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Abstract

Discretizations of continuum theories often do not preserve the gauge symmetry content.
This occurs in particular for diffeomorphism symmetry in general relativity, which leads to
severe difficulties both in canonical and covariant quantization approaches. We discuss here
the method of perfect actions, which attempts to restore gauge symmetries by mirroring
exactly continuum physics on a lattice via a coarse graining process. Analytical results can
only be obtained via a perturbative approach, for which we consider the first steps, namely
the coarse graining of the linearized theory. The linearized gauge symmetries are exact also
in the discretized theory, hence we develop a formalism to deal with gauge systems. Finally
we provide a discretization of linearized gravity as well as a coarse graining map and show
that with this choice the 3D linearized gravity action is invariant under coarse graining.
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1 Introduction

Discretizations of field theories have become a viable tool for both classical and quantum physics.
On the one hand, numerical treatments of for instance gravity require discretization, on the other
hand, lattice quantum field theories give access to non—perturbative physics. One might even
expect that discrete structures will play a fundamental role in quantum gravity — as opposed
to just providing an auxiliary UV cut—off. Indeed in many approaches to quantum gravity
such discrete structures either appear as fundamental ingredients, as derived from a continuum
quantization or as auxiliary structures.

Independent from the interpretation of these discrete structures as fundamental or auxiliary,
the question arises how to retrieve the continuum physics we experience at larger scales from the
microscopic models involving discrete structures. This applies in particular to the emergence of
continuum symmetries, as these influence physical predictions as well as the interpretation of
the models.

For general relativity diffeomorphism symmetry plays an extraordinary important role as it is
deeply intertwined with the dynamics of the theory. Unfortunately diffeomorphism symmetry is
usually broken by discretization [I}, 2], 3, 4], 5]. This leads to severe difficulties both for covariant
and canonical quantization approaches.

In the covariant approach, breaking of gauge symmetries leads to additional degrees of free-
dom. The gauge modes which for an exact symmetry completely decouple from the physical
modes will become relevant and couple to the remaining modes if the gauge symmetries are
broken. Hence these modes have to be taken into account in a quantization (and cannot be
gauge fixed), but should become irrelevant in the continuum limit.

In the canonical approach, the dynamics of general relativity is encoded in the Hamiltonian
and diffeomorphism constraints. The central problem in the canonical quantization program is to
implement these constraints into the quantization. Here, breaking of diffeomorphism symmetry
leads to inconsistencies in the dynamics defined by these constraints, which severely impedes
the quantization of the constrained theory. This has been a huge obstacle to canonical gravity
lattice models [1], see however the suggestions in [6] [7]. For further discussions of these points
and related issues see [I], 3] [4 5] and references therein.

Discretizations that would preserve some notion of diffeomorphism symmetr would there-
fore be very appreciated. Indeed there is an approach to construct such discretizations. The
associated discrete actions, encoding the discretized dynamics, are called perfect actions [8] 9].
The basic idea is to map continuum physics onto the lattice by a coarse graining process. The
resulting lattice theory will then mirror exactly continuum dynamics in its coarse grained ob-
servables. Hence one would also expect the continuum symmetries to be present in this lattice
dynamics (at least those, which have not been absorbed by the coarse graining process).

Furthermore this process might lead to ‘lattice independent’ lattice theories. That is not
only are lattice artifacts avoided and predictions should not depend on the choice of lattice.
More fundamentally, observables of the theory should not depend in any way on lattice sites.
This corresponds to the requirement of diffeomorphism invariant — hence coordinate independent
— observables in the continuum. Such observables are known from topological lattice models,
where there are only finitely many global observables. For 4D gravity, we however expect the
number of such observables to scale with the number of lattice sites.

The coarse graining process can be performed in two different ways. One is to consider
a ‘block transformation from the continuum’, i.e. to have only one coarse graining step from
an infinitesimal lattice constant to a finite one [I0]. This should result immediately into a
theory where continuum symmetries are preserved. There is a disadvantage however, namely
that coarse graining always involves solving at least partially the theory. Hence this method

We will discuss in section [f] what kind of diffeomorphism symmetry one would expect in a discretized theory.



requires some control over the solutions. Coarse graining can be also performed in many small
steps from smaller to larger scales. This usually allows one to introduce approximations, in the
(frequent) case, that exact evaluations are not possible and is related to the ideas of Wilsonian
renormalization group flow [11].

As many quantum gravity models are discrete on the microscopic scale one would here
rather adopt the second strategy. Indeed, even classical gravity being a very hard to solve
theory, we cannot expect to obtain a perfect action easily. The prospect is rather to understand
the coarse graining process better and to derive conditions on the microscopic theory, so that
diffeomorphism symmetry will arise at macroscopic scales.

Mostly, discrete gravity models can only be solved numerically. An alternative is to consider
a perturbative approach and to coarse grain the theory order by order in the perturbations. In
this work we will start with gravity linearized on a flat background. In this case the (linearized)
gauge symmetries of the continuum are typically still realized. These are however broken in
the higher order theory. This actually leads to inconsistencies in the perturbative approach
[5]. From the higher order equation of motions non-linear consistency equations arise, which
determine the gauge degrees of freedom, present at lower order.

To avoid these inconsistency issues one has to ‘perfectionize’ the action order by order. That
is a second order perfect action will allow a consistent solution of the theory truncated at third
order — where all the lower order gauge parameters remain free.

We therefore consider in this work the first step — the coarse graining of quadratic actions,
that is free theories. Here the main point we address, is to coarse grain theories with gauge
symmetries in a gauge covariant way, that is without involving a gauge fixing. This is inevitable
for discrete gravity, as due to the breaking of diffeomorphism symmetries gauge fixing is not a
viable procedure anymore starting with the third order theory.

As will be explained in section [0] the expected gauge symmetries for discrete gravity have a
very geometric interpretation. We will therefore always be motivated in our choice of discrete
action and the coarse graining procedure by geometric reasoning. For (linearized) discrete gravity
we will derive an action and a coarse graining map derived from Regge gravity [14], which in
itself is a very geometric discretization of gravity. An indication that this choice is suitable, will
be provided by 3D gravity, whose (linearized) discrete action will turn out to be form invariant
under coarse graining, as expected from a topological theory.

The plan of the paper is as follows. We will start by reviewing basic coarse graining for
free fields in section [2], also to introduce our conventions and notations. This formalism will be
applied to coarse grain the free scalar field both from a finite lattice to a coarse grained finite
lattice and by coarse graining from the continuum to a finite lattice, section Bl

We will then develop the formalism in order to coarse grain theories with gauge degrees of
freedom in section [l To this end we will first discuss the behavior of gauge symmetries under
coarse graining in section [l In particular we will argue, which kind of discrete diffeomorphism
symmetry one might expect for a perfect action for discrete gravity. The formalism will then
be applied to electromagnetism in section Bl and we will show that for 2D electromagnetism the
action is form invariant under coarse graining.

Finally we will provide a discrete action and a coarse graining map for linearized gravity
in section [6l Again we will show that with this choice the 3D linearized gravity action is form
invariant under coarse graining. We will end with a short summary and an outlook.

The appendix [Al contains some material on the relation between Regge calculus and the
discretization for gravity employed here, so that we can provide a geometric derivation of the
coarse graining map. In appendix [Bl we evaluate some sums, which are needed for the coarse
graining of 2D electromagnetism and 3D gravity.



2 Coarse graining of free fields

Here we will consider the coarse graining of free field theories without gauge symmetries on the
lattice. We derive a general formula for the coarse grained action that we will apply to a free
scalar field, reproducing the results of [12].

