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Abstract

In this paper, we study the spreading properties of the solutions of an integro-differential
equation of the form u; = Jxu—u+ f(u). We focus on equations with slowly decaying dispersal
kernels J(x) which correspond to models of population dynamics with long-distance dispersal
events. We prove that for kernels J which decrease to 0 slower than any exponentially decaying
function, the level sets of the solution u propagate with an infinite asymptotic speed. Moreover,
we obtain lower and upper bounds for the position of any level set of u. These bounds allow us to
estimate how the solution accelerates, depending on the kernel J: the slower the kernel decays,
the faster the level sets propagate. Our results are in sharp contrast with most results on this
type of equation, where the dispersal kernels are generally assumed to decrease exponentially
fast, leading to finite propagation speeds.
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1 Introduction and main assumptions

In this paper we study the large-time behavior of the solutions of integro-differential equations with

slowly decaying dispersal kernels. Namely, we consider the Cauchy problem:

= — R
{ut Jxu—u+ f(u), t >0, z € (11)

u(0,x) = up(z), x €R

where J(z) is the dispersal kernel and

(7 u)(t.) = [ I = yutt.v)dy.

R
We assume that the nonlinearity f is monostable and that the initial condition ugy is compactly
supported.
The equation (L)) arises in population dynamics [16] 24] where the unknown quantity u typi-

cally stands for a population density. One of the most interesting features of this model, compared
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to reaction-diffusion equations, is that it can take rare long-distance dispersal events into account.
Therefore, equation (I.I]) and other closely related equations have been used to explain some rapid
propagation phenomena that could hardly be explained with reaction-diffusion models, at least
with compactly supported initial conditions. A classical example is Reid’s paradox of rapid plant
migration [I1, 12, 27] which is usually explained using integro-differential equations with slowly
decaying kernels or with reaction-diffusion equations with slowly decaying — and therefore noncom-
pact — initial conditions [25]. As we shall see in this paper, the use of slowly decaying dispersal
kernels is the key assumption that leads to qualitative behavior of the solution of ((ILT]) very different
from what is expected with reaction-diffusion equations.

Let us make our assumptions more precise. We assume that the initial condition ug : R — [0, 1]
is continuous, compactly supported and not identically equal to 0.

The reaction term f : [0,1] — R is of class C! and satisfies:

f(0)=f(1)=0, f(s)>0 forall s (0,1), and f/(0) > 0. (1.2)

A particular class of such reaction term is that of Fisher-KPP type [I7, [19]. For this class, the
growth rate f(s)/s is maximal at s = 0. Furthermore, we assume that there exist § > 0, so € (0,1)
and M > 0 such that

f(s) > f(0)s — Ms'*° for all s € [0, s). (1.3)

This last assumption is readily satisfied if f is of class C'9.
We assume that the kernel J : R — R is a nonnegative even function of mass one and with
finite first moment:

JeC'R), J>0, J(z)=J(-z), /

RJ($)d$ =1 and /R|x|J(:17)d:E < 00. (1.4)

Furthermore, we assume that J(z) is decreasing for all z > 0, J is a C! function for large = and
J (x) = o(J(x)) as |z| — +o0. (1.5)

This last condition implies that J decays more slowly than any exponentially decaying functions

as |z| — oo, in the sense that
V>0, 3z, €R, J(x)>e ™ in [z,,00), (1.6)

or, equivalently, J(z)e"*l — oo as |z| — oo for all € > 0. We shall refer to functions J satisfying
the above assumptions (IL4)), (LE) as exponentially unbounded kernels.

The assumption (L5)) is in contrast with the large mathematical literature on integro-differential
equations [2, [14] [15] 28] 30, 31] as well as integro-difference equations [21], 22], where the dispersal

kernels J are generally assumed to be exponentially bounded as |z| — oo, i.e. :
3n > 0 such that / J(z)e"* < oo, (1.7)
R

In this “exponentially bounded case”, it follows from the results in [30] that, under our assumptions

on ug and f, the solution of (LI admits a finite spreading speed ¢*. Thus, for any ¢j, co with



0 < ¢ <c¢* < e < oo the solution w to (LI) tends to zero uniformly in the region |z| > caot,
whereas it is bounded away from zero uniformly in the region |z| < ¢t for ¢ large enough. Thus,
the spreading properties of the solution of (II) when J is exponentially bounded are quite similar to
that of the solution of the reaction-diffusion equation us = ugy + f(u) with u(0,-) = ug [3, 14, 17, 19].
The existence of such a finite spreading speed is also true for other integro-differential equations
with exponentially bounded dispersal kernels [2, [15], 28] [30].

Let us come back to problem (L)) with an exponentially unbounded kernel J. In this case, it
is known that equation (ILI) does not admit any traveling wave solution with constant speed and
constant (or periodic) profile [32]. Moreover, numerical results and formal analytic computations
carried out for linear integro-difference equations [20] and linear integro-differential equations [24]
indicate that exponentially unbounded dispersal kernels lead to accelerating propagation phenom-
ena and infinite spreading speeds. In this article, we prove rigorously such results for the solution
u of (LI) when the kernel J is exponentially unbounded i.e. J satisfies (I.4]) and (LE5).

