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Abstract

We study the entanglement entropy, S¢, of a massless free scalar field on the outside region C' of
two black holes A and B whose radii are Ry and Rs and how it depends on the distance, r(>> Ry, R2)
, between two black holes. If we can consider the entanglement entropy as thermodynamic entropy,
we can see the entropic force acting on the two black holes from the r dependence of S¢. We develop
the computational method based on that of Bombelli et al to obtain the r dependence of S¢ of
scalar fields whose Lagrangian is quadratic with respect to the scalar fields. First we study S¢ in
d+ 1 dimensional Minkowski spacetime. In this case the state of the massless free scalar field is the
Minkowski vacuum state and we replace two black holes by two imaginary spheres, and we take
the trace over the degrees of freedom residing in the imaginary spheres. We obtain the leading
term of S¢ with respect to 1/r. The result is S¢ = S4 + Sp + W%G(Rl,Rg), where S4 and S
are the entanglement entropy on the inside region of A and B, and G(R;, Ry) < 0. We do not
calculate G(Ry, R2) in detail, but we show how to calculate it. In the black hole case we use the
method used in the Minkowski spacetime case with some modifications. We show that Sc can be
expected to be the same form as that in the Minkowski spacetime case. But in the black hole case,
S4 and Sp depend on 7, so we do not fully obtain the r» dependence of S¢. Finally we assume that
the entanglement entropy can be regarded as thermodynamic entropy, and consider the entropic
force acting on two black holes. We argue how to separate the entanglement entropic force from
other force and how to cancel S4 and Sg whose r dependence are not obtained. Then we obtain

the physical prediction which can be tested experimentally in principle.
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I. INTRODUCTION

Entanglement entropy in quantum field theory (QFT) was originally studied to explain
the black hole entropy [1,2]. Entanglement entropy is generally defined as the von Neumann
entropy S4 = —1Trpalnps corresponding to the reduced density matrix p4 of a subsystem
A. When we consider quantum field theory in d + 1 dimensional spacetime R x N, where
R and N denote the time direction and the d dimensional space-like manifold respectively,
we define the subsystem by a d dimensional domain A C N at fixed time ¢ = ¢y3. (So this
is also called geometric entropy.) Entanglement entropy naturally arises when we consider
the black hole because we cannot obtain the information in the black hole. In fact, in the
vacuum state the leading term of the entanglement entropy of A is proportional to the area
of the boundary 0A in many cases I, |2]. This is similar to the black hole entropy, and

extensive studies have been carried out [3-8].

In this paper we study the entanglement entropy, S¢, of a massless free scalar field on the
outside region C' of two black holes A and B whose radii are R; and Ry and how it depends
on the distance, r(>> Ry, Ry) , between two black holes. We consider the case that the
state of the massless free scalar field is the vacuum state which depends how to choose the
time coordinate. We choose the coordinate system which covers whole space time and does
not have the coordinate singularity on the horizons. If we can consider the entanglement
entropy as thermodynamic entropy, we can see the entropic force (we call this entanglement

entropic force) acting on the two black holes from the r dependence of Sc.

In Section [[Tl we obtain the general behavior of the entanglement entropy of two disjoint
regions in a translational invariant vacuum in general QFT. In Section [II] we review the
computational method of entanglement entropy in free scalar fields [1]. There are some
computational methods of entanglement entropy [9-11] . See [12, 13] for reviews. That of
Bombelli et al [1] is most straightforward and powerful enough to obtain the r dependence
of S¢ in free scalar field theory. In Section [V] we study S¢ in d + 1 dimensional Minkowski
spacetime. In this case the state of the massless free scalar field is the Minkowski vacuum
state and we replace two black holes by two imaginary spheres, and we take the trace over the
degrees of freedom residing in the imaginary spheres. We develop the method of Bombelli
et al and obtain the leading term of S¢ with respect to 1/r. The result in this section

agrees with the general behavior in Section [[Il This method can be used for any scalar fields



in curved space time whose Lagrangian is quadratic with respect to the scalar fields (i.e
higher derivative terms can exist). In Section [Vl we consider the black hole case. We use
the method used in Section [[V] with some modifications. We show that So can be expected
to be the same form as that in the Minkowski spacetime case. But in the black hole case
S4 and Sg depend on r, so we do not fully obtain the r dependence of So. In Section
VI we assume that the entanglement entropy can be regarded as thermodynamic entropy,
and consider the entanglement entropic force. We argue how to separate the entanglement
entropic force from other force and how to cancel S, and S whose r dependence are not
obtained. Then we obtain the physical prediction which can be tested experimentally in

principle, and discuss the possibility to measure the entanglement entropic force.

II. GENERAL BEHAVIOR

We consider entanglement entropy of two disjoint regions (A and B) in a translational
invariant vacuum in general QFT in d + 1 dimensional spacetime (d > 2). We will show
that S¢ reaches its maximum value when r — oc.

There are several useful properties which entanglement entropy enjoys generally.(See e.g.
[14].) We summarize some of them for later use.

1. If a composite system AB is in a pure state, then S, = Sp.
2. If pap = pa ® pp, then Syp =54+ Sp.
3. For any subsystem A and B, the following inequalities hold:

Sap <S4+ Sp, (1)
Sap >|Sa—Sp|. (2)

The first is the subadditivity inequality, and the second is the triangle inequality.

Because of translational invariance, S, and Sp are independent of their positions,

054

52 =0 and ‘r)aif = 0. And the total system is in a pure state, so we have Sc = Syp.

