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AN EFFECTIVE ISOMORPHY CRITERION FOR MOD /
GALOIS REPRESENTATIONS.

YUUKI TAKAI

ABSTRACT. In this paper, we consider mod ¢ Galois representations of
Q. In particular, we obtain an effective criterion to distinguish two
semisimple 2-dimensional, odd mod ¢ Galois representations up to iso-
morphism. Serre’s conjecture (Khare-Wintenberger’s theorem), Sturm'’s
theorem, and its modification by Kohnen are used in our proof.

1. INTRODUCTION.

In this paper, we consider mod ¢ Galois representations of Q. In particu-
lar, we find an effective criterion to distinguish two mod ¢ Galois represen-
tations. More precisely, we consider the following problem:

Problem. Let £ be a prime number, d and N be two positive integers such
that ¢ 1 N, and Gal(Q/Q) be the absolute Galois group of Q, where Q is
an algebraic closure. Let p,p' : Gal(Q/Q) — GL4(Fy) be two d-dimensional
(semisimple) mod ¢ Galois representations with Artin conductor (outside
¢) dividing N (defined in section 2.2). Is there an effectively computable
constant k = k({, N) satisfying the following condition (x)?
(x) If
det(1 — p(Frob,)T) = det(1 — p'(Froby,)T) in F,[T]

for every prime number p such that p < k and p { (N, p is
isomorphic to p'.
Here Frob,, is a Frobenius element at p.
On the 1-dimensional case, we can trivially take k = ¢N. Using Burgess’

result on the estimate of character sums [Bur63], we obtain the better esti-
mate for x as follows:

Kk e (IN) Tete

for every positive integer r and every positive number . Ankeny [Ank52]
proved, under the assumption of GRH, a sharper estimate of character sums.
By Ankeny’s result, under the assumption of GRH, we obtain

r < (log(¢N))2.
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For the details, see section 3.1.

In this paper, we consider the 2-dimensional case. The main result is the
following theorem:

Theorem 1. Let £ be a prime number and N be a positive integer such that
04 N. Let p,p : Gal(Q/Q) — GLy(Fy) be two semisimple 2-dimensional
Galois representations with Artin conductor dividing N. Assume that p is
odd (i.e., det(p)(c) = —1 for a complex conjugation c). Let

02 -2 1\ .
TNNH 1+]—) if > 2,
k= k(N,l) = pIN

ANN'TLx <1 + 1) if ¢ =2,
p

where N =[]y, p2n P- If
det(1 — p(Frob,)T) = det(1 — p'(Frob,)T) in F,[T]
1.e.,

Tr(p(Frob,)) = Tr(p'(Froby))  in Fy,
det(p(Froby,)) = det(p'(Frob,)) in Fy

for every prime number p satisfying p < k and pt{N, then p is isomorphic
to p'.

In our proof, we use the theory of modular forms. Recently, Khare and
Wintenberger proved Serre’s conjecture for modularity of Galois represen-
tations [KW]. Serre’s conjecture is the assertion that every odd irreducible
2-dimensional mod ¢ Galois representation arises from a newform. While ev-
ery odd reducible 2-dimensional mod ¢ Galois representation arises from an
Eisenstein series. By these facts, we can apply the theory of modular forms
to analyse such Galois representations. We also use Sturm’s and Kohnen’s
theorems for mod ¢ modular forms ([Stu87], [Koh04]). Roughly speaking,
these theorems are assertions that the all Fourier coefficients modulo ¢ of
modular forms are determined by the first few Fourier coefficients modulo
£. We obtain the main theorem by applying Sturm’s and Kohnen’s result to
modular forms associated with Galois representations.
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2. PRELIMINARIES.

Notation and conventions. In this paper, we follow the notations and
definitions in [DS05]. For the details of modular forms, we also refer to
[Shi71] or [Miy89].

Let k and N be positive integers. Congruence subgroup I'g(NN) of SLy(Z)
is defined as follows:

FO(N):{<Z Z>ESL2(Z)‘<Z Z)z(é i) modN}.