Our approach is inspired from [I8], where it was shown for a reaction-diffusion equation u; =
Uge + f(u) that exponentially unbounded initial conditions lead to solutions which accelerate and
have infinite spreading speed. Here, we get comparable results starting from compactly supported
initial data and with exponentially unbounded dispersal kernels. However, the interpretation of
our results as well as their proofs are very different from those in [I8] 25]. These differences are
mostly due to the nonlocal nature of the operator u +— J % u — u, and to its lake of regularization

properties.

2 Main results
Before stating our main results, we recall that from the maximum principle [30, 32] and from the
assumptions on ug, the solution u of (I.I]) satisfies
0 <u(t,z) <1 forall t>0 and x € R.

For any A € (0,1) and ¢ > 0 we denote by

E\(t) ={z e R, u(t,z) = A},
the level set of u of value A at time ¢. For any subset A C (0, J(0)), we set

JHAY = {z €R, J(z)c A},

the inverse image of A by J.
Our first result says that the level sets E)(t) of all level values A € (0,1) (namely, the time-

dependent sets of real numbers z such that u(¢,2) = \) move infinitely fast as t — oo.

Theorem 1 Let u be the solution of ([IIl) with a continuous and compactly supported initial con-
dition ug : R — [0, 1] (ug #Z 0). Assume that J is an exponentially unbounded kernel satisfying (L4)
and (LH). Then,

Ve >0, min u(t,x) = 0 ast — o0 (2.8)
|z|<ct



and for any given X € (0,1), there is a real number ty > 0 such that E\(t) is non-empty for all
t>ty, and

lim min{ E)(t) N[0, +00)} — lim —max{F)(t) N (—o0,0]}

t—r+00 t t—+o00 t

= +o0. (2.9)

Our next result gives a “lower bound” for the level sets E(t) in terms of the behavior of J at

Q.

Theorem 2 Under the same asumptions as in Theolll, for any X € (0,1) and € € (0, f'(0)) there
exists Ty . >ty such that

Vit > Ty, Ex(t)CJ! {(0, e—<f’(0>—€)t] } . (2.10)
In our next result, we will either assume:

Hypothesis 1 An exponentially unbounded kernel J satisfies Hypothesis Ol if and only if there
exists o > 0 such that |J'(x)/J(x)| is nonincreasing for all x > o and there exists g9 € (0,1) such
that

/ J(2)°dz < 0. (2.11)
R

Hypothesis 2 An exponentially unbounded kernel J satisfies Hypothesis[d if and only if

‘ J'(z)
J(2)

_0 <%> as 2] = oo. (2.12)

Under these additional assumptions on the kernel J, we are able to establish an “upper bound”
for the level sets F)\(t).

Theorem 3 Let u be the solution of (ILI]) with a continuous and compactly supported initial con-
dition ug : R — [0,1] (ug # 0). Assume that J satisfies either Hyp. [l or Hyp.[2. Then, there exists
p > f'(0) such that for any X € (0,1) there is Ty > t\ such that

vt > Ty, Ex(t) Cc J 7 {[e ", J(0)]}. (2.13)

Theorem [2 together with Theorem [3] provide an estimation of the position of the level sets E(t)
for large time ¢. In particular the inclusions ([210) and (ZI3]) mean that, for any A € (0,1) and any
element x)(t) € E)\(t), we have

min (J_1 <e_(fl(0)_€)t) N [0, +oo)) < |za(t)] < max (J7' (e7) N[0,400)), (2.14)

for large t.



3 Case studies

Let us apply the results of Sec. 2 to several examples of exponentially unbounded kernels:

e Functions J which are logarithmically sublinear as |x| — oo, that is
J(z) = Ce~l2l/m{=) for large |x], (3.15)
with o« > 0, C > 0;
e Functions J which are logarithmically power-like and sublinear as |z| — oo, that is
J(z) = Ce P17 for large |x], (3.16)
with o € (0,1), 8, C > 0;
e Functions J which decay algebraically as |z| — oo, that is
J(x) = Clx|™ for large |z|, (3.17)
with o > 2, C' > 0. .

First, if J satisfies (L4]) and (BI5]) then J satisfies Hyp. [l (but not Hyp. ). Theorem [ and [3]
then imply that for any level value A € (0,1) and any ¢ > 0, it exists p > f’(0) such that every
element x)(t) in the level set E)(t) satisfies:

/0 _ ~
FO)=¢ tin(t) < |zx(t)] < Btln(t) for large ¢. (3.18)
« «

Now, if J satisfies (I4]) and (3.16) then J satisfies Hyp. [l (but not Hyp. 2)) and it follows
from Theorems 2] and [ that the positions of the level sets F)\(t) are asymptotically algebraic and
superlinear as t — 400, in the sense that for e > 0, there is p > f/(0) such that

oy _ 1/ 5\ /e
<%> e < aa(t)] < <%> tY for large t, (3.19)

where x)(t) is any element of the level set Ey(t) (see Fig. [I).