SO
Moreover, in the vacuum state, lim, _,, pap = pa ® pp because of the cluster decomposition

principle [16]. So the property 2 suggests
lim S¢(r) =S4+ SB. (3)
r—00

We apply () and (2) to this system, then we obtain

‘SA—SB|§ Sc(T)SSA-i-SB. (4)
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Egs. (@) and (@) show that S¢ (as a function of r) reaches its maximum value when r — oo.

III. HOW TO COMPUTE ENTANGLEMENT ENTROPY

In this section we review the computational method developed by Bombelli et al [1].

A. Entanglement entropy of a collection of coupled harmonic oscillators

We model the scalar field on R? as a collection of coupled oscillators on a lattice of space
points, labeled by capital Latin indices, the displacement at each point giving the value of
the scalar field there. In this case the Lagrangian can be given by

1 M - 1
L= iGMNquN - §VMNquN> (5)

where ¢™ gives the displacement of the Mth oscillator and ¢ its generalized velocity. The
symmetric matrix G,y is positive definite, and therefore invertible, i.e, there exists the

inverse matrix GMY such that

GMPGpy = 6M,. (6)

The matrix V), is also symmetric and positive definite. Next, consider the positive definite

symmetric matrix Wy, defined by
WaaG*P Wy = Virw. (7)

The matrix W is the square root of V' in the scalar product G.
Now consider a region € in R%. The oscillators in this region will be specified by Greek
letters, and those in the complement of €2 will be specified by lowercase Latin letters. We

will use the following notation

W W, A B Weab Wb D FE
T = WP = = . ®
Wap Wag BT C Web yyes ET F

N
&
|
|

where W4 is the inverse matrix of Wsp (W4 is not obtained by raising indices with GAB).

So we have

A A B D E\ AD+ BET AE + BF ©
01 BT ¢| \ET F BTD+CET BTE+CF)|



If we consider the information on the displacement of the oscillators inside 2 as unavail-
able, we can obtain a reduced density matrix p,.q for the outside €2, integrating out over R

for each of the oscillators in the region €2, then we have
prea(q”, q") = /H dg“p(q®, 4%, 4", q), (10)

where p is a density matrix of the total system.
We can obtain the density matrix for the ground state by standard method, and it is a
Gaussian density matrix. Then, p,.q is obtained by a Gaussian integral , and it is also a

Gaussian density matrix. The entanglement entropy, S = —trp,eq I preq , is given by [1]
S=2 f), (11)
FOV) = m(%w?) (1 4+ VY2 I+ A2 4 712, (12)
where \, are the eigenvalues of the matrix
A = —W**W,, = —(EBT)*,. (13)
It can be shown that all of ), are nonnegative as follows. From (@) we have
AN = —AEBT = BFB?. (14)

It is easy to show that A, C, D and F are positive definite matrices when W and W~ are
positive definite matrices. Then AA is a positive semi definite matrix as can be seen from
(I4). So all eigenvalues of A are nonnegative. Finally, we can obtain the entanglement

entropy by solving the eigenvalue problem of A.

B. The continuum limit

Next, we apply the above formalism to a massless free scalar field in (d + 1) dimensional
Minkowski spacetime. We take the continuum limit in the above formalism. In this case the
Lagrangian is given by

L= [ a5~ (vop) (15)

Then the potential term becomes
1 1
5vABquB — / ddxi[(w)?]. (16)
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The matrices V, W and W~! are given in the momentum representation by,

V(:L’,y):/(gﬂﬁd(kﬁ)eik-(x—y) (17)
W) = [ %w%lﬂe“ﬂf—w (18)
W) = [ gl ek (19)

From (I3)), the matrix A is obtained as a sum over the oscillators in the region €2,

Az, y) = — /Q 4 (2, )W (2, y). (20)

We now have to solve the eigenvalue equation

[ e fo) = 1), 21)

where €2° is the complementary set of {2, and then we use the eigenvalues in the expression

for the entropy (LIJ).

IV. ENTANGLEMENT ENTROPY OF TWO DISJOINT REGIONS IN A d+1
DIMENSIONAL MASSLESS FREE SCALAR FIELD

We consider two spheres A and B whose radii are R; and Ry, and define the outside
region as C. (See Figlll) We derive the r(>> Ry, R2) dependence of S¢(r, Ry, R2) by using
the formalism of the preceding section. (In the later analysis we do not use the shapes of
A and B, so all analysis in this section holds for A and B which have arbitrary shapes. In
this case R; and R, are the characteristic sizes of A and B.)

We consider Syp(r, Ri, R2) because Sc = Sup in a pure state and the r dependence of
Sap is clearer than that of S¢ in the calculation. In this case the region €2 is C.

We obtain the r dependence of Sap by following three steps:

(1) We obtain the r dependence of A by using the ||z — y|| dependences of W (x,y) and
W=(x,y). We decompose A into the non-perturbative part and the perturbative part as
A = A° + 5A, where AY = lim,_, . A.

(2) We obtain A, (r) which are the eigenvalues of A by perturbation theory. This is almost

similar to the time-independent perturbation theory in quantum mechanics in the presence
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FIG. 1.

of degeneracy. We can regard A as Hamiltonian. Note that A is not a symmetric matrix.
So we must slightly modify the perturbation theory in quantum mechanics.

(3) In Step (2), we had A\, (r) as A\ (r) = A2, + 0, (r), where A0, are the eigenvalues of
A°. We substitute these \,,(r) into ([I2)), then we obtain Sap(r, Ry, Ry).