We will consider fields ¢4, with A a yet to be specified index, on a d-dimensional periodic
lattice with N? sites = = (0,...,0),...(N —1,..., N — 1). For free fields the action will be a
quadratic functional of the fields of the form

S=13> dal@)map(z—y)only) . (2.1)

A,B z,y

Here we assume that m4p does only depend on the difference (z — y), that is that the action is
invariant under (lattice) translations. For most of the discussion we will work with the Fourier
transformed fields. Introducing the momentum labels p = (0,...,0),... (N —1,... N — 1) we
define

—2mi BE 1 i BZ
$ap) =D N pa(x) ,  dalz) = Nd > N galp) (2.2)
For the inverse we used that the delta—function on the (N-periodic) lattice is given by
1 i X
s (p) = i 262 N (2.3)

The action in the Fourier transformed fields is then

5 — ﬁg;pm@)mw(p)@(—p) with — map(p) = 3 map(e). (24)

The action (2] will be varied under the conditions that the field values ¢(z) sum up to
the coarse grained fields ®(X) on a coarse grained lattice with sites X = (0,...,0),... (N’ —
1,...,N"—1) where N = L N'. The extrema (or solutions) of the action (2I]) obtained with
these conditions will be functions of the coarse grained fields ®. Reinserting these solutions into

the action (2.I]) we obtain a coarse grained action S’ as a function of the coarse grained fields
d:

S'[®] = extr S (2.5)
¢, Bp=2

where B is the coarse graining map. Varying this new action S’ with respect to the fields ® we
will find new solutions ®4 describing the dynamics of the theory on the coarse grained lattice.
The solutions @4 encode however the dynamics of the original lattice, as these solutions can be
obtained by coarse graining the solutions of the action S (without adding any conditions on the
fields ¢). Namely, what has been done, is to split the variational problem for the action S into
two parts: first one looks for extrema under the condition that the ¢ coarse grain to ®. Then
one varies the conditions ®, so that one re—obtains the extrema of the action .S

extr extr S = extrS . (2.6)
@ = ¢

)

Just that we have now only access to these extrema via the coarse grained fields ®.
We will write the coarse graining map as

A(X)=> Bap(X,z)dp(x) (2.7)
B,z



which for the Fourier transformed fields gives

—omiBX 1
Pa(P) = D TN (X)) = WZBAB(P,p)ﬁbB(p) (2.8)
B,p
where
Bap(P,p) = Ze_2ﬂi%BAB(X,m)ezm% . (2.9)
X,x

The coarse graining conditions (Z.8)) can be added to the action ([2:4) with Lagrange multi-
pliers A(—P), so that we have to vary

1
Sh= 2Nd > dal@)man(p)és(—p) + Z)\A ( a(P) = 53 > Bas ¢B(p)> - (210
A,Bp B.p
This gives rise to the equations of motion
map(p) ZAC )Boa(P,p),  ®a(P) = ZBAB Pp)os(p). (211)
7p

Assuming that m(p) is invertible we can write

N®4(P) = Y Bap(P,p)és(p)
B,p

= Z Bap(P,p) (m ")pp(—p) Bep(—Q, —p) Ao(Q). (2.12)

B,C,D,Q,p
On the other hand we can rewrite the action with the help of ([2I1)) to
1
5 = 5 AZB:p ¢a(p) map(p)os(—p)

= sxa 2 Gal)Ae(~P) Boa(Pp)
A,C,Pp

- %Z@A(p) A(—P) . (2.13)
A,P

Hence, this time assuming that the matrix B - m~! - B appearing in the last line of [212) is
invertible, we obtain for the coarse grained action

Nd

s = - D> @a(P) Map(—P,—Q) ®5(—Q) (2.14)
A,B,P,Q
where
(M Yap(P,Q) = Y Bac(P,p) (m)ep(—p) Bep(—Q,—p) (2.15)
C,D,p



3 Example: Perfect action for scalar field

3.1 The coarse graining

Here we will apply the general formalism to a free scalar field discretized on a regular hyper—
cubical lattice. We adopt the following (Wick rotated) action for a free scalar field ¢ on a
d-dimensional periodic lattice

1

S = 5 o@)mlz—y)é)
adx7y
= 3000 () + 25 w) ) o) 1)

The Laplace operator on the lattice is defined as
1 N N N
Alz,y) = — Zb: (25( Na,y) = 0N (@, y + ep) — 6™ (2, y — eb)> (32)

with a o< 1/N the lattice constant and e the lattice vectors in direction b =1, ..., d. Its Fourier
transformation is

1 Pp Pp 1 -
— 2— ™Y —e N ) = Y kk 3.3
ST o) < GTu o

where we defined &, = (1 — 627”%) and ky = (1 — e 2R N ). For the Fourier transformed action
we obtain

CLd
S = gy 2 W) (AP +u)o(-p) - (3.4)

The coarse grained scalar field ®(X) will be defined as the sum over the fields ¢(z) over all
lattice sites = in a box associated to X.

ZBX:L" szw (z,LX + 2) ¢(x) (3.5)

where b is some rescaling constant and z assumes the values z = (0,...,0),...,(L—1,...,L—1).
(Remember that N = LN’.) Fourier transforming the matrix B gives

Ze iN’BX:E) ity _ ZbZe mi s (3: LX + 2) 2N

_ bN/d P p ZeZWZ

, 1_627'('ZL]€,0‘
o 1d s(N") _
= bN" WP —p) || T m
= N NP —p) || Pl (3.6)

where for the sum over z = (0,...,0),...,(L—1,...,L — 1) we used that it is a product of

27r2

geometric series. In the last line we introduced K = 1 — . Later we will also abbreviate

_ Py
Kb -1 —2mi—% N’



Now we already have all the prerequisites to apply formula (ZI4I2.15]) for the coarse grained
action:

(P,Q) = Y B(Pp) m ' (-p) B(-Q,~p)

2—d K K
— b2 N/2d 5 P 5(]\7) _ (I_ b_ b
Z p (Q p) Zb k‘bk'b + a2#2 H kbkb

/ 1 K K
2-d12 A2d s(N') (p by
a2~ 245N (p Q)§ || . (3.7)

In the last line the sum is over r = (0,...,0),...,(L —1,...,L — 1) and the k; depend via
ky =1— 2N on p (whereas the Kj depend only on P). The coarse grained action is then
given by

, 1 Ld ad—2

::5.7VEE§_j{:¢(fnﬂfqu¢(—fﬂ (3.8)

where
-1

1 K, K,
M'(P) = E || . 3.9
( ) <§bkbkb+a2 2 kbb) ( )
[p=P+N’

The sum over r can only be performed analytically for one dimensional systems, d = 1, see
below. Also the action (B.8]) (Fourier transformed back to X labels) will in general be non—local,
that is involve couplings between non-neighbouring lattice sites.

3.2 Blocking from the continuum

To obtain the action coarse-grained from the continuum, we can iterate the blocking procedure
infinite times for finite L to obtain a fix point. Alternatively [10], we can directly ‘block from
the continuum’, to obtain an action on a finite lattice, mirroring the continuum theory.

We will consider T-periodic continuum fields ¢(x), with x € [0, 7). For the Fourier trans-
formation we adopt the conventions

_ d —2mi S _i 273 52
o) = [ AR G0 ) = g T o) (310)

so that the momentum label x takes values in Z%. The continuum action is given by

1

S, = 5/[()7T)d(1fi>< d(x) (=02 + p2) d(x) = szZ¢ (Z ka)” +uc> ¢(—k). (3.11)

We coarse grain the field by averaging it over cubes of volume a’%, where a’ is the lattice constant
of the coarse grained lattice, so that T'= N'a’. That is,

yxy:m/ d% ¢(a'X +¢) (3.12)
[0,a")¢
which for the Fourier transformed fields gives
N'—1 ‘ K
Z eI B(X) = bN" > WP - k) p(r) [ [ 5= (3.13)
L Ke
REZd c 2

7



where K, =1 — 27” . A derivation completely analogous to the one in section [2] leads to the
coarse grained perfect’ action

1 1
S = S ETaENa > o(P)M'(P)®(~P) (3.14)
¢ P

where

rczd k=P+rN’

1—1 _
MTIP) = Z (Zb(Zwmb)(Zw/{b T,UC2H (2mkq)( 27ma)>| - (315)

3.3 One—dimensional system

Here we will perform the sum in (B3] for a one-dimensional system. This will introduce tech-
niques that will be later useful to evaluate the coarse grained actions for (topological) gauge
theories.

Following (3.9) we have to compute

L-1 iLx —itLx
w5 ! (-t (1 )

r=0 <1 - elw—‘,-m’r‘) <1 - e_lm_2_r) —|— m2 (1 — Z{E—I—mr) (1 _ e—ix—%r)

where we have defined m := ap and x := %P. We introduce a different way of writing the mass
m by defining

LY +e¥)=cosh(y) := 1+ 22 (3.17)
5 : 5 .