Next, if J satisfies (I4]) and decays algebraically for large x as in ([BI7]), then J satisfies both
Hyp. [ and 2 and it follows from Theorems [2 and [B] that the position of the level sets E)(t) move
exponentially fast as ¢ — +o00 in the sense that, for any A € (0,1) and € > 0, there is p > f/(0)
such that F(0) - 5

B t < In(Jza(t)]) < o t for large t, (3.20)

for any x)(t) in the level set E(t). The profile of the solution u(t,z) of (L)) with an algebraically
decreasing kernel is illustrated in Fig. 2] (a).

We mention that Cabré and Roquejoffre [8] just established comparable estimates for the level
sets of the solutions u of equations of the type u; = Au—+ f(u), where f is concave, g is compactly

supported or monotone one-sided compactly supported, and the operator A is the generator of a



Figure 1: Plain line: position xg2(t) of the level set Ey2(t) of the solution of (LI]) with f(u) =
u(1—u), uo(x) = max((1—(2/10)2),0) and the exponentially unbounded kernel J(z) = (1/4)e~ VI,
Observe that 2(t) remains bounded by  +— J~1(e=/"Ot) = (t —In(4))? and J~ (e~ (O+1/2)t) —
(3t/2 —In(4))? (dashed lines) for large t.

Feller semi-group. A typical example is the fractional Laplacian A = —(—A)® with 0 < o < 1: if
u is smooth enough and decays slowly to 0 at infinty,

a u(y) — u(z)
(_A) U(x) = Cq /R Wdy, for all x € R,

where ¢, is choosen such that the symbol of (—A)® is |¢|>*. In this case, the asymptotic exponential
spreading of the level sets also follows from the algebraic decay of the kernel J,(z) = |z|~(1+2%)
associated with the operator A. We can notice that it is not a particular case of Theorems [2] and [3]
since the kernel J, is singular at = 0.

Lastly, let us consider the example of a function J satisfying (I4),(L5]) and such that |J'/J]| is

not monotone as |z| — oo, e.g.
J(x) = C|z — sin(z)| ™« for large |z| (with o > 2).

Then J does not satisfies Hyp. 1, but still satisfies Hyp. 2. Thus, we can apply Theorems [2] and [3]
which lead to the same estimates as (3.20]).

In all above examples the positions of the level sets increase super-linearly with time. This
illustrates the accelerating behavior of the solution of (II]) for exponentially unbounded kernels.
Coming back to Fig. 2] (a), we indeed observe that the distance between level sets of the same level
tends to increase with time when time growths as ¢,, = an with a > 0 and when J is exponentially
unbounded, whereas it remains constant in the exponentially bounded case (Fig. 2l (b)). Moreover,
in Fig. 2 (a), the solution tends to flatten as ¢ — oo i.e. the lower the level A, the faster the level
sets E)\(t) propagate. In particular, this implies that the solution does not converge to a traveling
wave solution. This is coherent with the fact that (LI]) does not admit traveling wave solutions

when the kernel J is exponentially unbounded [32].
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Figure 2: The solution wu(t,x) of problem (1)) at successive times t = 0,3,...,30, with f(u) =
u(1 — u) and up(r) = max((1 — (z/10)?),0) : (a) with an exponentially unbounded kernel J(z) =
(1 + |z[)=3; (b) with an exponentially bounded kernel J(z) = (1/2)e"1%.

4 Proofs of the Theorems

4.1 Proof of Theorem [

We begin with proving that for any ¢ > 0, ligiinfu(t,m) = 0. Let us define v(t,z) = v(t,z)e" for
all (t,z) € [0,00) x R, where r = sup (f(s)/s) > f'(0) > 0 and v satisfies the following problem:

s€(0,1
n=Jxv—uv, t >0, x €R, (4.21)
v(0,z) = up(x), z € R.
Then T verifies vy = J %7 — 7+ 10 on (0,00) X R and 9(0,2) = up(z). From the maximum

principle [30] 32], we get 0 < u(t,z) < v(t,x) for all (t,z) € (0,00) x R.

Moreover, since ug is compactly supported and the operator u +— J*u—wu is Lipschitz-continuous
on L®(R) N L'(R), the Cauchy-Lipschitz theorem implies that the solution t ~ v(t,-) of prob-
lem (21 belongs to C([0, 00), L°(R) N L}(R)). Integrating (@21]) over R and using (L4, we get
[v@)|l1(r) = lluoll L1 (w)- This implies that u(t) belongs to L'(R) for all ¢ > 0. Since u(t, z) > 0 for



any t > 0 and = € R, we have:

liminfu(t,2) = 0 and liminfu(¢,z) = 0 for each ¢ > 0. (4.22)

T——00 T——+00

Let us now prove that u(t,0) — 1 ast — oo. Let f : [0,1] — R satisfies (I.2)), (I3) and such that
f<fin[0,1], f(s) < f'(0)s for all s € [0,1] and f is a nonincreasing function in a neighborhood
of 1. We denote by % the solution of the Cauchy problem (L.I]) with the nonlinearity f. From the
maximum principle v > @ on [0, 00) x R.

Then, let us set g.(s) = f(s) —es in [0, 1], where € € (0,1) is small enough such that g.(0) > 0.
Set

Ae =sup{s > 0] g >0in (0,s]} < 1.

