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LIFTING TROPICAL CURVES IN SPACE AND LINEAR SYSTEMS ON
GRAPHS

ERIC KATZ

ABSTRACT. Tropicalization is a procedure for associating a polyhedral complex to a subva-
riety of an algebraic torus. We study the question on which graphs arise from tropicalizing
algebraic curves. By using Baker’s technique of specialization of linear systems from curves
to graphs, we are able to give a necessary condition for a balanced weighted graph to be
the tropicalization of a curve. Our condition reproduces a generalization of Speyer’s well-
spacedness condition and also gives new conditions.

1. INTRODUCTION

Tropical geometry transforms questions in algebraic geometry to ones about polyhedral
geometry. Let K = C((¢)) be the field of formal Laurent series, and let O = C|[t]] be
its valuation ring, the ring of formal power series. To a subvariety in an algebraic torus
V C (K*)", the method of tropicalization associates a polyhedral complex Trop(V) C R".
It is a natural question to ask which polyhedral complexes arise in this fashion. In this case,
we say that the polyhedral complex [lifts. The case where V is a curve has been studied in
papers of Speyer [I8], Nishinou [I5], Tyomkim [19], and in a forthcoming paper of Brugallé
and Mikhalkin. These papers give necessary and sufficient conditions for a tropical curve to
lift.

It is natural to enlarge the class of objects studied from curves in (K*)"™ to maps of curves by
using the approach of Nishinou-Siebert [16]. Given a map of a smooth curve f : C* — (K*)",
there is a parameterized tropicalization Trop(f) : ¥ — R", a map of a graph that is rational
affine linear on edges. Here, the graph ¥ is a certain kind of dual graph for a regular semi-
stable model completing C* over O. To each edge e of ¥ is associated a weight m(e) € N that
satisfies the balancing condition: for each vertex v € V(X) with adjacent edges e, ..., e in
primitive integer vector directions wy, ..., w,

Z m(e;)w; = 0.

Therefore, one should restrict one’s attention to balanced weighted parameterized graphs
® : ¥ — R" There is an important dichotomy introduced by Mikhalkin [12] between
regular and super-abundant parameterized graphs depending on whether they move in a
family of the expected dimension. In fact, one may do a dimension count of graphs that
have the same combinatorial type and edge directions by varying the length of bounded
edges subject to the constraint that loops must close up. More precisely, if E(3)® is the set
of bounded edges of . then there is a natural map

RP®® — Hom(H,(X),R")

taking a choice of edge-lengths to a function associating a cycle v € H(X) to the total
displacement when traveling around the edges of «v. The kernel of this map intersected with
the positive orthant, Rf(z) is the space of graphs with the same combinatorial type and
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slopes. If this map is surjective then (X, ®) is said to be reqular. Otherwise, it is said to
be superabundant. If a curve is regular and the residue field k has characteristic 0, then
it lifts by a theorem proved by Speyer [I7] (see also the discussion in [I3] and proofs by
Nishinou [15] and Tyomkin [19] using deformation theory). A particular case where a curve
is superabundant is when a cycle I' is mapped to a proper affine subspace H of R". In this
case, the map

RF®® — Hom(H,(X),R") — Hom(H,(I'),R")

is not surjective. We say the curve is planar-superabundant. In the case of genus 1 curves,
every superabundant curve is planar-superabundant.

In the case of genus 1 curves, there is a necessary and sufficient condition due to Speyer [1§]
for a superabundant curve to lift. Let I be the cycle in IV = Trop(f)~'(H). Let xy, ...,z
be the boundary points of the connected component of I'' containing I'. Then the minimum
lattice distance dist(x;, ') must be achieved twice. Speyer proves this using uniformization
of curves. Nishinou [I5] later gave a proof of this condition and its higher genus analog using
log deformation theory. A paper giving an analytic proof of the higher genus analog is in
progress by Brugallé-Mikhalkin.

In this paper, we give a necessary condition for planar-superabundant curves to lift which
is equivalent to Speyer’s and Nishinou’s conditions when they apply and which gives a new
condition in additional cases. Our technique is to use the specialization of linear systems
from curves to graphs developed by Baker [I]. One considers a particular log 1-form on C,
W = f* ‘L’izl where z™ is a character on (K*)". By standard results from log geometry, this
1-form extends to a regular log 1-form on a regular semi-stable model C over O completing
C*. ¥ is the dual graph of the central fiber Cy. The degree of vanishing of w,, on components
C, of the central fiber Cy defines a piecewise-linear function ¢, : ¥ — R U {co} which is an
element of the linear system associated to the canonical bundle, L(Ky). The values of @y,
constrains the poles and zeros of the restriction of (wy,), = “|¢, for v € I' and a suitable
value of h. For certain v depending on m, “*|c, is an exact 1-form. This gives very strong
conditions on ¢,,. For example, we make use of the facts that an exact 1-form does not
have simple poles and that a non-zero exact 1-form on a cycle of rational curves (which is a
degenerate elliptic curve) must have two poles counted with multiplicity. In the case where
Co has all components rational and X is trivalent, the constraints are purely combinatorial.

The main result of this paper is the following:

Theorem 1.1. Let f: C* — (K*)" is a map of a smooth curve with parameterized tropical-
ization Trop(f) : ¥ — R™. After possibly subdividing each edge of ¥ into | congruent seg-
ments, for any m € M = Hom((K*)", K*), there exists a non-negative function @, € L(Ky)
such that the map m — ¢, gives a tropical homomorphism of M to L(Ky). For each
m € M, o, satisfies the following properties:

(1) Fore € E(X) withm-e #0, ¢, =0 one,

(2) om never has slope 0 on any edges e with m - e =0
In addition, for any ¢ € R, H = {z|(m,z) = c}, let I" = Trop(f) ' (H), considered as a
subspace of 3. Let " be a bounded, connected subgraph contained in the interior of I'. Then
©m 1s Co-ample on T in I

The definitions of the terms in the statement are given in the body of the paper. The
function ¢, is a certain perturbation of ©,, whose use simplifies the statement of the theorem.
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We may rephrase this theorem as an obstruction to a balanced weighted integral graph >
in R” to be Trop(C) for a curve C' C (K*)™ in terms of tropical parameterizations defined in
Definition [4.17

Corollary 1.2. If 3’ = Trop(C) then there is a tropical parameterization p : ¥ — X' with a
tropical homomorphism M — L(Ky) given m — @, satisfying the properties above.