From this it follows that
(1 - ezm—l—mr) (1 _ e—zx—z—r> + m — oY (1 . ei(m+iy)+%r) (1 - e—i(m—iy)—%r) ) (318)

Hence we have to evaluate the sum

M'(P)! = Lz_l _ (et (e e .
= (1 _ it ) (1 _ e—w—fr> (1 _ gilariy)+ 2 ) (1 T )

The basic idea to perform the summation is to rewrite the factors in the denominator into a
geometric series, for instance

. (3.19)

1 — 1 Lil eil‘-‘r%r (3 20)
(1 B ez:c—i-@r) (1 — eiL:c) = ’ ’

In this way we obtain

L—1
M'(P) -1 — 4 Z Z i1 —jatis—ja)—y(is—ja)+ 2 r(j1—ja+js—ja) (3.21)

r=0 j1,52,53,j4a=0

where the prefactor A is given by

A ‘ ¢t 22
T (- elerw) (1 —e-ila—m)) KK+ M? (3.22)

8



Here we introduced K = (1 — %) =1 — e~ P and the new mass M by
M2
(e +e M) =cosh (Ly) = 1+ -5 - (3.23)

27

Performing the sum over r in (3:2]]) results in a lattice delta function, ZT, pet = L),
and so we get
L—1
M'(P)™" = LA Z e —iztis=i)=yUs+ia) §(L) (G — jo 4 ja —j4) . (3.24)
J1,J2,J3,j4=0

For the given range for the labels j; = 0,..., L — 1 there are three types of solutions possible for
the L-periodic delta function. These result if the argument a(j) := (j1 — jo + Jjs — ja) assumes
the values a(j) =0, a(j) = £L, so that we have to consider

M'(P)' = LA Lzl e~YUstin)  (gile 4 omile) Lzl e~YUsHi) | (3.25)
J1,92,73,74=0 J1,32,33,J4=0
a(j)=0 a(j)=L
where we could summarize the a(j) = £L case into one summation due to the Zo-symmetry
in the problem. We rename j3 — j4 =: J and reorder the sums, by counting the possible

configurations with a(j) = 0,+L. For J = 0, there are L possibilities for ji, jo (namely both
being equal) such that a(j) = 0. For J > 0 there are L — J possibilities for a(j) = 0, namely
whenever jo — j; = J, similarly for J < 0.

To obtain a(J) = L (we do not need to consider —L, since this has already been taken care
of within the sum), we need J = j3 — js > 0. Then there are J possibilities for j; — ja to equal
L — J, and hence satisfying the condition a(j) = L.

We conclude:

L—1 L—1L—1—j L-1L—1-j
M'(P)y '=LA|Y Le i 423 " Y (L J)e ¥ 4 (7 4 o7 )N = N " eyt ]
=0 i=0 J=1 j=0 J=1
L1 L—1—j L-1—j
:LAZe_zyj L+2L Z e ¥ + (eiLw e"te _9 Z Je_y‘]]
j=0 J=1

The sums can be performed explicitly in a straightforward manner, which results in

_ L 1 1 - sinh(Ly)
M'(P)~! = _ L(cosh(Ly) — 1)+ -KK (L - —*
(P) KK + M? (cosh( )—1) [ (cosh(Ly) = 1) + 2 < sinh(y) >]
L M4+ M?
= —— LM2+KK L—7+ (3.26)
KK + M2 4+ m?
We obtain for the coarse grained action
, 1 m? KK + M?
= —— d(P _ d(—P 3.27
2 N’ Lab? = ( )KK(1—6)+M2 (=P) ( )
where
1 M4+ M2
MAvatr i (3.28)

L m~/4 +m?
Note that the appearance of the factor K K in the denominator in the coarse grained action (3.27))
renders it non—local. This can be avoided (but only for one-dimensional systems) by changing
the coarse graining map appropriately [10]. For instance coarse graining by decimation, where
the coarse grained field is just given by the values of the original field on the coarse grained
lattice, will lead to a local coarse grained action in one dimension.



4 Coarse graining for systems with gauge symmetries

4.1 Gauge degrees of freedom under coarse graining

The formalism in section 2] can only be applied if the dynamics does not feature gauge sym-
metries, as otherwise the matrix map in the action (2.I]) is not invertible. Of course one can
perform a gauge fixing procedure, as is used for instance in [I3] for (Abelian) Yang Mills theory.
We are here however interested in regaining gauge symmetries, hence we rather prefer to adopt
a gauge invariant framework. Another advantage in doing so, is that topological field theories,
i.e. those without propagating degrees of freedom, such as 2D electromagnetism and 3D gravity,
will have form invariant actions under coarse graining.

Furthermore, a gauge fixing approach is not suitable for discrete gravity: as mentioned in
the introduction, discretizations of general relativity usually break diffeomorphism symmetry [4].
Here we understand under a gauge symmetry the property, that for given fixed boundary data
the solutions of the theory are not unique. This characterization depends however on the kind
of solution (specified by the boundary data) under consideration. Indeed in most discretizations
of gravity, such as Regge gravity [14], flat space solutions are not unique.

The reason is the following: Regge calculus involves a discretization of space time by in-
ternally flat building blocks — in this case simplices. The metric information is encoded in the
lengths of the edges of these building blocks. Curvature arises as flat simplices might be glued
together along a hinge — an edge in three dimensions and a triangle in four dimensions — such
that the sum of the angles contributed by the glued simplices around this hinge differs from 2.
This difference is the so—called deficit angle and measures the scalar curvature.

Flat space solutions can be constructed easily by triangulating flat space. To this end one
just has to distribute a set of points and to connect all these points with (geodetic, that is
straight) edges so that one obtains a triangulation. The lengths of these edges are induced
by the embedding flat geometry. Having one such flat triangulation with a determined set of
edge lengths, one can obtain another flat triangulation (with a different set of edge lengths) by
displacing any vertex of the first triangulation in the embedding flat geometry. This displacement
will by definition not change the flatness of the geometry. Also it only changes the lengths of
the edges adjacent to the vertex — hence the change is only local and will in general not affect
the boundary data. In this sense we obtain many gauge equivalent solutions — for every internal
vertex we obtain d gauge parameters, where d is the space—time dimension.

Basically we obtain gauge symmetries for the case of flat solutions as these can be mirrored
exactly in the discretized theory. The same applies for homogeneously curved solutions (if a
cosmological constant is present) if one uses homogeneously curved building blocks [9, [15]. Also
here the gauge symmetries correspond to vertex displacements.

The gauge symmetries of the flat geometry survive if one considers linearized Regge calculus
on such a flat background [16]. The gauge modes correspond to the infinitesimal change of
the lengths variables induced by the displacement of vertices embedded in the flat background
geometry. However this invariance is broken to higher order [4], 5], that is the second order gauge
modes do appear in the higher than second order (potential) terms. This makes a perturbative
expansion in general inconsistent: quantum mechanically one has to face the problem that modes
appear in the higher potential terms for which however a propagator is missing. Even classically
it turns out [5] that the higher order equations lead to non-linear consistency equations for
the perturbative lower order (gauge) variables, including the one at zeroth order. That is the
positions of the vertices in the flat background geometry, which is left to be arbitrary for the
linearized theory, is fixed by the higher order perturbative equations.

One way to avoid these problems is to improve the action order by order. In this way one
pushes the gauge breaking terms to higher and higher order. Although the linearized Regge
action features (linearized) gauge symmetries, one even has to start with the improvement of

10



the quadratic order of the action (defining the linearized theory). The reason is, that gauge
breaking at third order is related to the non-invariance of the second order Hamilton—Jacobi
functional of the theory under vertex displacements, see [5]. In other words the linearized
theory although being invariant under infinitesimal vertex displacements is not invariant under
finite vertex displacements and its predictions still depend on the underlying lattice.

What kind of diffeomorphism symmetry can one expect for the full non—perturbative perfect
action? As this action should represent the pull-back of continuum physics to the lattice, we can
describe the potential solutions of such an action. Assume that as in Regge calculus the basic
variables are the lengths of the edges of some underlying triangulation. Then one way to obtain
lattice representations of continuum solutions is to choose a triangulation of a given solution, i.e.
to embed vertices in this solution and to connect these by geodetic edges. The geometry of the
continuum solutions prescribes the length of these edges, determining a particular configuration
of the lattice theory. Obviously there is a huge set of ambiguities in this procedure, namely the
choice of how and where to embed the vertices into the continuum solutions. This is where a
perfect lattice theory should lead to gauge equivalent solutions. That is, also non—perturbatively,
one would expect vertex displacements as remnants of the continuum diffeomorphism symmetry.
This can also be understood from the construction of the solutions described above: the choice
of where to embed the vertices can be parametrized with the choice of coordinates. The change
of coordinates under a transformation would thus induce a change of the embedded vertices and
hence in general of the edge lengths describing the discrete solution.