First we examine the ||z — y|| dependences of W (z,y) and W~!(z,y). Generally en-
tanglement entropy has UV divergence as discussed in [1]. So we use a momentum cutoff
[7! in integrals (I7)-(19), though these integrals are well defined as Fourier transforms of
distributions. (The other regularization methods are discussed in [1].) When d > 2 and
Iz =yl =0, W(z,y) and W~(z,y) are

Ag
[l =yl

By

W(z,y) = Wa

Wz, y) = Ag,BseR (22)

where A, and By are nonzero dimensionless constants (see Appendix A). We cannot ob-
tain (22) by only using a dimensional analysis because [/||z — y|| is dimensionless. Indeed
V(z,y) — 0 when l/||z — y|| — 0, i.e. V(2,y) is zero when ||z — y|| is finite. On the other
hand W and W' have nonzero value for ||z — y|| > 0 because they are kernels of integral
operators of nonlocal interaction (i.e Fourier transformations of (vA2)*!) . In Appendix A
we explicitly show that W and W' have nonzero value for ||x —y|| > 0 and Eq. (22) holds.

Next, we obtain the r dependence of A by using (22)). We represent the matrix elements
of W(W1) diagrammatically in Fig 2 Instead of solid lines we use dotted lines for W1,
The lines denote the matrix elements W (z, y)(or W~(z,y)) in (22). An initial point and an

end point of an arrow denote a row and a column respectively. We can obtain products of
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matrices by connecting arrows and integrating joint points on regions where the joint points
exist. We label coordinates in A, B and C' as x,,z, and z.. Then, from Fig [3] we obtain

A= —EBT as

ANxa,ya) Mg, yp) W_l(l'a,zc)
A= - W Zey Ya W Ze,
Az, ya) Ao, Y) W= (xy, 2.) ( (2, 9a) WA yb))

Jo @22 W (20, 2e)W (26, Ya) [ d22WV 7 (Za, 2)W (22, Ys)
fc dz W xy, 2e)W (26, Ya) fc dz W (xy, 2e)W (26, 1)

(23)

To make the r dependence of the non-diagonal elements of A clear, we use the following

identity,
/ AT W (g, 2)W (2, ) = 0(xq — yp) = 0. (24)
A+B+C

We represent this identity diagrammatically in Fig[dl From (23]) and (24) we obtain (see

Fig M)

A, 1) = / AW (20, 20) W (20, ) + / T (0, 2) W (2, )
A B (25>

A, ya) = / AW (2, 20)W (20 o) + / A (i, 2) TV (25, ).
A B

Note that from [22) W (z,y) and W~'(z,y) have the different ||z —y|| dependence. So, from
(23) and (25) we decompose A as

A= Ap+6A + 5A, (26)
where we define (see Fig [f))
A a’ a 0
Ay = (Ta; Ya) ’ (27)
0 Ay, yp)
0 dd W_l as w ;
A, = Jp W aw )Wz} o
fA ddZaW_l(xb, za)W(zavya) 0
O dd a,W_l a’ ~“a W ay
o = Il e 2 W)
fB ddeW_l(SL’b, Zb>W(Zb7 ya) 0

We approximate W (z,,y) ~ Tﬁ% and W (x,,y) ~ j—fl because r > Ry, Ry. Then we
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have

SAL A By 0 fB dd'sz(zb’ yb) (30>
1~ "7 )
P [y d%ea W (2, va) 0
~ Ag 0 fA d%2,W (24, 2a) (31)
g RS ——
rd+t fB ddeW_l(l’b, Zb) 0

Next we consider the non-perturbative part A° = lim,_,,, A. From [30) and (3I]) we can
see that A; and dAy become 0 when r — oco. Note that the integral region of the integral
in A(xq,v.) (A(xp,y5)) become A° =R — A (B¢ = R? — B) when r — oo, then we obtain
(see Fig [6)

o (Ded W W) 0 C(Aewy) 0
0 Jige A=W (@, 2)W (2, ys) B 0 A% (zy, )
(32)

From (32)) we rewrite (26]) as follows,

A=A+ 6, + Ay + 6Ap, (33)
where we define (see Fig [7))
Ay = Ay — A0 — fB ddsz_l(SL’a, 20)W (26, Ya) 0 (34)
0 fA ddZaW_l(zba Za)W(Zm yb)

We use the same approximation as we used in ([B0) and (B1), then we obtain

AdBd fB ddzb O
r2d 0 [ d'z,

When we perform the perturbative calculation to obtain A, (r) which is the eigenvalues of
A, from B0), @BI), B3) and [B5) we can neglect JAp because it is higher order than JA;
and dA, with respect to 1/r. And we can neglect A, because its nonzero matrix elements
are in the same position as 0A; and JAs is higher order than JA; with respect to 1/7.
Because A is not a symmetric matrix, in the later perturbative calculation we need A°§A;

where A° is defined as (see Fig [0)

A0 = tim A Vv O . (36)
e 0 W, ys)
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From (28)), (30) and (B6]) we obtain (see Fig[Q])
. ( 0 [y [, ddzbwm,za)vv1<za,Zb>W<zb,yb>)
[ ddzy [, dPzaW (zp, )W (26, 20)W (24, Ya) 0
. Ba ( 0 Jad?zaW (24, 20) [5 ddeW(Zbayb))
T e () fy AW () 0 |
(37)
We have finished the first step.
Next, we calculate \,,(r) by perturbation theory. This is almost similar to the time-
independent perturbation theory with degeneracy of quantum mechanics. The only differ-
ence is that A is not a symmetric matrix and AA is a symmetric matrix.

We can approximate A ~ A° 4+ JA; and regard dA; as the perturbative part. Then, from
B0) we expand A, (r) with respect to 1/, We expand \,, around \?, = \,,(r = o),

Am = A0+ AL+ N2 (38)

where AL and )2, are the first and the second order perturbations.

