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Statistical convergence of max-product approximating operators

Oktay Duman

Abstract

In this study, using the notion of statistical convergence, we obtain various statistical approximation
theorems for a general sequence of max-product approximating operators, including Shepard type operators,

although its classical limit fails. We also compute the corresponding statistical rates of the approximation.
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1. Introduction

In the classical approximation theory, many well-known approximating operators obey the linearity
condition. In recent years, Bede et al. [3] have shown that it is possible to find some approximating operators
that are not linear, such as, max-product and max-min Shepard type approximating operators. Actually, these
operators are pseudo-linear which is a quite effective structure in solving the problems in many branches of
applied mathematics, such as, image processing [4], differential equations [19, 20], idempotent analysis [18]
and approximation theory [3, 5]. However, so far, almost all results regarding approximations by pseudo-
linear operators are based on the validity of the classical limit of the operators. Hence, in this paper, we
focus on the following problem: is it possible to make an approximation by max-product operators although
its classical limit fails? As an answer to this problem we mainly use the concept of statistical convergence,
which was first introduced by Fast [13]. Recent studies demonstrate that the notion of statistical convergence
provides an important contribution to the improvement of the classical approximation theory (see, for instance,
[1,2,7,8,09, 10, 11, 12)).

This paper is organized as follows: The first section is devoted to basic definitions and notations used
in the paper. In the second section, we obtain some statistical approximation results for a general class of
max-product operators including Shepard type operators. In the third section, we compute the corresponding
statistical rates of the approximation, while, in the last section, we give some quantitative statistical rates.

Let (z,) be a sequence of numbers. Then, (x,) is called statistically convergent to a number L if, for

every € > 0,

<7g: — >
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where #B denotes the cardinality of the subset B (see [13], also [15]). We denote this statistical limit by
st —lim, , = L. Now, let A = (a;j,) be an infinite summability matrix. Then, the A-transform of z, deneted

by Az := ((Az);), is given by (Ax); = > -7, ajnTn, provided the series converges for each j. We say that A is

n=1
regular if lim;(Az); = L whenever lim; z; = L [16]. Assume now that A is a nonnegative regular summability

matrix. Then, a sequence (z,,) is said to be A-statistically convergent to L if, for every & > 0,

lim Z aj, =0 (1.1)

J
n: |z, —L|>e

holds (see [14]). It is denoted by sts — lim, x, = L.

Now we recall some basic properties of A-statistical convergence as follows:

e A-statistical convergence method is mainly based on the concept of A-density. Recall that the A-density
of a subset K C N, denoted by d4 (K), is given by

04 (K) = 1ijmz ainXK (M),
n=1

provided that the limit exists, where x g is the characteristic function of K'; or equivalently,

o4 (K) =lim > ajn.

nek
So, by (1.1), we easily see that st4 —lima = L if and only if
da({n:lzn,—L| >€})=0

for every e > 0.

o If we take A = C4 := [¢j,], where the Cesdro matriz is given by
. ,
-, if1<n<j
Cin =14 J
0, otherwise,

then A-statistical convergence reduces to statistical convergence, i.e., stc, — lim, z,, = st —lim, x,, = L.

e Taking A = I, the identity matriz, A-statistical convergence coincides with the ordinary convergence,

i.e., sty —limx = limx = L.

e Observe that every convergent sequence (in the usual sense) is A-statistically convergent to the same
value for any non-negative regular matrix A, but its converse is not always true. Actually, in [17], Kolk
proved that A-statistical convergence is stronger than convergence when A = [a;,] is a non-negative
regular summability matrix such that lim; max,{a;,} = 0. So, one can construct a sequence that is

A-statistically convergent but non-convergent.
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e Not all properties of convergent sequences are true for A-statistical convergence (or statistical conver-
gence). For instance, although it is well-known that a subsequence of a convergent sequence is convergent,
this is not always true for A-statistical convergence. Another example is that every convergent sequence

must be bounded, however an A-statistically convergent sequence does not need to be bounded.

e A characterization for statistical convergence, i.e., the case of A = (4, was proved by Connor [6]:
st — limz = L if and only if there exists a subsequence {z,,} of x such that 6 ({n1,na,...}) = 1 and
limy zy,, = L. It is easy to check that a similar characterization is also valid for A-statistical convergence

when A is any non-negative regular summability matrix.