Given a balanced weighted integral graph Y in R", there are only finitely many possible
tropical parameterization p : ¥ — X' of a given genus g, so only finitely many cases need to
be checked to see if this condition prevents a graph from being the tropicalization of a curve
of genus g.

We conjecture the following partial converse:

Conjecture 1.3. If Trop(f) : ¥ — R" is a parameterized trivalent tropical curve and there
1S an association m — @, satisfying the above properties, then there exists a map of a smooth
curve f: C* — (K*)™ with parameterized tropicalization Trop(f).

Our goal in this paper is to study the combinatorial content of obstruction theory. In
a certain sense, our approach is very similar to that of Nishinou and Tyomkin. We were
curious about how the non-vanishing of an obstruction at a certain order in obstruction
theory would manifest itself combinatorially. In fact, we unwound the definition of the
obstruction in the log obstruction group H'(Cy, Hom(f*Qyi, ch)). The obstructions that
we were seeing initially looked very much like the conditions on the rank of a linear system
on a graph as developed by Baker-Norine [2]. Ultimately, however, it did not exactly fit into
that framework and instead had to do with whether a particular combinatorially defined
divisor D, on a nodal curve had a non-trivial linear system. While the statement of our
condition is unwieldy, we believe it to be natural. We hope that our techniques can be used
in other problems.

We believe that the functions ¢, give an additional structure on tropical curves that arise
as tropicalizations. In future work, we hope to explore the analogous structure on higher
dimensional tropicalizations. We expect this work to fit into the log geometry framework of
Gross-Siebert [4].

A slightly weakened for our main theorem holds for valuation fields K of equicharacteristic
0. For a given m € M, one may produce ¢,, satisfying the conditions of our theorem on some
subdivision of Y. This subdivision however may depend on m. The choice of K = C((t))
allows us to pick a subdivision that works for all m € M by using the fact that for some I,
the log 1-forms w,, all have K[t'/!]-rational zeroes.

Our method of understanding the behavior of a function by looking at the restriction to
the central fiber of a related 1-form is very similar to Coleman’s method of effective Chabauty
in the bad reduction case as explored by Lorenzini-Tucker [10] and McCallum-Poonen [11].
Since Abelian varieties have a theory of toric degenerations [14], it may be possible to use our
method to get bounds on the number of rational points that specialize to certain components
in a degeneration of a curve in its Jacobian.

We give an outline of the paper. Background on specialization of linear systems is given
in section 2. In section 3, we establish some new results involving specializing sections of
line-bundles. We assemble background on toric schemes, log structures, tropicalization in
section 4. The notation in Theorem [LI] is defined in section 5. Section 6 gives the proof
of the theorem while section 7 shows that the theorem implies a generalization of Speyer’s
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well-spacedness condition. Section 8 gives an example that does not lift to a curve of genus
3 by our obstruction but which is not obstructed by any other known condition.

We'd like to acknowledge to Matt Baker, Tristram Bogart, Erwan Brugallé, Mark Gross,
David Helm, Gregg Musiker, Sam Payne, Bernd Siebert, Frank Sottile, and David Speyer for
valuable discussions. We’d also like to thank Johannes Rau for a careful reading and helpful
comments. The author was partially supported by NSF grant DMS-0441170 administered
by the Mathematical Sciences Research Institute (MSRI) while the author was in residence
at MSRI during the Tropical Geometry program, Fall 2009. We would like to thank the
organizers of the program and MSRI staff for making such a program possible.

2. SPECIALIZATION FROM CURVES TO GRAPHS

We review some results on specialization of linear systems from curves to graphs from
[1]. A semistable family of curves C over Spec O is a family of curves such that the generic
fiber Cx is smooth and the central fiber Cy is reduced with only ordinary double points as
singularities. By blowing up the singular points, one can ensure that C is regular. A node of
Co is formal locally parameterized by Olx,y]/(zy —t'). The family is regular near the node if
and only if [ = 1. A marked semistable family of curves is a family C together with sections,
O1y...,0, : Spec O — C*™ valued in the smooth locus.

Definition 2.1. The dual graph of a marked semistable curve C is a graph with bounded and
labelled unbounded edges (called leaves) whose vertices correspond to irreducible components
of Cy, whose edges correspond to nodes connecting components, and whose leaves correspond
to marked points. To each vertex v is associated the genus g(v) of the corresponding irre-
ducible component C,, on C.

The genus of the dual graph is defined to be
g(2) = () + Z g(v

In general, g(X) is equal to the genus of Cx. C is said to be maximally degenerate if all
components of Cy are rational. In this case, g(Cx) = h'(2).

Let C be a semistable regular family of curves over O with dual graph ¥. Let V(X),
E(X)*, E(X)° be the vertices, bounded edges, and leaves of ¥.. For v € V(X), let C, be the
irreducible component of Cy corresponding to v. For an edge e € E(X)® between vy, v, let p,
be the corresponding node in Cy between C,, and C,,. For an unbounded edge ¢ € E(X)°,
let 0. be the corresponding marked point.

A divisor on ¥ is an element of the free abelian group on V(X). We write a divisor as
D =3 cvs) av(v). The group of all divisors is denoted by Div(X). We say a divisor D is
non-negative and write D > 0 if a, > 0 for all v € V(X). We write D > D" if D — D" > 0.
An important divisor in the following will be the canonical divisor on X is

K=Y (des(v) +29(v) ~2)(v).
veV (%)
In the maximal degenerate case, this is equal to the canonical divisor of [2]. The specialization
map p : Div(C) — Div(X) is given by for D € Div(C),

p(D) = 32(Cy - D)(v).

vel’
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In particular if ¢ : V(X) — Z,
P> e(0)C,) = —A(yp)

where A(yp) is the Laplacian of ¢ given by

= > > w))(v).

veV (Z) e=vw

Definition 2.2. Let A be a divisor on . If ¢ is a piecewise-linear function on > with
A(p) + A >0, we write p € L(A) to denote that ¢ is in the linear system given by A.

3. SPECIALIZATION OF LINE BUNDLES

Definition 3.1. Let £ be a line bundle over a regqular semistable family C with dual graph
Y. Let s a rational section of L. Define the vanishing function of s to be wy : ¥ — RU{o0}
by setting ws(v) to be the multiplicity of C, in the divisor (s). We extend wy linearly on
bounded edges and as a constant on unbounded edges. If s =0, set ws = 0.

The divisor of s as a section of £ satisfies
= Z ws(v)C, + H

where H is a horizontal divisor. Note that w,(v) is the order of vanishing of s on the generic
point of C,, in the central fiber. If s is a regular section of £, then wy > 0. In the case where
s is a section of the restriction of £ to the generic fiber, we define wy by extending s as a
rational section on C.

