV:l Lamo,y] 2 O for any statep = [o,].
(iiiy r (o) =1 = 2%, Lo = G-

() o' =0 = L%, = Lm.
u Vi

Proof. (i) Step 1:For statep = [y){y|(y € {1,...,dg}),

(37) Puv = (ulolvy = (ulyXylv) = 6/1)/51/)/-
Then
ds
(38) Omn = Zl L}T\r)éﬂyévy = L%r)
=

Since o' = o, itimplies thatomp = oy i€, LW =L (yefd,...,ds)).
YY
Step 2: Setting

1
(3.9) p= §[|a><al +BYBl + la)(Bl + IB)all(a.8 = 1,....ds; @ # B),

we have

1
(3.10) Puv = E[é,uaéva + 5ﬂﬂ5Vﬁ + 5,1&(51,5 + 5,1,35,,&].
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Hence
3.11 _1 L L L L
(. ) O'mn—z[ (r;wcr;+ E£+ 31£+ Ean]
From the equatioormnp = oy, We know

L(r;wcr; + L[n;n + Lgﬂg + L[r}wcr; = LEE + LEE + LEE + L;ig,
i.e.,
(312) Lon + L = I—T]m + I—T]m

o Ba afs Ba

Step 3: Letting

1
(3.13) p = sllaXal + BB + V=1la)pl - V-1B)all,
we have

1
(3.14) Puy = 5[5#0% + 8,80, + V=16,00,8 — V=18,86,a].
Hence

1
(315) Omn = E[L(r;ﬂg + LE[E] + \/—_ngg - ﬁLEan]’
which implies that
(3.16) i = [L + Lin— V=1Lt + V=1L%]
a@ gy B Ber

This gives rise to:

(3.17) Lon — Lmn = =L + Lo
ap Ba aff PBa

Combing [(3.1R) with[(3.17) gives thaflnﬁn = L;;g'

(i) is trivial.

(iii) Because tr§) = 1, that is,

(3.18) 1= Z(rmm— ZA ZB Lo

m=1u,v=1
Step 1: Givenp = [y)yl(y € {1,...,ds}). Sop,, = (ulplv) = 6,y6,,. From the equatior (3.18), we

have that
da  ds

(3.19) 1= > Lodudy, = Z Lon(y € { dg}).

m=1u,v=1

Step 2: From the equatiori (3.9, (3.110) arid (3.18), we have that

1 da da da da
=3[ 2tat 2l Lo+ D Lam
m=1 m=1 m=1 m=1

3.20 Lmm + Lom = 0.
(3.20) 2, Lm .
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Step 3: It follows from the equation (3.13) an14) that

d d
1=- 1 ZAme+Zme+ \/_].Z Lmm — \/IZA Linm| ;
2 m=1 * m=1 pe
i.e.,
da da
(3.21) Lam— > Lam= 0.
mZ=1 of m=1 pa

From the equation$ (3.20) arid (3.21), we Eﬁgl ng =0(@ #p). In summary,z me =0uy. O

Note that the property (i) of the proposition 3.1. is not teadition of Hermicity, and in general
the matrixL representing the super-operatbis not Hermitian. However, by the definition of matrix
realignment we can define tldgnamical matrix or Choi matrix (see[[13_15]):

Do = R(L) with Dy, = L;TQ'