2. Approximation properties of max-product operators

Let (X, d) be an arbitrary compact metric space, and let A = (a;y) be a non-negative regular summability
matrix. By C(X,[0,00)) we denote the space of all non-negative continuous functions on X. Then we consider

the following max-product operators:
Ly (f;2) = \/ Kn(z,2) - f(z1), =€ X and f € C(X,[0,00)), (2.1)
k=0

where z, € X, k=0,1,...,n, are the knots; and K, (x,z)) are non-negative continuous functions on X having
relatively simple expression (algebraic or trigonometric polynomials, rational functions, wavelets, etc.) such
that, for any x € X,

oA ({nEN: \n/Kn(x,xk):1}> =1 (2.2)
k=0

holds. Observe that the operators mapping C(X,[0,00)) into C(X,[0,00)) are pseudo-linear, i.e., for every
fyg € C(X,[0,00)) and for any non-negative numbers «, (3,

Lo(a- £\ 8-giz) =a-La(fi2)\/ 8- La(gs)

is satisfied (see [3]).

We first recall the following lemma introduced in [3], which is useful in proving our main results.

Lemma A ([3]). For any ay,bx € [0,00), k=0,1,....,n, we have

n n
Vo=V b
k=0 k=0

n
<\ lax —bil.
k=0

Then we obtain the following Korovkin-type result for the max-product operators.
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Theorem 2.1 Let (X,d) be an arbitrary compact metric space, and let A = (a;,) be a non-negative regular

summability matriz. If, for the operators L,, given by (2.1) and (2.2),
StA_hm{\/{an((pz;w)l Z.TEX}}:O with . (y) ZdQ(y,fL'), (2.3)
then, for all f € C(X,]0,00)), we have

sta —lim {\/ {|La(f;2) — f(2)] 1w € X}} =

Proof. Let 2 € X and f € C(X,[0,00)) be fixed. Then, using the continuity of f and also considering the

compactness of X, we immediately see that, for a given £ > 0, there exists a positive number ¢ such that

5w) ~ F@) < e+ 2 o) (2.4)

holds for all y € X, where My :=\/{|f(y)| : y € X}. Now put

:{ \_/ (@ 2) } (2.5)

Then, by (2.2), we may write that
(SA (K) =1 and (SA (N\K) =0.
Hence, by (2.2),(2.4) and Lemma A, we get, for all n € K, that

n n
\/ x xk xk \/ 96 Uﬂk 95)

k=0 k=0

Kn(z,zp) - | f(zr) — f(z)]

IN
<=

k=0

IN
<=

2M
Kn(z,x) - <5+ 5—2f§0z(55k)>
k

0

IN

2M
e+ —- f \/K z, k) - pz(Tk)
k=0
2M
= E—i—?an((pz;x).

Now, taking maximum over x € X, the last inequality gives, for all n € K, that
2M¢
VAIZa(f30) = f(@) s 2 € X} < e+ =L \/{|Ln(pai o)) s € XT, (2:6)
For a given r > 0, choose an ¢ > 0 such that € < r, and then define the sets

D {neN: (\{ILa(fso) — @)z € X}) 27},

D {nEN: (\/{|Ln(<pz;x)|:x€X}) > %}
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So, inequality (2.6) implies
DNKCDNK,

which yields, for every j € N, that

Z Qjn S Z Qjn S Z Qjn.- (27)

neDNK neD'NK neD’

Taking limit as j — oo on the both-sides of the inequality (2.7) and also using the hypothesis (2.3), we get

lim > am=0. (2.8)

neDNK

On the other hand, since

Do = Y amt Y a4

neD neDNK neDN(N\K)
S D ant D a
neDNK ne(N\K)

holds for every j € N, letting again j — oo in the last inequality and using (2.8) and also the fact that
54 (N\K) =0, we have

1ijm Z ajn =0,

nebD

which means that
sta =t {\/ {1La(fi2) = F0)] s € X3} = 0.

The theorem is proved. O

We immediately obtain the next result from Theorem 2.1 by replacing the matrix A = (a;,) with the

identity matrix.