One can choose € > 0 small enough so that g. < 0 on (A, 1]. From (L4]) we know that there exists
A > 0 such that

AL
D. = / J(y)dy =1 —e.
— A,

Let v be the solution of the following Cauchy problem:

(4.23)

0w =Dc(Jexv—10)+g:(v), t >0, z€R,
2(0733) = u0($)7 z € R,

where J, is a compactly supported kernel defined by:

We have
O =(J xL_a a))*v—v+ flv) <Txv—v+ f(v).

The maximum principle implies that 0 < v(t,z) < a(t,z) < u(t,z) (< 1) for all t > 0 and = € R.
From Theorem 3.2 in [23], we know that v propagates with a finite speed ¢ > 0 d.e. for all
c€(0,¢f),

sup |v(t,x) — Ae| = 0 as t — +o0. (4.24)
|| <ct

In particular, we have:
lim v(¢,0) = Ae < lim u(¢,0) < 1.

t—00 t—o00
Since A\; — 1 as ¢ — 0, we get
u(t,0) = 1 as t — oo.

It then follows that for any A\ € (0, 1) there exists a time ¢ > 0 such that
u(t,0) > X for all t > t,. (4.25)

Since the functions x — u(t,z) are continuous for all ¢ > 0, one concludes from ([@22]) and (£25])
that Ey(t) is a non-empty set for all ¢ > ¢.



Let us now prove ([2.9]). From [23], we know that the propagation speed ¢} is the minimal speed

of traveling wave solutions of problem (4.23]). This speed verifies [9] 26]:

n>0 |7

¢ = min {1 (De /R J(2)e"dz — 1 + f/(0)> } (4.26)

Let A >0, A € (0,1), t >ty and zx(t) € E\(t). Since J is exponentially unbounded in the sense
of (LA), ¢ — oo as € — 0. Let us choose € > 0 small enough such that A\, > A and ¢ > A. Then,
it follows from ([A24]) that |z(¢)| > At for ¢ large enough. Since this is true for any A > 0 and any

xA(t) € Ex(t) we get (Z8) and (29]). O

4.2 Proof of Theorem

This section is devoted to the proof of a lower bound for min{ E (¢)N(0, +00)} (resp. — max{FE)(t)N
(—00,0)}). The proof is divided into three parts. We begin with showing that the solution of (LII)
at time ¢ = 1 is larger than some multiple of J. Then, we construct an appropriate subsolution
of (I.I) which enables us to prove the lower bound for small values of \. Lastly, we show that the
lower bound remains true for any value of A € (0,1).

More precisely, let us fix A € (0,1) and € € (0, f/(0)). We claim that

Ex(t) c J? {(o e ’<0>—€>t} } (4.27)

for ¢ large enough.

Step 1: u(1,-) is bounded from below by a multiple of J(-) Let us define
v(t,x) = (uo(x) + t(J * ug)(z))e™".

Then it is easy to see that v is a subsolution of the following linear Cauchy problem:

{gt:J*g—g,t>0,x6R, (4.28)

w(0,z) = up(z), z € R.
Indeed, v(0,x) = ug(x) and for all (t,z) € [0,00) x R:
v — Jxv4v=—te " (J*(J*up)) (z) <O0.
Since u is also a subsolution of the equation (I.I) verified by u, we get:
u(t,x) > v(t,z) for all (¢t,x) € [0,00) x R.

Moreover, v(1,z) = (ug(z) + (J *ug)(x))e~! for all z € R which implies that is exists C € (0, 1)
such that v(1,2) > CJ(x) for all z € R. Finally,

u(l,z) > v(1l,z) > CJ(x) for all z € R. (4.29)



Step 2: Proof of (427) for small values of A\ We recall that there exist § > 0, so € (0,1) and
M > 0 such that f(s) > f/(0)s — Ms'*0 for all s € [0, sg).
Define p; > 0 by
o = F/(0) —2/2. (4.30)

Since J satisfies (I.4) and (LH), we can choose &; > 0 such that for all |z| > &,

|J'(z)| < (€/2) x J(z), (4.31)
where £ > 0 satisfies -

E// J(2)zdz < e/2.

0
Let us set:
k= inf CJ=CJ(&) >0, s; =min(sg,k), (4.32)
(=€1,61)

and

5 5
M| ——
s M <1+5>

B = max | s] 016 (14+0)(f(0) —¢e/2)

> 0. (4.33)

Let g be the function defined in [0, c0) by
g(s) = s — Bs'*°,
We observe that
g(s) <0 for all s > s; and g(s) < s; for all s > 0.

Moreover, let 0 < so < s1 be such that ¢’(s2) = 0 and

) _
Ao = gls2) = max g(s) = 705 (1+0)B) Vo (4.34)

Let &(t) > 0 be such that:
C J(&(t))ePr! = sq for all t > 0. (4.35)

We can notice that for all ¢ > 0, &(¢) > & and that &y(t) is continuous and increasing in ¢ > 0,
since J is continuous and decreasing in [0, 00).