In particular, the mapping : ® — Dy is calledChoi-Jamiotkowski isomorphism

Proposition 3.2. For a quantum channeb, its dynamical matrix [3 enjoy the properties that follow:
(i) D}, = Da;
(i) Do > 0;
(i) tr (Do) = g, Tr(Dp) = N
(V) ILo)) = (I ® S®1)IDg)); ({LolLy)) = ((Do|Dy)); (Lo, Ly) = (Do, Dy);
(v) (D(X),Y) = (Do, Y ® X*) forany X Y.
Proof. Write Dy = D = [Dry].
() D' = [Dp]" = [D* ]t [D .1 = [an'l [Loo] = [Dm] = D
(i) Let |2) = Z Ny= 1znvlnv» Then<z| Z #zlz*m«mpl. Hence
(#@DI2) = £, ny-1 Zn. Dz
1Y) = ZN:1 luw) is called a maximally entangled state. So we have
I = 2o byl = B0 g )M © Ju)(v.
Since® is completely positive ma@gldy > 0(Ynon-negative integdy), in particular, @aIdn) (/1)) =
0, we get that

o
A

< (@@ e ldn)(IHX(IDI2

N
D @) @ )viliD

wy=1

N N
3N ZzmieDIn - (el

wny=1ma,n,p=1
= ) Zndlp= ), ZuDpyleo
my,n,y=1 my,n,y=1

Obviously, there is an identity in the proof: #(7g) 2, D(Hp), thenZ(Hg ® Hg) gl D(HA®
Hp),

(3.22) Do = (@ @ Idn)(I1))(11), ®(0) = Tra[Da(la ® ph)].
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Notes: IfX = |u){v|, then|X)) = |w)|v) = |uv), from which it follows thai®(X))) = L|X)) = L|uv) =
Zi',“jzl lij)<ijILlyy = Zi”“j:l L,Ljylij>' Therefore ®(X) = Zi"“j:l L,Ljyli><j|’ and

N
(mMOEI) = > Ly miijin)

ij=1

N
2 Ly miony = Ly
i,j=1

(M) v)In)

Sincep,, = (ulplv) = trplv)ul) = tr(lu)(vip!), we have:

Op) = Y pw @) = D @D eY) = D Tra@(v) @ (k) viph)

JR% 8% uv
Tral(® @ Idn)(18))(Ial)(Ia ® pY)] = TralDa(la® pY)].

(iii) Since D = [D,,], whereD,, = [Dm], traD = [trD,,]. Because ©,, = o D, = S Lym =
Oy, thus we have §D = [6,,,] = Ig. Furthermore, TiD) = N is trivially.
(iv) By the operator-sum representation theorem, we ldgyg = ;I jpl"JT, thus

I J

Y ese NI = eSel) Y Rl
i j

Le)) = | Tjerpy= > Irern) = > (eSehr))
j

(1®S® |)|7<(Z rjer)) =(eSe)R(L))
j
(1 ® S ® 1)|Do)).

Therefore({Lo|Ly)) = ((Dol(l ® S ® 1)?Dy)) = ((De|Dy)); that is(Lg, Ly) = (Dg, Dy).
(V)

(Y, ©(X))

Y1D(X))) = ((YILolX)) = TrlLa| X)) (Y]
TH(IYXXD Lol = (YNUXI, Lo) = (RIVIX(XI), R(Lo))
(Y® X", Dg).

For any quantum channd, it induces itsdual channeld' in the following sense:

(D(p), o) = {p, () for any statep ando.
If a CP map is given by the Kraus for(p) = 3; TjpI"}, then the dual maps readé (o) = ¥ Il
Therefore, we have the following proposition into which thest useful results are summarized:

Proposition 3.3. (i) Lo = X;Tj®T%, or Dg = X IT)(Tjl for &() = ;T - T'.

(ii) If @' is the dual channel of a quantum chanm&| then Lg: = F o 7 (Lo) = LZD, or Dyt =
F o T (Da).

(i) Lyp+sy =rLo + SLy, of Dyprsy = rDg + SDy.