Let us turn to the general problem of coarse graining theories with gauge symmetries. Con-
ceptually this is not a problem at the classical level, as we can still apply the definition (2.5))

/
S'[®] = ¢%<(;c£¢5 , (4.1)
i.e. to evaluate the action at an extremum under the conditions that the coarse grained fields
B¢ are equal to some prescribed values ®. In general this extremum will not be unique — due
to the gauge symmetries. But this does not render the coarse grained action (4.1]) ill-defined,
as by definition the values of the action at these gauge related extrema coincide.

Note also that gauge symmetries are preserved under coarse graining: If ¢5(\) is a family of
solutions related by gauge transformations labelled by A, then — as coarse grained solutions will
be solutions of the coarse grained action — B ¢4(\) will be a family of solutions of the coarse
grained action. What will in general happen is, that gauge degrees of freedom are absorbed by
the coarse graining, i.e. that B ¢s()) is a much smaller set of solutions than ¢4(\).

A useful criterium for the choice of the coarse graining map B will be that it should preserve
the form of the gauge symmetries for the coarse grained action, as will be discussed for the
examples below. This will have the advantage that the (often geometric determined) interpre-
tation of the gauge transformations will not change, nor does the form of the gauge invariant
variables.

The coarse grained gauge modes can be easily described for free theories. Assume that the
(symmetric) matrix m4p in the action?

S=3> ¢amanon . (4.2)

A,B

has null vectors vp such that > 5 mapvp = 0. We add the coarse graining conditions

> A (@A, — ZBA,quB) (4.3)
Al B

2For this discussion we have absorbed the lattice labels z or p into the indices A, B, .. ..
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to the action (where the index A’ labels the coarse grained fields and will in general assume
fewer values than the indices A, B,...) and obtain the following equations of motion for the
fields ¢4 and the Lagrange multipliers A4

Y Map¢p = Y ApBpa ., Pa =Y Bapip - (4.4)
B B B
As before we can write the coarse grained action as
, 1 1 ,
- 5%;&;@3/ — 5;};,%,]\4#3@3, (4.5)

where Ap/ is to be understood as a function of ® 4, determined by the equations of motions (4.4]).
Hence we define M4 pr to satisfy Aar = > 50 My, 5, ®pr. Now if vy is a null vector, we will have

0 = ZUAMAB¢B = Z)‘A’BA’BUB . (46)
A,B A’'B

so that we obtain as a condition on M’

> (Bapvp) Maucr =0 . (4.7)
A’.B

Therefore V4 =Y 5 Bapvp is a null vector for the coarse grained action (5l).

4.2 Coarse graining of free theories with gauge symmetries

Here we will derive a general formula for the coarse grained action in the case that gauge
symmetries are present. We will directly work with the Fourier transformed fields, so that the
action is

S = gy D00 0a®) (T-m(p) T0) 45 65(—p) (1)

AB p

where we inserted projectors IIop(p) onto the subspace orthogonal to the gauge modes, that is
the null vectors of mp(p). As before the coarse grained fields will be given as

Pu(P) = %ZBAB(PJ?)QSB(I’) : (4.9)
B,p

Adding these conditions with Lagrange multipliers A(—P) to the action (48]) we will obtain the
following equations of motion

S (@-m-M) 5P ¢a(—p) = > Ac(—P)Bea(P,p) (4.10)
C P

B

24(P) = w7 33 Ban(Pp)oslp) (4.11)
B p

By contracting the first equation with the projector II*(p) onto the space of gauge modes
(p), labelled by an index «, we learn that

YD Ac(=P)Boa(Pp) Upalp) = 0 . (4.12)
AC P

«

Vg
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From the discussion in section . I we know that V(P) := > 5 >, Bap(P, p)v®(p) will be gauge
modes of the coarse grained action. Let HjD(P) be the projector onto the space spanned by
these modes and II4p(P) the projector orthogonal to II55(P). (In the examples below the
projectors IT+(P), II(P) will have the same form as II*(p), II(p) respectively, therefore we just
use the same symbols here.) Hence equation (A.I2]) entails

> Ae(=P)IE4(P) = 0 (4.13)

Contracting the equation (£.II]) with the projector II(—P) we obtain

N® > Tap(—P)-@p(P) = Y3 Hap(—P)Bpc(P,p)éc(p)
D

B,C P

- Z Z 4p(—P) Bpc(P,p)llcp(—p) ¢p(p) (4.14)

B,C,D P

as any gauge modes in the field ¢ are projected away after coarse graining by II(P).
Let m % (p) be a generalized inverse to mpc(p). That is, m % (p) satisfies

ZmZgB(P) mpc(p ZmAB p)mpl(p) = Iac(p) . (4.15)

The generalized inverse is not unique as one can add multiplies of the projector II+. These
non—unique terms will however be projected out later on. We can deduce from equation (£.10])

ZHAB = > > my%(p) Bes(Pp) de(-P) (4.16)

BC P

which if used in (4I4) yields

N> Tap(=P)®p(P) = Y > Tap(—P) Bpc(P,p)mg(—p) Boe(—Q, —p) Ae(Q).
D

B,C,D,E P,Q
(4.17)
Because of equation (£I3]) we can replace Ag(Q) in the last equation (LIT) by
Y rHer(—Q)Ar(Q). We therefore have
N> Tap(=P) - ®p(P) = Y > M $H(P,Q) Ap(Q) (4.18)
D D Q

with

Z ZHAC(—P)BCD(P,P)WB%(—p)BEF(—Q,—p)HFB(—Q) . (4.19)

C,D,E,F p

We now have to find a generalized inverse Map(P, Q) to M52 (Q, R) satisfying

D Man(P,QQMpE(Q,R) = 6(P — R)Tac(~P) . (4.20)
B Q

As in the section [2 the coarse grained action can be written as

ZZ‘I’A ZZ@A Map(P)Ap(—P) (4.21)

ABP
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where A4 has to satisfy the equations of motion (ZI0J4IT]). This solution is given by inverting
(18], hence the coarse grained action is given by

Z > ®4(P) ap(P) Mpo(—P,—Q)Top(Q) Pp(—Q) - (4.22)

A,B,C,D P,Q

The difference to the standard case without gauge symmetries (Z14)) is, that we have to work
with generalized inverses and that we have to insert the projectors II into the formula for the
coarse grained action ([LI9MA22). These projectors take care of the non—uniqueness of the
generalized inverses, that is the coarse grained action S’ does not depend on the particular
choice of representative for the generalized inverse.

5 Example: Perfect action for electromagnetism

5.1 Coarse graining from the lattice and the continuum

Here we will first discuss electromagnetism (or Abelian Yang Mills fields), as this is a much
simpler example for a lattice theory with gauge symmetries than lattice gravity. The basic fields
will be connection variables a; associated to the edges of the lattice. Here ap(x) is the variable
associated to the (positively oriented) edge starting at the site x in the direction b (see figure

.

T+ e
°
al(x + 62)
a2(1’) GQ(ZL' + 61)
a1(z)
x T +er

Figure 1: The variables used in discrete electromagnetism (here for D = 2).

A discretization for the action is given by the square of plaquette variables fu

) foe( (5.1)
T b<c
where
foe(x) = ap(x) + ac(x + €p) — ap(x + €.) — ac(x) (5.2)
and a is as before the lattice constant. The Fourier transformed plaquette variable is given by
. D - pe
foep) = ap(p) + €™V ac(p) — €™ ¥ ay(p) — ac(p)
= kcab — kbac (53)
and the action as
d—2 , ];bkc
- 2Nd szbc ) foe(=p) = INd ZZ ap(p) A | b — A ac(—p) (5.4)
P b<c P be



where A" = 3", kyky, = a®>A. Here we can introduce the discretized projectors onto the transver-
sal IT* and longitudinal II! modes

kypk kyk
ng)c — 6{,0 - Alc 5 Héc — Tlc (55)
satisfying
SR, = 6%y, T + 10, = Gy (5.6)
C

for o, 8 = t,l. (Note that here the projectors are meant to act on a.(—p) on the right and a;(p)
on the left.) The action is therefore a sum over only the transversal modes — the longitudinal
modes ap ~ k, do not appear and are hence gauge modes. This corresponds to the gauge
symmetry

ap(x) = ap(z) + g(x + ep) — g(x) (5.7)

with a gauge parameter g(z) at each lattice site x.
Let us turn to the coarse graining of the fields. The connection is a one—form - hence naturally
discretized as variables associated to edges (see figure ).