We remark that I'g(1) = SLyo(Z). Let H be the complex upper half plane
and GLj (R) be the subgroup of GLy(R) consisting of the elements with
positive determinant. For a holomorphic function f on #H, the action of

= < CcL 2 > € GLI (R) on f is defined as follows:

(fI])(2) = det(v)2 (cz + d) * £ (72).

Let x be a mod N Dirichlet character. The complex vector space of the
holomorphic modular forms of weight k& and level T'o(N) with Nebentypus
X is denoted by My(To(N),x) , i.e.,

{f : H — C | holomorphic on H and the cusps, f|[7] = x(d)f}

Then f € Mg (T, x) has its Fourier expansion f = ano ang™ where g =
e¥™ (2 € H).

2.1. Modular forms.

2.1.1. Operator w. Here we construct an operator on the space of modular
forms. For the details, we refer to [Miy89, Lemma 4.6.5].

Let k and N be positive integers, x be a Dirichlet character mod N, and
f(z) =302 ang™ € Mp(To(N), x). For a positive integer d, we define the
operator V(d) : My(To(N),x) = Mi(To(dN), x) as follows:

avane = (1] 5 1])e- ﬁ:;o g

For a prime number p satisfying p| N, we define operator U (p) : My(To(N), x)
— Mi(To(pN), x) as follows (cf. [Miy89, Lemma 4.6.5)):

UG () = %mz:o G R

It is easy to show that if N = p"Ny such that » > 2 and (p,Ny) = 1,
and  is of mod p" !Ny, then U, : My(To(p"No), x) — My(To(p" "1 No), x)-
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For a prime number p dividing N, we set operator m, = V(p) o U(p) :
My(To(N), x) — My(Lo(M),x), where

_ [ pN if Pt N,
M_{ N  otherwise.

Then, we have
Wp(f)(z) = Z apnqpn'
n=0

The operator m : My (To(N), x) — Mr(To(INN'), x) is defined as follows:
m=1id — Z Tp + Z Tpy O Tpy — + v+ = H (id — mp),
p|N:prime p1,p2|N:prime p|N:prime

where
N' = H P
pIN, p#N

and id is the identity of My(To(NN'), x), and the product in the last equa-
tion is taken as operators. Then, we have

N = S ad

n>1:(n,N)=1

2.1.2. Sturm’s and Kohnen’s result. We recall Sturm’s and Kohnen’s result
(in a form we need). These are results on the number of the first Fourier
coefficients that determine the all Fourier coefficients (mod ¢) of modular
forms.

Let K be a number field, and O be the ring of integers of K.

Lemma 1 (Sturm [Stu87, Th. 1]). Let k and N be positive integers, and x
be a mod N Dirichlet character. For f,g € Mi(To(N),x),

flz) = Zanqn,
n=0

g(Z) = Z bnq"
n=0

denote their Fourier expansions. Let £ be a prime number, and X\ be a prime
ideal of Ok such that \|lOg. We assume that ay, by, and the values of x
are in Ok for all n. If a, = b, (mod ) for every n such that

then a, = b, (mod \) for all n.
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Lemma 2 (Kohnen [Koh04| Th. 1]). Let k1 and ka2 be two positive integers
such that ki,ko > 2 and k1 # ko, N be a positive integer, and x be a mod
N Dirichlet character. For f € My, (I'o(N),x) and g € My, (To(N), x),

flz) = Zanq",
n=0

9(z) = > bug"
n=0

denote their Fourier expansions. Let £ be a prime number, and X\ be a prime
ideal of Ok such that \|(Og. We assume that ay, by, and the values of x
are in Ok for all n. If ap, = b, (mod ) for every n such that
max{kl, kg} [Fo(l) : PO(N) N Fl(@] if £>2,

12 [Co(1) : To(N)NTy(4)] if £ =2,
then a, = b, (mod \) for all n.