(iv) the compositiomo¥ of two mapsb and¥ means that oy = Lo Ly, Of Dpoy = R(R(Do)R(Dy)).
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(V) L7—oq> = 7‘7(L¢), or Df]’o(b = TA(D(D); I—C[)o’]’ = 77(:('—@)1 or D(DoT = TB(D(D)-
(Vi) Lregor = F(La) = Ly, OF Dreger = 7 (Do) = D, = D,

Proof. (i) SinceLo|X)) = [@(X))) = | X; FjXFJT» =2iTjeTiIX), Lo = X I'j®I7. Do = R(Lo) =
2RI eI = X ) (Tl

(ii) Obviously, Lei = X FJT ®FE = (2T ®F]?)T = L(TD. Thus it follows from (3) of Proposition 2.9.
that

Dpi = R(Lei) =R(LL) =RoT (L)
[RoT (Lo)]* = [F o R(Lo)]" = [F(Da)]* = F(Dy) = F o T(Da).

(iii) It is trivially because

Lro+selX))

I(r® + s¥)(X))) = rI@(X))) + S¥(X)))
rLolX)) + skylX)) = (Lo + sLy)IX)).

Dro+sy = Do + sDy holds since the resfile transformation is linear.
(iV) Loow|X)) = |® o P(X))) = Lo|¥(X))) = LoLy|X)). This implies thaDgoy = R(R(Dg)R(Dy)).
(V) Lyoo = LyLo = SLp = Fr(Lo); similarly, Lo.s = LoLs = LoS = Fc(Lo). Thus
Drop = R(L7op) = Ro Fr(Le) = Ro Fr 0o R(Do) = Ta(Do)
and
Daoor = R(Laor) = R o Fe(Lo) = Ro Fe o R(Do) = Te(Do).
(Vi) Lyopor = LyLoLls = SLpS = F(Lo). Thus
Drovor = R(Lyoner) = Ro F(Lo) = R o F o R(De) = T (Do) = D}, = D O

Proposition 3.4. For two quantum operation®, ¥ on the N-dimensional identical subsystetia, Hg
of a bipartite quantum systetip ® Hg, respectively. Then:

(3.23) Logr = (1 @S I1) (Lo ® Ly)(l ®S®1).

Proof. p = [p,] = vazlpﬂv ® [u)(vl, wherep,, = [pﬁyvl], is aN x N block density matrix whose
entries beind\ x N scalar matrices. Since

(I®S®l)p))

N
(18S®1) > low ® D)

uy=1

N
D (1@S @1 iow) @ uv)
=1

N
D low) @),

=1
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we can get that

N
(@& ¥)()) = ) 10(pw) ® ¥()(v)))

=1

Loswlo))

N
= > (1©SeN[0() @ ¥ (X))

uy=1

N
= D (1@Se)[Lalow) @ Lyu)]
uy=1

N
- Z (I®S®1)(Le ® Ly)[low)) ® luv)]
uy=1

N
= (18SeN(Lo® L)l ). Iow) & )]
=1
= (1®S®)(Le®Ly)(l ® S®I)|p)).

O

Proposition 3.5. Let ®, ¥ be two quantum operations dHy. If p, o are states inHy ® Hy and
o = (0 ® ¥)(p), then:

(3.24) R(c) = LoR(p)LL,.

Proof.

IR(@) (1®@S®oy) =(1e®S’N(®e¥)(p) = (I ®Se)Legwlo))
(1®eS®)(1®S®I1)(Leo ®Ly)(l @ S®1)Ip)) = (Lo ® Ly)IR(0)))

ILoR(o)LL)).

O

Lemma 3.6. The composition of two completely positive linear superrators ® o ¥ is again com-
pletely positive.

Proof. To see thatb o ¥ is completely positive, it dtices to show® o ¥) ® Idi is positive for any
k € N. Obviously, (0 o ¥) ® Idx = (@ ® Idk) o (¥ ® Idy). Since® and¥ are CP mapsp ® Idx and
¥ @ Idi are positive for ank € N, which implies that the compositio®(® Idy) o (¥ ® Idy) is positive
for anyk € N. O

Corollary 3.7. Given two Hermitian matrices /8 of the same size Nx N2, If A,B > 0, then
R(R(AR(B)) = 0.