As(X)

az(x)

Xl (
1()

A1 (X)

Figure 2: The variables in electromagnetism are coarse grained along the lines of the lattice,

since they are naturally one-forms. (here with D =2 and L = 3)

Coarse graining would mean to integrate the connection over all the (smaller) edges that
built up the new (longer) edge. Hence we define

A(X)=b> ac(LX +ze.) = Y Ba(X,z)ay() (5.8)
z b,x
where z = 0,...,L — 1 and b is a rescaling factor. The Fourier transformed coarse graining
matrix is then
_ (V') Ke
Bcd(Pap) =bN 5cd d (P _p) k‘_ : (59)

As can be easily seen the coarse graining operation has the remarkable property that it trans-
forms the longitudinal modes a. ~ kq , which are the gauge modes of the action, to longitudinal
modes on the coarse grained lattice Ay ~ K;. Hence these modes will be also gauge modes of
the coarse grained action. The coarse grained variables keep their geometric interpretation: for
instance the coarse grained plaquette variables F. = K. Ap — KpA. will be invariant under the
gauge transformations of the coarse grained action.

15



As the longitudinal modes are preserved by the coarse graining we will have

ZZBcd(Pvp) Hile(_p) Bfe(—Q, _p) = b2N/2d 5(P Q K Kfz A/

)@ P+N'r
~ I, (~P) (5.10)

where in the sum r takes values r = (0,...,0),...,(L—1,...,L —1). This will allow us to add
an arbitrary multiple of the longitudinal projector to the generalized inverse m™Y in formula
([I3)) for the coarse graining, as this added part will be projected out again by the transversal
projectors. Hence, we use for the generalized inverse

(m™9)eqg = AP, ~ A5y . (5.11)

where the last equality holds modulo terms proportional to the longitudinal projector. This
gives for the matrix M 9 appearing in the coarse grained action

(M) (P,Q) = > Ly(-P) (ZBde(P,p) (m™)es(—p) Bgf(—Q,—p)> I, (—Q)

de,f.g
= VN2 NP — Q) TILy(—P) sqKqKqdag T, (—Q) (5.12)

where

1 1
T Z<A/( )k‘dk‘d>‘p P+N'r ‘ (5‘13)

The generalized inverse can be found by adding a longitudinal part of the form
A DN SNUP — Q) Tiy(—P)saKaka 8ag 1Ly (~Q) (5.14)

and to invert the sum of the terms. Projecting from both sides with II(—P) gives a generalized
inverse which is independent of A, satisfying

SN MUP,QMyp(Q R) = 6)(P — R)TL(—P) . (5.15)
h Q
In this way we obtain
1 (N') 1 1
M.4(P,Q) = VI SN(P—-Q) o (bcate — (1 = beq)tea) (5.16)

where
taa= [[ se » te=> te . t=> J[sr - (5.17)
e#c,d e#c e f#e

Finally, the coarse grained action is given by

ad_2Nd
S = 5 ZAC(P)Mcd(—P, —Q)Aq4(—Q)
P,Q
1 L%q%? (Ocate — (1 — dea)tea)
= 3 WZZAC(P) TKE, Aq(—P) . (5.18)

c,d P

It is straightforward to see — using . (tcdcqd — ted(1 — 0cq)) = 0 — that in the coarse grained
action the longitudinal modes Ay(P) ~ K are indeed gauge modes.
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To ‘block from the continuum’ we proceed with the same conventions as for the scalar field
in section Accordingly, we start from the continuum action

5= 5 /OT X (Bhac(x) — dean(x))’

b<c

= —2T2+2 Z Z ap(k) (Z(2Wﬁd)(2ﬂ/€d)5bc — (271/1;,)(277/%)) ac.(—k) . (5.19)
d

b,C lieZd

The coarse grained connection variables A; are obtained by integrating the connection a; over
the edges of the lattice:

Ap(X) = b /[0 ) d, ap(a' X +¢) so that

bN

Ap(P) =

P — k) ap(k) [i{—b] . (5.20)

HEZd

This gives for the coarse grained action

1 T4 (Ocdte — (1 — bca)tea)
S — 2 N Z - K X Ay(—P), (5.21)

where t,t.,t.q are defined as before, equation (5.I7)), just that s; is now given by

1 1 1
T Z (27T)4 <Zb RpRp Kdﬁd)‘/i:P-i—N/r . (5.22)

rezd

5.2 Electromagnetism in two dimensions

Here we will consider the two—dimensional case and show that the action is form invariant under
coarse graining. For the quantities appearing in (5.I7) we have

tio=1 te=1 t=s1+5y . (523)
For the last quantity we obtain with the definition (5.13])

1 1 1
e = zr: kiki + koko “k1ky * k‘2E‘2)

1
a Z k1ky koo

1
S S (5.24)
KK KoKy

where the last identity is proved in appendix [Bl Note that the summation over r for the
expression s + sy just replaces the fine grained wave vectors k with the coarse grained ones K
(and introduces a factor of L*). This is equivalent to considering a coarse graining step with
L =1 where k = K, so we will indeed find, that the action just undergoes a rescaling if coarse
grained.
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The coarse grained action is given by

, 11 KKKy K B B
So= IN'2 b2 2 CZ;ZP:AC(P) Kch (25cd 1) Ad( P)
1 1 Kch
= IN2 22 ZZAC(P) A,K <5cd - A,K > Aq4(—P) (5.25)
c,d P

where we abbreviated A} =", K Kg.

Indeed the action (5.25]) is a multiple of the action we started with (5.4]). The form invariance
of the action can be easily understood if one works with the plaquette variables f,;, as in this
case the matrix m appearing in the action (5.I)) is just the identity. This does not apply to
higher dimensions, as the plaquette variables are not (locally) independent anymore, due to the
Bianchi identities [I7]. Nevertheless this shows, that looking for variables which are particularly
convenient for coarse graining might very much simplify the calculations [I§].

6 Example: Linearized gravity

6.1 The coarse graining

Next we will consider linearized gravity discretized on a lattice. In this section we will supply
all the necessary ingredients to perform the coarse graining, that is a discrete action, including a
discretization of spin—0, spin—1 and spin—2 projectors for the metric variables, and a geometrically
derived coarse graining map. We will then consider 3D linearized gravity and show that the
discrete action is invariant under coarse graining. This has to be expected as 3D gravity is a
topological theory, i.e. there are no propagating degrees of freedom.

The choice of discretization for (linearized) gravity is not as straightforward as in the case of
electromagnetism. One popular example is provided by Regge gravity [14]. Regge gravity relies
on a triangulation with basic variables given by the lengths of the edges (see figure [3)).

- 7/
eb ’ P it /

Figure 3: For gravity, the lattice (solid lines) needs to be enhanced by introducing (e.g. for
D = 3) face-diagonals (dashed lines) and body-diagonals (dotted lines) in order to capture all
triangulation degrees of freedom of Regge calculus.

Choosing a regular (hyper—) cubical lattice [16] linearized Regge gravity can be mapped to
linearized gravity with fundamental variables given by symmetric tensors hg, associated to the
vertices of the lattice. These variables represent the metric perturbations from flat space. The
map is reviewed in appendix [Al since it will be used to derive the coarse graining map for the
variables hgp.
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To define the discrete action for linearized gravity, let us first consider the continuum La-
grangian density in d = 3,4 dimensions

Leont = Z hay (P —(d—2)P°) . A heq (6.1)
abcd

where A = — 3" 0,0, = >, kaka-

Here we introduced the spin projectors

Mopea = d—Hth
Mpeq = 5(5ac5bd + 0adObe) — %(HZCH bR TIITE )
1120 %(HZCH ba + T 410G) — T ! 1thH (6.2)
where
Iy, = b k‘f‘” = 0oy + a‘f & (6.3)

is the projector onto the transversal modes. As can be easily seen II°, II' and II? sum to the
identity map (on the space of symmetric rank two tensors)

1
(HO + Hl + H2)abcd = 5(6ac5bd + 5ad5bc) . (64)

and are orthogonal to each other.
In the gravity Lagrangian (6.1)) the projector IT* does not appear, hence the modes it projects
on are gauge modes. More precisely the longitudinal modes

¢, = 0Cky + 6kq (6.5)

are annihilated by Myper := 3(P? — (d — 2)P%)gpes for c=1,...,d.