Let 7 : Co — Cy be the normalization morphism. We use C, to refer to a connected
component of . Let A be the divisor on X given by

A= Y deg(mLie, o).
veV(X)
Definition 3.2. For s a regular section of L, we say that s has K-rational zeroes if the
divisor (s) on Cg is supported on C(K).
Note that K-rational points of C specialize to smooth points of the central fiber Cy.
Let s be a regular section of £. For v € V(), let s, = 7 (;=57) |c,. For e = v1vg, let
ord,, (s,,) be the order of vanishing of s,, at p. € C,,. We relate the poles of s, to w;.

Lemma 3.3. Suppose s has K-rational zeroes. Let e = vivy be an edge in 3. Then,

ord,, (s,) = @4(v2) — w4 (v1).

Proof. Write (s) = D + >, @(v)C, on C where D is a horizontal divisor. Then has
divisor D + 3 (ws(v) — @s(v1))C,. Since p, is a node, no component of D intersects the
central fiber in p.. Consequently, near p., =y has the divisor (wy(v2) — @ws(v1))Cy,. By
restricting to C,,, we see ord,, (S, ) = ws(v2) — ws(v1). O

_ s
t@s(v1)

We relate the vanishing functions of two sections and their sum. For a,b,c € R, we write
a®b®c =0 if the minimum of {a,b,c} is achieved twice. For real valued functions, we
write f® g® h=0if f(z) ® g(x) @ h(z) =0 for all z.
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Lemma 3.4. Given sections s1, Sy such that si, Sa, S1+ s2 have K-rational zeroes then ws, &
Wsy @ Wey4s, = 0.

Proof. We first check on vertices. If wy, (v) # wg,(v) then ws, s, (v) = min(ws, (v), ws, (V)).
If @, (v) = we,(v) then ws, 1s,(v) > min(ws, (v), ws,(v)). The case of unbounded edges
follows trivially.

Now, we check bounded edges. Let e = vw be a bounded edge. Since w, = w_,, we
may treat {si, Ss,s1 + So} symmetrically. First consider the case that wg, (v) = w,,(v) =
Ws, 45, (V). We may also suppose wg, (w) = @, (w) < wsis,(w). Then the conclusion
immediately follows. Now suppose that ws, (v) = ws,(v) < @Ws1s,(v). Then

S1+ s
(o + o2l = (252
t%@s1

Therefore, ord,, ((s1),) = ord,, ((s2),). By Lemma B.3] w;, (w) = w,,(w). Since the result is
true on vertices, wg, (W) = w;, (W) < W, 15, (W). O

= 0.

Cv

Lemma 3.5. If s is a section of L that is reqular on the generic fiber C' then A(ws)+A > 0.
Moreover, if

Z, ={o; € Cy|sy(0;) = 0}
are the marked points on C, on which s, vanishes then A(ws) + A > > (#27Z,)(v).

Proof. Write (s) = D for an effective divisor D on C'. On C we have

(5)=D+ Y w@(v)C,

where s is extended as a section of £. Consequently, p((s)) = A. On the other hand,
p(D + ZWS(U)CU) = p(D) — A(w,) > —A(wy).

We claim that Z, € D. Let 0; € Z,. o; is a zero of ) which does not vanish on C,.

Therefore o; belongs to a component of the zero locus of s that intersects the generic fiber.
Consequently Z, C D N Cy and so

A(w,) + A =p(D) > (#Z,)(v).

In particular, the above lemma says that g is an element of the linear system L(A).

We will need the following lemma to find an algebraic extension K’ of K to ensure that
the zeroes of all elements of a linear system are K'-rational.

Lemma 3.6. Let L be a line bundle on C defined over K. Let V. =T'(C, L) be the sections
of L. Then there exists a finite field extension K'/K such that all zeroes of any s € Vi are
K'-rational.

Proof. L has finite degree on C, say d. If s # 0, (s)g C C(K) consists of at most d points.
This gives a homomorphism

Z = Gal(K/K) — Aut((s)g).
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Since each Galois-orbit of a zero of s has at most d elements, every element of Aut((s)g) has
order dividing d!. Consequently, the subgroup d!Z C Z acts trivially on (s)g. But d'Z has
fixed field K" = K[t%]. Consequently, the Galois group Gal(K/K') acts trivially on (s)g. It
follows that the zeroes of s are K'-rational. This choice of K’ was independent of s. O

In general, given any field K and a finite number of sections, we can set K’ to be a field
containing the fields of definition of the zeroes of the section. In the above lemma, we have
infinitely many sections and had to make use of the fact that K = C((t)).

4. TORIC SCHEMES, LOG STRUCTURES, AND TROPICALIZATION

In this section, we review the construction of the toric scheme P over O from a rational
polyhedral subdivision = of R™ [9] 16, 17], background about log structures [0l [7], and a
suitable notion of parameterized tropicalization [16].

Recall that O = C[[t]]. We will use O; to denote O/(t'*!). For a scheme X over O, & will
denote X xo O,. Let (K*)™ be an algebraic torus and M = Hom((K*)", K*) be its character
lattice and N = Hom(K*, (K*)™) be its one-parameter subgroup lattice. Let Mg and Ny be
M ® R and N ® R, respectively.

Definition 4.1. A complete rational polyhedral complex in R™ is a collection = of finitely
many convex rational polyhedra P C R™ whose minimal faces are vertices in Q™ such that

e [fPe= and P is a face of P, then P’ is in Z,

e [f P, P €= then PNP is a face of both P and P', and
o The union |Jp.z P is equal to R™.

Given a = as above, we can construct a fan = in R” x R as follows: for each P € = let
P be the closure in R" x Rx( of the set

{(z,a) C R" x R : g e P,

Then P is a rational polyhedral cone in R™ x Ry. Its facets come in two types:

e cones of the form P’, where P’ is a facet of P, and
e the cone Py = PN (R™ x {0}),

We let = be the collection of cones of the form P and Py for P in =. It is a rational polyhedral
fan in R” x Rso by Cor 3.12 of [3]. Note that 2 =Zn (R x {1}). On the other hand, the
fan = given by ZN (R x {0}) is the limit as a approaches zero of the polyhedral complexes
az.

Let X (Z) be the toric variety associated to the fan Z. Projection from R™ x Rsq to Rxg
induces a map of fans from = to the fan {0, R0} associated to A'. This gives rise to a flat
morphism of toric varieties X (Z) — A®. Let ¢ : Spec @ — Al be the inclusion induced by
Z[t] — O. We will use P = X(Z) denote the scheme over O given by X (Z) x4 O.