Remark 1. We remark that Lemma 2 holds even for k1 = ks. Indeed,
because [['g(1) : To(NV)] < [To(1) : To(N)NT'1(¢)], applying Sturm’s theorem
if k1 = ko, we can show that the first
max{krl, k‘Q}
12
coefficients determine the all Fourier coefficients (mod A) of modular forms
for every ki, ke > 2 and £ > 2. Similarly, also in the case of £ = 2, the first
max{krl, k‘Q}
12

coefficients determine the all Fourier coefficients (mod 2) of modular forms
for every ki, ko > 2.

n <

[To(1) : To(N) NT1(£)]

[To(1) : To(N) NIy (4)]

2.2. Galois representations.

2.2.1. l-adic and mod ¢ Galois representations. Let £ be a prime number, d
be a positive integer, and L be a finite extension of QQ;. Then a d-dimensional
f-adic Galois representation over L is a continuous homomorphism

p: Gal(Q/Q) — GL4(L).
For two d-dimensional ¢-adic representations p and p’, p is isomorphic (or
equivalent) to p’ (denoted by p ~ p) if there is an element A € GL4(L) such
that p(o) = A~/ (o)A for all ¢ € Gal(Q/Q). p is absolutely irreducible
if for every finite extension L’ of L, the composition representation f o p is
also irreducible, where f : GLy(L) < GLg4(L'). p is odd if det(p(c)) = —1
for a complex conjugation ¢ € Gal(Q/Q).

Let F be a finite field or an algebraic closed field of characteristic £. A
d-dimensional mod ¢ Galois representation over FF is a continuous homomor-
phism p : Gal(Q/Q) — GL4(F), where GLg(F) has a discrete topology. The
notions of isomorphic, absolutely irreducible, and odd are defined as above.
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Since Gal(Q/Q) is compact, p has a finite image. Therefore, when F = [y,
there is a finite subfield F’ of F such that p is defined over F’. Let F be a field
of characteristic ¢, and V = F¢. For a d-dimensional mod ¢ representation

p: Gal(Q/Q) — GL(V), Artin conductor (outside £) N(p) of p is defined as
follows:

No)= 3 p O my(o) = 3 g dim(V/ V),

pF#L:prime >0

where G, ; is the i-th ramification group of the decomposition group at p. It

is known that n,(p) is a non-negative integer. Thus N(p) is also a positive

integer. We remark that the Artin conductor is relatively prime to £.
There is the fundamental fact on isomorphy of Galois representations.

Lemma 3. Let R be a finite extension field of Qg or a finite extension field of
Fo. Let p,p’ : Gal(Q/Q) — GL4(R) be two semisimple continuous Galois
representations. Then if det(1 — p(Frob,)T') = det(1 — p/(Frob,)T) € R[T]
for all but finitely many prime number p, p is isomorphic to p'.

Proof. The lemma follows from Chebotarev’s density theorem and Brauer
and Nesbitt’s theorem (cf. [DS74] Lem. 3.2]). O

Next, we discuss mod ¢ reductions of f-adic representations. Let L be a
finite extension of Q,, O, be the ring of integers in L, and A be a maximal
ideal in Oy, such that A\|[¢Op. Let p : Gal(Q/Q) — GL(V) be a d-dimensional
f-adic Galois representation, where V is a d-dimensional vector space over
L. Then the following fact is known:

Proposition 1. p admits a Galois stable lattice i.e., there is a lattice L C V
such that L is stable under Gal(Q/Q).

Proof. For the proof, cf. [DS05, Prop. 9.3.5]. O

By choosing some basis which generates a Galois stable lattice in V' for
p, we can take GLgy(Opr) as the image of p. A reduction p of p is defined
as the composition f o p, where f is a surjective continuous homomorphism
GL4(Or) — GL4g(Or/X). We remark that the semisimplification of p does
not depend on any choice of Galois stable lattices.