Next we substitute (B8]) into (I2)),

SAB 7” R17R2 Zf

(39)
df 1 &f
= Sa(Ra) + Su(Ra) + 3 |0 71 _— T30 . Ao] ’

where d)\,, = 6\ + )2, We will show that the first order perturbation in ([B39) (i.e
d
f ) is zero, so we must calculate the second order perturbations.

3, 0AL,
dAm, Am=A0,

We label the A2 ’s as A2 > A2 when m > n. And we define the eigenvectors of A,

fr?Lla (xll)

0

0 0 0 ¢0 0 0 0 0

mla — »Jn28 = 0 A mla = >\ mloc? A m28 >\ m2B7 (4())
0 n25(1’b

where a = 1,--+, M,, and 3 = 1,--- , N, are the labels of the degeneracy, and f°, (z,) and
faog(y) are the eigenvectors of A°" and A% which are defined in (32). And we normalize

0., (i=1,2) as follow,

mix

0T A0 £0
mzaA njB —

= 01n0ij0ag. (41)

This normalization is always possible because A° is a positive definite symmetric matrix.

For general R; and Ry, A% and A% have different eigenvalues, so there are two groups of
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AV - one is the group of the common eigenvalues of A°" and A%, the other is not. We will

see that d\}, of the latter group are zero. We expand f,,, which is the eigenvector of A in

the following way,
iy = Z“wfv?mla + Zb'yﬁfrgzzﬁ F oy T Sy = oy fory + o (42)
@ B

where f). and f2_ are the first and the second order perturbations. Note that when A,

is an eigenvalue of A°" (A%) and is not an eigenvalue of A% (A°'), then the coefficients b.5

0

) o) do not exist. So either

. - 0
(a4a) are zero ; because the zeroth order eigenvectors f),s (
the coefficients a,, or b, are zero when A2, is not a common eigenvalue of A and A%. We

substitute (42) into the eigenvalue equation (we approximate A ~ A° + §A;) , then we have
(A% + 0A1) firy = (A, + Ay + OAZ) fonry- (43)

We obtain equations of the first and the second order perturbation.

A foy +0MED = XD o + 0N 6 (44)
A f A OALfry = A fry & 0N fony T ONL e (45)

We multiply (@) by f°7_, A° from the left . The first term of the left hand side of (44]) cancel

J
the first term of the right hand side of [{#4]) because A°A° is a symmetric matrix, then we

obtain
D 00V T byViR s = 0M (a7 + by 67%), (46)
a B
where
Vot = Finia ACOM £ 5. (47)

From (B7) we obtain V.l ;= V2> ;=0 and

man man

V12 ( 0 ( ) O) AOéAl(xaaya> AOéAl(I[“yb) 0
manfB — mla\La

1 AV (2 ya) A%SA () |\ ()
By

B
pd-1 /Addza/l4ddZaW(Ia’Za)ff?ﬂa(xa)/Bddyb/Bddsz(yb>Zb)frOL2ﬁ(yb) = ,rd—_dlcmomﬁ

(48)
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and V32 o = V2 . We define an M, x N, matrix Cpp 8 (Crn)ag = Chnans and write

manf — Vnfma:

Q) as follows,

By 0 Com a,
rd—1

a,y
— oL,

. (49)
Cmm 0 b'Y b’Y

where (a,), = a4 and (b,)s = bys. From (@), if A, is not a common eigenvalue of A®" and
A%, 0)), is zero; because either a,q or byg are zero when ), is not a common eigenvalue of
A and A2, We first consider the case that M, > N,,. In this case we obtain the following
eigenvalue equation [17].

rl _Omm
det M X My, — det (IleXMm> det (xleXNm — x_lcg;mcmm)

= me_Nm det(m21meNm — C’Z;mCmm) =0.

We define the eigenvalues of CT C,m as ¢pa (a0 = 1,-+-M,,). CT Cpm is a positive

semidefinite matrix because C,,,, is a real matrix, so ¢,,, > 0. Then we obtain 5)\},%/ from

(49) and (B0) .

My =1 g, (51)

iﬂ—_I\/CmQ (Oézl,Mm)

When M,, < N,,, we can obtain 5)\%W in the same way. We define the eigenvalues of

CrimCT as dypo(>0) (a=1,---N,,). Then we obtain

SAL = : (52)
my Bd
j:m dna  (@=1,---Np,)
d
Then 3=, A, ﬁ . = 0, because we have > 0\, = 0 from (EI) and (52).

Next we consider 07 . We skip the detailed calculation because it is also almost similar
to the time-independent perturbation theory with degeneracy of quantum mechanics. Then

we can write 0A2, as follows

1
Mo = D i AT (€A f15)
n(#m).i,8 " "

L or 405p 4 0 (53)
= Z mgm'yA 0M1Pn0NLE,
(#m) ™ "
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where

o = Z PR s AL (54)

an is a projection operator on the eigenspace of \Y. To obtain (5)\3,W we must obtain §2w b
solving the eigenvalue problem, but it is not necessary for our purpose because we want to

d
know only >3~ 0A7, y )\f . From (B3) we obtain

Am=AJ,

df
_ 0T A0
- Z Z )\0 )\05 A 5A1¢n5A1£m’y d)\m

Z Zw d)\

M=% oy n(zEm) Am=A0,
1 N A d
= Z )\0 >\0 TT(¢m6A1¢n5A1) %
m,n(m#n) ™ - n m Ay, =X9,
1 df o dr
= m5A néA .
(55)
In the second line we have used
D LA = b, (56)
>

and in the third line we have used cyclic property of trace. Next we examine the sign of