We summarize results of [I6] concerning this construction:

e The general fiber X (é) X spec © Opec K is isomorphic to the toric variety over K asso-
ciated to =g.
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o If = is integral, i.e. the vertices of every polyhedron in = lie in Z", then the central
fiber X (2)o = X (Z) Xspeeo Speck is reduced.

e There is an inclusion-reversing bijection between closed torus orbits in X (E)k and
polyhedra P in Z; the irreducible components of X (E)k correspond to vertices in Z=;
the intersection of a collection of irreducible components corresponds to the smallest

polyhedron in = containing all of their vertices.

Py is a union of a toric strata corresponding to the subdivision =. For a cell P € =, Up =
Spec Z[PY] x 41 O is a toric open set of P. If P lies in the affine hyperplane {z|(m,x) = ¢},
then (m,c) € P+ and t~°2™ is invertible in Z[pv]. Consequently, t7¢2™ is a unit on Up and
therefore on (Up), C P;.

We now introduce log structures closely following the exposition of [6].

Definition 4.2. A pre-log structure on a scheme X is a pair (M, a) where M is a sheaf
of monoids M and « is a homomorphism o : M — Ox. If a induces an isomorphism
a HO%) =2 O%, then we say (M, ) is alog structure. A log scheme (X, M, «) is a scheme
X with a log structure (M, ). We may denote such a log scheme by X7.

A pre-log structure (M, «) on X canonically induces a log structure (M® a*) on X by
adjoining units to M.

Definition 4.3. A morphism of log schemes f : (X, M, «a) = (Y, N, 8) is a pair (f, ) where
f 1s a morphism of schemes f : X — Y and ¢ is a homomorphism of sheaves of monoids
on X, ¢: f7IN — M such that the following diagram commutes:

f—1N¢—>M

.

f_IOy — Ox.

Log structures glue in a way similar to schemes.
Example 4.4. The trivial log structure on X is M = O% with a = 1.

Example 4.5. For a commutative ring A and a monoid P, there is a natural pre-log structure
on Spec A[P] given by a : P — A[P]. The induced log scheme (Spec A[P], P%, a%) is called
the canonical monoid log structure. The construction is functorial: if ¢ : P — @ is a homo-
morphism of monoids, there is an induced morphism of log schemes ¢* : (Spec A[Q], Q%) —
(Spec A[P], P%).

Example 4.6. For A, a rational fan in R”, there is a natural log structure on the toric
variety X (Z). For each cone o € A, there is a toric affine open U, = Speck[M N Y] with a
monoid log structure. These log structures glue to give a log structure on X (=).

Example 4.7. Since A! is the toric variety associated to Rs, it naturally has a log structure
induced by a : N — k[t] where a(n) = t". By considering Spec O as the formal local
neighborhood of the origin of A!, we obtain a log structure on Spec O given by o : O* x N —
O where a(c¢,n) = ct™.

Example 4.8. Given a smooth point p on a curve C, there is a log structure on C' that is
trivial away from p and near p is induced by N — O¢ taking n +— u™ where u is a uniformizer
for p. This is called the model structure for marked points.
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Example 4.9. If Z is a rational polyhedral complex in R™ then X(Z) has a log structure.
Moreover, the natural map X (Z) — Spec O is a morphism of log schemes.

Example 4.10. Pick | € Nandlet P = (0,1) CR. Set 0 = P C RxRsq. Let 7: RxRsg —
R>¢ be projection on the second factor. The cone ¢ is spanned by the vectors (—1,1), (1,0).
The monoid 0¥ N M is generated by the elements f; = (—1,1), fo = (1,0),e = (0, 1) under the
relation f1+ fo = [-e. If we write these generators x1, x5, t then we have an explicit description
for the morphism 7V : k[RY,] — k[0 N M] as the inclusion k[t] < k[xy, 2, t]/(z122 — t!).
The log morphism is induced by

Ne —Nfi®Nfa @ Ne/(fi + fa=1-¢)

| |

K[t] ——— k[zy, 29, t] /(2122 — ).

By base-changing klt] to O, we get a formal local model for nodes over O. This log structure
is the model structure for nodes.

A marked semistable family of curves has a canonical log structure that is trivial away
from nodes and marked points, has the model structure near nodes and the model structure
for marked points.

Definition 4.11. Let f: XT = (X, M) — YT = (Y, N) be a morphism of log schemes. The
sheaf of log differentials of X over YT is
iyt = [Qx )y © (Ox @z MP)]/K
where KC is the Ox-submodule generated by
(da(a),0) — (0,a(a) ® a) and (0,1 ® ¢(b))
forallae M andb e f~IN.

One should view log differentials as adjoining to the ordinary differentials elements ele-
ments of the form dlog(a) = %29 for ¢ € M. Both Pt — Ot and CT — O are log smooth

a(a)
morphisms [6, Ex 4.6,4.7]. Consequently, the log differentials Q2 Jor and Qi Jor are locally
free sheaves.

Example 4.12. Let C be a regular semistable family over O. Give C the model log structure

near nodes and marked points. We consider the log differentials in 0/ Jor- If uis a uni-

formizer of a marked point, the log differential include the 1-form 9“. If O[zy, 2]/ (z122 — t)

is a local model for a node in C, we have the log differentials in QéT Jot given by dw—wll, ‘i—?

subject to % + i—? = 0. In fact, Q Jot 1S an invertible sheaf. Near marked points and
du

nodes, it is generated by <* and i—?, respectively. One can view log differentials on Cy as

1-forms that are allowed simple poles at marked points and simple poles at nodes such that
the residues on the branches sum to 0. In fact, if C is a marked semistable curve, Q}, Jot 18

the relative dualizing sheaf twisted by the divisor of marked points.

Example 4.13. Let P = X(Z) be a toric scheme over O. For m a character of (K*)",
wn = dlog(z™) is a regular log differential. Moreover, if P is a cell of = lying in the

affine hyperplane H = {x|(m,z) = ¢}, then t=¢2™ is a unit on Up. Consequently on Up,
. d(tfcz’!n)
wm - t—cpm *
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The most important example of specialization of sections of line bundles is that of the
logarithmic canonical bundle. Let C' be a smooth marked curve over K. After possible base-
change, we may suppose that C' has a regular semistable model C over O. Put the model
log structure on C. Let ¥ be the dual graph. Now the invertible sheaf, Jor Testricts
to a component C, of the central fiber as an invertible sheaf of degree deg(v) — 2 + 2¢g(v).
Consequently, QéT Jot specializes to

Ky = (deg(v) —2+29(C,))(v):

v
In the case where C' is maximally degenerate, this restricts to Baker’s canonical divisor.