Proof. We can consider two non-negative matridesndB of the same siz&l? x N2 as the dynamical
matrices for two linear super-operataba and®g, both acting fromiMy to My, respectively. Now
A, B > 0 imply thatd, and®g are CP maps. Thus their compositidp o ®g is CP map by Lemma
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3.6. It follows from this that, forda o ®g, its dynamical matrixDe,cn; = R(R(A)R(B)) is non-
negative. The result that follows immediately. Another plicated proof on the present corollary can
be found in[[6]. O

Corollary 3.8. Given a finite set of Hermitian matricg®; : j = 1,...,n} of the same size N\x N2.
If Dj > Ofor all j, thenR(R(Dn)R(Dnp-1) - - - R(D1)) > 0.

Proof. For each positive matrip; of size N? x N?, linear super-operatob; determined byD; is
completely positive. Thus the compositionro€ompletely positive linear super-operat¢b; : j =
1,...,n}is denoted byd = ®, o --- o ®;. Therefore the dynamical matriRe for @ is equal to
R(R(Dp)R(Dp-1) - - - R(D1)). Since composition preserves completely positivity oy above lemma,
® is completely positive, therefo@g > 0. O

Proposition 3.9. The Hilbert-Schmidt inner product, i.€X,Y) = Tr(X"Y), on the matrix spacéy
induces another inner product in the space of linear mafS\Vin, Mn).

Proof. Let {E, : @ = 1,...,N?} and{F, : @ = 1,...,N?} be orthonormal bases iMy, where
(Ea, Eg) = (Fq, Fg) = d,58. We need only to prove that

SN TIO(E,) W(E,) = 3N, Tro(F,) W(F,).
SINCelEa)) = S5 IFe(FAIEY) = Zpy (FAIENIFg), Ea = T ((FolE ).

N2 N2 N2
D ITIOE) WE) = Y D WFAE (R ENTIO(Fs) W(F,)
a=1 a=1p,y=1
N2 N2
= > D AR ENCEFR) TIo(Fg) W(F,)
a=1p6,y=1
N2 N2
= DRI BN CELIFp) Tra(F,) W(F,)
By=1 a=1
NZ2 N2
= D URJFNTIO(FR) W(F,) = " 85, Trd(Fy) W(F,)
By=1 By=1
NZ2
= O Tro(F,) W(F,).
a=1

Now we define the inner product of two linear super-operadoed¥ (seel[2]) as follows:

N2
(3.25) (D,¥) = Z Tro(E,) W(E,).

a=1
Using this correspondence it is possible to introduce tvftedint bases, associated to the bases
(E N

a=1’

{Fﬁ}ﬁ“jl, in the space of linear maps:
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1) Type—I basis{A.z} in .Z(Mn, Mn) is defined by
(3.26) Aap(X) = Eo(Fp, X) = EaTngx, X € My;

and
2) Type-ll basis {O,3} in .Z(Mn, Mn) is defined by

(3.27) @up(X) = E.XF}, X € My,

Indeed, 1) Letzg‘;zl CapAap = O for some scalars,s € C. This implies thatzg‘;zl CapAap(X) = 0,
in particular, forX = F,(y = 1,...,N?), we have:
2 2 2
0= Zc,;l,b’:l Caplap(Fy) = 22‘,5:1 CapdpyEa = Xiq CayEa
Since{E,} is linearly independentg,, = O,y = 1,...,N?. We have also thatA.s, Ay =
Zi“,‘fm:l Tr[Aas(D{) T Aw (KXID] = 6a,8p,. Furthermorely,, = [Eq)){(Fgl.
2) Letzc’;‘;zl CopByp = 0 for some scalarg,z € C. This implies thatzy;zl Cop®up(X) = 0, we have:
2 2
0= Zyﬁﬂ_ Ca,B@aﬁ(X) = Zy’[g:l Cop EoX ng
which means that