(BH). Its trace term is positive because

Tr(GmdMdndA1) = Y (flaA AL f05) (F55 A A £l

1,0,7,0
Ba\?
= 3 ViV = X Vi =2 (525) X (Comns)? 2 0
0,5, i,0,5,8 a,B
(57)
And from (I2)) we obtain
df 1 11
Y |14+ =] >0 for A>0, 58
A\ 2v/T+ A PRV ' (58)
2f 1 1 11 1
—5 = - In (4/1+~+—4|+———| <0 for A>0. 59
dN? AWI4+X |[1+A A VAL AWTIEA ' (59)
From (57), (59) and A%, > X? (m > n) , (59) is negative. And from (59) we obtain
&>f
oA, < 0.
> 6L, DT, S 0 (60)

m7’y
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Finally, from (B9), (&10), (52), (55) and (57) we obtain

(5)\1 )? &/

d
Sap(r, Bi, Ry) — Sa(R1) — Sp(Ra) = Z [5)‘3”“7 d{ *3 dX2,
m )\m—)\o m

m,y

)‘m_)‘QrL]

df df
manm, N 1
(Td 1) [mnmw N\ Z 8) <d)\m N An:Ag> (61)
2f 1
* Z m'e e AT [, 0, dm ° d)\2 Am=A, ,,] = p2d-2 GF, Fo) <0

where > . denotes the summation taken over the common eigenvalues of A and A"
whose degeneracy is M,, > N,,, and >, denotes the summation taken over the common
eigenvalues of A% and A% whose degeneracy is M,, < N,,.

We have obtained the r dependence of S¢(r, Ry, Ry) = Sap(r, R1, Ry) in (€1l), then we
next consider G(Ry, Ry). To calculate G(R;, Ry) we need to know X2 and f°. which we
do not examine in this paper. But from C,ans(R1 = 0, R2) = Crang(R1, Ry = 0) = 0 we
obtain a trivial property of G(Ry, Rs),

G(R, =0, Ry) = G(Ry, Ry = 0) = 0. (62)

And G(Ry, Ry) depends on the cutoff length [ because X , f9.
(A, are dimensionless, so they depend on Ry/l or Ry/l. And in @R) [, d*z,W (x4, 2,) and

and C,anp depend on [.

I d?z,W (y, 2) depend on [ because W (z,y) depend on [ for z ~ y, so Cy,ans depends on
I. ) Probably G(R;, Ry) diverges when [ — 0, as S4(R;) and Sg(Ry) have 1/197! divergence
[1,2]. And G(Ry, Ry) most likely diverges more weakly than S4(R;) and Sp(R2). Then, by

dimensional analysis, when R; = Ry = R we can assume

G(R, = R, Ry, = R) = gR*™2 (?) <ln (?)) d—1>m>0,n>0,g<0 (63)

where ¢ is a dimensionless constant.

Finally we consider the condition under which the approximations are good. When
r > Ri,Ry, OA =~ §A; is a good approximation. When |%C’momg| < A2 — AV, the
perturbation theory is a good approximation. From the [ dependences of A% and C,ans in

the latter condition, we might need the condition R/r < (I/R)*, where a > 0.

16



Z|(|>I
®
O

o

FIG. 8.

V. ENTANGLEMENT ENTROPY OF TWO BLACK HOLES IN A d+ 1 DIMEN-
SIONAL MASSLESS FREE SCALAR FIELD

In this section we consider the entanglement entropy of a massless free scalar field on the
outside region C' of two black holes A and B whose radii are Ry and R,. The action of the
massless free scalar field is given by

1
S = -3 / d®z\/=gg"'V .oV . (64)

First we specify the vacuum state of the scalar field. The vacuum state is specified by spec-
ifying the time coordinate t. We use the coordinate system which have following properties:
this coordinate system covers the inside and the outside regions of two black holes and does
not have the coordinate singularity on the horizons and becomes the orthogonal coordinate
system of Minkowski spacetime in the region far from the two black holes. To construct
this coordinate system, we use the coordinates which is similar to the Kruskal coordinates
in the inside regions and the neighborhood of black holes, and similar to the Schwarzschild
coordinates in the other region. In this coordinate system ¢ is positive everywhere, then
from ([64) Gy and Viyyn in (B) are positive definite. So we can use the formalism in the
Section [Tl

We can use the method of the last section with some modifications. In the black hole
case W (z,y) and W~1(z,y) depend on r, so we write them as W (z,y;r) and W~(x,y; 7).
Exactly in the same way as in Minkowski spacetime, Eqs. (26])-(29) hold because (24)) holds.
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On the other hand A¢(= lim, ., A) changes because W (z,y;r) and W~ (x,y;r) depend on
r. We define Wy(z,y) and Wit (z,y)(Wg(z,y) and W5l (x,y)) as W(z,y) and W(z,y)
in the case that the only one black hole A(B) exists. Then we have
Jye d2W 3N (20, 2)Walz, Ya) 0

0 ch ddZWE;l(SL’b, 2)We(z, yp)

A= — (65)

It is difficult to evaluate the r dependence of SAp = Ap—A° because it is difficult to evaluate
W(z,y;r) — Wa (z,y) and W (z,y;7) — WX(IB) (x,y). So, in the black hole case we do
not consider Ay as the non-perturbative part. Instead we define Ap(r) and A(r) as (see Fig

)

N Aa(xa, Ya; T 0
Ap(r) = ( )
0 Ap(zp, yp; )
— [ %W (@0, 2, 1)W (2, ya3 1) 0
— ,  (66)
0 — [ e =W (@, 2 7)W (2, 3 7)

Ar) = W (Za, Ya;T) 0 | (67)
0 W(xb, Y, 7”)

and we consider Ap as the non-perturbative part. Note that A4 and Ag are the matrices
A corresponding to Sa(r, Ry, R2) and Sg(r, Ri, Ry). So we will obtain Sap as the following
form, Sap(r, R, Re) = Sa(r, R1, Re) + Sp(r.Ry, Ry) + 0Sap(r, Ry, Ry). We calculate the
leading term of 0Sap(r, Ry, Re) with respect to 1/r.