Let w be a global section of €}, Jor With vanishing function @ on X. Let e = v1v; be an

edge in ¥. Near p., C has a formal chart O[[zy,xs]]/(x129 — t) where z; is a uniformizer

for C,, near p,. Then 9 = —9%2 ig 5 regular non-vanishing local section for Q% ,. The
i 1 To Cct/O
dzy

order of a zero of a log differential on C, at p. is such that ord,, (%) = 0. Consequently
if f is a rational function on C, and if ord, (f) < O then ord, (df) = ord,, (f) where df is
considered as a log differential.

We need to make use of the following theorem due to Nishinou and Siebert [16] about
completing families of maps of curves.

Definition 4.14. A stable map f: C — X(Z) over a scheme S is torically transverse if for
every closed point s € S, fs: Cy — X(Z) satisfies

(1) £7H(G)™) C C is dense, and
(2) fs(Cs) C X(E) is disjoint from strata of codimension greater than 1.

Theorem 4.15. [I6] Let f : C* — (K*)™ be a map of a smooth curve to an algebraic torus.
Then after a possible base-change O[t%] — O, there is a completion of (K*)™ to a toric

scheme P = X (Z), a completion of C* to a proper stable family C over O, and an extension
f:C —= P such that

(1) fo : Co — Po has the property that for every irreducible component Py C Po, fo :
F7HPL) — Py is a torically transverse stable map.

(2) There exists disjoint sections oy,...,0% : SpecO — C*™ such that f~'(0Pg) =
| | o:(SpecK).

(3) Near oo (Speck), P is formal locally modeled on (G,,)" ' x Al and f is modeled on
2 = cut®) where z is a uniformizer for A" at 0, u is a uniformizer for o (Spec Q)
in C, u(e') € N and ¢ is a unit.

(4) Near the intersection of two irreducible components of Py that is equal to f(p.) for a
node p. € Cy, P is formal locally modeled on (G,,)" ! x (Spec Olwy, ws)/(wywy — ts(e)))
for s(e) € N, C is modeled near p, on Spec Olxy, xa]/(z129 — ct*@/1e))  u(e) € N and

f is modeled on f*w; = cixf(e) where ¢;’s are units.

Moreover, if C is given the model log structures near p. € Cy and near o;(Spec O) and the
trivial log structure elsewhere, f : C — P 1s a log morphism where P is given the log structure
of a toric scheme.

Proof. One uses Prop 6.3 of [16] to extend the map C* to C. The local models are produced
in the proof of Thm 8.3 of [16]. O
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The base-change corresponds to rescaling R™ such that the vertices of Trop(C') have in-
tegral coordinates. Here, = will be chosen to be a complete polyhedral subdivision of R™
such that Trop(C') is a union of polyhedra in Z. Such a = exists by Thm 2.2.1 of [I7].
The intersection of two irreducible components of Py in () above corresponds to an edge of
lattice length s(e) in =.

This allows us to construct a map of the dual graph Trop(f) : ¥ — Ng that we call
the parameterized tropicalization. This is essentially a rephrasing of Construction 4.4 of
Nishinou-Siebert [16] and is also developed by Tyomkin [19]. Pick a vertex vy € V(X). Let
x € C be a K-point specializing to a smooth point on the component C, in the central
fiber. Set Trop(f)(vy) = v(z) € Ng where v : (K*)" — Ng is the valuation. For e € E(I")*
such that f(p.) is mapped to a smooth point of Py, set Trop(f) to be constant on e. For
a bounded edge e = [0, 1] from v; to vy that is mapped to a singular point of Py, we have
a map M — Z given by m > res,, (f* %5 "1 ). This gives an element n(e) € Ng. Define
Trop(f) on e by

)

Trop(f)(t) = Trop(f)(u) + (%nm) '

In the case where Trop(f) is constant on an edge e, we say the edge is contracted. Let o; be
a marked point corresponding to e = [0, 00) such that o;(k) € C,. We have a similar map

M — R taking the residue of f*9= at ¢;. This gives n(i) € Ng. Define Trop(f) on e by
Trop(f)(t) = Trop(f)(v) + n(i)t.

This map is well-defined by construction as it constructs Trop(f)(2) as supported on =. In
fact, the image of the parameterized tropicalization is the tropicalization of the curve f(C*),

Trop(f)(%) = Trop(f(C™)).

Lemma 4.16. Trop(f) satisfies the following balancing condition: if v is a vertex of X with
bounded edges e1, ..., e, and unbounded edges €}, ..., e, then

!
Z e Trop )e; (1) — Trop(f Z (Trop(f — Trop(f)(v)) = 0.

Proof. The quantity on the left is an element of Ng. Its evaluation on m € M, is the sum of
residues of f*% 4" on C,. This vanishes by the residue theorem. O

In the case where f : C* — (K*)" is an inclusion and all the initial degenerations are
reduced, we reproduce Speyer’s notion of parameterized tropical curves. [1§]

We perform (Z((Z)) — 1) blow-ups at p. to ensure that C is a regular semistable model.

This has the effect of subdividing e into s(e)/u(e) edges. Likewise, we may also have to
blow up nodes that are mapped to smooth points of P and then subdivide. We call the map
f : C — P the regular semi-stable map. We will work with it below.

We give ¥ the structure of an abstract tropical curve. Let a bounded edge e in X be
given multiplicity p(e). Then the edge Trop(f)(e) points in the primitive integer direction
n/u(e). Therefore, if each edge of ¥ is given the primitive integer direction along its image
and multiplicity p(e), by the above lemma, ¥ is balanced. Now, we relate the multiplicities

on ¥ to those of Trop(f(C*)).

Definition 4.17. A map from a weighted graph to a balanced weighted integral graph, p :
Y — Y is said to be a tropical parameterization if
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(1) For each edge e € E(X) is assigned the primitive integer direction of p(e), then ¥ is
a balanced graph,
(2) For any edge €' € E(X'), we have

> mle) =m(e),
e€p~i(e’)
(3) If v e V(X) is a vertex all of whose edges are contracted by p then the degree of v is
at least 3.

Lemma 4.18. The map Trop(f) : X — Trop(f(C*)) is a parameterized tropicalization.

