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ABSTRACT. The radial motion of a self-graviting
charged dust and stability condition of the static
charged dust spheres are considered. The stability is
possible for the bound states of the weakly charged
layer with abnormal charge with respect to the active
mass.

1. Introduction

The collapse of a spherically-symmetric charged dust
cloud is the important problem of a General Relativ-
ity. In the papers of Vickers P.A. (1973), Markov M.A.
and Frolov V.P., (1970,1972), Bailyn M. and Eimerl
D. (1972), Ivanenko D.D., Krechet V.G. and Lapchin-
ski V.G. (1973) the solution of the Einstein-Maxwell
equations is reduced to the first integrals. The ex-
act solutions for charged dust spheres are obtained
in the works of Hamoui A. (1969), Bekenstein J.D.
(1971), Bailyn M., Eimerl D. (1972), Shikin I.S. (1974),
Khlestkov Yu.A.(1975), Pavlov N.V. (1976), Ori A.
(1990). The main goal for researches is to find the con-
ditions under which the gravitational collapse of the
charged mediums is impossible. Let us note the prob-
lem of shell crossing, which arises here. In works of Ori
A. (1991) and Goncalves S.M. (2001) it is shown that
shell crossing is inevitable in the gravitational collapse
of weakly charged dust spheres. The important prob-
lem is also to find stability conditions of charged dust
spheres. The equilibrium of a charged dust sphere with
extremal charge distribution was considered by Bonnor
W.B (1965). The similar problem was considered by
Bonnor W.B (1993), Gladush V.D. and Galadgyi M.V.
(2007) for charged particles in the Reissner-Nordstrom
field. In this paper we introduce the classification of
charged spherically-symmetric configurations, and fur-
ther we find the stability conditions for them.

2. The equations of motion for spherical layers
of the charged dust

The space-time metric has the form
ds® = 'yabdxadxb — R%do?, (1)

where do? = df? + sin® 0da?, Yoy = Yap(2®) and R =
R(z®), * - time-radial coordinates (a,b = 0,1).

For dynamics description of a charged dust sphere we
shall consider small region without not shell crossing.
The evolution of a spherical layers of Lagrangian radius
r (dr/ds = 0), which bounds of the sphere of the total
mass Mo (1) and charge Q(r), can be described by the
equation (see, for example, Ori A. (1991)).
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Here U = U(R, Miot, Q) is an “effective velocity po-
tential”, p and p. are the dust and charge densities,
Etot 1S the energy density. In this case the following
relations take place:
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where M(r) is a total rest-mass of a dust.

3. Classification of charged dust spherically-
symmetric configurations

The character of evolution of spheres is determined by
the motion of layers

The regions of the admissible motions of the layers
are defined by the inequality U(R) < 0, the equality
U = 0 gives turning points R,,. The object of our
classification is a sphere with its boundary layer. The
potential U here is not suitable, as it depends on pa-
rameter of classification — the total energy of the sphere
Etot = Moy . From the equation (@) it follows that
Mot > Upr. We shall accept this condition as a basis
of classification. Here

1
Um = gt ((p°c* — efpr) R+
2 (3)
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is the “effective mass potential”. This potential de-
pends both on global magnitudes — the charge @) and


http://arxiv.org/abs/1011.0842v1

radius R of the sphere, and on local ones — the
densities p,p. and e4:. Solutions of the equation
Mot = Uy define the turning points R, of the layer.
The asymptotics of the mass potential define the char-
acter of the layers motions. Under R — 0 we have the
following cases:
1.1. Uy — o0,
charged layer;

1.2. Uyt — peciotQ/Kp%, kp® = p? — the case for the
layer with an extremal density of charge;

1.3. Uy — —o00,kp? < p? — the case for the layer
with an abnormal density of charge. These conditions
define the type of behaviour of a layer depending on
its local electrical characteristics. On the other hand,
under R — oo we have:

2.1. Uy — +00,if p?c* > €7, — the case for the bound
states of a dust;

2.2. Uy — peciotQ/rp?,ifp?ct = €2,
the critical density of a dust;

2.3. Uy — —o0,if p?ct < €2, — the case for the un-
bound states of a dust.

kp? > p? — the case for weakly

— the case for

These conditions define the type of behaviour of
a layer depending on its local energy characteristics.
Thus there are nine basic types of behaviour of the
mass potential Ups which are determined by local char-
acteristics of a sphere. Besides, the sphere of La-
grangian radius is characterized by integral magnitudes
— Myt (r) and Q(r). For the given total charge Q(r) the
value of a total mass My, (r) determines three types of
the sphere:

3.1. Myo\/k > |Q| — the weakly charged sphere;

3.2. M;nv/k = |Q| — the sphere with an extremal
charge;

3.3 Miotv/k < |Q| — the sphere with an abnormal
charge.

As a result the charged layers have 27 variants of
motion. In the dimensionless coordinates {Vj; =
UnvE/Q, © = c>R/Q+/K}, these cases are illustrated
at Fig. 1-9. The regions of the admissible motions
are determined by segments of an axis z, for which the
line Vs = Mg lays above the curve Vay = Vs (x). The
turning points x,, (Rm,) can be found as an abscissa
of intersection points of the curve Vi; = Vi (z) and of
the line Vjy = Mg. The segment of the dashed line
Var = 1 corresponds to the motion of a layer in the
field of the sphere with the extremal charge. The seg-
ments of the dotted lines with V3y > 1 and Vjy < 1
correspond to the motions of the layers in a field of the
weakly and abnormally charged spheres, accordingly.

4. The stability conditions for spherically-
symmetric configurations of the charged dust

The stable static state of the layer is possible for bound
states of the weakly charged layer (fig. 3), when
kp? > p?, p?ct > €2, If the layer is at the bottom
of the potential well the conditions of the stationarity

Figure 1: The unbound states of the weakly charged
layer: kp? > p2, p?ct <ei,.
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Figure 2: The weakly charged layer with the critical
density of the dust: rp? > p?, p?ct =&2,,.

Figure 3: The bound states of the weakly charged layer:
kp* > pg, p204 > Efot.
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Figure 4: The unbound states of the layer with ex- Figure 7: The unbound states of the layer with the
tremal density of the charge: rp? = p?, p?ct < &2 ,. abnormal density of charge: kp* < pZ, pc* < ey
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Figure 8: The layer with the abnormal density of the
charge and critical density of the dust: xkp? < p2,
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Figure 5: The layer with extremal density of the charge
and critical density of the dust: kp* = p2, p?ct =£2,,.
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Figure 6: The bound states of the layer with extremal Figure 9: The bound states of the layer with the
charge density: kp? = p2, p*c' > eZ,,. abnormal charge density: kp? < p?, p?ct > &2 ..



and equilibrium are satisfied:
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Hence we obtain the following equilibrium condition
for the layers

</§Mt0t(r)
Q(r)
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Thus for radius of an equilibrium layer we have
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that corresponds to the minimum of potential M;,;.
Using integral magnitudes we obtain necessary and suf-
ficient conditions of a stable equilibrium of the charged
dust configuration:

[AM| > [dMyot|,  v/KldAM]| > |dQ)
K®(dMyor ,dQ) = KQ*(dMior)? —
—2KQM ;o1 dQd Moy + Q2(dQ)2 =
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Than it follows that

K (Qthot - MtotdQ)2 =

10
(@ = RME) (M) — (@@ 0. )
In virtue of () one can formulate the following theo-
rem: the stable static states are possible only for the
bound states of the weakly charged layer with the ab-
normal charge @ with respect to the active mass M;y;:

|[dAM| > |dMiot|, VE|dAM] > 1dQ|, Q* > kME, . (11)

It follows from here, that for the stable static sphere of
the charged dust the quadratic form ®(dM;e,dQ) in
([@Q) is positively defined ®(dM;q, dQ) > 0.

From ([I0) we obtain one more relation for stable
static states of the charged dust sphere:
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This equation is invariant with respect to scale trans-
formation

Miot(r) = aMiy(r), Q(r) = aQ'(r), M(r) = aM'(r).

Here R = aR’. Thus we have a scaling law. If we
multiply the distribution functions of the charge, total
and proper mass by factor of a the new configuration
remains stable, and its radius will grow by the same
factor a.

As an example, let us consider the particle-
like configuration with parameters of an elec-
tron (mass m. = 9,109 - 10728g, charge
e = 4,803 - 107%cm??g'/2s1) and with
the geometrodynamical charge ¢, = km. =
23,53-10732cm?/2g!/2s71. Since e/qme = 2-10%' > 1,
we deal here with the abnormally charge object. Let
us consider now point object with parameters of an
electron and the exterior gravitational field of the
Reissner-Nordstrom. In virtue of inequality e > v/kme
a naked singularity takes place. It contradicts to
the cosmic censorship hypothesis of Penrose (1969),
according to which the singularity should be hidden
by horizon. Thus it follows, that the electron can not
be the point object. If we neglect an intrinsic moment,
the simplest classical model of such object can be
particle-like spherical configuration of the charged
dust with the total mass My, = m. and charge Q = e,
which satisfies the indicated stability conditions.
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