Then, let us define u as follows:
u(t,z) = g(CJ(x)elrt) for all |x| > &o(t)
7 Ay = g(s2) = g(CT(&(t))ePrt)  for all || < &o(t)
Observe that 0 < CJ(z)e!t < CJ(&y(t))ePt = sy < s1 when |z| > &y (t), whence u(t,x) > 0 for all

t > 0 and x € R. Let us check that u is a sub-solution of (II]). Since J(x) is nonincreasing with
respect to |z| and w satisfies (£29]), we have

for all ¢t > 0. (4.36)

w(0,z) = CJ(x) — B(CJ(2))'T0 < CJ(z) < u(l,z) for all || > &(0)

(4.37)
u(0,7) = X2 = g(CJ(&(0))) < CJ(z) < u(l,z) for all [z] < &(0).



Then, let us check that u is a subsolution of the equation satisfied by w in the region where
u < Ao. Let (t,x) be any point in [0,00) x R such that u(¢,z) < A2.As already emphasized, one
has 0 < CJ(x)et < s1, whence CJ(z) < s1 and |z| > & from (£32). Furthermore,

0 < u(t,r) < CJ(x)ef < 51 < s9< 1. (4.38)
Thus, since f satisfies (L3)), we get
Flu(t,z)) > f(0) <0J(x)emt - B(CJ(x))1+5em<l+5>t) — M(CJ(z)) e (1401, (4.39)
Let us now show that Jxu —u > —(¢/2)u, for all t € [0,00) and |x| > &(t). Let ¢ € [0,00) and
x > &(t) > 0.

Remember that J is decreasing on [0,400) and tha g is decreasing in [0, s2] (which implies that

u(t,y) is nonincreasing with respect to |y|). Then

(T w)(t,z) —ult,z) = /R J(x — y)(ult ) — u(t, z))dy
> / J(z - y)(ult,y) — ult, z))dy
ly| >z

__x J(z —y)(u(t,y) — u(t,z))dy + /Oo J(x —y)(ult,y) — u(t,z))dy

> / (T — ) + T + 1) (ult,y) — ult, 2))dy.

>

(4.40)
Observe that for all y > =,

0> ulty) —u(t.o) = [ Oyult.5)ds.
Furthermore, for all t > 0 and s > & (t)
dpu(t,s) = CJ'(s)e” g’ (CJ(s)e”") = CJ'(s)e! (1 —(1+ 5)B(CJ(S))6ep16t) .
Since s > &o(t) > &1 :

|0, u(t, s)| (e'/2)CJ(s)efr g (CJ(s)ert)

(e//2)CJ(s)errt (1 — B(CJ(s))’eP*®!) = (¢/ /2)u(t, s)
(€'/2)u(t, ).

IAIA A

Finally, for all y >z > &(¢)

u(t,y) —u(t,z) = —('/2)(y — x)u(t, 2). (4.41)



Then, from equation (4.40) and ({.41]), we get

[e.e]

(J*u)(tx) —u(t,z) > / (J(@ — ) + I (@ + )t y) — u(t, 2))dy

xT

>~ ([ Tu-ow-ody+ [ I x)dy) ult, @)
> —(/2) /OOO J(2)zdz + /OOO J(2z + z)zdz> u(t, z)
>

e < /0 h J(z)zdz> ult, z)

> _(E/z)ﬂ(tv‘r)‘ ( )
4.42

The same property holds for x < —&y(¢) by symmetry of J and u with respect to z. It follows
from ([@30), (£33), (£39) and [£42) that, for all ¢ > 0 and |z| > &u(¢)

@t(t,l‘) - (J * Q(t7x) - ﬂ(tv$)) - f(@(tv$))
< pCJ(x)efrt — pi(1+8)B(CJ(x)) e, 0+ o c/ou(t, 1)

_f/(()) (C,](x)eﬁlt _ B(CJ(x))1+6€p1(1+5)t) + M(CJ(x))l—i-&epl(l—i-&)t

< (,01 — f’(O) + 6/2) CJ(gj)epr + (M — Blp1(1+6) — f/(o) + 6/2]) (C’J(:E))l+6€p1(1+6)t
< (M — B6py)(CJ(x))Hoer(1+0)t
< 0

(4.43)

Let us now check that u is a subsolution of the equation satisfied by w, in the region where

u = A2. Let (¢,z) be any point in [0,00) x R such that u(t,z) = \a. The same arguments as above

imply that for any point (¢, z) satisfying u(t,z) = \g, i.e. for all (¢,z) € [0,00) x [=&o(t),&o(t)], we
get

(T xu)(t, ) —ult,z) = /R J(x — y)(ult y) — Ao)dy

- J(x —y)(ult,y) — A2)dy

\ygﬁo(t)
= /5 V=) + I ) alty) —ult (1)
> —(£'/2) (/w J(y —z)(y — &o(t))dy + /OO J(x +y)(y — So(t))dy> A2
5(())25) OOﬁo(t)
> —(£'/2) </0 J(z+&(t) — x)zdz + /0 J(z+x+ So(t))zdz> A2
> - </000 J(z)zdz) A2
> —(6/2) )\2.