Proof. Condition (1) is Lemma 16l Condition (2)) follows from the definition of the mul-
tiplicity of an edge of a tropical curve as the length of the associated initial degeneration
[17]. To prove Condition (3, note that any vertex v € V(3) with only contracted edges
corresponds to a component C, of Cy on which f is constant. For C to be stable, C', must
contain three nodes or marked points. O

Note that if Trop(f(C™)) is trivalent with all multiplicities 1, the only possible tropical
parameterization with all components of genus 0 is the identity map. More generally, we say
that a vertex Trop(f(C™)) is indecomposable if its star cannot be written as the union (with
multiplicities) of two proper balanced subgraphs. If all multiplicities of Trop(f(C*)) are 1 and
all vertices are indecomposable, then the only tropical parameterization with all components
of genus 0 is the identity map since the pre-image under p of any edge is a single edge, and
it is impossible to insert any contracted edges at an indecomposable vertex. In the general,
case, a given balanced weighted integral graph has only finitely many parameterizations of
a given genus.

5. LIFTING CONDITION

In this section, we define all of the terms in the statement of Theorem [[LIl Let f : C* —
(K*)™ be a morphism of a smooth curve with regular semi-stable completion f :C — P and
parameterized tropicalization Trop(f) : ¥ — Ng. We state a combinatorial condition that
Trop(f) must satisfy. For I' a subgraph of ¥, let (Cr)y be the subcurve of Cy that is the
union of components corresponding to vertices of I', that is,

Cr)o = Cu.

vel

Fore € E(X) and m € M, let m-e denote the inner product (m, Trop(f)|.(1) —Trop(f)[(0)).

Definition 5.1. Let L be a set of (—oo, 0o|-valued functions on a graph under closed &. For
G, an abelian group, a tropical homomorphism of G to L is a function a : G — L such that

(1) a(e) = oo,
(2) For g1,92 € G, a(g1) ® a(g2) ® alg1 + g2) = 0.

Let ¢ be a piecewise linear function on X. For e € E(X) and v € e, let s,(v,e) be the
slope of ¢ at v along e. We have

A@)(0) = =Y s,(v,e).

For a subgraph I' C X, let OI' denote the boundary of I' considered as a closed subset of 3.
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Definition 5.2. Let I' C IV be subgraphs of ¥ such that T' is bounded, connected, and
contained in the interior of I''. We say ¢ is Co-ample on I" in IV if for

h- = mine(v)

E? = {ec E(I")\ E(I'),e > v},

the invertible sheaf Oy, (Dy) has a section that is non-constant exactly on components C,
for vertices v with p(v) = h where

D, = Z Z _Sw(vve>(pe>'

veAl,p(v)=h \ e€E2,s,(v,e)<0

In other words, there is a meromorphic function f on (Cr)o with (f) + D, > 0 that is
constant exactly on the components corresponding to v € I' with p(v) > h.

If ¥ is trivalent with all components of Cy rational, then Cy is determined by ¥ and Cy-
ampleness is a combinatorial condition. Otherwise, the condition could depend on the curve
Co. If (Cr)o is a smooth rational curve, then the ampleness condition becomes deg(D,) > 1.

Lemma 5.3. Let I' C ¥ be a 2-vertex connected graph with no 1-valent vertices. If ¢ 1is
Co-ample on I' C I then deg(D,,) > 2.

Proof. 1f deg(D,) < 0 then there is no global non-constant section of O(D,) so we may
suppose deg(D,) = 1. Then D, is supported on some component C,. This implies that f
can be interpreted as a degree 1 rational function on C, and is constant on C’ = (Cr)o \ C,
which is connected. Since C’ meets C,, in at least two points, f must attain the same value
several times on (), which is impossible. O

The above lemma includes the case where I' is a cycle. It can be thought of as the
statement that a non-constant rational function on a curve with g(C') > 1 has at least two
poles (counted with multiplicity).

6. PROOF OF LIFTING CONDITION

We first construct ¢,, which we will modify to ¢,,. For m € M, define a log 1-form
Wy = f*(dzz—mm) on C. By employing Lemma [3.6] we may replace K by a finite extension to
ensure that each w,, has K-rational zeroes. This has the effect of rescaling Trop(f) by a
factor of [ for some [ € N. We pick a model C for C according to Theorem 415l

Let ©,, be the order of vanishing of w,, on components of the central fiber of C, that is,
©m = Wi, Where wy, is considered as a section of Q; Jot- Since wn, is regular on C, @n, > 0.

A(@m) + Ky > 0.
Lemma 6.1. For a bounded edge e € E(X) with m-e # 0, ¢, =0 on e.

Proof. Let e = vyvy. Let x; be uniformizers of €, near p.. Then, by the definition of param-

eterized tropicalization, f*%= = (m, n>dx—””11 at p. where n = 5((:)) (Trop(f)(ve) — Trop(f)(vy)).
Therefore, on Cy,, at pe, wy, = f*E0 = Z((:)) (m - e)%. Similarly w,, = —’;((Z)) (m - e)% on

Cy, at p.. Consequently, w,, does not vanish on C,, or C,,. A similar argument holds for
unbounded edges. O
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Lemma 6.2. Let H be the hyperplane cut out by (m,x) = c. Let I = Trop(f) " *(H) and T
be a bounded, connected subgraph contained in the interior of I (considered as a subspace of
Y). Then @y, is Co-ample on I in TV.

Proof. The morphism C — P induces C; — P;. Let (COF/)Q = Co \ Upgr'Cy, the points that
are contained only in curves C, for v € I'. Let (Cp); be the Ith order thickening of (Crv)o in
C; given by pulling back the structure sheaf of C;. The morphism f : (ép/)l — P, maps (ép/)l
into the union of (Up), for P € = with P C H. On these schemes t7¢2™ is a unit.

Since f*(t7°z™) is a unit on (COF/)(), it is constant on complete components of (ér‘/)o )
These are of the form C, for v € I\ 0" where OI" be the set of vertices in IV N X\ I'".

Since w,, = % is the log differential of a constant function, it vanishes on C, for

vel cIV\ol". If we let h = minyer @,,(v), we must have h > 0.