We define 6Ap = Ap — Ap (see Fig {), then we have A = Ap + 6A; + Ay + 6Ap. To
evaluate 0A1, 6Ay and A p, we evaluate W (xa, yp; ) and Wz, yp; 7). When > Ry, Ry,
by dimensional analysis we obtain W (x,,yp;7) = %Ll(Rl/r, Ry/r) and W (x,, yp; 1) =
TdB—Eng(Rl /1, Ro/7), where L; and Ly are dimensionless functions of R;/r and Rs/r. The
space time becomes Minkowski space time when Ry — 0 and Ry — 0, so in this limit
probably we have L; — 1 and Ly — 1. This limit is equivalent to r — o0, so we have
lim, oo L1 = lim, .o Ly = 1. Then we obtain 6A; = O(1/r%1), §Ay = O(1/r?*!) and
6Ap = O(1/r*) as well as the Minkowski spacetime case. We can neglect dA, and dAp
for the same reason as in the Minkowski spacetime case (see below Eq.([35)). So we can
approximate A ~ Ap+ dA;. Then we change the perturbative calculation in the last section
as follows

A = Ap(r) A= A(r) XN = X0 () 0 — fO

mia mio (T)

(68)
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where X () and f°. (r) are the eigenvalues and the eigenvectors of Ap(r). The perturbative
calculation is the same as that in the last section. In this case A(r), A2 (r) and f2. (r) depend
on r, but we can remove their r dependence as follow. Because we want to calculate the
leading term of Ssp(r, Ri, R2) — Sa(r, R1, R2) — Sg(r, Ry, Ry) with respect to 1/r, we can

approximate

BdL2(%> RT) 0 fA ddZaW(ZL'a,Za;’f’) fB ddeW(Zbayb;r)

Adhy ~ d-1 d . d .
r S dP 2 W (o, 2037) [, d%2aW (24, YasT) 0

Bd O fA ddZaWA(za, Za) fB ddszB(zb? yb)
fB d Wi (zy, 2) fA dzWa(za, Ya) 0
(69)

In the second line we have approximated Lo(f, 22) ~ 1, W (x4, 24;7) & Wa(2q, 2,) and
W (2, yp;7) ~ Wg(z, ). And we can approximate A0 (r) ~ X\ (r = co) = A, and
o) = fO. (r = oc) = f0.. Note that A% and f%, are the eigenvalues and the

mio mio mio®

eigenvectors of A° i.e. (A% is in (GH))

f??lla(xa) 0
rOrLla = >f7?25 = 0 aAO ron,la = )\Om ron,laa A° 7%26 = )\Om r0n,25> (70)
0 fn2ﬁ(xb)
where o = 1,--- ,M,, and § =1,--- , N, are the labels of the degeneracy.

Finally we obtain

1
SAB(’I“, Rl, Rg) = SA(’I“, Rl,RQ) + SB(T’, Rl,RQ) + —G(Rl, Rg) (71)

y2d—2
where G(Ry, Ry) is the same function as that in (6I]). Note that in this case from (69) Cnangs
in G(Rl, RQ) is

Coan = [ ¥, [ deaWaliz0) foaale) [ ' [ Wl ) Sl (72

A A B B
As in the Minkowski spacetime case, we obtain G(R; = 0, Ry) = G(R;, Ry, = 0) = 0 from
Crnang(R1 = 0, R2) = Cryang(R1, Ry = 0) = 0. The 1/1 dependence of G(R;, Ry) is most
likely the same as that in the Minkowski spacetime, where [ is the cutoff length. Then we

obtain

G(Ri=R,Ry=R) = gBHR2d_2 (?) (ln (?)) d—1>m>0,n>0,9gpy <0 (73)

where gpy is a dimensionless constant, and m and n are the same numbers as those in the

Minkowski spacetime.
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VI. ENTANGLEMENT ENTROPIC FORCE AND THE PHYSICAL PREDIC-
TION

We assume that we can consider the entanglement entropy of two black holes as thermo-
dynamic entropy. If this assumption is correct, the entropic force acts on two black holes.
We consider the force of the scalar field which acts on two black holes. We consider two
black holes which have same radius R; = Ry = R, then we can consider the temperature T’
to be the Hawking temperature. We define the energy and the free energy of the field on
the region C' as E¢(r, R) and F¢(r, R),

Fc(’/’, R) = Ec(T, R) - TSC(’/’, R) = Ec(T, R) - T (2SA(T, R) + Tzi_zG(R)) . (74)

where G(R) = G(R; = R, Ry = R) and we have used (71]). We define the force of the field
on the region C' which acts on one black hole in the direction of increasing r as Xo. We
obtain X by partially differentiating Fr with R fixed,

Xo(r, R) = _a% _ —% 4T (2% (24— 2)%&3)) . ()

In (75) the second term is the entropic force.
We cannot see the effect of the entropic force only from ([75) because we do not know
Sa(r,R). To see the effect of the entropic force we consider three situations . (See Fig [)

(1) There are two black holes which have the same radius R and the distance between them
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is r.(This is the situation we have considered.) (2) There are one black hole whose radius
is R and one solid ball whose radius is Ry ~ R(Ry > R), and the distance between them is
r. This ball has mass M which is the same as that of a black hole whose radius is R. And
the scalar field does not exist in this ball. The boundary condition on the scalar field on
the surface of this ball is not so important in the later calculation that we do not specify
the boundary condition in detail. We only require that the scalar field on the outside region
of this ball is not so different from that in the situation (1). (3) There are two solid balls
which have the same radius Ry and the distance between them is r. These balls have the
same properties as those in the situation (2).