(4.44)
For all z € [0,&(t)) it follows from (£30]) that w,(¢,z) = 0. Let us show that this is also true when
x = &o(t). As already noticed, &y(t) is an increasing function of t. Thus, for all A > 0 &y(t) < &o(t+h),



which implies that w(t + h,&(t)) = Ao = u(t,&o(t)). As a consequence,

h—0,h>0 h

= 0.

Moreover,

i YBSO) —ut—h&E) o A g(CIG )T
h—0,h>0 h h—0,h>0 h

For all h > 0 small enough and using the definition (£35]) of £y(t), we obtain:
9(CT(&(1)e” ™M) = Xy — p1CT (& (1)) (s2)h + o(h) = A2 + o(h).
This implies that
st () = iy 200 =200 o)
—0 h

Since u,(t,z) = 0 for all x € [0,&y(¢)), the above equality and the symmetry of the problem imply
that:

= 0. (4.45)

u,(t,z) =0 for all |z| < &o(t). (4.46)

It follows from (4.33]), (4.44)) and (£.40]) that for all £ > 0 and |z| < &y(¢),

u(t,z) — (S *xult,x) —u(t,z)) — f(u(t,z))
< (£/2) ho — ( F1(0)Aa — MA;”)

/ M 5 '
< —A(f(0) —€/2) <1_ (1+0)B(f'(0) —¢/2) <1+5> )

< 0.

(4.47)

Using the above inequality together with (£37) and (£43)), the maximum principle implies
that

u(t —1,2) <wu(t,x) for all t > 1 and = € R. (4.48)

Fix now any real number w small enough so that:
0<w< s

This real number w does not depends on A but depends on ¢, as well as on J and f. Remember that
t, > 0 is such that E,(t) is a non-empty set for all ¢ > ¢,,. Since J is continuous and decreasing on
[0, 4+00), there exists then a time ¢, > max (¢, 1) such that for all ¢ > ¢, it exists y,(t) € (&1, 00)
such that

CJ(yo(t))e 1) = w.

Furthermore, the function y,,(t) : [fw, oo) — [£1,00) is increasing and continuous.
Lastly, let © be the open set defined by

Q={(t,z) € (t,,+0) xR, |z| < y,(t)}.



We claim that igfu > 0. Indeed, if (t,2) € Q is such that CJ(z)e”* 1) > sy, then |z| < &t — 1)
and
u(t —1,2) = Ag = g(s2) > g(w) > 0.

Otherwise, (t, ) is such that w < CJ(z)e” =1 < sy, whence |z| > &(t — 1) and
u(t —1,z) = g(CJ(x)e” ")) > g(w) > 0.
Finally equation (448]) implies that
u(t,z) > g(w) > 0 for all (¢t,x) € Q. (4.49)
Thus, setting § = g(w), we get that if A € (0,60) and if x € E\(t) for ¢t > max(ty, ), then
7] = yu(t) = & = &0(0)

Since p1 = f'(0) —&/2 > f’(0) — ¢, there exists then a time T) . > max(ty, f,) such that,

p1 ,
Yt > The, Vo € Ex(t), J(x) < J(yo(t)) = %e—mt < e~ (fO-2)t (4.50)

This proves ([{.27)) for A € (0,0).
Step 3: Proof of (427) for any A € (0,1) Assume that A € (0,1). Let uy, be the function
defined by

e -2 el <1,
p0(@) = { 0 if |z > 1,

where § = g(w) is given in Step 2. Let us set f(s) = f(s) — (1 — Dy)s for all s € [0,1] with
&1
D= [ty € 0.1),
—&1

where ¢; is chosen large enough such that f/(0) > 0 and f(s) > 0 in (0, \].

We consider the solution u, of the Cauchy problem:

{ at%:D/\(JA*He—@e)+f(ﬂe)a t>0, xR, (4.51)

ug(0,7) = upo(z), v €R,

where J) is a compactly supported kernel defined by:
J(x)

/ i J(y)dy

vr > zwv v‘é.’ < yw(T) - 17 Ve Ra U(Tax) > an(w - 6))7

J,\(x) = ]l[_gl’gl](x), z € R.

It follows from (4.49)) that



whence
VT >y, V€| <yu(T)—1, Vt >0, Ve € R, w(T +t,z) > uy(t,x — &) (4.52)
from the maximum principle. Indeed, we have for all (¢,2) € (0,00) x R:
Apug(t,x) — (J xuy(t, z) — ug(t, ) — flug(t, x))
< Quuy(t,x) — DaJy*ug(t, @) + up(t, x) — flug(t, x))
< Oug(t, ) — Dy (I xup(t, x) — ug(t, ) — flug(t, )
0.

N

IN

Moreover, we know from Theorem 3.2 in [23] that there exists ¢} > 0 such that

liminf inf w,(t,z) =sup{s >0| f>0in (0,5)} > \.