Now, we will subtract an appropriate constant from f*(¢~¢2™) and divide by t* to find a
rational function on (Cr)o that has poles of the same order as £z. This will give the desired

section of Oy, (Dg,,). Because wy, = 0 on (Cr)n—1, that is, w,, vanishes to the (h — 1)
order on components C, with v € I', we may conclude that f *(t7¢2™) is equal to a constant
L € Op,_1 on the completion, (Cr),_1. Lift L to some L € Oy. By the exact sequence

0 thO(éF)h O(él“)h - O(ér) —0,

h—1
f'*(t—czm) —_ L iS a SeCtiOIl Of thO(éF)h

Let s = Jc(ﬁii;fm)_L Extend s as a rational function to each component of (Cr)y. If

@m(v) > h, then —£_ = “n — () on C, so s is constant on C,. For v € I with ¢,,(v) = h

t—Cczm

and e, an edge in I containing v, from Lemma B3, we have ord,, (%|c,) = s, (v,¢e). If
this quantity is negative, from 7 t‘fizm) = “m and the fact that £7°2™ is a constant on C,,

we have ord,, (“#|c,) = ord,, (s|c,). In any case, we have
Ordpe(s|cv) Z mln(sﬂbm (U7 6)’ O)?

and so s is a section of Ocp), (D, )- O

Let Z;,, € Div(X) be the unbounded edge divisor given by
Zs,, = Z (#{e > vlm-e =0, e unbounded}) (v).
ve V(%)

Lemma 6.3.
A(@m) + KZ — Z¢m Z 0.

Proof. By Lemma 3.5} it suffices to show Zg, < 37 (s (#Z0)(v). Let e is an unbounded
edge at v in X. Let ¢ = (m, Trop(f)(v)). e corresponds to a marked point o.(Speck). On
Cy, f*(t7¢2™) is equal to a constant to a constant L € O, (,) up to order @, (v) — 1. Set

s = f(t;,if(z)_L and (wWm)v = z2tylc,. Now s is regular on (C.)o which contains o.. Since
(Wm)w = ﬂ%jizm)bv, (wm)» cannot have a simple pole at o, Consequently, ord,, ((wy,),) > 0
and o.(Speck) contributes to Z, O

Lemma 6.4. ¢, does not have slope zero on any bounded edge e with m - e = 0.
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Proof. Let e = v1v, be a bounded edge on which ¢, is contsant. e corresponds to a node p,

/
o f*(tfc Zm)—L o Wi .
=~ — and (Win)y, = 2% e, as in the proof of the

lemma above. Now s is regular on (C.)o. Since (wp,)y, = f*tflif,zm

a simple pole at p.. Consequently, ord,, ((wm)y,) > 0 which contradicts Lemma O

contained in C,, and C,,. Set s
)\cvl, (Wm ), does not have

We will now perturb ¢,, by adding a function to ensure that it is non-constant on un-
bounded edges e with m - e = 0 to obtain the desired ¢,,.

Let 1,,, be the piecewise linear function such that

(1) On unbounded edges e = [0, 00) with m - e = 0 (where ¢, is constant), ¥,,(t) = t,
(2) ¥m = 0 elsewhere.

Then A(¢Yy,) = —Z,,,. Set @, = @m + ¥p,. Then by Lemma B3] A(p,,) + Ky, > 0. Note
that since adding 1, does not affect edges of negative slope adjacent to vertices of a cycle
I', it does not change the Cy-ampleness.

Lemma 6.5. The map M — L(Kyx) given by m — ¢, is a tropical homomorphism.

Proof. Since wy = 0, pg and hence g is constantly oc.

Given my,mo € M, Wiy 4my = Wiy + Wiy SO @my B Py B Prny+ms = 0 by Lemma [3.41 We
must verify ¢, & Ym, B @mi+m, = 0. This only needs to be verified on unbounded edges e
with m-e = 0.

Set m3 = my + my. Suppose min(Ym,, Pmys Pms) 1S achieved by ¢, on an edge e. Since
Om; = Y—_m;, We may treat the expression symmetrically in m;.

If m; - e # 0 for some 4, then m; - e # 0 for some j # i. Therefore, min(,,, Pm,, Pms) =0
on e and this minimum is achieved twice.

Otherwise m; - e = 0 for all ¢. In that case ¥,,, = ¥, = ¥, and we are done. O

Note that A(p,,) + Kx > 0 together with the vanishing of ¢, on edges not orthogonal to
m gives the following property of ¢: if v € V(X) is a vertex with an adjacent edges e; with
m - e; # 0, then ¢,,(v) = 0, the slope satisfies 1 < s, (v,e) for all e with m - e =0, and

Z Spm (v, €) < deg(v) — 2.

e|m-e=0

In particular if v is trivalent, then there is at most one adjacent edge e with m - e = 0 by
balancing, and we have s, (v,e) = 1.

7. COMPARISON TO KNOWN OBSTRUCTIONS

In this section, we relate Cyp-ampleness of a function ¢ on I' in IV in a graph ¥ to the
necessity of Speyer’s well-spacedness condition for genus 1 curves to lift and its higher genus
generalization by Nishnou [I5]. We make the following assumptions:

(1) X is trivalent,

(2) X\ T is a forest, and

(3) the genus of every component of ¥ is 0.

(4) T be a bounded, 2-vertex connected subgraph of I \ I with no 1-valent vertices .
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Assumption (2)) is related to Nishinou’s one-bouquet condition [I5] which is required for
his necessary and sufficient generalization of Speyer’s well-spacedness condition to apply.
Assumption (3 ensures that

K=Y (deg(v) - 2)(v).

veV (%)

The follow condition is equivalent to Speyer’s well-spacedness condition [I7] in the genus
1 case and generalizes it in higher genera:

Proposition 7.1. Let Trop(f) : ¥ — R™ be the parameterized tropicalization of a map of a
smooth curve. Letm € M, c € R and H = {x|x-m = c} and I" = Trop(f)"'(H). IfT is as
above then the minimum of dist(w,T") for w € OI" must be achieved for at least two values
of w.

We first go through an example to show how to derive well-spacedness in genus 1 from
our condition. Consider a trivalent tropical elliptic curve in R?® such that I'" looks like the
following;:

where the edges not terminating in a vertex are taken to be unbounded. Take I' to be the
cycle and orient the edges not in the cycle so that they point towards I'. By Lemma [5.3] the
divisor D, must have degree at least 2. The degree of D, is the sum of the positive slopes
of edges coming into I' at points where ¢,, is minimized. ¢,, is decreasing along unbounded
edges so they cannot contribute to the divisor D, on the cycle. The slope along edges a, b, ¢
is at most 1 and is non-increasing along them since A(p,,) > 0 on the interior of those edges.
By the condition on A(g,,), the slope on edge e must be non-positive. Similarly, the slope
on edge d must be less than or equal to the smallest slope on a. Therefore, the only positive
slopes entering I' must come from edges d,b,c. At the points where those edges intersect I,
©m must be less than or equal to the distance from those points to dI"”. Equality is achieved
if and only if the slope is 1 at those points. It follows that since the value of ¢,, on I' must
be minimized at two of those points where the slope is 1, the minimum of {|a| + |d|, |?], |c|}
must be achieved at least twice.