We will now discuss the discrete action. To this end we will define discretize projectors and
replace the continuum Laplacian by the lattice Laplacian (3.2)). This is most easily done in the
Fourier transformed picture. Here the difference to the continuum is, that we have the choice
between k, = 1 — eNPa and ko =1— e%p“ that is forward and backward lattice derivative.
But we also have to satisfy a discretization condltlon which is that the projectors should be
Hermitian, i.e. Habcd = Hcdab Hence we define

1 kok kekq .
Mopeq = -1 <5ab + A,b(l - 5ab/€b)> <5cd + t1- 5cd/€d)>

Moy = %(5ac(5bd + Sadbe) —
%(1 — Savks) (1 — deaka) ((5ac - %A]f ) (8ba — %) + (Bad — %) (8be — %))
Wor = 501~ Guk)(1 Gk <<5ac Bl g — B ¢ (5= B 5, %O .
ﬁ <5ab + %(1 - 5ab/<:b)> <5Cd + kAk;d(l — 5Cdkd)> (6.6)
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where A" = 3" k.k,. Note that

ko(1—ky) = —kq ko(1—ky) = —kq (1 —ko)(1 —ky) =1 (6.7)
so the additional factors (1 — dgpks), (1 — dapks) just change forward derivative into backward
derivatives and vice versa.

The discrete action so obtained

S = ﬁ SN halp) (12 = (d—2)11°) , ., A hea(—p) (6.8)

a,b,c,d P

reproduces the linearized Regge action derived in [16] on a regular (hyper—) cubical lattice. The
gauge modes for this action

Vab(P) = Ogkp(1 + (05 — 1)ka) + Spka(1 + (65 — 1)ks) (6.9)

correspond to the change in the metric perturbation variables (via the change in the lengths of
the edges of the triangulation) if a vertex is infinitesimally displaced in the triangulation [16].

We now turn to the coarse graining map for the fields hy,. Here it is important to use the
geometric nature of the variables - namely that these encode edge lengths - to define a coarse
graining map. As we will see, this ensures that coarse graining preserves the gauge modes. In
appendix [Al we derive the coarse graining for the h,, induced by the natural coarse graining for
the edge lengths - namely that a coarse grained edge length is just the sum of the length of the
edges contained in the coarse grained edge. The resulting map is given by

d
/ K,
Babcd(Pap) = Ld_la(N)(P_p) ( 5ab50d 5ack_ +

1 Ko K, Ko Ky

1—06uw)0cq = | Oge | (— — — Obe - —

(s (e (G2 = 72 )+ (G2 - 52) ) +

1 K,
(1= )1~ bca) 5(5a06bd+5ad5bc>k—b”> . (610)

where we abbreviated kg = 1 — e N Pa Py — ko + kp — kqkp and similarly for K. Note that
this coarse graining is much more complicated than the one for electromagnetism (5.9) as we
have now to deal with a non—diagonal matrix: the second line in (6.I0]) displays non—vanishing
entries between non—diagonal metric elements H,;, and diagonal metric elements h. .

The coarse graining matrix preserves however the gauge modes, that is

D> Baber vis(p) ~ vip(P) (6.11)

cd P

This justifies the choice of the coarse graining ([6.10I).

We now have all the necessary ingredients to apply the general formalism in section @l The
calculations are however considerably more involved than for electromagnetism. We leave the
4D case for future work and consider in the following subsection the 3D case, where the action
will be invariant under coarse graining. This will show that the method, the discrete action as
well as the coarse graining map proposed here lead to sensible results.

6.2 Three—dimensional linearized gravity

To find the coarse grained action we have to consider the following matrix according to the
general formalism developed in section [4]

Ma_bgd = Z Z (Id - ﬁl)abef Befgh mg_hgg’h’ Be’f’g’h/ (Id — ﬁl)e’f’cd . (612)
e.e’.f,f".9.9';h,;h" P
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Here, to keep the formulas readable, we surpressed the dependence on the momentum labels
p, P,@Q and used a bar to indicate an object depending on —p, —P instead of p, P respectively.
That is [I' = TI'(—~P) and so on. The generalized inverse m 9 can be easily found using the
representation of the matrix m in (6.8]) with projectors. Hence
1 _
m9 . = 2 0
Mpea = 2377 (T =T0) (6.13)

It turns out, that the matrix elements M_ 7, can be computed and have the following general
form

(K)kiko + C kiks + C koks + C23 (K)k1kok
Ma—bgd Z / abcd ) 1R2 + bcd( ) 1R3 + bcd( ) 2R3 + abcd( ) 172 3} 7 (614)
A (AL (1 - K1)(1 - Ky)(1 —K3)]
where A} = 3" kokg and A =" K,K,. The prefactor A(k) is given by
NS , (1 — K1) (1 — ko) (1 — k3) A,
A(k) =2 =NV (P - p)sN)(Q — k 1
(k) L4(S (P =p)o Q= p) k1kokski2ki3kas ’ (6.15)

with k. = ko + ky — kokp. Note that there is a Laplacian in A(k) that cancels the one in the
denominator of (6.I4]). This will eventually make the sum over p in (6I4]) computable. The
coefficients Cypeq’s are polynomials of Ky, K5, K3, for example

City = —Cun(K) [KoK3(1 — Ki)(1 — Ko)(1 — K3) (K1 Ky — KoKy — K3K3) +
K K3(1— Ko)(1— (1 — Kp)((1 — K2)(1 — K3))]

Ciin = —Cun(K) [KoK3(1 — Ki)(1 — Ko)(1 — K3) (K1 Ky — KoKy — K3K3) +
K1K3(1— K3)(1— (1 - K1)((1 - K2)(1 - K3))]

Cllll == Cllll(K) K1K23(1—K2)(1 —Kg) [K2K2+K3K3—K1K2 —K1K3:|
Cith = Cun(K)KaKs(1— Ki)(1— Ko)(1 — K3)[2K1 Ky — KoKy — K3K3] (6.16)

where the common factor Cy11; is given by
Cin(K) = 2K{KsKs(1 — K1)*(1 — K»)*(1 — K3)* [Ko Ko + K3K3] . (6.17)

Using an algebra manipulation program, the expressions for all the coefficients have been ob-
tained, but they are too long to be listed here.

The sum over the labels p in ([.14) involves only the k, = 1 — ™% and not the K, =

1-— 27” . We therefore have only to consider two types of sums, for instance

(1 —Fk1)(1 — ko)(1 — k3)

NP — p) stV k1kok
Z r) @=p) k1kokskiokizkas 1
/ 1 —k1)(1 —ko)(1 — k)
sNI(P - 1=k 6.18
( Q) Tl%;g k12k13k23 g — 2T 2w (6.18)
The derivation of these sums can be found in appendix [B] the results are given by
-1 0 if L is even
Z (1 —k1)(1 — ko)(1 — ks3) _ (1—-K;)(1—-Ks)(1—-Ks) "
e k12k13kas K2 K13K23 13 $L s odd.
-1 %42;(# if L is even
Z 1—]€1 1—]€2)(1—]€3) _ (1—K1)(1—K2)(1—K3) « @
ko k1okisk KoK 13K
e e =0 12R13R23 124813 K23 %42;{{1(@ i %3 if Lis odd.