N2 N2 N2
| D Cop@up() = ) Capl®up(X)) = D, CoplEaXFL))

0 =
a,p=1 a,p=1 ap=1
N2
= [Z CopEa ® F;] 1X);
a,B=1
i.e., Zy;:l CopEe ® F; = 0 sinceX is arbitrary. Because of the independence of th¢Eek F;;}(’;‘Z,:l,
this implies that,s = 0(e, 8 = 1,...,N?). And we have also tha® .z, ©,y) = d4,0p,. Furthermore,

Le, =E,® F;.El

aff

Remark 3.10. Therefore, according to two kind of the above-mentionecebase can expanding
any mappingd € .Z(Mn, My) with respect to Type—I| and Type—Il bases, respectivelyebtwo
expressions that follow:

N2 N2
(3.28) O = Z paﬂAaﬁ = Z qaﬂ®aﬂ-
a,f=1 /=1

Now Lo = 2,1 PaglE)X(Fsl = BN ) GopEoa ® F;. We rite P = [pys]. Q = [Gug].
There is natural question to be asked: what is the relatipastimong these matric€sQ? (seel[10])

Proposition 3.11. With the above notations,
(3.29) (Daps Op) = (Bup, Ay = TI(ELE,F4F)).

Thus

. 2

() Pap = XN yey THESELFsF))0;
. 2
(i) Qap = 2oy THENELF5F)) Py
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Proof. By the definition of the inner product in the space of lineapsa

N N
D TH(Aas(DN) O (X D) = - GIFADTHELELliNIF,)

i,j=1 ij=1

<Aaﬁa ®yv>

N N
D CilFgliy - GIFTELELN) = > (ilFsFIELELli) = Tr(FsF{E]E,)
ij=1 i=1

Tr(EJE,FgF)).

Similarly, we have also(®,z, A,,) = Tr(ELE,FsF)). Since

N2
Pas = (B ®) = D" (A, 0Oy, )
uy=1

N2

Z <Aaﬁa ®,uv>qy1/a

uy=1

1) and 2) is trivial. O

Remark 3.12. (i) A special case is provided by the choieg = F, (or E, = F, = [i){j|, where
{liy}Y, are an orthonormal basis fa) (see[1]).

(i) Since 1))y = 2 lIXiD)y = Xilii), IDXAT = X iOXCi1 = Zij I @ [D)(]l. We know that
I®l = 22‘21 |[Ea ) {(Eq| when{Ea}(’:‘il is an orthonormal basis fo¥1y. Thus we havell )){{l| =

RI®1) = yil RENUE,]) = Z(’;‘il E, ® E}. If there is another orthonormal basf,léﬁ}'g‘:zl
for My, we still have: |I))(1| = 22‘:21 Fs® F Therefore,zc':‘il E,®E = Zﬁ'\'jl FpoF; =
Yo Xl @ lixjl = IDX(II. Furthermore, we have the swap operaBor= _; lij)(jil =
SN BB =3 FseF).

(i) In fact, given two orthonormal base{Ea}g'il and{F(,}L')'i1 in My, the relation

N2
(3.30) LM, My) >0 — Ag = Z O(E,) ® Fy € My ® My
a=1

defines an isomorphism betwe&f{( My, My) and My My. The isomorphism is an isometry:

N2 N2 N2
Ao Aw) = (Y DE)®Fq ) WE)®Fp) = > (D(Es) @ Fo W(Ep) @ F)
a=1 p=1 a,B=1
N2 N2
= D (D(EL), W(ER)XFa, Fp) = > (B(Ea), P(Ep))us
a,B=1 a,f=1
N2

D (D(Ea), (EL)) = (@, ;.. (A, Aw) = (D, ¥).

a=1
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4. BEST SEPARABLE APPROXIMATION FOR STATES

In this section we recall the so-called optimal and the bepamsability approximation(OSA and
BSA respectively). Although the results below have beengman [S,[7], we give the framework for
our convenience. Other results involved can be found_in. [dihe method of BSA, for any density
matrix p there exist a “optimal” separable matyg and “optimal” non-negative scalax such that
p — Aps > 0. We describe these results involved that follow:

Definition 4.1. A non-negative paramete is called maximal with respect to a (not necessarily nor-
malized) density matriyp, and the projection operaté = |y)y| if p — AP > 0, and for every > 0,
the matrixp — (A + €)P is not positive definite.