Now, we consider the general situation. Let v € OI' and let T, be the unique tree in
Y\ (I'\ OI') containing v. Direct the edges of T, so that they point towards v. Let e be the
edge of T, adjacent to v. Write T,, N OI" = {wy,...,wi}. Let 71,...,79 be the paths from
wy, ..., wg to v. Let ; be the length of 74, {(v) = min(l;), S, = {i|l; = {(v)}.

We will need to prune the graph ¥. Let X' =X\ (7, \ {v}).
Lemma 7.2. Suppose
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1) A(pm) + Kx >0, and
2) ©m is Co-ample with respect to T" in I.
1

) Alpmlsy) + K >0, and

(
(
If s(v,e) > 0 then @n,|s satisfies:
(
(2) omlsr is Co-ample with respect to T in I\ (T, \ {v}).

Proof. 1t is clear that ¢,,|s satisfies the Cy-ampleness condition since the edge e does not
contribute to D, ..

If s, (v,e) > 0 then A(py|sr)(v) > A(pn)(v) + 1 while Ky (v) = Ky (v) — 1. Therefore,
A((pm‘zf) + KE/ Z A((,Om) + Kz Z 0.
0

Observe that the slope of ¢,, is non-increasing along smooth segments because if v is a
smooth point of an edge, Kx(v") = 0 and A(p,,) > 0.

The following lemma constrains the value of ¢,, at points of JI' that could possibly con-
tribute to Dy, ,.

Lemma 7.3. Suppose p,, is a non-negative piecewise linear function on I satisfying A(om)+
Ky, > 0 with slope 1 near OU" and ¢n,|or = 0. Suppose also that ¢, never has slope 0 on
[V\ OI". Let v € OI' and e be the edge of I" \ I adjacent to v. If s, (v,e) < O then
Om(v) > U(v). If, in addition, #S, = 1, then s, (v,e) = =1 and v, (v) = [(v).

Proof. Let v’ be a vertex of I\ 9. The inequality A(p,,) + Kx > 0 implies
Z Som (U/a 6/) < deg(vl) - 27

and so there is an adjacent edge €’ with s, (v, €’) < 0. If e = vyv, then there is an edge
e; # e adjacent to vy with s,,, (v1,e1) < 0. Applying this argument repeatedly, we can find a
path in [V from v to some w; with all slopes negative. Since @,,(w;) = 0, n(v) > 1; > 1(v).

Now suppose #S, = 1. Without loss of generality, suppose S, = {1}. We claim that ¢,,
is linear with slope 1 along 7;. Let v’ be the first non-smooth vertex along 7. Since slopes
are non-increasing along ~; from w; to v/, ¢,,(v") < dist(v',wy). Let T be a component of
T, \ {v'} not containing w; but containing w; for i in some set S. Let ¢’ be the edge in T”
adjacent to v’. If s(¢v/,€’) < 0 then by the first part of this lemma,

om (V') > miél(dist(v', w;)) > dist(v', wy) > (V).
1€

This contradiction proves that s(v,e’) > 0, and so by Lemma [[.2] we may remove 7" from
[7. By continuing this argument, we may eliminate all such trees T’. Therefore, we may
suppose that v’ is a smooth vertex of IV. Continuing this argument over 7;, we may suppose
that v, is a smooth path. The slope of ¢,, must be non-increasing along ;. Since it begins
as 1 and ends as a positive slope, ¢, must be linear on ~,. It follows that ¢,,(v) = l(v). O

The proof of Proposition [Z.1]is completed by the following:

Lemma 7.4. If ' is a bounded 2-vertex connected graph with no 1-valent vertices and @,
is Co-ample on I' C I\ O then the minimum min,ecar dist(w, I') must be achieved at least
twice.
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Proof. By Lemma [5.3] we must have deg(D,,,) > 2. Let | = min,egri(v) and F = {v €
Ol'|l(v) = 1}. If #F > 2 then we are done, so we may suppose F' = {v}. If #S, > 2,
we are also done, so we may suppose #S, = 1. By the previous lemma, s(v,e) = —1 and
Om(v) = l(v) = 1. Forw € OI' \ {v} and f € E(I') \ E(I') adjacent to w, we have either
Spm(w, f) >0 or

Pm(w) > L(w) > 1= pm(v).

In either case, we can conclude that w does not contribute to D, ,. Consequently, deg(D,,,.) =
1 which is a contradiction. U

8. EXAMPLE

In this section, we give a tropical curve that does not satisfy our lifting condition but to
which Proposition[Z.I]does not apply. We claim that there is a balanced parameterized graph
h : ¥ — R3 and that there is a rational hyperplane H such that h='(H) is the following
graph where all edges have multiplicity 1:

Na /e
S

In fact, it is straightforward to embed this graph in a plane H so that it is balanced and
the quadrivalent vertex is indecomposable. One may add pairs of unbounded edges to the
boundary of this graph in R? to ensure that it is balanced. This example does not sat-
isfy Nishinou’s one-bouquet condition which is required for his higher genus necessary and
sufficient condition to apply.

We claim that such a graph cannot possibly be the tropicalization of a map of a smooth
curve of genus 3. Since every edge is given multiplicity 1 and every vertex is indecomposable,
the only parameterization of this graph is the identity. Moreover, any genus 3 lift of his
curve must have maximally degenerate reduction. Let us suppose that we have a function
©m meeting the conditions of Theorem [[LI. We now apply the following inequality to vertices
v:

Z Som (v, €) < deg(v) — 2.

We orient the edges not part of any cycle towards the nearest cycle. Because the slope of
©m on the two edges pointing towards edge a is at most 1, slope of ¢, on a is at most 3.
The slopes of ¢, on b,c, and d must sum to at most 5. Consequently, we may suppose that
©m has slope at most 1 on edge b. The other paths from the cycle I' containing b to 0I" are
too long for ¢, to have positive slope on them and for ¢,,|r to be minimized along their
intersection with I'. It follows that they cannot contribute to D, , and D, must have
degree at most 1 on I'. Consequently, D, cannot have a non-constant section on (Cr), for
r.

This examples satisfies Proposition [Tl (without the forest assumption) but it fails to meet
our lifting condition.
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