2.2.2. Modularity of 2-dimensional mod £ Galois representations. In this
section, we discuss the theory of between modular forms and /-adic and
mod ¢ Galois representations. In the beginning, we recall -adic Galois rep-
resentations associated to newforms. Let f € Si(T'o(N),€) be a normalised
newform with Nebentypus e (for the definition, cf. [DS05, Def. 5.8.1])
and f = Y a,q"(¢g = €*) denotes the Fourier expansion of f. Let
K =Q(...,an,...,€) be the field generated by the all Fourier coefficients
of f and the values of e. Then it is known that K is a finite extension
of Q and coefficients a,, are in O (cf. [Shi71, Theorem 3.48]). Let ¢ be
a prime number such that £ 4 N and A be a prime ideal of O such that
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A€Ok . The f-adic Galois representation associated to f is a 2-dimensional
representation p = py : Gal(Q/Q) — GL2(Ok, ) such that

Tr(p(Froby)) = ay,

det(p(Froby)) = e(p)p"~

for all prime number p satisfying (p,¢N) = 1, where K, is the completion
of K at A. A mod ¢ Galois representation associated to f is denoted by
pr. We also define f-adic and mod ¢ Galois representations associated to
Eisenstein series which are normalised eigenforms as well as newforms (cf.

[DS05, Th. 9.6.6]).

Next, We recall some facts of modularity of 2-dimensional mod ¢ Galois
representations. Let p : Gal(Q/Q) — GL2(F,) be a mod ¢ Galois represen-
tation. We assume that p is semisimple, odd, and N(p)|N.

When p is reducible, p comes from an Eisenstein series. More precisely,
we explain modularity in the reducible case. At first, we review some facts
on Eisenstein series (for the details, cf. [DS05, Sect. 4.5]). Let N, u and
v be positive integers such that uv|N, ¢ (resp. ¢) be a (resp. primitive)
mod u (resp. v) Dirichlet character, and k be an integer k£ > 2 such that

(W) (—1) = (=1)k. E;f’qj denotes the Eisenstein series defined in [DS05,
Sect. 4.5, Sect. 4.6]. We remark that E;f’qj is holomorphic if £ > 3, but is

not holomorphic if ¥ and ¢ are principal and k = 2. E}f"z’ has the following
Fourier expansion:

BYO(2) = 6(¥)L(L — k,¢) +2>_ ap % (n)g",
n=1

where

1 if ¢ is a primitive character,
56 ={ § e

0 otherwise,
and
n _
b = 3 v (%) eldd
d|n,d>0

For a positive integer ¢ such that tuv|N, we set

EPO() = E;f’%z) - tEZ’¢(tz) if ¢ and ¢ are primitive and k = 2,
k E}f"z’(tz) otherwise.

Then, E;f’d)’t(z) is a holomorphic modular form. If uv = N or k =2, ¢ =1,

¢ =1, tis a prime and N is a power of ¢, then E;f’d)’t is an eigenform for all
Hecke operators. Let p be as above. We assume that p is reducible. Then,

we can show that
o vx¢ 0 >
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where 1 and ¢ are Dirichlet characters such that ¢ is a mod N Dirichlet
character, x, is the cyclotomic character, and a and b are integers such
that 0 < a,b < £ — 2 (cf. §.3.1). When a = 0, p comes from %E}f’d)’t
for2 <k </{¢{+1and k =b mod?¢—1 (cf. [DSO5, Th. 9.6.7]). When
a=1,...,¢—2, for a positive integer k such that k=b—a+1 mod £ —1
and 2 < k <[+ 1, p comes from eigenform %H“Eg’¢’t. Here 6 is the theta
operator (cf. [Edi92 Sect. 3]). We remark that the filtration w(%H“E;f’d)’t)
of L0E) is 2 < w(30°EV) < 2 —1ifa=1,2,...,0 2.

When p is irreducible, Khare and Wintenberger proved the following the-
orem known as Serre’s modularity conjecture:

Theorem (Khare and Wintenberger [KW]). Let p : Gal(Q/Q) — GLy(Fy)
be an irreducible odd 2-dimensional mod £ Galois representation. Then there
is a newform f € Sy, (Lo(N(p)),e(p)) such that p is isomorphic to py.
Here the integers N(p), k(p), and the mod N(p) Dirichlet character €(p) are
defined by Serre [Ser87, Sect. 1 and Sect. 2].