We define the force of the field which acts on one black hole or on one ball in the direction
of increasing r as X((jl1 ), X((i ) and Xg; ). We illustrate in F ig[@ the directions of force and the
names of the regions.

In the situation (2) the state of the field is |0)(A2J)FCQ, where |0)(A2J)rc2 is the vacuum state
on A+ C,. Because |O>f}rc2 is a pure state, then ng) = Sf). We define A(Al)(Af)) as A
corresponding to SS)(SS)). Because the scalar field does not exist in the ball, then we

obtain
_ 1
AP —AY ~ /desz 2y 2)W (2, Ya) = O (@) . (76)
Then we can approximate Sf) = 51(41)(7’, R) + O(:m) & SS)(T, R). Then we obtain

(2) (2) 2 2) 1
X0 m) = ~0Fe _ _OFanR) | p0SP(nR) OB (nR) 1080 (r R)
2 or or or or or

In the situation (3) the state of the field on the region Cj is a pure state, so Sg;) = 0.

. (77)

Then we obtain
OFy)  OEZ)(r,R)

®3) — s
XE)rR) = ——% = P (78)
From (78) (7)) and (78]) we obtain
0 1
1 2 3 1 2 3
Xe) = 2XG) + XE) ~ o [BE) = 2B8) + EE)) = 24 =T 55 G(R). (19)

E((Jll) - 2Eé22) + Eg;) is Casimir energy.
We have not considered the force of gravity. But we can include them in ([79) easily. We

define total force acting on one black hole or on one ball in the direction of increasing r as

./Tf(f), .7-"5‘2) and -7:&531)1- Then we obtain

- (2d—2)TiG(R).

a
1 2 3 1 2 3 1 2 3

or- “t 3
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The force of gravity is canceled in (80). The first and the second terms in the left hand side

are the Casimir force and the effect of entropic force, respectively.

Finally we consider the case d = 3. In this case the Hawking temperature is 7 = —— =

8nGN M
ﬁ. From ([73) and (80) we obtain
W 0r® 73 O 1) @, 3y ga B (R\™ R\\"
‘FA _2‘FA +'Fba”N_E[Ecl_2EC2+ECS]_TT_5 (7 In 7 22m20,n20,g<0
(81)

We roughly estimate the Casimir force by analogy with that of electromagnetic field between
two dielectric spheres with center-to-center distance r in Minkowski spacetime. The Casimir
force between the two sphere was calculated in [15], and it is O(1/7®). So, in our case we can
probably neglect —% [Egl) — QEg2 ) +E((§’3 )] in (8T)). The left hand side of (8I]) can be measured
experimentally, so (81]) is the physical prediction. From (&I]) the effect of the entropic force
becomes significant when R is large. We can probably use heavy stars as the balls in the

situation (2) and (3). So we can possibly confirm the effect of the entropic force by the

cosmic observation.

VII. CONCLUSION AND DISCUSSION

In Section [[Ilwe showed that the entanglement entropy (Sc = Sag) of two disjoint regions
in a translational invariant vacuum in general QFT reaches its maximum value when r — oco.
And we obtained the inequality [{#). In Section [Vlwe developed the method to obtain the r
dependence of S¢ and obtained the r dependence of S¢ (B1]) of a free massless scalar field in
(d+1) dimensional Minkowski spacetime. We can use this method in curved space time and
for scalar field theory whose Lagrangian is quadratic. To know only the r dependence we
need only the ||z — y|| dependence of W (z,y) and W~!(z, y) when ||z —y|| is large. To know
the R; and R, dependence we must solve the zeroth order eigenvalue equation and obtain
A and f2. . Tt is difficult to solve the zeroth order eigenvalue equation analytically, so we
will need to perform numerical calculation. But we assumed the R; and Ry dependence (G3))
by using dimensional analysis and the cutoff dependence of S, and Sg.

In Section [V]we showed that Sc can be expected to be the form (7)) in the black hole case.
In this case the only assumption we made is the r dependence of W (z,, y,) and W=t (z4, us).

We did not explicitly calculate W (xq,ys) and W= (z4, 1), but assumed the r dependence
of W (x4, ys) and W1 (x,,ys) by dimensional analysis.
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In Section [VIl we assumed that we can consider the entanglement entropy of two black
holes as thermodynamic entropy, and investigated its entropic force. We considered three
situations (1), (2) and (3) and obtained the relationship (81]) between the force acting on one
black hole or on one ball and the sum of the Casimir force and the effect of the entanglement
entropic force. Because we can probably neglect the Casimir force, we can confirm (81l)
experimentally in principle. And we can possibly confirm the effect of the entropic force by
the cosmic observation because it is significant for large black holes.

Next we discuss the entanglement entropic force in different systems. In the black hole
case, black holes act as "walls” which hide inside regions but hold the entanglement between
inside and outside regions. So if there are walls of this type, the entanglement entropic
force will exist between regions surrounded by these walls. Then we will be able to confirm
the entanglement entropic force by experiments in a laboratory if we make this wall. And
if entanglement entropy depends on some external parameter, entanglement entropic force
probably appears also in quantum mechanical (i.e. not quantum field theoretical) systems.