(6.19)
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Here we have two scalings, some term scale with ~ L3 (only for odd L) the others with ~ L*.
The terms with L3-scaling do however vanish if we use the expressions for the coefficients
cA bed> A = 12,13,23,123: Namely to evaluate the L? terms for odd L we have to consider

a
Cabed + Cabea + Cabea + 2Caiea = 0, (6.20)

which vanishes for all index combinations a,b, c,d. We are thus left with the L*-scaling terms
in the sums (6.I9]) which do agree for odd and even L. These terms sum up to

Cl.% 2K3 24 OB a5 2K2 2+ 0% .5 2K1 (I*(K) — I°(K))

= abed
(A KoK 13Ko3(1 — K1)3(1 — Ko)3(1 — K3)3 ) , (6.21)

i.e. we obtain back a multiple of the original matrx mgp.q we started with. In addition, by
combining the two equations (6.2006.21]) together, we obtain the equation which guarantees the
consistency condition for L = 1 so that K, = k, for a = 1,2,3. This case — since no proper
coarse graining is taken place — should result in the original matrix we started with. Indeed

Oabcd K3 Oabcd Ko C’abcd K1 C;l?cgd _ (ﬁ2 (K) - ﬁO(K))abcd (6 22)
(A% )* KoK 13K93(1 — K1)3(1 — K2)3(1 — K3)3 (A%) ’
Collecting all prefactors we obtain for the coarse grained action
1
= S Hy(P) (I -11°),, , Ak Heg(—P) (6.23)

ab,c,d P

showing that the 3D discrete linearized gravity action is indeed invariant under coarse graining.
Note that by comparison it is quite straightforward to derive the topological character of 3d
(non—perturbative) Regge gravity, see also [9]. The action in this case is

S=> lell) (6.24)

where the sum is over all edges in the triangulation, [, denotes the length of an edge e, and
ec(l) is the so—called deficit angle, a measure for the curvature, associated to the edge e. The
fundamental variables are the edge lengths .

We choose a coarse grained triangulation, such that the edges F, triangles and tetrahedra of
the coarse grained triangulation are made up of the edges, triangles and tetrahedra, respectively,
of the original triangulation. Then an obvious choice for the coarse graining map is to require
that the length of a new edge Lg is equal to the sum of the lengths of the edges e contained in
E. We add these conditions to the Regge action (6.24]) and therefore have to vary

Sy = leee(l) ZAE <LE -> L ) : (6.25)
e eCE

We obtain the equations of motionﬁ

=Y e, Lg = > I . (6.26)

EDe eCE

3Here one has to use the Schlifli identity [14] to find that the terms with derivatives of the deficit angles cancel
each other. This is equivalent to finding in the continuum, that the equations of motion only involve second order
derivatives of the metric.
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Multiplying the first equation with in (6.26]) and summing over all edges we find that (Here
we indicate with [(L),A\(L) that the lengths [.(L) and Lagrange multiplier Ag(L) satisfy the
equations of motion (6.26) and hence depend on the Lg.)

S =) le(L)e(I(L) = > 1> Ap(L) = Y LpAp(L) . (6.27)
e E

e EDe

Now from the first equation of motion (G.20]) it actually follows that Ag is the deficit angle at E
in the coarse grained triangulation (which just agrees with the deficit angles of all the edges e
making up F). Hence we indeed just obtain again the original Regge action (6.24]) as the coarse
grained action.

7 Discussion and outlook

The purpose of this work was to develop some necessary methods, in order to construct discrete
actions, that feature continuum (gauge) symmetries. One motivation is to understand how
discrete gravity actions with an exact notion of diffeomorphism symmetry could be obtained.
As in general relativity diffeomorphism symmetry is deeply intertwined with the dynamics of
the theory, investigation of this problem could shed some light on one of the most important
problems in many quantum gravity approaches, namely to show that general relativity emerges
in the large scale limit.

The main idea to construct such discrete actions featuring continuum symmetries, is to ‘pull
back’ continuum dynamics to the lattice. This can be done via a coarse graining/renormalization
approach. The advantage of this method is that in the long term, the tools developed may also
help to derive the large scale limit of discrete quantum gravity theories.

Here we took some initial steps in this program. In particular we formulated how to coarse
grain theories with gauge degrees of freedom in a gauge covariant way. This is particularly
important regarding discrete gravity approaches, where there is a notion of diffeomorphism
symmetry for the linearized theory, which is however broken at higher order. Thus gauge fixing
would be inconsistent, at least to higher order. Furthermore we provided a discrete gravity
action and a coarse graining map for gravity, which was motivated by Regge calculus and its
geometric interpretation. Indeed with this choice, there is an obvious interpretation of the gauge
degrees of freedom as translation of the vertices in the background geometry, which is preserved
under coarse graining. Moreover for 3D gravity, the discrete action is invariant under coarse
graining with the coarse graining map provided.

We have only considered free theories — one obvious development is to consider the theory
to higher order, where in the case of discrete gravity, diffeomorphism invariance is broken. Thus
one could verify or falsify, whether one regains with these methods diffeomorphism symmetry
at least on the perturbative level.

Numerous other directions for further development are possible, we will just list a few of
them:

e If the theories are not topological, the coarse grained actions will in general be non—local.
Here it would be interesting to develop a canonical analysis of such non-local theories on
the lattice [19]. For canonical lattice gravity a long—standing problem is, that the algebra
of (gauge transformation generating) constraints does not close [I 2]. One possibility
is, that to obtain closure of the constraint algebra, one might have to involve canonical
formulations of such non—local theories.

e In the course of this work, we have seen that the complexity of the coarse graining process
might depend very much on the choice of basic variables. Indeed for general relativity,
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there exists a plethora of different formulations in the continuum [20] 21] but also in the
discrete [22, 23] 24], 15| 25l 26] based on different kind of variables. Here it could be very
fruitful to see, which formulations are most amenable for coarse graining. Since many of
the formulations on which spinfoams [27] are based involve (second class) constraints, an
interesting problem is to investigate the behavior of such constraints under coarse graining
[18]. This could also shed some light on the problem, whether degenerate configurations,
which play an important role in spin foam formulations [28, 29], will be relevant for the
large scale dynamics.

e A related question is to consider alternative coarse graining maps, to see how these influ-
ence the locality of the coarse grained action [10} [12], but also whether these alternative
coarse grainings regain (diffeomorphism) symmetries.

e For the quantum theory, one would not only need a diffeomorphism invariant discrete
action, but also a diffeomorphism invariant measure for the discrete theory. Such a measure
can likewise be obtained by coarse graining/renormalization of the partition function [30].
This question can even be considered for linearized gravity, however one has to keep some
parameters of the triangulation of the flat background geometry as free variables, in order
to gain some information on the measure, which will be a function of these parameters.

e The actions and partition functions obtained via coarse graining should be explored, in
particular with regard to diffeomorphism invariance. Here an interesting more general
question is, whether diffeomorphism invariant actions are necessarily fix points of some
coarse graining process, in particular whether these are connected to discretization (or
triangulation) independence. If this is the case, the question arises, how this approach,
where triangulation independence is obtained via coarse graining, is related to approaches,
where triangulation independence is reached via a sum over triangulations [31].
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A Coarse graining map for the metric variables

Here we want to derive geometrically the coarse graining map for the metric variables hgy;, used
in section [l This map can be obtained by considering a regular (hyper—) cubical lattice to which
we assign as variables the length of the edges. It would however not be sufficient to have only
the lengths of the edges in the d coordinate directions to reconstruct the full metric. Rather one
has to introduce diagonals ey, that is edges starting from a vertex x and ending at x + ep + e,
where ep, €. are the lattice vectors in direction b,c¢ = 1,...,d. In three and four dimensions it
is also necessary to introduce further edges, namely body diagonals along e, + e, 4+ e, and in
four dimensions hyperbody diagonals along e; + es 4+ e3 + e4, to obtain a regular triangulation
into simplices. But the lengths of these additional edges are subject to a trivial dynamics in
linearirized Regge calculus, that is these variables can be ignored [16]. Indeed as we will see
below the lengths of the edges [, along all the directions e, together with the lengths of the
diagonals [, along the directions e, + e; are sufficient to find all the lattice metric components

YGab-
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To this end we just need to consider how the lengths of the edges are computed from the

metric g
lg = €g°g-€q = Yaa
l¢21b = (ea + eb) g (ea + eb) = Yaa +29a + g» - (Al)

We will consider perturbations for the length variables and for the metric variables
b =100 +eA) o o= 1W0+dw) g = 9+ ehap (A.2)

where the background values are léo) = a, ll()g) = v/2a and Ghe = 020y, With a the lattice constant.
Using the expansion (A.2)) in the relations (A.I) and keeping only terms to first order in € we
obtain

haa = 26*Xa ,  hay = a®(2hap — Aa — Np) - (A.3)

The coarse graining of the length variables is straightforward: the lengths of a coarse grained
edge Ly, Lgp, should be given by the sum of the lengths I, [, respectively, of all the edges forming
this new coarse grained edge. Hence we obtain for the coarse graining of the perturbation
variables Ay, Agp

