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Gen er al iza tion of the equipartition the o rem is pre sented for a broad range of po -
ten tials U(x) with qua dratic min i mum. It is shown, that the equipartition of en ergy
in its stan dard form ap pears at the low tem per a tures limit. For po ten tials dem on -
strat ing the qua dratic be hav ior for large dis place ments from the equi lib rium the
equipartition holds also in the high tem per a ture limit. The tem per a ture range of ap -
pli ca bil ity of the equipartition the o rem for the po ten tial U = ax2 + bx4 was es tab -
lished.
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In tro duc tion

The equipartition the o rem serv ing as a ba sis for the clas si cal ther mo dy nam ics and sta -
tis ti cal phys ics states that in ther mal equi lib rium en ergy is shared equally among all of its var i -
ous forms [1-7]. The equipartition the o rem is grounded on two main as sump tions: (1) the clas si -
cal ver sion of the ca non i cal prob a bil ity dis tri bu tion is ap pli ca ble and ad e quate; (2) the clas si cal
ex pres sion for the to tal en ergy of the par ti cle splits additively into two parts: one part de pends
quadratically  on  a sin gle vari able (say x), and the other is en tirely in de pend ent of that vari able
U = ax2 + Uother, a = const (see [2]). Un der afore men tioned as sump tions the es ti mated value of
en ergy E  is kT/2 per one de gree of free dom (k is the Boltzmann con stant, T is the tem per a ture).
Ob vi ously the equipartition the o rem holds for ki netic en ergy in its nat u ral form.

The equipartition the o rem was re vis ited re cently within the non-ex ten sive ther mo dy -
nam ics for mal ism [8, 9]. Pos si ble vi o la tion of the equipartition the o rem at tracted at ten tion of
both experimentalists and the o rists re cently [10-12].

The rea son able ques tion to be ad dressed: what kind of func tions U(x) will give rise to
the equipartition of en ergy? We will dem on strate that a broad range of func tions will pro vide the 
equipartition of en ergy at the low tem per a ture limit.

Ap pli ca bil ity and gen er al iza tion of the equipartition the o rem

The proof of the equipartition the o rem for U = ax2, a = const. is quite sim ple. In deed,
the par ti tion func tion Z = Sxexp(–bU) in this case equals:
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where b = 1/kT. Thus the es ti mated value of en ergy equals:
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The rea son able ques tion which could be asked is: what class of func tions U(x) will
give E  = kT/2? Gen er ally the prob lem is re duced to the so lu tion of the in te gral equa tion:
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The so lu tion of eq. (2) is an ex tremely com pli cated task; hence, we will start from spe -
cific ex am ples where in te gral (2) could be cal cu lated ex plic itly. Let us start from the func tion
U(x) = ax2 + bx, a = const., b = const., which in fact is dis placed pa rab ola. Now work ing out the
par ti tion func tion Z is re duced the cal cu la tion of the in te gral (3):

exp[ ( )] exp- + = -
æ

è
ç

ö

ø
÷ò

-

+
b

b

b
ax bx x

a

b

a
2

2

4
d

p

4

4
(3)

The cal cu la tion of E  yields:
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and quite nat u rally the equipartition of en ergy takes place in the whole range of tem per a tures.
The dis place ment of the min i mum of a par a bolic func tion re sults in ad di tion of con stant to the
av er age en ergy, which has no phys i cal man i fes ta tion. There fore the equipartition holds in its
clas si cal form for any tem per a ture.

Now let us try more com pli cated po ten tial U(x) = ax2 + b/x2, a = const, b = const. In this 
case the es ti ma tion of the par ti tion func tion Z is re duced the cal cu la tion of the in te gral (5) (see
[13]):
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It is clear that when 2b(ab)1/2 n 1, in te gral (5) yields:
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and, the equipartition of en ergy oc curs un der high tem per a tures de fined ac cord ing to:
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It is note wor thy, that U(x) = ax2 + b/x2 rep re sents some what spe cific po ten tial dem on -
strat ing qua dratic be hav ior for large val ues of dis place ment x. Large dis place ments from equi -
lib rium cor re spond to high tem per a tures, this ex plains the equipartition at high tem per a tures.
Afore men tioned ex am ples clear up the role of qua dratic be hav ior of po ten tial in the
equipartition of en ergy.
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Now we con sider the more gen eral po ten tial U(x) dem on strat ing min i mum at x0. The
par ti tion func tion Z could be es ti mated us ing the sad dle point method [14]. It is sup posed that
U(z) is the an a lyt i cal func tion of a com plex vari able z and the only sig nif i cant qua dratic con tri -
bu tion to the in te gral (8) co mes from the vi cin ity of the sad dle point z = z0 (see [14]).
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For mula (8) sup plies the as ymp totic ex pres sion for the par ti tion func tion for large b, i. e.
for  low tem per a tures. Sub sti tu tion of eq. (8) into  E  = –(1/Z)(¶Z/¶b) yields E  = 1/2b + ïU(x0)ï  =
= kT/2 + ïU(x0)ïand the equipartition takes place; the con stant does not con trib ute to any phys i cal
phe nom e non. In deed, at low tem per a tures the par ti cle does not move far away from equi lib rium. It 
was sup posed that in the vi cin ity of equi lib rium U(x) could be ap prox i mated by qua dratic func -
tion, thus, the equipartition holds nat u rally.