Definition 4.2. A pair of non-negative A1, Ao) is called maximal with respect to and a pair of
projection operator®y = |y1){Wal, P2 = [2) |, if p— A1P1— A2P2 > 0, A1 is maximal with respect
to p — AoP, and to the projectoP1,A; is maximal with respect tp — A;P; and to the projectoP,
and and the sum i + A, is maximal.

Theorem 4.3. For any density matrixy (separable, or not) and for any (fixed) countable set V of
product vectors belonging to the rangewmfthere existA(V) > 0 and a separable matrix

p;(V) = Z AaPa

where each projector Pis generated by some product vector i(pR and all A, > 0, such that
op = p— Aps = 0, and thatpg(V) provides the optimal separable approximation (OSAp tsince
Tr(6p) is minimal or, equivalentlyA is maximal. There exists also the best separable approiomat
ps for whichA = max; A(V). ObviouslyA(V) < A(V')whenV c V.

Theorem 4.4. Given the set V of product vectors in the rande)Rf p, the matrixpg = 3., AxPy IS
the optimal separable approximation(OSA)odf:

1) all A, are maximal with respect {0, = p — Y.+« A’ Por, @and to the projector p;

2) all pairs (Aq, Ag) are maximal with respect tp,s = p — Yoze5 AwrPe, @nd to the projection
operators(P,, Pg).

Theorem 4.5. (The uniqueness of the BSA) Any density matriy has a unique decompositign=
Aps + (1 = A)dp, whereps is a separable density matrifp is a inseparable matrix with no product
vectors in its range, and is maximal.

5. BEST SEPARABLE APPROXIMATION FOR OPERATIONS

We cab define separable CPM; thatdisis separable if its action can be expressed in the form

D(p) = X1 (Sk® TWe(Si ® TW)',
for some integen and whereSy and T are operators acting 0Ha,g, respectively. Otherwise, we
say that it is nonseparable. Up to proportionality constagparable maps are those that can be im-
plemented using local operations and classical commuaoicahly.



DYNAMICAL MATRICES 19

Let us consider two system&,andB, spatially separated, each of them composed of two pasticle
(A2, andBy 2). Let us consider a CPMb acting on systems, and By, whered(p) = 3, MOpM®
and M® acting onHa, ® Ha,, whereM® = Sy ® Ty for each indexk. Now @ induced another
super-operator acting oHa ® Hg in the following sense:

D(X) = Tk(Sk® TIX(Sk® TW)",
whereSy = Sk ®id®) and Ty = Ty ® id®?, andX acting onHa ® Hs.

We are interested in whether this CPM can create “nonlogaBregglement between the systefand
B. We define the operatdia, a, BB, acting onHaA® Hg, whereHp = Ha, @ Ha, andHg = Hp, @ Hp,,
and dim(Hpa,) = dim(Hg,) = d, as follows:

EauanB:8; = (PABIRIAABI) Py 5, @Pg, 5,) = O(Paa,®P8,5,) = Sk(Sk®Ti)(Paa,®Ps,8,)(Sk®
T = Zk(FS?PAlAZFS?) ® (-kaaleszT)-

Here, Paa, = [¥)aa (Pl with [Phaa, = \/—Z 11Ma; ® M)y, and Pslsz [¥)B,B,(*¥| with
¥)B,B, = % 22:1 g, ® lwe,, Wwhereflmy : m = 1,....d} and{ju) : u = 1,...,d} are an or-
thonormal basis fofH, /4, andHg, /s, respectively. The mag is understood to act as the identity on
the operators acting o, andHg,. The operatoE has a clear interpretation since it is proportional
to the density operator resulting from the operatibion systems\; and B; when both of them are
prepared in a maximally entangled state with two ancillgstesms, respectivelfe is calledChoi ma-
trix for the bipartite super-operatdr, or the mappingd — E(®) is calledJamiotkowski isomorphism
for the bipartite super-operatdr.