Remark 2. By the definitions in [Ser87] Sect. 2], 2 < k(p) < 2 —1if £ > 2
and k(p) = 2 or 4 if £ = 2. We remark that both the reducible case and the
irreducible case, we can take a modular form corresponding to p of weight
Esuchthat 2< k< —1if¢>2andk=2or4if ¢ =2.

3. ONE AND TWO-DIMENSIONAL CASES.

3.1. One-dimensional case. Let ¢ be a prime number, and N be a pos-
itive integer such that ¢ { N. Let p : Gal(Q/Q) — GL1(F;) be a 1-
dimensional mod ¢ Galois representation of the Artin conductor N. Since p
has a finite image, there is a finite abelian extension F' over QQ such that
image(p) ~ Gal(F/Q). Thus, by Kronecker-Weber theorem, there is a
positive integer M and we have the factorisation p = p, = py.m © T,
where py s : Gal(Q(Cy)/Q) ~ (Z/MZ)* 5 F, and my : Gal(Q/Q) —
Gal(Q(¢a)/Q). Since p is tamely ramified at ¢, we may take M = (N
where N is the Artin conductor of p. In particular, p comes from a mod ¢{N
character.

Let p and p’ be two 1-dimensional mod ¢ Galois representations of Artin
conductors N, and x and x’ be two mod /N Dirichlet characters such that
p = py and p’ = p,s. On the 1-dimensional case of the problem, we claim
that there is a positive number k = (N, £) such that if p(Frob,) = p/(Frob,)
in F; for every prime number p satisfying (p, /N) = 1 and p < k, then p >~ p'.

First, we discuss a trivial estimate. If py, % py, (x/Xx')(n) # 1 for an
integer n such that 1 < n < ¢N. Then there is a prime p|n such that
(x/x")(p) # 1. Thus we can take k = ¢N. It is a trivial estimate for k.

Using Burgess’ estimate for character sums [Bur63], we obtain a better
estimate for k. Let d be a positive integer, M be an integer such that
0 < M < d, and xg be a non-trivial mod d Dirichlet character. According
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to Burgess [Bur63, Th. 2],

M
r+1
1> xo(n)| e M=rdEEte

for every positive integer r and every positive number €. This inequality
means that

|ZX0 )| < eM=FdnE e

for every positive integer r and every positive number £ with a positive
r r+1
constant ¢ depending on r and e. When M > crd%rl“e, eMY=rdmzte < M.
r+1
Thus xo(n) # 1 for 0 < n < d e 4 1. In our case, applying Burgess’

result with d = /N and xo = x/x/, we can take k = ¢"({N) ar "I 7 4 1 with
the above ¢, r,e. Thus we obtain the estimate

K <o (ON)T7 7€

On the estimate of character sums, it is conjectured that the bound is
some polynomial order of the logarithm. Indeed, Ankeny [Ank52, Th. 2]
proved, under GRH, the following estimate:

| ZXO )| < (log(£N))>.

Using this, we obtain
r < (log(¢N))?
under GRH.

3.2. Two-dimensional case. In the 2-dimensional case, we prove the fol-
lowing main result:

Theorem 1. Let £ be a prime number and N be a positive integer such that
(1 N. Let p,p : Gal(Q/Q) — GLo(Fy) be two semisimple 2-dimensional
mod £ Galois representations with Artin conductor dividing N. Assume that
p is odd. Let

((0* = 1) 1\ .
o Al - ) NN’}_][V <1+ 5) if £> 2,
ANN' Ty <1 + %) if £ =2.
where N' =[], n, v p- If
det(1 — p(Frob,)T) = det(1 — p/(Frob,)T)  in Fy[T]

for every prime number p satisfying p < k and pt {N, p is isomorphic to p'.