L—1 L—1
1 1
Ao(X) = £ D NLX +zea) . Ap(X) = - D Aab(LX +z(eat ) . (A4)
z=0 z=0

Using the relations ([(A3]) on both sides of these equations leads to the following coarse graining
map for the perturbative metric variables

L—1
Hoo = LY hoa(LX + ze,)
2=0
L-1
Hyy = LY (hab + Shaa + 5hiw) (LX + 2(eq + e))
=0
L-1 L-1
—LY  $haa(X +zeq) = LY Ship(LX +ze) (A.5)
z=0 z=0
Defining the coarse graining matrix Bgpeq(X,x) by
Hab(X) = ZZBabcd(ny)hab(x) (AG)
cd =«
we obtain for its Fourier transformation
Babcd(P7 p) = Z 6_27”'1]3\% Babcd(Xv $)627ri% (A7)

X,x

the following result

Babcd(Pa p) =

d
6(Nl)(P_p) ( 5ab50d 5ac% +

Ld—l
1 Kg K, Ko Ky
1 - a ac 5 T 5 C 5 T
(1 = bap)dca 5 (5 (( T k:a) + O (( P >> +

1 K,
(1 - 5ab)(1 - 5cd) 5(5a65bd + 5ad5bc)k—bb> 3 (A8)
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where we abbreviated kg = 1 — e N Pa Py — ko + kp — kqkp and similarly for K. Note that
there is a non—diagonal part in the coarse graining matrix between the diagonal metric elements
hee and the non—diagonal metric elements Hgy, a # b.

Finally we will show that the gauge modes of the action (6.8)) are related to infinitesimal
vertex translations. Changing the positions of the vertices infinitesimally by the amount 7, (x)
in the direction e, at the vertex at x leads to a change in the length variables \;, Aqp by

Aa(®) = Aa(®) +7a(T + €q) — Ya(T)
Aab(®) = Aap+ 5 (Yol + eq + ) —Ya(2) + Wz +ea +€5) — w(x) (A.9)

This gives for the metric variables the gauge transformations

haa(z) = haa(z) + 20 (Ya(x + €4) — Ya(2))
ha(z) = hap(z) + a’ (Ya(® + €a + ) — Ya(T + €a) + (T + €q + ep) — W(x + €)) - (A.10)

Fourier transformation gives the gauge modes
Vap(P) = 05 ki (1 — (1 — dap)ka) + 65 ka (L — (L — dap)ks) (A.11)

which are exactly the longitudinal modes projected on by II'. Note that the form of the modes
is left invariant under the coarse graining map

ZZBabef(P7p)vgf(p) ~ Ugb(P) = 52 Kb (1 - (1 - 5ab)Ka) + 51? K, (1 - (1 - 5ab)Kb) (A12)
cd p

B Some summations

In the case of 1d systems and topological models one can actually perform the sums over the
fine grained wave vectors p. In this section we will provide explicit expressions for some sums
needed in the main text.

The sums involve exponential functions of the form

271 2 ) 27
we = 1—k, = exp(WPa + TTQ) =: exp(izy + Tra) (B.1)
which are summed over r, =0,...,L—1. Note that w[f = exp(%Pa) =:1— K, does not depend

on the summation label r,, hence can be pulled out of the sum. To evaluated the sum we will in
all cases use a rewriting of the summands into a geometric series. The basic idea is described by

Case A:
L—1 L—1
1 1 L L
— = — = - =, — . B.2
=k ;) | _eet e 1ol K (B.2)
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Proof:

L-1, - L1
= k - 1—-w
1 &R 1wk
I Z 1—w
r=0
L—-1L-1 L—1L-1
_ _ +2xi
D 3D DA D 3D Dl o
r=0 s=0 r=0 s=0
— isx L(S(L
L L
T 1-wl T K (B3)
where we used that the L-periodic delta function is given by
=
50 (s) = T2 et (B.4)
r=0
Similarly we obtain the sum needed for 2d electromagnetism in chapter
Case B:
DS 1 - e = g @)
ZhE T LB e By | Qe et KK
Proof:
L-1 L—1L-1 ,
S i(s— tm—l—ﬂr(s t)
DTN o) Pt
r—= r=0 s,t
— i(s—t) xL(s ¢
(1- wL 1—w™ Z ‘ (s —1)
L? L?
= = _ B.6
(1—wh)(1—-wL) KK (B-6)
The sums for 3d gravity are more involved. The two cases we need are
Case C:
Z_: Wiwaw3
T17T27T3 — wlwz 1 — W1W3)(1 — LUQLU3)
0 if Liseven
el .,

X
1 — wlwl)(1 — wkw)(1 — whwk
( 1 2)( 1 3)( 2 3) I3 i Lis odd.
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Case D:

2_: Wiwaws
7“1,7“2,7’3 a wa 1 - w1w2)(1 - wlw?’)(l - w2w3)
%4 iii if L is even
_ bk )T .
T 1= wlol) (1 — wFwh)(1 — whwl) -
Y s o %4?:5‘%—!-%3 if L is odd.
a
Proof:

Let us first consider the sum over r; for Case C. To this end we write the w; dependent part as

= . B.9
(1 —wiw2)(1 — wiws) ﬂ—wwﬁﬂ—wfw;) (B.9)
Using again the rewriting of these terms into a geometric series we arrive at
L—1 " wy L—1 L—1 ,
1 o - iz (s—t)+ 7”7“1(8 t)
= e whwy "
L T ooy~ 0ol 2L><1 o T © ZOZO
—1
_ —Wsg Z L5(L wcl(s—t) wgwg—t
(1 — wiwf) (1 - witws” ) 5o
L—1
—Luws —1\s
= iy (w2w3 )
(1 - whwf)(1 —witwy®) ;
- L —L, —L -1 : :
(1 - wiwy)(1 —wy wy™) (1 —wawy™)
This leaves us with the following we dependent terms from (B.7)) and (B.10)
w2 1 —ws3 1
— —1 = o 1 . (Bll)
(1 —waws) (1 — waws ") (1 = wows) (1 — wy "ws)
A similar calculation as in (B:I0) leads to
L—1
= (1= waws) (1 — wawy ) (1 - wfwf) (1 - wy Pwh) (1—wi)
Now the remaining w3 dependent terms from and are given by
w3 o 1
(1—wj) (w3 ' —ws)
1 1
= - . (B.13)

(1-ws) (1-wi)

From the symmetric form of the second expression in one can conclude that the sum over
rs vanishes for even L (as in this case there are 2 terms dlffermg by a minus sing from the other
% terms). But we will also find this by evaluating separately the two summands in the second
line of (B.I3). For the first term apply Case A:

1 L
mzzom = Tooh (B.14)

1 —wy)
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For the second term we obtain

L-1 1 1 L-1
= e L(S(L 28) 12138
i T Ak
L (1+wk) if Lis even (B.15)
(1—w3f) |1 if L is odd, '
as for even L there are two solutions to the L—periodic delta function s =0 and s = %
Summing up the two contributions in (B.I4) and (B.14) we obtain
LZ:_l w3 _ Lw§ 0 if L is even (B.16)
L (1= wh) (1-w3®) |1 if Lis odd. ’

We have finally performed all the sums for Case C. Collecting all the results of (B.I0IB.12l)
and (B.I6]) we indeed arrive at the claim in (B.7).

To tackle Case D it is due to symmetry sufficient to consider the case w, = w3. Hence we can
re-use most of the calculations for Case C and just redo the summation over the ws—dependent
terms. These are now given by

w3 1 1
= - . B.17
(=) ~ (-wP (-w)-) (B.17)
For the first term we calculate
L—1 1 L—1 L—1
s+t
D TToE T Goalp X 2
r3=0 (1 u.)3) r3=05,t=0
I -1
= T Z wws(s+) §(L)( g 4 ¢)
(1 3 ) $,t=0
L L
3

as there are two kind of solutions to the L—periodic delta function: one is s,t = 0 and another
L — 1 solutions are given by s +¢ = L. The second term gives similarly

L—1 1 L—1 L—1
_ ws+2t
D BN o Sl o T D B
I L—1
= @352 5(L)(s 4 2t)
(1—wh)(1 —wih) 8;0
B L 1+3 L L + LngL if L is even (B.19)
C —wha—wih) T 1+ —wg + L7202l if Lisodd.

Again, collecting the results of (B.10IB.12)) and (B.I8IB.19) we arrive at the claim (B.§]) for Case
D.
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