To get an es ti ma tion of the range of the equipartition, one should con sider higher or der
terms in ex pan sion (8), which is some what cum ber some task. It is pos si ble to dem on strate the ef -
fect of  these terms,  if  one  con sid ers yet an other model po ten tial U(x) = ax2 + bx4, a = const, b =
= const. Di rect com pu ta tion of the sta tis ti cal sum yields (see [13]):
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where K is Mc Don ald func tion. In the limit of low tem per a tures ba2/8b o 1 and there fore in line
with the equipartition the o rem we ob tain:
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In the op po site limit case of high tem per a tures ba2/8b n 1 one ob tains:
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The value of the tem per a ture T * = a2/8b cor re sponds to a cross over be tween two re -
gimes. It should be men tioned that for a sys tem com pris ing N par ti cles ex erted to po ten tial U(x) =
= ax2 + bx4 the ther mal ca pac ity un der con stant vol ume de fined as CV = (¶E /¶T)N,V will be dif fer -
ent but tem per a ture in sen si tive in both high and low tem per a ture lim its:
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Com pact ex pres sions could be also de rived for any po ten tial U = axn, n > 0 (see also [4, 
5]). Tak ing into ac count exp( ( ) )-ò rx xn d0

4  = (1/nr)G(1/n), whereis the gamma-func tion, we ob -
tain for the par ti tion func tion Z » const b–1/n. This yields for the es ti mated value of en ergy:
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In ac cor dance with eq. (13) the ther mal ca pac ity un der con stant vol ume will be given
by: CV = Nk/n.
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Con clu sions

It is dem on strated that a broad range of po ten tials U(x) qua dratic in the vi cin ity of min -
i mum will pro vide the equipartition of en ergy at the low tem per a tures. Po ten tials dem on strat ing
the same qua dratic be hav ior for large dis place ments from the equi lib rium pro vide the
equipartition of en ergy in the high tem per a ture limit. For the po ten tial U(x) = ax2 + bx4 the
equipartition holds in its tra di tional form, i. e. E = kT/2 in the low tem per a ture limit, de fined by
T* n a2/8b.

Ac knowl edg ments

The au thors are thank ful to Pro fes sor G. Kresin for ex tremely fruit ful con sul ta tions.

Ref er ences

[1] Lan dau, L., Lifshitz, E., Sta tis ti cal Phys ics (Course of The o ret i cal Phys ics, vol. 5), Butterworth-
-Heinemann, Ox ford, UK, 2000

[2] Baierlein, R., Ther mal Phys ics, Cam bridge Uni ver sity Press, Cam bridge, UK, 2003
[3] van Hemmen, J. L., A Gen er al ized Equipartition The o rem, Phys ics Let ters A, 79 (1980), 1, pp. 25-28
[4] Law rence, E., Turner, L. E., Jr., Gen er al ized Clas si cal Equipartition The o rem, Am. J. Phys., 44 ( 1976), 1,

pp. 104-105
[5] Landsberg, P. T., Gen er al ized Equipartition, Am. J. Phys., 46 (1978), 3, p. 296
[6] Landsberg, P. T., Equipartition for a Rel a tiv is tic Gas, Am. J. Phys., 60 (1992), 6, p. 561
[7] Law less, W. N., En ergy Equipartition: A Re state ment, Am. J. Phys., 32 (1964), 9, pp. 686-687
[8] Martínez, S., et al., On the Equipartition and virial The o rems, Physica A, 305 (2002), 1-2, pp. 48-51
[9] Plastino, A. R., Lima, J. A. S., Equipartition and Virial The o rems within Gen eral Thermostatistical

Formalisms, Phys ics Let ters A, 260 (1999), 1-2, pp. 46–54
[10] Levashov, V. A., et al., Equipartition The o rem and the Dy nam ics of Liq uids, Phys i cal Re view E, 78

(2008), p. 064205
[11] Oberhofer, H., Dellago, Ch., Boresch, St., Sin gle Mol e cule Pull ing with Large Time Steps, Phys i cal Re -

view E, 75 (2007), p. 061106
[12] Fujii, K., Aikawa, Y., Ohoka, K., Struc tural Phase Tran si tion and An har mon ic Ef fects in Crys tals, Phys i -

cal Re view B, 63 (2001), p. 104107
[13] Gradshteyn, I. S., Ryzhik, I. M., Ta ble of Integrals, Se ries, and Prod ucts, 7th ed., Ac a demic Press, New

York, USA, 2007
[14] Arfken, G. B., Weber, H. J., Math e mat i cal Meth ods for Phys i cists, 5th ed., Har court/Ac a demic Press, San

Diego, Cal., USA, 2001

Paper submitted: March 11, 2010
Paper revised: March 12, 2010
Paper accepted: March 12, 2010

Bormashenko, E., Gendelman, O.: On the Applicability of the Equipartition Theorem

858 THERMAL  SCIENCE: Year 2010, Vol. 14,  No. 3, pp. 855-858