Finally we mention our assumption that we can consider the entanglement entropy of
two black holes as thermodynamic entropy. Entanglement entropy has properties which
are different from those of thermodynamic entropy. For example entanglement entropy is
not a extensive variable in general. So we must reconsider statistical mechanics from a
fundamental level to judge whether our assumption is correct or not. We can also use (81l)

to judge the correctness of our assumption by experiments.
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Appendix A: The calculation of W and W~!

In this appendix we calculate W (x,y) and W~ (z,y) ( (I8) and (IJ) ) explicitly. We

regularize them by including convergence factor e !*I in them, where [ is the cutoff length.
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We define W,, as

ddk —a ik-(x— —
Wa(x,y):/—@ﬂ)d(k;z)(l )/2¢ik-(z—) g =IIk] (A1)

Then we have Wy = W and W, = W~!. First we consider the case d > 3.
(1)d=3

We perform the integrals of angular coordinates which do not enter the inner product,

d_

Cef () ) e g s

. 4215 tkrt —lkjd—«

Wo(z,y) = (%)d}l \/EF (d—m+1) /0 dk/_ldt[l 1275 gibrtg—lh = (p9)
2

where r = ||z — y|| and we change the variable as ¢t = cos . Next we perform the k integral

o0 1 d-3 ! =3 (1 dmopoo
/ dk / dt[l — 1} 2 ethrtemthgd-o = / dt[l — %] 2 (,_i) / dke™ eIk
0 -1 —1 it dr 0

(A3)
— (- ) [ [T
=Tt Wipdart || (f + iz)do+t
where z = [/r. We define
=3 1
g(t) =[1—17] 2 (A4)

(t +iz)d—otl’
We want to show W, # 0 when z — 0.
(i)d=2m+2 (m>1)

24



In this case g(t) has branch cut on the real axis from —1 to 1. We perform the integration

along the contour shown in Fig [0 (a), and obtain

1 » . 1 dd—a ) d—3
/_1 dtg(t) = miResi—_;.g(t) = m(d — o)l <dtd—a [1—1¢t] 2 ) o (A5)

The derivative in ([AH]) can be calculated by the derivative of a composite function,
1
[30-o]

di— d—3 2 (d—a)!
1— t2 3 — ot d—a—2r -1 d—a—r
<dtd_"[ ] ) TZ:; r!(d—a—Qr)!( ) (=1)

d—3, ,d—-3 d—3 d—3
N D) (2 d—a— 7 — 1)1 —¢2) 2 ldma-r)
(SO =) (g - d—a—r 1)1 - 1)

(A6)
where [%(d — a)} is the Gauss’ symbol which is the greatest integer that is less than or equal
to 3(d — a).

Then, when z — 0, we obtain
! 1 da d—3 d—3 d—3 ,d—«
= ) —1 2 — — 1 e - - 1
[ t90) = i (DT GG -0 (= (5 )
d—a (A?)

|
T
g =
S~—
VR
| =
~__
]
—
QU
|
w
N—
—
QU
|
—_
S~—
P
Q
|
—_
S~—

Then, from (A2]), (A3]) and (A7), for o« = 21 < d(l € Z) W, is nonzero and W, has the form
of (22)) when z — 0. (When a = d, we obtain f_ll dtg(t) = mi from (A). )

(ii)d=2m+1 (m>1)

We perform the integration along the contour shown in Fig[I0l (b), and obtain

/_ dtg(t) = —2miResi——_;.g(t) —/ dtg(t). (A8)

1 Cr
For o = 2I(l € Z), d — « is odd, so we obtain lim, .o Res;—_;.g(t) = 0 from (A6)). Then, for

o = 2] and z — 0 we obtain

! i , -3
/ dtg(t) = —/ dtg(t) = i(—l)d_a/ dfe~1d=20[] — 2973
_ Cr

1 0

(1)t (— 2! / T2 H1=0)0 Gilm=1)0 (i1, gym—1

0
= (=1)"2" i (Iefm — 1,m + 2 — a] — il [m — 1,m + 2 — o)) (A9)
2=yt m —1,m+2—a]#0 for odd m,

2m=tml m—1,m+2—a]#0  for even m,

25



where

Ie[m,n| = /7r dO(sin 0)™ cos(nf) , Iss[m,n] = /7r df(sin 6)™ sin(n#). (A10)

0 0
Then, from (A2) (A7) and (A9) , for a = 2I(I € Z) W, is nonzero and W, has the form of
[22) when z — 0.

From (i) and (ii) we showed (22) for d > 3. Next we consider d = 2.

(2)d=2

In this case we can perform the angular integral first,

1 > o 1—« ikr cos 0—lk
Wa(x,y):(%)Q/o kdk/o ok e

1 [e.e]
= — / dkk*=e " Jo(kr) =
2T 0

(A11)

/ dzz® e * Jo(x)
0

23—
where Jj is the Bessel function of zeroth order. We perform the integral for « = 2 and
a=0.

(i)a=2

In this case we have

o 1
dre ** Jo(x) = . Al12
| e i) = 5= (A12)
Then, when z — 0 we obtain
1
Wa:2($7y) = W_l(xvy) = % (A13>
(i)a=0
In this case we have
0 . r'(3) .. (3 1

/0 dzz’e " Jy(z) = %F <§,2, 1; _;) — =1 (2 —0) (A14)

where F'is the Gaussian hypergeometric function. Then, when z — 0 we obtain

—1
2mr3’

WazO(xv y) = W(S(I,y) = (A15>

Finally we have showed (22) for d > 2.
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