Now in general fod(p) = ¥ MOpM®, whereM® = 3, M&,Imynie|u)(v], thend induced
another super-operator like above as follows:

B(X) = T M (k)x( (k))
whereM® = 30, M I © [00v; and|mynl = Imy(n @ id®2) and|mnl = |u)(v] @ id®2.

Enmps, = (OMP)@idABd) Py, ® Py g,)

®(Pa,a, ® Payg,) = Z M®(Pa, ® PBle)( ("))

Z Z T(T?WV[ Mr(’ri:’)n/,y’v/] )

k  mminn uu’ vy’
(MmNl ® id ) Pa,a, (I Y| ® Id“D)T ® (J)(v ® idBD)Pg g, (/)| ® idBD)T

K K *
Z Z Mfg]?l/‘V[MIgTY)n’ Y ]
k mmnr ,uu’'vv'

(MmNl ® id“? ® |u)(v| @ idBD)(Pa,a, ® Pa,g,)(IM XN ®id? @ )| @ id®2)T,

Ifwe define vect1®) = ¥,y MERIMIMSID) = Simngy Mo MOSIEY) = Simny M Imm),
theny, vecM®)vecM®)" = Ep a, 8,8, If MK = A ® By, then vec®) = |A))[By)).

Proposition 5.1. If @ is a quantum operation on a bipartite quantum system, thés separable if
and only if its dynamical matrix pis separable.
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Proof. By the definition of separable quantum operatidfy) = 3;(A ® B)p(A ® B)" whend is
separable. Now the dynamical matrix for the separable tipar@ is Dy = >}; vec(A; ® Bj)vecA ®

B)' = Xi IA)(AI @ B))(Bil- m

Definition 5.2. Given quantum operatio® on bipartite quantum systef; ® H, with dimH; =
dimH>, = N, the dynamical matriD¢ for ® can decomposed & = ADg + (1 — 2)De in terms of
the BSA decomposition for state. Then the separable opar@tis ndetermined byiDs is calledbest
separable operation approximatidor ®. ®gn = © — Pgsalis calledpure entanglement-produced
operation partfor ®@.

Remark 5.3. If there is another decompositiddgy = Df + Dg for which Dy is just separable, then:
ADs — D% > 0 by the uniqueness of the BSA. Thus the decomposiliocn®gs o+ ®enT IS UNIqueE.

By operator-sum representation theorebfp) = Yicx FioF| = Yo GijJT, where maxl, |G]) <
N4, Let

I={ieF:Fi=A®B},J={jeG:G;=C;®Dj).
Write T(0) = iet FipF{ and¥(p) = % je; GjpG ;1" () = Tica FipF| and¥'(p) = ¥jecs GG
Theorem 5.4. T =¥ = ®gga

Proof. Apparently,Dy = Dy + Dy, whereD- is separable sinc® is separable operation. Hence
it follows from the uniqueness of the BSA thabs — Dy > 0. If, otherwise,ADs — Dy > 0, then

Dogs 1t = Dags,— Dy > 0, thatis®gs a-Y is CP map and separable,Bg = [Dy+Dagg ] +[Dr —
Dogs 1], WhereDy — Dgge v > 0, contradict with the fact that there is no factorizing penal
element forY’. ThereforeADs — Dy = 0, equivalently,Y = ®gsa The theorem is proved. O
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