=00 |z|<cit
In particular, there exists T > 0 such that ug(Th,z) > A. Therefore, (4.52]) implies that
VT > ty, Vx| <y, (T) =1, w(T + Ty, z) > A

As a consequence, there exists T\ . > max (to + T, ty\) such that for all t > T, . and for all
x € E\(t), one has |z| > y,(t —T\) — 1 and

P - - ’
J@) < J(yo (t—Tx) —1) = %le_Pl(t—TA) « J (Yo (t—Ty) — 1) < e~ (02t

T -1y = 459

—1
since y,,(t —Ty) — o0 as t — oo and J(j(is)) — 1 as s — oo, from (LH). This implies (£27)) and

completes the proof of Theorem [2l O

4.3 Proof of Theorem 3

In this section, we prove an upper bound for max{E) ()N (0, +00)} (resp. — min{E)(t)N(—00,0)}).
The proof of this upper bound is based on the construction of suitable supersolutions of (II). The
construction of such supersolutions strongly relies on Hypotheses [Il and 2

We shall prove that there exists p > 0 such that, for any A € (0, 1),

E\(t)cJt {le="*,J(0)]} for large t. (4.54)

Since f € C([0,1]), the “per capita growth rate” f(s)/s is bounded from above by r =
sup (f(s)/s) > 0.

s€(0,1]

Proof of (£54) under Hypothesis [I] Assume that J satisfies Hyp. [[l Then J'/J is negative

and nondecreasing on [0, +00). Therefore In(J) is a nonincreasing convex function on [0, +00). It

is then possible to define a function ¢ : [0,00) — [0,00) and 7 € [0, o] such that ¢ is nondecreasing

and concave and

©(0) =0, p(+00) = 400, and ¢(z) = (g9 — 1) In(J(x + 7)) on [0 — 7, +00). (4.55)



By concavity, we have the following property, for all y > x > 0:

o(y) —p(x) <y — ). (4.56)

Thus, we claim that:
Vo >0,VyeR, o) — oz —yl) < e(yl). (4.57)

Even if it means increasing o, one can assume without loss of generality, that J < 1 on [o,00).
Indeed, if y < 0 then p(z) — ¢(Jz —y|) < 0 < ¢(Jy|). If y > 0, since ¢ is nondecreasing and

from (5G], we have o(|y — z]) > p(max(z,y)) — ¢(min(z,y)) = ¢(z) — ¢(y). Notice that (L.57)
implies immediately that

Vr € R, Yy € R, p(|z]) — ¢(lz —yl) < o(lyl). (4.58)

Let us define
o(x) = e for all 2 € R.

Using (4.58]), we get:

(Jxd)(x) _ [ oz—y)

_ / T(y)e?zD == gy (4.59)
R

/J(y)eg’('y)dyz/J(y)/¢(y)dy
R R
Moreover,

J dy = | J)erWay = y)erIvh g y)e?1vD gy
/R (y)/o(y)dy /R (v) Y /y|<o y+/

go—1
_ /| Jyeso(y|dy+/l> ( y+r> J)ody < oo,
y|<o o
(4.60)

IN

J(y+1)
J(y)

Since ug is compactly supported, there exists o1 > 0 such that ¢(z) > ug(z), for all |z| > o7.

from Hyp. [[l and since — 1 as y — too from (L.

Finally, set
po = max {/ J(y)e? 1D dy, 1} -1+
R

and define w as follows:

V(t,z) € [0,+00) X R, T(t, z) = min (;5((:1)) efot, 1>.

Observe that up(z) < w(0,z) for all € R. Let us now check that @ is a supersolution of the
equation (L)) satisfied by u. Since u < 1,it is enough to check that % is a supersolution of (L))



whenever 7 < 1. Note that since ¢(x) is nonincreasing with respect to |x|, u(¢, ) < 1 implies that
|x| > o1. Assume that (t,z) € [0,+00) X [01,00) and U(t,z) < 1, then it follows from (£59]) that

epot

P(o1)
/ J(9)/8(y)dy -
R

(Jxa)(t,x) < (J*o)(x)

Memt
¢(o1)

— at,x) /R J(y)/8(y)dy.

<

This implies that for all (¢,z) such that u(t,z) < 1
2 pOU(t7 l‘) - ('] * ﬂ)(t7 l‘) + U(t7 l‘) - Tﬂ(t l‘)

> (oo - /R () /éw)dy + 1 — rya(t, z)

> 0,

(4.61)

from the definition of pg. The parabolic maximum principle [30, [32] then implies that:
u(t,r) <at,r) < (¢p(x)/p(o1))eor, for all (¢,z) € [0,00) x R.
For all t > t) (so that F)\(t) is not empty) and for all z € E)(t), there holds
(Jz| < o1) or (|z| > o1 and A = u(t,z) < (¢(x)/d(01))e) .
In all cases, we get that
Vt > ty,Va € Ex(t), ¢(x) > min (¢p(01), Ap(a1)e P00).

Then, from the definition of ¢ for large x, and since J(s + 7)/J(s) — 1 as s — +oo for any
p > po/(1 — &), there exists a time Ty > t, such that

Vt > Ty, Vo € Ex(t), J(z)>e ", (4.62)

which gives (£54).