Corollary 2.2 Let (X,d) be an arbitrary compact metric space. Assume that the operators L, given by (2.1)

satisfy the condition

\/ Ky(z,z)=1 (forneNand xz € X).
k=0

If the sequence {Lyn(pz;x)},cy converges uniformly to zero function with respect to x € X, then, for all

[ €C(X,[0,00)), {Ln(f;2)},cn 15 also uniformly convergent to f(x) with respect to x € X.
Remark 2.3 Observe that Theorem 2.1 gives the statistical approzimation to a function f € C(X) by means

of the maz-product operators L, while Corollary 2.2 gives the classical approzimation. However, the following

example shows that our statistical approrimation result is stronger than the classical one.
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Example. Let (X, d) be an arbitrary compact metric space. Consider the Shepard-type max-product operators

(see [5]) as follows:

VERICD)

A " dr (m k) k\—/O *(.ax)
Sx(fiz)=\/ RACO R — (2.9)

k=0 V P J\:/O P (w.z))

where z € X, \,n € N and f € C(X,][0,00)). In this case, we know from [5] that, for all f € C(X,]0,00)), the
sequence {S2(f)} in (2.9) is uniformly convergent to f on X. Now, let (u,) be a divergent but A-statistically
null sequence of positive numbers. Recall that we can construct such a sequence (u,,) due to Kolk [17]. Actually,
Kolk [17] proved that A-statistical convergence is stronger than the usual convergence if the matrix A = (a;,)
is any nonnegative regular summability matrix for which lim; max,{a;j,} = 0. Then, we define the max-product

operators on C'(X,[0,00)) as
To(f;2) = (1+u,)S)(fiz), v€X and f e C(X,][0,00)), (2.10)

where the operators S,, are given by (2.9). Observe now that all the conditions of Theorem 2.1 are satisfied for
the operators T, defined by (2.10). Therefore, for all f € C'(X, [0, 00)), we conclude that

sta—tim {\/{|T(f;2) - f(w)| -0 € X} } =

However, since (u,) is divergent, Corollary 2.2 does not work for the operators T, given by (2.10).

3. Statistical rates of the approximation

This section is devoted to compute the rates of A-statistical convergence in Theorem 2.1. Before starting,
we recall that various ways of defining rates of convergence in the A-statistical sense have been introduced in
[10] as follows:

Let A = (a;,) be a non-negative regular summability matrix and let (py,)nen be a positive non-increasing

sequence of real numbers. Then,

(1) A sequence x = (zy)nen is A-statistically convergent to the number L with the rate of o(p,,) if for every
e >0,
lim S > apm=0.
pj n:|lz,—L|>e

In this case we write x, — L = st4 — o(p,) as n — oo.

(1)) (zn)nen is A-statistically convergent to L with the rate of o,,(p,), denoted by x, — L = sta — 0, (pn)

hjm Z ajn = 0.

n:IEn_LIZ‘Epn

as n — oo, if for every ¢ > 0,
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Observe that, in definition (), the “rate” is more controlled by the entries of the summability method
rather than the terms of the sequence (z,)nen. For instance, when one takes the identity matrix I, if we
choose any non-increasing sequence (py,)nen satisfying 1/p, < M for some M > 0 and for each n € N, then
Tn — L = sta —o(pn) as n — oo for any convergent sequence (z, — L)nen regardless of how slowly it goes
to zero. To avoid such an unfortunate situation one may borrow the concept of convergence in measure from
measure theory to define the rate of convergence as in definition (7). So, we use the notation o,,.

We first need the following lemma.

Lemma 3.1 For every ax,by, >0 (k=0,1,...,n), we have

n
V ot =
k=0

Proof.  Assume that, for some p,q € {0,1,...,n},

Since, for every k=0,1,...,n,

n n n
\/ arby, = apby, \/ ai = af) and \/ b = bg,
k=0 k=0 k=0

the proof follows immediately. O

Now we are ready to give the corresponding statistical rates.