10 YUUKI TAKAI

Proof. First, we prove that p’ is odd. By the assumption,
det(p(Frob,)) = det(p'(Frob,))

for every prime p satisfying p < {N < k and p { £N. Thus, by the trivial
estimate on the 1-dimensional case,

det(p) = det(p')

holds for every prime number p satisfying p t ¢N. Thus, p’ is also odd. By
Remark [2 semisimple odd continuous 2-dimensional mod ¢ Galois represen-
tations come from Hecke eigenforms. Because N(p), N(p')|N and N|(N,
we can take the appropriate eigenform f € My (I'o(¢N),e) (resp. g €
My, (To(¢N),€)) such that p ~ pr® (vesp. p' ~0,°%), 2 < k1, ko < €2 — 1 if
¢>2, and ki, ky = 2,4 if £ = 2. Here p;®® is the semisimplification of py.

Next, we apply the operator 7 defined in §. 2.1.1. We set f = n(f)(2) €
My, (To((2NN"),€) and §j = 7(g)(2) € My, (To(€62NN'),€). Let f(z) =
Yo ang™ and §(z) = Y 07 byqg™ be their Fourier expansions. Remark
that a,, = b, = 0 for all n such that (n,/N) > 1 and

{amn —Imin g all (m,n) =1,

apr = apn_1a, + €(p)pF " ayn2

bpn = bpn_lbp + 6(p)pk2_1bpn—2
for every prime number p such that p { {N. Let Ky = Q(...,an,...,€) (resp.
Ky, =Q(...,by,...,€)) be the field generated by the all Fourier coefficients
of f (resp. g) and the values of ¢, and Ok, (resp. Ok,) be the ring of
integers of Ky (resp. Ky). Let Ay (resp. )g) be a maximal ideal in Ok,
(resp. Ok,) such that A\¢[¢O, (resp. A\g|[(Ok,) and Fy = (’)Kmf /Af (resp.
Fg = Ok ,,/Ag)- Then

det(1 — p(Frob,)T) = 1—a,T +e(p)p™~1T% in F4[T],
det(1 — p/(Frob,)T) = 1—b,T +e(p)p™~'T? in F,[T]

for every prime p such that p t+ /N. Let L be the Galois closure of the
composite of Ky and Ky, Of, be the ring of the integers of L, and A be a
maximal ideal in Oy, such that A]A O, and A|A;Or, and F = Op, y/A. Then

det(1 — p(Frob,)T) = 1—a,T +e(p)p™~'T? in F[T],
det(1 — p/(Frob,)T) = 1—b,T +e(p)p™~1T? in F[T]

for all prime p such that p{¢N.
On the assumption, we have

ap =b, (mod \)

for every prime p such that p{ /N and p < k (for £ in Theorem 1). Because
Amn = AmGn, by = byby, for (m,n) =1 and apn = byn (mod A) for every
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prime number p such that p < k (indeed, for such prime p,

aye = af,—ke(p)pkl_lal

= af, + det(p(Frob,)) (mod \)
= b?, + det(p'(Frob,))  (mod )
= b2 +elp)p™ b (mod \)
= by
and by the induction), we have
an =0b, (mod \)
for every n such that n < k. While it is easy to check that
?—1

_ T [To(1) : Do(ANN")YNT1(0)] if £> 2,

E[Fo(l) :To(ANN)NT1(4)] if £=2.

By Lemma 1 and Lemma 2 and the fact that 2 < k(p),k(p') < 2 —1if
0> 2 and k(p),k(p)) =2 o0r 4if £ =2, we have f = g (mod \). It means
that a, = b, (mod \) for all n. Therefore Tr(p(Frob,)) = Tr(p'(Frob,))
(mod ) for every prime p such that p{ /N. By Lemma 3, p is isomorphic
to p. O

By Theorem 1, we have estimate
k< °N%log N.

Comparing with the estimate under GRH on the 1-dimensional case in sec-
tion 3.1, it is clear the above estimate is very large. We guess that the
estimate for k can be improved in the 2-dimensional case. In general, we
guess that we can take some polynomial of log /N as the upper bound for k
in the arbitrary dimensional case. Thus we ask the following question:

Question. Let n be a positive integer, and k be the positive number in the
problem of the n-dimensional case. Then can we take

k= (log ¢N)4

for some positive integer d?
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