Proof of (454)) under Hypothesis Assume that J is satisfies Hyp.[2l Since J(z) is decreas-

ing with respect to |z|, we get the following inequality for any x > 0 :

oD@ [ IO gy g [T DI g [T
0 T

J(z) —o /J2 (?( | J t(}fg) | J(z)
T r—y T z—y
< 1422

J(x)



From the symmetry of J, the inequality also holds for < 0. Moreover, since J satisfies (2.12)),
there exists zg > 0, and Cy > 0 such that
m<J@7%>:i/x J“)dsg/mgms:cbm@)mrauﬂzx@
J () zl/2 | J(8) zlj2 S
This implies that there exists K > 0 such that for all x € R,
(J x J)(x)
J(2)

Since ug is compactly supported, there exists o1 > 0 such that J(o1) <1 and J(z) > ug(x), for all
|z| > o1. Then, set pg = r + K and for all (¢,z) € [0,+00) x R :

_ _(J(=x)

u(t,r) = min <mep0t, 1).

Observe that ug(x) < u(0,z) for all z € R. Let us now check that @ is a supersolution of the

<1+K. (4.64)

equation (L)) satisfied by u. In the region (t,x) such that w(¢,x) = 1, the same arguments as in
Sec. [4.3] lead to:

u(t,x) — J xu(t,x) +u(t,z) — f(u(t,z)) > 1—Jxu(t,z) > 0.

Let us check that @ is also a supersolution of (ILI]) when w < 1. If ¢ > 0, |z| > o1 and u(t,z) < 1
then it follows from (£64) that

(Jxu)(t,x) < (JxJ)(x)

VAN
_
4
=

This implies that

w(t,x) — (Jxu)(t,z) +ult, ) — fut,z)) = poult,z)— (J*u)(t,z) +ult, z) — ru(t, )
> (po—(1+ K)+1—r)ut,x)
> 0.

(4.65)
The parabolic maximum principle [30} 32] implies that:
< J(x)
= J(o1)
For all t > ty (so that F)(t) is not empty) and all © € E)(t), there holds

u(t,z) <u(t,x) ePt for all (t,2) € [0,00) x R.

(|z| < o1) or <|:17| >o0p and A = u(t,x) < ﬂfl))epot> .

In all cases, one gets that
Vt > ty, Vo € Ex(t), J(x) > min (J(oy), A\J(o1)e "),
Then, for any p > po > f’(0) > 0, there exists a time T > t, such that
Vt > Ty, Vo € Ex(t), J(z)>e ", (4.66)
which proves (4.54]). O



5 Discussion

We have analyzed the spreading properties of an integro-differential equation with exponentially
unbounded or “fat-tailed” kernels. Since the pioneering work of Kot et al. [20], there have been
few mathematical papers on integral equations with exponentially unbounded kernels. However,
such slowly decaying kernels are highly relevant in the context of population dynamics with long
distance dispersal events [11], 12].

We proved that for kernels J which decrease to 0 slower than any exponentially decaying function
the level sets of the solution u of the problem (1) propagate with an infinite asymptotic speed.
This first result shows the qualitative difference between dispersal operators with exponentially
unbounded kernels and dispersal operators with exponentially bounded kernel which are known to
lead to finite spreading speed [2, [15] 28], [30]. This result supports the use of “fat-tailed” dispersal
kernels to model accelerating propagation or fast propagation phenomena [111 12} 27].

Moreover, we obtained lower and upper bounds for the position of any level set of u. These
bounds allowed us to estimate how the solution accelerates, depending on the kernel J: the slower
the kernel decays, the faster the level sets propagate. Through several examples, we have seen in
Sec. 2 that the level sets of the solution of problem (II) move almost linearly when J is close
to an exponentially bounded kernel (see example BIH), J(z) = Ce~1#l/™2(2) for |2| > 1) while
the level sets move exponentially fast when the kernel J has a very fat-tail (see example (B.17]),
J(x) = Clz|~ for |z| > 1).

It is noteworthy that our results have been derived under assumptions more general than the
KPP assumption f(s) < f’(0)s. Indeed, results of Theorems [ 2l and B hold with nonlinearities f
which may take a weak Allee effect into account: the maximum of the “per capita growth rate”
f(s)/s is not necessarily reached at s = 0. In ecological models, the Allee effect can occur for
various reasons [I]. For instance, at low densities individuals may have trouble finding mates. Our
spreading properties in the case with a weak Allee effect are in agreement with the numerical results
in [29] which show that exponentially unbounded dispersal kernels can lead to infinite spreading
speeds. The conclusion is very different when the nonlinearity f takes a strong Allee effect into
accounts, that is if f(s) < 0 for small value of s. Indeed it is proved in this case that problem (L)
admits traveling wave solutions with constant speed [5] [10, 13]. Thus the solutions of problem (1)
with such nonlinearities have a finite speed of propagation.

One could wonder whether the solution of problem (I.I]) with exponentially unbounded kernel
converges to some kind of “accelerated traveling wave solution”, that is a solution u(t,z) = ¢(x —
c¢(t)) where c is a superlinear function. Our numerical computations suggest that the answer is no
(see Fig. 2] (a)) since the solutions u becomes flat at large time. The computations also suggest
that the solution u(t,x) is not a generalized transition wave in the sense of [6] [7]. Such a result
has been proved by Hamel and Roques [18] for the solution of a reaction-diffusion problem with an
exponentially unbounded initial condition. In our case, the proof seems to be more involved since

the operator u +— J * v — u is not a differential operator.
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