Theorem 3.2 Let (X,d) be an arbitrary compact metric space, and let A = (a;n) be a non-negative regular

summability matriz. Assume that (p,) is a sequence of positive non-increasing real numbers. If the operators
L, given by (2.1) and (2.2) satisfy that

w(f,0n) = sta —o(pn) as n— oo for f € C(X,][0,00)), (3.1)

where (0,,) is a sequence whose terms are defined by

bn = [V {Lulpria) s v € X} with ¢,(y) = d*(y,2) (32

then, for any sequence (qn) of positive non-increasing real numbers satisfying qn, > pn and g, > 1 for all

n € N, we have

\/{|Ln(f,x) —f@)|:x e X} =sta—o(qn) asn — oo. (3.3)
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Proof. Let z € X and f € C(X,[0,00)) be fixed. Considering the set K given by (2.5), we can write, for
every n € K and for any § > 0, that

[ Ln(f; ) = f(2)] K, wr) - | f(er) — f(2)]

IN
<=

k=0
< \/ Kn(l',l'k) ’LU(f, d(l’k,l'))
k=0
n d ,
< \/ K, (x, ) (1 + w>
k=0
— 141 \n/ )
= 5 Y CL‘ .’L’k .’L‘k,fL‘ .

oq|>—'

-

Now, by using Lemma 3.1, we immediately see that

\i/ [ /2 (z, xg } . [Ké/Q(x,xk)d(xk,x)}}

Lulfia) ~ 1@ < wl.0) {1+ VI @m0 |

holds for every n € K and for any § > 0. Hence, we obtain, for the same n and J, that

On
VAlEa(fio) - £l 2 € X) < uro) {1+ %2 ). (3.4
Now choosing ¢ := d,, given by (3.2), it follows from (3.4) that

VAlLa(fiz) = f(@)] 2w € X} < 2w(f, 6n). (3.5)

For a given € > 0, consider the following sets:

E - :{neN:\/{|Ln(f;x)—f(x)|:xeX}zs},

E' :{nEN:w(f,&n)Zg}.

Then, inequality (3.5) guarantees that
ENKCFENK. (3.6)

Since ¢; > p; for all j € N, we obtain from (3.6) that
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Letting j — oo on the both-sides of the last inequality, and applying the hypothesis (3.1), we get

hm— Z ajn = 0. (3.7)

J neENK

Furthermore, as in the proof of Theorem 2.1, since

Doaim =D gt Y a4

ner neENK neEN(N\K)
S Z Qjn + Z Qjn,
neENK ne(N\K)

it is clear that

—Zam_ Z ajn—i—— Z Qjn-

J neE J neENK nE(N\K)

Using the fact that g; > 1 for all j € N, the last inequality implies that

POILVETLID DIFVEND DIY (3.8)

) neE J neEnK ne(N\K)

Then, taking limit as j — oo in (3.8), and considering (3.7), we conclude that

hjm—ZaJn—O

ner

Therefore, we have
\/{|Ln(f,x) —f(@)]:x € X} =sta —o(qn) as n — oo,

which completes the proof. O

In a similar manner, we obtain the following result for the statistical rate oy,.

Theorem 3.3 Let (X,d) be an arbitrary compact metric space, and let A = (a;,) be a non-negative regular
summability matriz. Assume that (p,) is a sequence of positive non-increasing real numbers. If the operators
L, given by (2.1) and (2.2) satisfy that

w(f,0n) = sta —om(pn) as n— oo for f € C(X,[0,00)),

where (6,,) is the same as in (3.2), then, for any sequence (qy,) of positive non-increasing real numbers satisfying

Gn = Pn for all n € N, we have

\/{|Ln(f,x) —f(@)|:x € X} =sta—om(qn) as n— oo.
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Proof. For any € > 0, define the sets:

F :{nEN:\/{|Ln(f;x)—f(x)|:xeX}qun},
F :{nEN:w(f,én)ZEP%}.

Then, by (3.5), we get
FNKCFNK.

Hence, we obtain, for every j € N, that
D @n< Y am< Y
neFNK neF'NK neF

which gives

lim > ajn=0. (3.9)

neFNK

As in the proof of Theorem 3.2, it follows from (3.9) that

1ijm Z ajn = 0.

ner

Therefore, we conclude that

\/{|Ln(f,x) —f(@)]:zx € X} =sta —om(gn) as n — oo,

whence the result. O

Remark 3.4 It is easy to see that our Theorem 2.1 can be deduced from Theorem 3.2 (or Theorem 3.3) by
choosing pn, = q, = 1 for each n € N. Hence, Theorems 3.2 and 3.3 give us the statistical rates in the

approzimation of the maz-product operators Ly, defined by (2.1) and (2.2).

4. Quantitative statistical rates

In order to obtain the statistical rates quantitatively one can consider the following expressions instead
of the definitions (¢) and () given in Section 3:
Let A = (a;,) be a non-negative regular summability matrix and let (py,)nen be a positive non-increasing

sequence of real numbers. Then,

(i) A sequence z = (x,) is A-statistically bounded with the rate of O(p,,) if for every ¢ > 0,

1
sup — Z QAjn < OO.
i Pj

nilz,|>e

In this case we write x, = sta — O(p,) as n — oc.
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(17)" (xn)nen is A-statistically bounded with the rate of Oy, (pn), denoted by z,, = sta — O (pn) as n — oo,

lim Z ajn = 0.

n:lzn_LIZEPH

if for every ¢ > 0,

In this case, by a similar idea used in the proofs of Theorems 3.2 and 3.3, the following results can easily

be proved.

Theorem 4.1 Let (X,d) be an arbitrary compact metric space, and let A = (a;,) be a non-negative regular
summability matriz. Assume that (p,) is a sequence of positive non-increasing real numbers. If the operators
L, given by (2.1) and (2.2) satisfy that

w(f,8,) = sta — O(pn) as n— oo for f € C(X,[0,00)),

where (0,,) is given by (3.2), then, for any sequence (gn) of positive non-increasing real numbers satisfying

Gn > pn and q, > 1 for all n € N, we have
\/{|Ln(f,x) —f(@)|:x e X} =sta—O0(qn) asn— oo.

Theorem 4.2 Let (X,d) be an arbitrary compact metric space, and let A = (a;,) be a non-negative regular
summability matriz. Assume that (p,) is a sequence of positive non-increasing real numbers. If the operators
L, given by (2.1) and (2.2) satisfy that

w(f,0n) = sta — Om(pn) as n— oo for f e C(X,[0,00)),

where (0,,) is given by (3.2), then, for any sequence (gn) of positive non-increasing real numbers satisfying

Gn = Pn for all n € N, we have

\/{|Ln(f,x) —f(@)|:x e X} =sta—O0n(qn) as n— oo.

Now we construct an example satisfying all conditions of Theorem 4.1. Firstly, in (2.9), choosing

X =[0,1] and x = % (k=0,1,...,n) and also taking the absolute value metric, for all continuous functions

f:]0,1] — [0, 00), we consider the following Shepard-type max-product operators

£(k/n)
A=

H)(f;z) = ,mAeNxemﬂmmx#%%:Qme) (4.1)

S S
v lz—(i/n)1

=0

In this case, we may write from Theorem 6 of [5] that, for every z € [0, 1],

Hfl\((Pz; l‘) <

N W

w (%, %) with g (y) = (y — )% (1.2)
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Now take A = Cj :=[¢jn], the Cesdro matrix and defined the sequences (), (pn) and (g,) by

n?, ifn =m2,
An = { 0, ifn#m? (43)
and
1 1
p In q + In (4.4)

Then, using (4.1) and (4.3) define the max-product operators
Lo (f;2) = (1 + an)H, (f52), (4.5)

where n, A € N, 2 € [0,1] and f :[0,1] — [0, 00) is any continuous function on [0, 1]. Hence, we get from (4.2)

that
b0 1= [\ n(orin) 2 € 0.1]) < \/M\/\/{w (¢r3) o e}, (1.6)

By (4.3) and (4.4), observe that, for every ¢ > 0,

1 , 1 ¥V 1
= 2L an=Vi ), S = el
Pj n: |oy|>e n: |oy|>e J J \/j

holds for every j € N. Then, we have

t ) !
= — — .
ap = sto, T as n— oo
Combining this with (4.6) we get
1
5n:stcl—0(\3/ﬁ> as n — oo (4.7)

because of the fact that

nlLIr;O\/v {w ((pm, %) cx €0, 1]} =0.

Now using the right continuity at zero of the modulus of continuity, it follows from (4.7) that

w(f,on) = ste, — O (L as n— oo for f e C([0,1],]0,00)).

%)

Therefore, all conditions of our Theorem 4.1 hold. So, for the operators L, given by (4.5), we get, for all
f € C([0,1],[0,00)), that

\/ {ILa(fs2) = f(@)] - @ € [0,1]} = sta — O (ga) asn — oo,

since ¢, > p, for every n € N.
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